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We study the QCD phase diagram in the framework of a nonlocal three-flavor quark
model. We determine the model parameters from vacuum meson phenomenology, con-

sidering lattice QCD-inspired nonlocal form factors. Then we analyze the features of the

deconfinement and chiral restoration transitions for systems at nonzero temperature and
chemical potential.
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1. General Formalism

We analyze the features of QCD phase transitions in the context of the so called

SU(3) nonlocal Polyakov Nambu−Jona-Lasinio (nlPNJL) model. This is an effective

theory in which quarks interact through nonlocal chirally symmetric four- and six-

point couplings, in the presence of a background color field. The approach intends to
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represent an improvement over the standard (local) PNJL model, offering a common

framework to study both the chiral restoration and deconfinement transitions.

Let us start with the Euclidean effective action of the model 1,2,

SE =

∫
d4x

{
ψ̄(x)(−i /D +mc)ψ(x)− G

2
[jsa(x)jsa(x) + jpa(x)jpa(x) + jr(x)jr(x)]

−H
4
Aabc [jsa(x)jsb (x)jsc (x)− 3jsa(x)jpb (x)jpc (x)] + U(Gµa(x))

}
. (1)

Here Aabc are SU(3) symmetric constants, while mc = diag(mu,md,ms) stands for

the current quark mass matrix. Assuming isospin symmetry, we take mu = md.

Quark-antiquark currents are given by

j(s,p)a (x) =

∫
d4z g(z)ψ̄(x+)Γ(s,p)

a ψ(x−) , jr(x) =

∫
d4z f(z)ψ̄(x+)

i
←→
/∂

2κ
ψ(x−) ,

(2)

where x± = x±z/2, Γsa = λa, Γpa = iλaγ5, while g(z), f(z) are nonlocal form factors

that characterize the effective interaction 3. The action also includes an effective

potential U that accounts for selfinteractions between color gauge fields Gµa(x).

We proceed by performing a standard bosonization of the theory, introducing

scalar and pseudoscalar meson fields σa, ζ and πa. Then we consider the mean field

approximation (MFA), thus we expand these fields around their vacuum expectation

values (VEVs). One has four nonzero VEVs, which can be written in a flavor basis

as σ̄u, σ̄d, σ̄s and ζ̄.

The bosonized action can be extended to finite temperature T and chemical

potential µ (we use the Matsubara formalism) to investigate the phase transitions

and the behavior of the thermodynamical quantities. We assume that quarks move

in a background color field

φ = igδµ0G
µ
aλa/2 = φ3λ3

(Polyakov gauge), which couples to matter through the covariant derivative in the

Lagrangian. After a proper regularization procedure (in which we subtract and

add a free quark contribution) the mean field thermodynamical potential per unit

volume is found to be given by 2

ΩMFA = Ωreg + Ωfree + U(Φ, T ) + Ω0 ,

where Ω0 is a constant, and one has

Ωreg = −2T

∞∑
n=−∞

∑
c,f

∫
d3p

(2π)
3 log

[
p2nc +M2

f (pnc)

Z2(pnc)(p2nc +m2
f )

]
−
(
ζ̄R̄+

G

2
R̄2

+
H

4
S̄uS̄dS̄s

)
− 1

2

∑
f

(
σ̄f S̄f +

G

2
S̄2
f

)
, (3)
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Ωfree = −2T
∑
s=±1

∑
c,f

∫
d3p

(2π)
3 Re log

[
1 + exp

(
− εfp + s(µ+ iφc)

T

)]
. (4)

Here we have defined

p2nc = [(2n+ 1)πT − iµ+ φc]
2 + ~p 2 ,

Z(p) = 1/
[
1− ζ̄ f(p)

]
,

and

Mf (p) = Z(p) [mf + σ̄f g(p)] ,

while S̄f and R̄ are given by one-loop integrals that involve the scalar field VEVs 1,2.

The action also includes an effective pure gauge potential U(Φ, T ), where

Φ =
1

3
[1 + 2 cos(φ3/T )]

—mean field traced Polyakov loop— can be taken as order parameter of confine-

ment. The form of the potential can be obtained from lattice QCD results and

group theory constraints. We consider here both an ansatz based on the logarithmic

expression of the Haar measure associated with SU(3) color group integration, as

well as a widely used potential given by a polynomial based on a Ginzburg-Landau

approach. The corresponding explicit forms can be found in Refs. 4 and 5, respec-

tively. The potentials include a scale parameter T0, which in presence of dynamical

quarks is found to take a value of about 200 MeV (see Ref. 6).

The mean field values σ̄u, σ̄s, ζ̄ and φ3 (in the isospin limit, σ̄d = σ̄u) can be

obtained by solving a set of four coupled “gap” equations that arise from the min-

imization of the mean field thermodynamical potential. Other relevant quantities

are the chiral quark condensates 〈qq〉 ≡ ∂ΩMFA/∂mq and the chiral susceptibility

χch ≡ ∂〈qq〉/∂mq, where q = u, s. For large temperatures, the behavior of the regu-

larized quark condensates is dominated by the free contribution, which grows with

T as 〈qq〉 ∼ mqT
2. Therefore, in order to analyze the chiral restoration transition it

is usual to define a subtracted chiral condensate, normalized to its value at T = 0,

〈qq〉sub ≡
〈uu〉 − mu

ms
〈ss〉

〈uu〉0 − mu

ms
〈ss〉0

. (5)

2. Model Parameterization

The model includes five parameters, namely, the current quark masses mu,s and

the coupling constants G, H and κ. In addition, one has to specify the nonlocal

form factors f(z) and g(z) entering the fermion currents. Here we will consider a

parametrization chosen so as to reproduce lattice QCD results for the momentum
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dependence of effective quark propagators. Following the analysis in Ref. 7, the

form factors as can be parameterized as 8

g(q) =
1 + αz

1 + αzfz(q)

αmfm(q)−mαzfz(q)
αm −mαz

, f(q) =
1 + αz

1 + αzfz(q)
fz(q) (6)

where αz = −ζ̄/(1− ζ̄) and αm = (mu + σ̄u)/(1− ζ̄/κ)−mu, while

fm(q) =

[
1 +

(
q2

Λ2
0

)3/2
]−1

, fz(q) =

[
1 +

(
q2

Λ2
1

)]−5/2
. (7)

Given the form factor functions, it is possible to set the model parameters so as

to reproduce the observed meson phenomenology in vacuum. Notice that the form

factors introduce the cutoff scales Λ0 and Λ1, which have to be taken as two addi-

tional model parameters. The values of Λ0, Λ1 and αz can be fixed from a fit to

lattice QCD results for Mu(p) and Z(p) 7. We obtain in this way

Λ0 = 861 MeV, Λ1 = 1728 MeV, αz = −0.2492 .

The remaining five parameters can be obtained by taking the value of αz from the

above fit, and by requiring that the model reproduces the empirical values of four

physical input quantities. Here we take the masses of the π, K and η′ mesons and

the pion weak decay constant fπ. This leads to the parameter set

mu = 2.38 MeV, ms = 61.45 MeV, GΛ2
0 = 14.03, HΛ5

0 = −158.70, κ/Λ0 = 12.45.
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Fig. 1. Phase diagrams for logarithmic (left) and polynomial (right) PL potentials. Full (dashed)
lines correspond to first order (crossover) chiral restoration transitions. Dashed-dotted lines corre-

spond to constant Φ. BP: baryonic phase, QP: quarkyonic phase, RP: restored phase.
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3. Features of the Phase Diagram

The phase diagram can be sketched by analyzing the numerical results obtained for

the relevant order parameters. For the deconfinement and chiral symmetry restora-

tion transitions we take as order parameters the traced Polyakov loop Φ and the

subtracted chiral condensate 〈qq〉sub, respectively. Our results are shown in Fig. 1

for both the logarithmic (left) and polynomial (right) PL potentials. At low µ we

find that both transitions occur as crossovers, at about the same critical tempera-

ture Tc for both PL potentials (Tc can be defined through the position of a peak in

the susceptibility χch). By increasing µ, the transition line (dashed line in Fig. 1)

reaches an end point after which the chiral symmetry restoration occurs as a first

order transition (solid line). Although this induces a discontinuity also in the traced

Polyakov loop, it is seen that the value of Φ at the transition is relatively low. In

this way, right beyond Tc quarks are still confined, the system lying in the so-called

quarkyonic phase. At some larger T (for fixed µ) quarks deconfine, however the

behavior of the traced PL Φ is relatively smooth so as to find a well-establish tran-

sition line. Indicative curves for constant values Φ = 0.3 and Φ = 0.5 are shown in

the figure (dashed-dotted lines).
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