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Integral Equations
and Operator Theory

THE WEYL GROUP AND THE NORMALIZER OF A CONDITIONAL
EXPECTATION

M. ARGERAMI AND D. STOJANOFF

We define a discrete group W(E) associated to a faithful normal conditional
expectation F : M — N for N € M von Neuman algebras. This group shows
the relation between the unitary group Uy and the normalizer Nz of E, which
can be also considered as the isotropy of the action of the unitary group Uas of
M on E. It is shown that W(E) is finite if dim Z(N) < oo and bounded by the
index in the factor case. Also sharp bounds of the order of W(FE) are founded.
W(E) appears as the fibre of a covering space defined on the orbit of E by the
natural action of the unitary group of M. W(E) is computed in some basic
examples.

1 Introduction

Let N C M be von Neumann algebras and £ : M — N a conditional expectation.
Denote by Uys the unitary group of M and by Ng the group

Ne= {u€ly : Eluzv*) =uE(z)u",z € M },

called the normalizer of E. The group Ny has been already studied, between other authors,
by A. Connes ([6]) and Kosaki ([14]) in relation with crossed product inclusions of algebras.

In [2], [1] and [15] some differential geometric problems were related with the index
theory of conditional expectations. The paper [15] is devoted to the study of the geometry
of the orbit of each £ € E(M) under the action of Ups given by

LuEzAduoEoAd,zl, for u€ly

where Ady(m) = umu®, for v € Uy and m € M. These orbits are models for regular
homogeneous reductive spaces. Note that the isotropy group for the action L at E is the
group {u € Ups : L,(E) = E}, which is exactly the normalizer ANg. We consider the Jones’
projection e associated with E. It is a selfadjoint projection in the algebra Mj, the extension
of M by N and E. The orbit

Unr(e) = {ueu”: v € Uy}



166 Argerami and Stojanoff

is a fibre bundle over the orbit of £, Op = {L,(F} : u € Uux}, via the formula
(vew™) m (uew") = LyE(m)(ueuw™) for m €M and u €Uy,

which gives rise to the map F' : Ups(e) — Of given by F(uew”) = L,(F). Note that (see [2])
Un(e) is a submanifold of the full orbit of e in M, if and only if the index of E is finite (see
Definition 4.1 below).

In case that also N'N M C N, the map F' defines a covering space ([2]). Therefore
the fibre of E is a discrete space denoted by

P(E) = {uew” :u € Ng} C Upyle).

In this paper we remove the hypothesis NN M C N. We characterize the connected
components of the group Mg and of P(E), which is a also a group, in terms of the unitary
elements of the centralizer of E (see [5] or [9]):

Mg={zeNnNM : E(zm)= E(mz) forall m e M}.
Indeed, the connected component of 1 in Mg is the group
He ZUN'UME = {vw v €Uy and w EUME}>

and the connected component of e in P(F) is the suborbit of ¢y (e) defined by the action
of Hg:
Uy y(e) = {uew™ 1 u € Hg}

(see Prop. 2.6 and Thm. 4.7).
Also, Uy (€) is a normal subgroup of P(£). We consider the quotient group

W(E) = P(E) /Uy, (e) ~ Ng/HE. )

This group, which we call the Weyl group of E, seems to give good information about
the relation between Uy and Mg, which is necessary in order to study the geometry of
the orbit Of. For example, reductive structures can be defined on O when M is finite.
Also a covering space over O with fibres W(F) can be constructed (without the hypotesis
N'NnM CN).

In most interesting examples, the information obtained from W(E) about the
inclusion N C M is poor. For example W(E) is trivial if N and M are II; factors and
Ind E < 4 (see Example 6.6). Nevertheless, in the finite index case, the iterated basic
construction (see [18, 1.2.2]) produces a tower of algebras

NgMzMonggMzg.ngng

with finite index conditional expectations E, € E(M,, M,_;), for n > 1. Considering
F, € BE(M,,N) given by F,, = Eo E{0...0 E,, one obtains a tower of finite Weyl groups
(see 2.9 and 2.10)

W(E) = W(Fo) S W(R) SW(FR)C...C W(F)C ...
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which seems to be a rich invariant for the original inclusion N € M and the expectation
E. Note that the inclusions N C M, don’t verify in general that NN M, € N. Then, in
order to study the tower of groups one needs to know the properties of the Weyl group for
inclusions N € M which don’t verify that NN M C N, which is the case considered in this
work.

The applications of the results of this work in order to study the tower of Weyl
groups and the geometry and topology of the orbits O will appear in a forthcoming paper.

The Weyl group W(E) will be considered with the discrete topology, since this is
the topology that makes the isomorphism of (1) bicontinuous (see Prop. 2.6). When M
is the crossed product of N by a properly outer discrete group of automorphisms, W(E)
contains the original group. The two groups are isomorphic when @ is finite and N is a
factor.

If Ind £ < oo and dim(Z(N)) < oo then W(E) is finite (Thm. 5.3). Moreover, if
N is a factor we show (Thm. 5.4) that, if |W(F)| denotes the order of W(E),

W(E)| < inf{A: A € o(Ind B)} = [Ind E7| 7,

where Ind E is the operator valued index of E (see [4] or Definition 4.1 below). We also get
sharp bounds for [W(E)| in terms of Ind F and dim(Z(N)) (see Thm. 5.7).

The Weyl group and the normalizer of £ are computed in several examples of
conditional expectations £. We mention briefly some of them:

1. (see 6.1) Let R be a factor, and consider the inclusion

N:RnananM

3

where the conditional expectation E acts by “compression to the diagonal”. Then
W(E) is the group S, of permutations of n elements.

2. (see 6.4) Let N be a factor and consider now the inclusion
N g M — Nnxn’

with the conditional expectation being the “normalized operator valued trace”. Then
W(E) consists of a single element and the normalizer of E can be described as

Ng = {(n.ai;)ij; : n €Uy and (ay) € C**™ is unitary}.

3. (see 6.5) Take a von Neumann algebra N and a discrete group G of outer (and free)
automorphisms of N, and consider M = N x, G, with the canonical conditional
expectation. Then G € W{(E). In general W(E) is bigger than G, also when G is
finite. Nevertheless, when G is finite and N is a factor, one has that G ~ W(E).

4. (see 6.6) Let N C M be II; factors and E € E(M, N) with Ind £ < 4. Then

(a) If the principal graph is neither of type As nor Dy, then W(E) is trivial.
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(b) If Ind E = 2 and the principal graph is of type Az, then W(E) = ZZ,.
(¢) If Ind E = 3 and the principal graph is of type Dy, then W(E) = Zs.

In Section 2 we define the Weyl group in terms of its action on N by automorphisms
and we show its basic properties.

In Section 3 we show the properties of the group P(E) and its relation with W(E)
and the basic construction for E.

In Section 4 we consider the finite index case, particularly in order to get information
about the inclusion P(E) € N'N M. This study is useful for computing W(E) in the finite
index case.

In Section 5 we get conditions for finiteness of W(E) and bounds for its order.

Section 6 is fully dedicated to present examples. In particular there is an example
where Ind E < oo but W(E) is infinite, and also an example where the bound for the order
of W(E) obtained in Section 5 is attained.

2 The group W(FE), basic properties and examples.

Let M be a von Neumann algebra. Denote by Uy the unitary group of M, Gy
the group of its invertible elements and Z(M) the center of M. Denote by E(M) the set
of faithful normal conditional expectations defined on M onto its subalgebras. Consider the

action L : Uy x E(M) — E(M), given by
L.E=Ad,oEoAd,, forE€E(M) and uely,

where Ad, denotes the inner automorphism of M induced by u. For any E € F(M), denote
by Og = {L.E : u € Ups} the orbit of E by this action. In order to study the geometrical
properties of the orbits Og, we consider, for each E € E(M), the map

e Uy — E(M), givenby rgp(u)=L.E, u€Uy.

We are interested in characterizing the isotropy of this action. Let N C M be a von
Neumann subalgebra of M, and E(M, N) the set of faithful normal conditional expectations
E:M — N. Denote N =N'NM.

Definition 2.1 Let N C M be von Neumann algebras and £ € E(M, N). Denote by NVg

the group
NE

{uely : 7g(u)=EF}
{uely : E(wau)=uE(@)u",z€ M},

1l

called the normalizer of E.

The group Az has been already studied, between other authors, by A. Connes ([6])
and Kosaki ([14]) in relation with crossed product inclusions of algebras.
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It is clear that Uy is contained in AMg. In some cases (see example 6.6) these two
groups coincide. On the other hand, if u € Mg, then uNu* = N (the converse of this
property is true only when N' N M C M ([6, 1.5.6])). Indeed, this can be easily seen using
that for all v € Uy, the image of L,(E) is vNv*,

In order to characterize A, we consider the map

Ale :NE — Aut(N)

Here, for each u € Nz, we denote by Ad, the inner automorphisms defined by u on M, but
restricted to N. That is, Ady(n) = unu*, for n € N and v € Ng. In order to study the
relationship between Uy and Mg, we consider the composition of Ad|y with the canonical
projection from Aut(N) onto the quotient group Out(N) = Aut(N)/Inn(N), where Inn(N)
is the group of inner automorphisms of N:

Definition 2.2 Let N € M be von Neumann algebras and F € E(M,N). Denote by
pE : Ng — Out(N) the group homomorphism given by
pe(u) = [Ad,) = Ad, - Inn(N), for ue Ng.
We can now define a Weyl group of E:

Definition 2.3 Let N C M be von Neumann algebras and E € E(M,N). We denote by
W(E) the group pg(Ng) and call it the Weyl group of the expectation E. We consider on
W(FE) the discrete topology.

Remark 2.4 It is well known (see [12, 10.5.73]) that if we consider on Aut(/V) the norm
topology (as linear operators on N), then the quotient topology induced on Out(N) is
discrete. Therefore the map pg of 2.2 is continuous when the norm topology is considered

on NE
Definition 2.5 Denote by
Mg={zeNNM : E(xm) = E(mz)forall me M },

named the “centralizer” of E in the literature ([5] or [9]). Mg is a von Neumann algebra
since F is normal. Denote by Hg the group

He =Un Uy, = {vw:v €Uy and w € Upry}.

It is easy to see that HEg is connected, since Uy, is the unitary group of the von Neumann
algebra Mg. Also Hg is a closed (in norm) subgroup of Ng.

Proposition 2.6 Let N C M be von Neumann algebras, E € E(M,N) and pg as in 2.2.
Then ker(pg) = Hg and pr induces the isomorphism

which is an homeomorphism when considered Ng/HEg with the quotient topology of the norm
topology of Ng.

Moreover, the connected component of Ng at any u € Ng is ezactly uHg. The
distance between different connected components is greater than 1.
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Proof. Let u € ker(pg). Then there exists v € Uy such that Ad,|y = Ad,. Hence uv* €
N¢ N Ng. Tt is easy to see that N N Ng = Ups,. Therefore ker(pg) = Hg, since the other
inclusion is clear.
This proves that @ is a group isomorphism. Easy computations show that, if u, v €
Nz, then
”Adu|N - Adle“ < |l5u*u

< 21wl = 2u o],

where 6,», denotes the inner derivation of M given by 6y« (2) = zu*v — vw*vz, for z € M. Tt
is well known that if two automorphisms of N lie at (norm) distance less than 2, then their
images in Out(N) coincide. We can deduce that if pp(u) # pg(v) then ||u —v|| > 1. Using
that the group Hg is connected, we have that each set u.Hg is open, closed and connected,
and the proof is complete [

Remark 2.7 In order to characterize Vg, it is enough to kwow Uy, Upr, and W(E). On
the other hand, the group W (E) is an invariant for the conditional expectation E. Moreover,
the characterization of the connected component of 1 in Nz as the group Hpg is important
in order to study the geometrical properties of the orbit Og. Particularly the existence of
reductive structures (see [3]).

The following proposition shows that if we “sum inclusions” we get the sum of their
Weyl groups. We will use this result later in order to get bounds for the order of the Weyl

group.

Proposition 2.8 Let N C M be von Neumann algebras and E € E(M,N). Suppose that
D1, .., Pn are orthogonal projections in Z(N)N Z(M) such that 3 ;p; = 1. Let E; i pM —
;N be given by E; = E|,p. Then E; € E(p;M,p;N) for all1 <i<n and

W(E) ~ @l W(E;).

Proof. The basic idea of the proof is the following: since for 1 <i¢ < n, p; € Z(N) N Z(M),
all the elements of M are “diagonal” with respect to the projections p;. Then we shall see
that

Ng ~ @?21./\/'5" and Hp~ & He,

where the isomorphism is just taking the diagonal entries of the unitaries considered in both
cases. Using these facts, our statement follows by elementary theory of groups.
Easy calculations show that for all 1 <i <m,

E; € E(pM,piN) , Ng =pNg and Hp =pHs.

These facts need several verifications to be proved (p;(N' N M) = (p;N) Np;M, p;Mg =
(piM)E,, etc). But all are apparent using that all p; € Z(N) N Z(M) and then E(m) =
i Ei(pim), for all m € M. This shows that the map

Ng 2 u — @pu € B Ng
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is well defined and maps Hg into &, Hg,. Injectivity and surjectivity in both cases is also
easy to see. For example, if u1 @ ... ®u, € :Ng, then u = T;u; € Upr and, for m € M,

E(umu®) =Y Ei(pjumu™) = Y Ej(wipmu) = Y wEi(pim)ul = uB(m)u”,

and u € Mg, proving surjectivity. Surjectivity al the level of Hg is easier and injectivity is
trivial. ' g

Proposition 2.9 Let N C L C M be von Neumann algebras, Eg € E(M,L), E € E(L,N)
and F = Eo Eg € E(M,N). Then

Ne=NrNL and Hg=HrNnL
and therefore
W(E) € W(F),

where the inclusion means that W(E) is naturally isomorphic to a subgroup of W(F).
Proof. 1t is clear using that F|, = E, that Ng N L C Mg and Hr N L C Hg. On the other
hand, let u € Mg, and m € M. Then u € L and

Fumu™) = E(uEy(m)u”) = uE(E(m))u” = uF(m)u*,
hence u € Np. Similarly one shows that Lg = MpN L. Therefore Hg = HrNL = HpNNE.
Finally, the inclusion Nz — AF induces the natural isomorphism

W(E) ~ Ng/Hg = Ng/(Hr N Ng) —» Np/Hp ~ W(F)

O

Remark 2.10 Let N C M be II, factors and E € E(M,N) of finite index. In the most
interesting examples the information one gets from W(E) about this inclusion is poor. For
example W(E) is trivial if Ind E < 4 (see Example 6.6). But the iterated basic construction
produces a tower of factors

NCMCMCMC...CM,C...

and a sequence of conditional expectations E,, € E(M,, M,_), where we can redefine M =
My, N = M_; and E = E; to have a coherent notation. These expectations verify that
Indppak, = Ind E, = Ind F for all n € IN (see 4.1 for definitions).

Consider F,, € E(M,,M_y) given by F, = Eyo E;o...0E,. Then IndF, =
Ind E™*! < co. Note that F,.1 = F, 0 E.y;. Therefore, using Proposition 2.9, we obtain a
tower of Wey! groups

W(E)=W(F) CW(F)CW(F)C...CW(F,)C...

which seems to be a reach invariant for the original inclusion N € M and the expectation
E. Note that the inclusions N C M, verify that N’ 1N M, # C. Then, in order to study
the tower of groups one needs to know the properties of the Weyl group for non irreducible
inclusions or, in general, inclusions N C M which don’t verify that N¢ C N.
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Remark 2.11 Let N C M C B(H) be von Neumann algebras where H is a separable
Hilbert space and let F' € E(M, N). Denote by

L={NUNz}"

Clearly N € L € M and we can consider E = F|, € E(L,N). Then there exists Fy €
E(M, L) such that F = E o Ey and using Proposition 2.9 one deduces that

Indeed, let ¢ be a faithful normal state (or semifinite weight) on N and ¥ = ¢ o F the
corresponding state on M. Then the modular group of ¢ leaves Nz and N invariant, since it
commutes with . Then, by Takesaki theorem (see [19]), there exists a unique Ey € E(M, L)
such that ¥ o Fy = 1. But then both E o Ey and F are ¢ invariant and must coincide by
the unicity assertin of the above mentioned Takesaki theorem.

It would be reasonable to hope, since the full Weyl group is "contained” in L, that
W (Ey) were trivial. Nevertheless this is not true, as can be easily seen by regarding the
fixed algebra of a factor M by a finite outer group of automorphisms.

3 The group P(F)

Let N C M be von Neumann algebras and E € E(M, N). We assume the existence
of a (fixed) faithful normal state ¢ on N, and consider the faithful normal state ¢ = ¢ o F
on M.

Consider M and N with their GNS representation given by the state ¢, acting on
the Hilbert space L*(M,¢). Define the Jones’ projection e to be the ortogonal projection
with range L?(N,9) considered as a subspace of L3(M, ). We also consider the Basic
Construction for e, the algebra M; = {M,e}”, the von Neumann algebra generated by M
and e in L(L*(M, ¢)). This definition of e and M is equivalent to the common “bimodule”
aproach (see [4] or [9]), but seems to be more simple for our purposes.

Remark 3.1 Let N € M be von Neumann algebras and E € E(M,N). Then the Jones’
projection e associated with E satisfies the usual properties (see, for example, [8, 3.6.1], [18,
1.1.3] or [2, 1.1]):

1. For a € M, eae = E(a)e.

2. N={e})O M.

3. fae M, ae =0 implies a = 0.

4. z + ze is a *-1somorphism from N onto eM;e.

5. The subalgebra My = M + MeM 1s ultraweakly dense in M;
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Denote by Un(e) = {ueu* : u € Uy}, the orbit of e by the action of Uy by
conjugation. It is proved in [2] that Up(e) is a submanifold of the full unitary orbit of e in
Mj, if and only if the index of E is finite (see Definition 4.1 below).

Consider the map =, : Upr — Unr(e) given by me(u) = ueu*, for u € Uy, The orbit
Unr(e) is a fibre bundle over the orbit Og of E via the map

F:lUy(e) — Og

defined as follows: given u € Uy and p = ueu* € Upy(e) we denote by F(p) the unique
element of E(M) such that

F(p)(m)p=pmp forall me M.

Indeed, we have the following commutative diagram:

T

Uy —— Ule)

LI [ F (2)
Og

Definition 3.2 Let N C M be von Neumann algebras and £ € E(M, N). Denote by P(E)
the set
P(E) = {ueu® : u € Ng}.

This set is the fibre of the fibration F' of diagram (2) over E.

Remark 3.3 Let N C M be von Neumann algebras and £ € E(M,N). Then

1. The group Uy is a normal subgroup of Ag. Also the map 7.|u, : Ng — P(E), is onto
and verifies that given u, v € Ng, 7e(u) = m.(v) iff wo* € Uy. Then it induces on
P(E) a group structure. Indeed the product is defined by

Te(u)  me(v) = we(wv), (3)
for u, v € Mg. Note that as a group
P(E) ~ Ng/Uy. (4)

In case that E has finite index (see 4.1) it is proved in [2] that the the map 7, has local
cross sections. So that this isomorphism is also an homeomorphism when considering
Uns(e) with the norm topology of My and Ng/Uy with the topology induced by the
norm topology of Ng.

2. Since e € N'N M; and for u € Mg, uNu* = N and ulN'u* = N’, we can easily deduce
that
P(E) C N'n M. (5)
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3. If N C N, then
P(E) =~ W(E). (6)
Indeed, since Mg C N® C N, we have Hp = Uy and it must be P(E) = W(E) by 1
and Proposition 2.6.

4. Since Uy is a normal subgroup of Hg, we have that
Ng/Un
He/Un

where Hg /Uy is a subgroup of P(E). In other words, the Weyl group W(E) is always
a quotient of the fibre P(E). Note that Hg/Uy can be identified with the orbit
{ueu* : u € Hg}. In the finite index case we shall see that this orbit is exactly the
connected component of e in P(E). Therefore the group W(E) can be identified in
this case with the set of connected components of the fibre P(E).

Let p € P(E) and u € N such that p = ueu”. Then pe = uE(u*)e. In order to
study the properties of pe we need the following Lemma:

Lemma 3.4 Let N C M be von Neumann algebras and E € E(M,N) and uw € Ng. Then
1. uE(u*) € Mg.
2. uB(u*) = E(u*)u.
3. E(u)E(u) € Z(N).
4. IfNCC N, then uE(u*) is a projection in Z(N) and
uE(u) = E(u)u = E(u)E{u”) = E@)E(u) = v E(u) = E(u)u”

W(E) ~ Ng/Hg ~ ~ P(E)/(He/UN), (7)

Proof. Let 5 € N. Then
uE(u")be = veu"be = ue(uw bu)u’e.
Since u*Nu = N and e € N/, we have
ub(u")be = u(ubu)eu’e = buls(u”)e,
So that by 3 of Remark 3.1, uE(u*) € N©. To prove 2, note that
vE(w") = vEB(u)u'y = E(uu v )u = E(u)u.

3) is obvious since E(N®) = NN N = Z(N). Let us prove 1. If z € M, using 2 and 3, we
have

EEW z) = E(E(W uz)=Eu")E(uz) = E@")uPb(zu)u*
= E(zu)E(v") = E(zuE(u")).
To see 4, note that in the case N® C N we have uE(u") € N, so it has to be
E(uE(u*)) = uE(u*), and the assertion follows easily from the preceeding properties O

Remark 3.5 Item 4 in the preceeding lemma is stated in Connes work [6, 1.5.5], where he
also notes that if N C N, then ulNu* = NV implies that u € Ng.
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4 The finite index case

Let N C M be von Neumann algebras and E : M — N be a conditional expectation.

E is said to have finite index (and writen Ind £ < co) if one of the following three equivalent
conditions hold (see, for example, [18]):

1. There exists 0 < K € IR such that the linear map KE — Id is positive on M.

2. There exists 0 < L € IR such that the linear map LE — Id is completely positive
on M.

3. There exists a N-quasi basis {ms}rex for M such that T ,ex mi converges (see [4,
1.6], [20, 1.2.2] or [18, 1.1.4] for the definition of N-quasi basis).

In this case E is faithful and normal, that is £ € E(M, N).

Definition 4.1 Let N C M be von Neumann algebras and E : M — N be a conditional
expectation such that Ind E < co. We define the two notions of index of E (see [4, 3.6] or
[18, 1.1.5]):

1. The index of E:
IndgpyE = kamz (S GZ(M)7
k

where {m} is a IV quasi basis of the algebra M and Gz is the invertible group of
Z(M).

2. The probabilistic (or weak) index:

IndE = wf{K >0:KE —Id> 0}
inf{K >0: K[[E(a)|| 2 ||a|l, VO < a & M}

Now we will study the properties of P(E) related with the index. In the next
Proposition we prove that all the projections in P(E) behave like the Jones projection:

Proposition 4.2 Let N C M be von Neumann algebras and E ¢ E(M,N). Letp € P(E),
then

1. If we replace e by p, the properties 1 through 5 of Remark 8.1 are satisfied.
2. IfInd E < oo then ||z]| < (Ind BY/?)|zp|| for every z € M.
3. Ind £ < oo if and only if Mip = Mp.
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Proof. 1) If p = wew™ and w € Ng, then
prp = wewzwew” = wE(wzw)ew* =
= ww' E(z)wew* = E(z)p

Let o : N — eMe be the isomorphism of Remark 3.1, given by «(z) = ze for z € N. Put
p = wew* with w € Ng, then for x € N,

zp = zwew” = w(w zwe)w” = Ad(w) o a 0 Ad(w*)(z),

where Ad(w)(a) = waw*. Note that Ad(w)(eMie) = pM;p. The other properties of p are
clear.
2) follows by rephrasing the proof of Prop 2.2 of [2]:

lzpll* = llpz*apll = |E(z"2)pll = | E(z"2)]
> (Ind E)!||z*z|| = (Ind B)7Y||z]?

The last item is stated and proved in [2] O

Definition 4.3 Let N € M be von Neumann algebras and £ € E{(M, N). Denote by
ME = {z € M : E(za) = E(az),Ya € M},

the fixed algebra of the expectation E. Note that since E is normal, M¥ is a von Neumann
subalgebra of M.

Example 4.4 Let N C M be von Neumann algebras and E € E(M,N). Suppose that M
is finite and ¢ a trace on N such that ¢ = ¢ 0 E is also a trace. Then the expectation E is
“becarre” (see [9]), that is

MEF = N  and then also Mg = N°©.
However, both inclusions between MZ and N¢ can be seen to be false in very easy examples.
Proof. Let z € M®, y,z € M, b€ N. We need to prove that z conmutes with 5. We have
p((b — ba)y) = p(zby) — p(bzy)

But ‘
o(bzy) = p(E(bzy)) = ¢(bE(zy)) = ¢(bE(yz)) = v(byz)
And then, using that ¢ is a trace, we obtain that p(byx) = (xby). Therefore p((zb—bz)y) =
0 for all y € M, and = belongs to N'. On the other hand, if z € N¢, we have
o(E(zy —yz)z) = p((zy — y=) B(2)) = p(zy E(2)) — p(yz £(z)).

Using that £ € N’ and that ¢ is a trace, we obtain that w(E(zy —yz)z) =0 forall z € M,
so that E(zy) = E(yz) for every y € M, and then z belongs to M. O
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Lemma 4.5 Let N C M be von Neumann algebras and E € E(M,N) with Ind E < co. If
p € P(E), ¢ = upu* with v € Ng, and |[p — q| < Ind E7Y/2, then wE(u*) is invertible, and
¢ = vpv* with v € Unig .

Proof.
J1 = uwE(w))

IA

Ind BY3|(1 — uE(u"))p]|
= Ind E"?||p — upu®p||

= Ind E?||(p - q)p)|

< IndEY¥[p—q] <1,

therefore uF(u™) € Gy and E(u*) € Gy. Now take v as the unitary part in the polar
decomposition of uE(u*), v = Py(uE(u")). It is clear by 1 of 3.4 that v belongs to N¢. We
shall see that v is also in M¥ and that it implements g.

By the uniqueness of the polar decomposition, we have that

v = uPy(B(u")),

and Py(FE(u*)) lies in N, so that it commutes with e. Note that by 3.4 u commutes with
E(v*) and E(u*) is normal, so u commutes with Py(E(u*)). Now let = € M, then

E(vz) EuPy(E(u"))z) = Pu(E{(w"))E(uz)
Py(E(u"))uE(zu)u” = vE(zu)u* = E(zu)u™

E(zu) Py(E(w")) = E(av),

il

I

I

then v € M®. Since E(u*) is invertible, Py(E(u*)) € Un. Therefore v € Uy, and
g = upu” = vPy(E(W")) pPy(E(w))v* = vpv*
0

Definition 4.6 Let N € M be von Neumann algebras and £ € E(M, N). From now on
P(E), will denote the connected component of p in P(E).

Theorem 4.7 Let N C M be von Neumann algebras and E € E(M,N). Then Ind E < o0
implies

P(E)p = Uny(p) := {upu” : v € Hg}
and the distance between different connected components of P(E) is greater than Ind E-1/2,

Proof. Uy, (p) is connected, since Hg is connected and the map 7, of 3.3 is continuous. So
it is clear that Uz, (p) C P(E),.

To prove the reverse inclusion note that by Lemma 4.5, Uy, (p) is open in P(E).
But since the orbits of the action of Uy, on P(E) are all open and lie at distance greater
than Ind E~Y2, Uy, (p) is also closed in P(E) O
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4.1 P(E) as a subset of N' N M;

Proposition 4.8 Let N C M be von Neumann algebras and E € E(M,N). Suppose
Ind E < co. Then N is a factor if and only if e is minimal in N' N M.

Proof. If N is not a factor, let ¢ be a non trivial projection in Z(N). then ge is a proper
subprojection of e in N' (N M.

Suppose now that N is a factor. Let p a projection in N’ N M; with p < e. Then
pe = ep = p. Since Ind E is finite, by Prop. 4.2 we know that Mye = Me. Therefore there
exists ¢ € M such that p = pe = ge. Then,

E(q)e = eqe = epe = p = ge,
proving that ¢ € N. Moreover, ¢ is also a projection:
g’e = (ge)* = p" = ge, so that ¢* =g,

ge = (qe)" = p" = p = ge, so that ¢" =¢g.

If b€ N, gbe = qeb = pb = bp = bge. Therefore g € Z(N). Then, since N is a factor, ¢ is a
scalar,so g =0 org=1 O

Proposition 4.9 Let N € M be von Neumann algebras and E € E(M,N). Suppose that
N is a factor. Then pg = 0 for every pair p,q of projections lying in different connected
components of P(E).

Proof. By unitary conjugation we can suppose that ¢ = e. Now, assuming that p = ueu”,
with u € Mg, we have
pe = ueu'e = uk(u")e.

If pe # 0, then uE(u”) is not zero, so E(u*) # 0. But E(u)E(u*) € Z(N) = C, so E(u*) and
uFE(u*) are invertible. Proceeding as in the proof of Lemma 4.5 (but without the hipotesys
of finite index), we have that p € Uy (e) = P(E), 0

The study of P(E) is simpler when it is verified that N® C N (for example for
reasonable crossed products). Next theorem shows that this happens iff P(E) C Z(N'NM,).

Theorem 4.10 Let N C M be von Neumann algebras and E € E(M,N). Then
1 IfInd E < 00 and N¢ C N, then P(E) C Z(N' 0 M).
2. If P(E) C Z(N'N M) then N°C N.
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Proof. First of all note that for the first implication it is enough to prove that e € Z(N'NM;).
Indeed, in that case, if z € N'N M; and u € Ng, then

veu™r = ve(uru)u” = u(uzu)eu” = zueu”

since uN'u* = N’. in order to prove that e € Z(N' N M,), we will show that it equals its
central carrier C, in that algebra. First note that (N'NM;)e = (N)e. Indeed, one inclusion
is clear. For the other let z € N'N M;. As Ind F < oo, Mye = Me (see [2]), so there exists
a € M such that ze = ge. But a is also in N’ because if b € N,

abe = aeb = zeb = bze = bae,

so that ¢ € N'. Then we have

(Co) = (N0 Mi)el*(M,¢)]

[(N)LH(N, )]

C [NL*N,4)] = L*(N,4) (Using that N¢C N)
R(e),

thus proving that C. < e, that is C, = e. Now suppose that N¢ is not contained
in N, so there is an a € N° with a not in N, i.e. a — E(a) is not zero. If we call ¢ the
generating and separating vector for M in L*(M, ), then the vector (a — E(a))¢ belongs
to B(C,) but it does not belong to R(e), thus proving that e cannot be equal to its central
carrier, so that it is not central O

I

Remark 4.11 Part 1 of Theorem 4.10 and neccesity part in Proposition 4.8 are stated in
(17, 1.9] for the II; factor case, using strongly the existence of a trace.

5 When is W(E) finite?

The notion of index is related with the number of elements in W(E), as we will see
below. It is natural to hope that W(E) is finite if Ind £ < co. But we shall see that the
order of W(E) depends both of Ind £ and dim(Z(N)). In particular we will also show that
W(E) can be infinite even if Ind £ < oo. We first study the case when dim(Z(N)) < oo,

Remark 5.1 Let N C M be von Neumann algebras and £ : M — N be a condmonal
expectation with Ind E < co. It is well known ({18, 1.1.2], [4, 3.19]) that

dim(Z(M)) <o & dim(Z(N))<oo <« dim(N®) < oo.

Lemma 5.2 Let N C M be von Neumann algebras and let E : M — N be a conditional
expectation with Ind F < co. Then
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1. There exists By € E(Mi, M) such that Ei(e) = (IndgpyE)~?, where IndgprE €
Z(M) and is invertible.

2. E; has finite indez.
8. If diim(Z(N)) < oo then dim(N' N M) < co.

Proof. The first two assertions are proved in [4, 3.8] (see also {18, 1.2]). To prove 3) consider
E, = FEoFE € E(M;,N). Clearly

Ind By £ Ind E Ind By < 0.

Therefore Ind E; < oo and dim(N' N M;) < oo |

Theorem 5.3 Let N C M be von Neumann algebras with dim(Z(N)) < co and E: M — N
a conditional expectation with Ind E < co. Then W(E) is finite.

Proof. Recall from Proposition 3.3 that P(E) C N’ N M; which has finite dimension by
Lemma 5.2. Then the unit ball of N' N M; is compact and can not have infinitely many
subsets with a fixed positive distance between eachother. Therefore P(E) could have just
finitely many connected components (by Theorem 4.7) and W(E) must be finite O

5.1 Bounds for [W(E)|.

Theorem 5.4 Let N C M be von Neumann algebras. Suppose that N is a factor and
E: M — N a conditional ezpectation with finite indez. Then

|W(E)| < mf{)\ A€ O’(IndBDHE)} = H(IndBDHE)‘lH"l.

Proof. Let u,v € Ng. Using Proposition 4.9 we have that [u] = [v] in W(E) if E(u*v) # 0.
Take different classes [u1],...,[un] in W(E) and consider ¢; = wieu] € P(E) for 1 <i < n.
Therefore E(uju;) = 0if ¢ # 7 and {gi}1<i<» Is an orthogonal family of projections in P(E).
Consider the conditional expectation F; of Lemma 5.2. Note that 3°7—; ¢; < 1, then

12 El(i i) = Zn:El(qz') = n(IndpprE)",

1=1 =1

since IndppyE € Z(M) and so E1(p) = (IndgpyE)* for p € P(E). Thus n < IndgppE
(as operators) and {W(E)| < ||(IndgpuE) || .

Remark 5.5 Let N C M be von Neumann algebras and £ : M — N be a conditional
expectation with Ind £ < oo. Then (see [7])

||IndBDHEH S [ IndE ] IndE,

where [z] denotes the entire part of z € IR. This gives an estimation in terms of the
probabilistic index for the order of W(E) when N is a factor.
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The main purpose of what follows is to show that, in the finite dimensional center
and finite index case, sharp bounds can be found for the number of elements in W(E). It
will also show some of the internal structure of the inclusion N C M.

So let N € M be von Neumann algebras. Let £ € E(M, N) with Ind £ < cc, and
n = dim Z(N) < co. Let p1,...,p» be the minimal central projections of N. Define the
algebra

Mo =Z(NYNM.
It is clear that N € My C M. Consider the conditional expectations Ey : M — My and
F: My — N given by

Eo(z) = Zpi:cpi, ze€M and F =El|y.
=1
It is clear that both Fy and F are faithful and normal.

The set {p1,...,pn} is stable by automorphisms of N, so each automorphism of N
induces a permutation of the indices. Then, define

S:Ng— Sn (8)

by S(u) = Adulq,,. p.)- That means that S(u) = o if up;u* = p,(;) for 0 < i < n.

-----

Remark 5.6 We have
kerS = Mg N My = N

and

|NE/ker S| < nl.
It is also easy to see that Hg = Hp, then

kerS/HE ZNF/HE = W(F)

Note that both Np C Mg and W(F) € W(E) are normal subgroups. By elementary group
theory,

o Ne/HE
Ne/Np ~ m ~ W(E)/W(F).
Therefore,
|W(E)| < nllker S/Hg| = n!|W(F)|. (9)

Theorem 5.7 Let N C M be von Neumann algebras, n =dimZ(N) < oo, and E €
E(M,N) with Ind E < co. Let py,...,p, be the minimal projections of Z(N). Let My =
Z{(NYNM. Then

IW(E)| < n! [W(E|m)| < nl I, |(Indppw E;) 71| < nlKT,

T

where E; = Elpmp, and K = sup, ;¢ [|(Indppu E;) . This inequality is sharp.

Proof. The inequality follows easily from Remark 5.6 and Proposition 2.8 (note that Z(N) C
Z(M,) and 2.8 applies). We will show that the equality can be realized in example 6.2. O
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6 Examples

In this section we mention some examples of inclusions of von Neumann algebras in which
it is not difficult to calculate the normalizer Mz and the group W(E).

6.1 PROJECTING TO THE DIAGONAL

Let R be a factor, and consider the inclusion
N:RnananM,

where the conditional expectation E acts by “compression to the diagonal”. Then W(E)
is the group S, of permutations of n elements, so it has n! elements. Indeed, the map
S :W(E) — S, of equation (8) becomes clearly a group isomorphism.

6.2 MAXIMAL ORDER FOR W(E)

Let B be a factor and Gy a finite group of outer automorphisms of B. Let By : B x,Go — B
be the canonical expectation and let n € INV. Consider the inclusion

B g (_B X o Go)nxn
with the expectation £ given by E((ai;)i;) = ®:Fola;;). Then
|W(E)| = nl|Go|™

Indeed, in this example the map S of equation (8) is surjective, because one can
achieve every permutation of the set of minimal diagonal projections (that is, minimal
projections of the center of B") by matrices with scalar entries, which belongs to Ng.
Using example 6.5 below, we know that Ind E; = |W(E;)| = |Gol, because every inclusion
piB Cg, pi(B Xo Go)™"p; is a factor inclusion isomorphic to B Cg, B X4 Go. The equality
follows by using 5.6 and 2.8.

6.3 AN INFINITE CASE

Here we show that, even if Ind £ < oo, the group W(E) can be infinite. Let A be an abelian
infinite dimensional von Neumann algebra and consider the inclusion N = AGA C M = A2x?
as diagonal matrices, with the expectation

aix Q12 _{ an 0
E(<a21 022>)~< 0 ¢122>'

Let p be a projection in A. Consider the matrix

w={ P “P).
i l-p p
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It 1s easy to see that w, & ANg. Since NNNM = N we know by 3.3.3 that Hp = Uy.
Straightforward computations show that if p and ¢ are projections in A, then u,u, € Uy
ifft p = ¢q. Therefore the classes of p and ¢ agree in W(F) iff p = ¢. Since A is infinite
dimensional, we deduce that W(E) is infinite.

Note that this example can be regarded as a cross product inclusion of algebras.
Indeed, the Z; action on N given by the permutation of the two coordinates produces a
cross product algebra isomorphic to M. The unitary of M which implements the permutation

automorphism is the matrix < (1) (1) )

6.4 THE TRACE

Let N be a factor and consider now the inclusion
N g M — Nnxn,

with the conditional expectation being the “normalized operator valued trace”. Then W(E)
consists of a single element.

In order to prove this fact, note that N€ consists of the matrices with entries in C.
Moreover, since the entries of matrices of M and N€ commute and E is trace like, we deduce
that Mg = NC.

On the other hand N is a factor and by Proposition 4.9 we have that if u € Az and
[u] # 1 in W(E) then E(u) = 0. Let A be a unitary scalar matrix in N® = Mg. If E(uA)
were not zero, it should be [uA] =1 and so [u] =1

In other words, if u € Mg and [u] % 1, then E{uA) = 0 for every unitary scalar

matrix A. This means that o
Z(Z uikA;m-) = 0

i=1 k=1

Choosing the matrix A to be the identity and the identity with the last sign changed, it
appears that un, = 0. Changing the other signs we can show that all the diagonal must be
null. But we can also choose for A the permutation matrices, so every entry of u can be
shifted to belong to the diagonal and so u must be zero, a contradiction. Therefore W(E)
is the trivial group.

We proved that Nz = Hg and Mg = NC. Therefore the normalizer of E can be
described as

NE =Hg = {(n.aij)ij : n €Uy and (aij) c C™*™ is unitary}.
6.5 DISCRETE CROSSED PRODUCTS

This example is mostly the one that justifies the introduction of the group W(E) (see
[6] and [14]). Take a von Neumann algebra N and a discrete group G of outer (and free)
automorphisms of NV, and consider M = N x, G, with the canonical conditional expectation.
Then G € W(E). Indeed, it is well known that N® = Z(N). Hence Hr = Uyn. Denote
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by A : G — Uy the canonical representation of G in M. Then, since for all g € G, Ads,
commutes with F, we have that

{’\g }gEG g NE

Moreover, if g, h € G and A\ A} = Ajp+ € Hp = Uy then gh™' € Inn(N) and it must be
g = h. Therefore the map ¢ : G — W(E) given by

(I)(g) = [)‘g] =X « Hg, for geg,

is an injective homomorphism.

In general W(E) is bigger than G, also when G is finite. Indeed, in the example 6.1,
the algebra M can be seen as a crossed product of NV by the action of the integers modulo
7, but in this case W(F) ~ S, (see also example 6.3). Nevertheless, when G is finite and N
is a factor, one has that G ~ W(E).

Indeed, for every g € G we denote by A, the corresponding unitaries in M. It is
well known (see [4], 3.7.1) that the set (););ec is a quasi basis for M and

L ToeqAjedg = 1.
2. E(\;An) = 8gn for g,h € G.
3. IGI = ZgEG /\g)\; = IndBDHE = Ind E.

It is also well known that N® = Z(N) and then W(E) ~ P(E). Asin 6.5, A, € Nz,
g € G. Then we have a set of projections {A,eAr}, € P(E), pairwise orthogonal (by 2.}, with
sum 1 (by 1.). By 4.8 and 4.10, the elements of P(E) are minimal projections of N' N M;
and they are central. Then

W(E) ~ P(E) = {\jeA; }seq.

Therefore the map p : G — W(E) given by p(g) = Age); defines the natural isomorphism.
In this case also

Ind E = |G| = |W(E)|.
6.6 INCLUSIONS OF II; FACTORS WITH Ind E < 4

Let N € M be II; factors and E € F(M,N) with Ind £ < 4. Taking into account that
N is a factor and therefore N¢ = C C N (see (8, 3.6.2(c)]), we know by Remark 3.3.3 that
W(E) = P(E). By Proposition 4.9 we also know that the elements of P(FE) are orthogonal
projections. Analysing as usual the principal graph obtained from the derived tower (see for
instance [8, 4.6]), we know that the center of NF := N’ M, has dimension two or three.
Assume that it is two. Then, by Theorem 4.10, the center of Ny consists of elements of the
form
e + p(l —e),

with A,z € € and e the Jones projection . So, if P(E) were not trivial, there must exist
u € Ng with 1 — e = ueu®, so
e+ ueu” = 1.
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Using the conditional expectation Eys : My — M given by the basic construction,
we have that
1= Ep(l) = Eple + uew™) = 2(Indgpr E)7?,

so that
IndE = IndBDHE = 2.

By the preceeding discussion, we are allowed to consider three cases:

1. Ind F < 4 and principal graph of type neither A; nor Dy4: This is the case
considered in the discussion before, so that we have proved that W{E) is trivial.

2. Ind F = 2 (principal graph of type Aj): It is well known in this case, by Goldman’s
theorem, that
M =N x,Z,,

so by Example 6.5 it is W{(E) = Z,.

3. Ind £ = 3 with principal graph of type Dy4: In this case Z(N’' N M;) has three
orthogonal projections, and by Example 6.5, this the situation when

M =N xq Zs,

so that
W(E) = Zs.
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