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V P Pagura1, D Gómez Dumm2,3, S Noguera1 and N N Scoccola3,4,5
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Abstract. We study the behavior of strongly interacting matter under an external magnetic
field in the context of nonlocal Polyakov–Nambu–Jona-Lasinio (PNJL) -like models. We find
that at zero temperature the condensates display the well-known Magnetic Catalysis effect,
showing a good quantitative agreement with lattice QCD results. Moreover, when extended to
finite temperature we find that the Inverse Magnetic Catalysis effect is naturally incorporated.

1. Introduction

Over the last years the understanding of the behavior of strongly interacting matter under
extremely intense magnetic fields has attracted increasing attention, due to its relevance for
subjects such as the physics of magnetars [1], the analysis of heavy ion collisions at very high
energies [2] or the study of the first phases of the Universe [3]. Consequently, considerable
work has been devoted to study the structure of the QCD phase diagram in the presence of
an external magnetic field [4]. From most low-energy effective models of QCD it was generally
expected that, at zero chemical potential, the magnetic field would lead to an enhancement of
the chiral condensate (“magnetic catalysis”), independently of the temperature of the system.
However, LQCD calculations [5, 6] show that, whereas at low temperatures one finds indeed
such an enhancement, close to the critical chiral restoration temperature light quark condensates
exhibit a nonmonotonic behavior as functions of the external magnetic field, which results in
a decrease of the transition temperature when the magnetic field is increased. This effect is
known as inverse magnetic catalysis (IMC). Although many scenarios have been considered in
the last few years to account for the IMC [7–22], the mechanism behind this effect is not yet
fully understood. With this motivation, we study the behavior of strongly interacting matter
under an external magnetic field in the framework of nonlocal chiral quark models, theories that
are proposed as nonlocal extensions of the well-known (P)NJL model, intending to go a step
further towards a more realistic effective approach to QCD [23–30].
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2. Theoretical formalism

Let us start by stating the Euclidean action for our nonlocal NJL-like two-flavor quark model,

SE =

∫

d4x

{

ψ̄(x) (−i/∂ +mc)ψ(x) −
G

2
ja(x)ja(x)

}

. (1)

Here mc is the current quark mass, equal for u and d quarks. The nonlocal currents are given by
ja(x) =

∫

d4z G(z) ψ̄(x+ z
2
) Γa ψ(x−

z
2
) , where Γa = (11, iγ5~τ), and G(z) is a nonlocal form factor.

In order to study the influence of an external magnetic field we introduce in Eq. (1) a coupling
to an electromagnetic gauge field Aµ. This can be done by performing appropriate changes in
the covariant derivative and in the nonlocal currents (see Refs. [32, 33] for details). We restrict
to the case of a constant and homogeneous magnetic field along the 3-axis. Next we perform
a standard bosonization, introducing scalar and pseudoscalar fields σ(x) and ~π(x). Within the
mean field approximation (MFA), pseudoscalar field vacuum expectation values (VEVs) vanish,
and we assume the VEV of the scalar field, σ̄, to be homogeneous in coordinate space. In this
way, following the Ritus eigenfunction method [31] we find the corresponding action, SMFA

bos [32].
We extend the analysis of the model to a system at finite T by using the standard Matsubara

formalism. In order to account for confinement effects, we include the coupling of fermions
to the Polyakov loop (PL) assuming that quarks move on a constant color background field
φ = ig δµ0G

µ
aλa/2, where G

µ
a are the SU(3) color gauge fields. We will work in the so-called

Polyakov gauge, in which the matrix φ is given a diagonal representation φ = φ3λ3 + φ8λ8,
taking the traced Polyakov loop Φ = 1

3
Tr exp(iφ/T ) as an order parameter of the deconfinement

transition. We include effective gauge field self-interactions through a PL potential. In this work
we consider two alternative forms proposed in the literature: a potential given by a polynomial
function based on a Ginzburg-Landau ansatz (Poly) [35], and the so-called “improved” PL
potential proposed in Ref. [36], in which the full QCD potential is related to a Yang-Mills
potential (Poly Imp). Then, the MFA thermodynamical potential ΩMFA

B,T and the associated gap
equations can be obtained. It is seen that ΩMFA

B,T turns out to be divergent, we regularize it

following Ref. [26]. By deriving ΩMFA

B,T with respect to mc we get the magnetic field dependent
quark condensate for each flavor

〈ψ̄fψf 〉
reg
B,T = −

|qfB|T

π

∑

c

∫

dp3
2π

∞
∑

k=0

∞
∑

n=−∞










M−,f
k,p‖nc

[

p 2
‖nc

+ 2k|qfB|+ (M+,f
k,p‖nc

)2
]

+ (+ ↔ −)
(

2k|qfB|+ p 2
‖nc

+M−,f
k,p‖nc

M+,f
k,p‖nc

)2

+ p 2
‖nc

(

M+,f
k,p‖nc

−M−,f
k,p‖nc

)2

−
2mc

p 2
‖nc

+ 2k|qfB|+m2
c

}

−
Ncm

3
c

4π2

[

ln Γ(xf )

xf
−

ln 2π

2xf
+ 1−

(

1−
1

2xf

)

lnxf

]

+
|qfB|

π

∑

c

∞
∑

k=0

αk

∫

dp

2π

mc

ǫfkp

[

1 + exp(ǫfkp/T + iφc)
] , (2)

where the color index c runs over r, g, b and the color background fields are φr = −φg = φ3,
φb = 0. We have defined p‖nc

= (p3, [(2n + 1)πT + φc]) where n is associated to the Matsubara

frequencies, xf = m2
c/(2|qfB|), αk = 2 − δk0 and ǫfkp =

√

2k|qfB|+ p2 +m2
c . We have also

defined

Mλ,f
k,p‖nc

= (−1)k−
1−λsf

2

∫ ∞

0

dr r exp(−r2/2)

[

mc + σ̄ g

(

|qfB|

2
r2 + p2‖nc

)]

L
k−

1−λsf

2

(r2). (3)
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Here sf = sign(qfB), while g(p2) is the Fourier transform of G(z), Lk(x) are the Laguerre
polynomials, and the index k labels the Landau levels.

Finally, to make contact with the LQCD results quoted in Ref. [6] we define the normalized
quark condensate

Σf
B,T =

2mc

S4

[

〈ψ̄fψf 〉
reg
B,T − 〈ψ̄fψf 〉

reg
0,0

]

+ 1 , (4)

where the scale S is given by S = (135 × 86)1/2 MeV. We also introduce the definitions

∆Σf
B,T = Σf

B,T − Σf
0,T and ∆Σ̄B,T = (∆Σu

B,T +∆Σd
B,T )/2 , which correspond to the subtracted

normalized flavor condensate and the normalized flavor average condensate, respectively.
For definiteness we consider the case of a Gaussian form factor g(p2) = exp(−p2/Λ2). Thus

the model parameters aremc, G, and Λ, that we fix so as to reproduce empirical values of fπ,mπ

and a given value of the quark condensate at zero T and B, Φ0 ≡ (−〈ψ̄fψf 〉
reg
0,0)

1/3 (details can
be found in Ref. [27]), in addition to the parameters related to the PL potentials considered.

3. Numerical Results

Numerical results at T = 0 are shown in Fig. 1. In the left panel we quote the predictions for
∆Σ̄B,0 as function of eB for various model parametrizations, found to be very similar for all
cases considered and in very good agreement with LQCD results from Ref. [6]. The results for
Σu
B,0−Σd

B,0, shown in the right panel, present an overall good agreement with LQCD calculations,
however, the dependence on the model parametrization is somewhat larger.
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Figure 1. Normalized condensates as functions of eB at T = 0. The curves correspond to
different parametrizations identified by Φ0. Full square symbols correspond to LQCD results of
Ref. [6]. Left panel: subtracted flavor average; right panel: flavor difference.

We turn now to our results for the case of finite temperature. In Fig. 2 we quote the
values obtained for ∆Σ̄B,T as a function of eB, for some representative values of T . All values
correspond to the parametrization leading to Φ0 = 230 MeV considering the polynomial PL
potential, yet qualitatively similar results are found for the other parametrizations. In contrast
to what happens at zero temperature, the quantity ∆Σ̄B,T does not display a monotonous
increase with eB when one approaches the chiral transition temperature [for this parameter set
one has Tc(eB = 0) = 179 MeV]. In fact, the curves reach a maximum after which ∆Σ̄B,T starts
to decrease with increasing eB, implying that the present nonlocal model naturally exhibits the
IMC effect found in LQCD. This feature can also be seen from the results displayed in Fig. 3.
In the upper pannel we show (Σu

B,T + Σd
B,T )/2 and Φ as a functions of T for some selected

values of eB, while in the lower pannel we present the associated susceptibilities defined as
χcond = ∂[(Σu

B,T +Σd
B,T )/2]/∂T and χΦ = ∂Φ/∂T . As expected, for all values of eB it is found

a crossover transition from the chiral symmetry broken phase to the (partially) restored one as
the temperature increases. However, contrary to what happens e.g. in the standard local NJL
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model [4], it is seen that within the present model the transition temperature decreases as the
magnetic field increases. Moreover, both chiral restoration and deconfinement transitions are
observed simultaneously, as predicted by PNJL-like models at eB = 0 [28].
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Figure 2. Subtracted normalized flavor
average condensate as a function of eB for
different representative temperatures. All
results correspond to Φ0 = 230 MeV and
polynomial PL potential, also in Fig. 3.
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Figure 3. Normalized flavor average conden-
sate and PL (up) and corresponding susceptibil-
ities (down) as functions of T for representative
values of eB.

To be more specific, let us define the critical temperature as the value of T at which χcond

reaches a maximum. In Fig. 4, the relative quantity Tc(B)/Tc(0) is displayed as a function of
eB together with LQCD results from Ref. [6]. It is seen that all parameter sets considered here
lead to a decrease of the critical temperature when eB gets increased, i.e. in all cases the IMC
effect is observed. On the other hand, the strength of the IMC effect is rather sensitive to the
parametrization. In the case whitout coupling to the PL the decrease of the Tc is small compared
with LQCD estimates, however, this is cured once the PL is included.
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Figure 4. Normalized chiral restoration
temperatures as functions of eB for various
model parametrizations for the two PL
potentials considered. For comparison results
obtained excluding the coupling to the PL are
also displayed. LQCD results of Ref. [6] are
indicated by the grey band.
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