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Abstract: We analyze the properties of the electric and magnetic fields in different refer-
ence frames within a cosmological background space-time. First, we investigate the confor-
mal properties of the electromagnetic fields and charge currents, discussing how the spatial
curvature of the universe affects the field on different scales. Then, we analyze the effects
of the expansion of the universe on local electromagnetic sources using Fermi coordinates.
In particular, we investigate the energy balance and Poynting flux in this locally defined
reference frame. We show that a charge following the Hubble flow in an accelerated FLRW
universe is accelerated as seen by the local inertial frame, leading to non-null radiation.
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1 Introduction

The frame dependency of the electromagnetic field has been widely discussed in the liter-
ature both in classical and quantum physics. In curved space-time, an apparent paradox
appears when we try to join the concept of radiation and the equivalence principle. As
was clarified by Rohrlich [1] and Boulware [2], the radiation of a charged particle is not a
covariant concept: if a charge is static in a gravitational field, an observer in a free-falling
frame measures radiation while an observer comoving with the charge does not.

Radiation of charged particles has been analyzed in different scenarios and in the con-
text of different space-times (see for instance Refs. [3], [4] and [5]) but has not been
treated in a cosmological background. In the standard model of cosmology, the universe on
large scales is described by the homogenous and isotropic Friedmann-Lemaitre-Roberston-
Walker (FLRW) space-time. The metric that represents this model is locally conformal to
the Minkowski metric. The analysis of electromagnetic fields in a cosmological background
is then simplified because Maxwell’s equations are conformal invariant: well-known results
in flat space-time can be mapped to an expanding universe. For this reason, as measured
in the frame comoving with the cosmological fluid, the electric and magnetic fields always
decay adiabatically as the inverse square of the scale factor, E,B ∼ a(t)−2

◦
E,

◦
B where

◦
E,

◦
B

are defined in Minkowski space-time. The electric and magnetic fields are, however, frame-
dependent properties of the electromagnetic field. The adiabatic decay will only occur for
a frame comoving with the cosmic dust in a spatially flat universe. Changing either the
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spatial curvature of the universe or the reference frame implies that the fields will be more
complex than in Minkowski space-time.

On the other hand, in non-asymptotically flat space-times, radiation as a far-zone field
is non-trivial and not yet well-understood (see Refs. [6] and [7]). A way to analyze radiation,
and energy balance in general, is to consider quasi-local quantities, where a congruence of
observers must be specified to compute well-defined physical quantities. In order to do this,
a very rigorous analysis is needed. This issue is ultimately important to understand the
Unruh effect and the role of quantum fields in cosmology (see e.g. Refs. [8] and [9]). The
situation of charges in cosmology has been recently discussed in the framework of de Sitter
space-time [10] for some specific cases, but no comprehensive treatment is available in the
literature for a general FLRW metric.

The main goal of this work is to analyze the frame dependency of the electric and
magnetic fields of local sources within an expanding universes. In Sec. 2 we present the
covariant formalism used to analyze the electric and magnetic fields in a given reference
frame for a general space-time background and we analyze the conformal properties of
the EM field. In Sec 3. we apply this to the local observer, constructed using Fermi
normal coordinates. Then, we revisit the charged particle field as described from this frame.
In particular, we investigate whether if a charge accelerating with the universe produces
radiation and the differences that appear with the usual cosmic frame.

Notation: Throughout the paper we use Latin letters a = (0), (1), (2), (3) for Lorentz
indices and Greek letters µ = 0, 1, 2, 3 for holonomous coordinates. Bold letters as V are
four-vectors and arrow letters as ~U are three-vectors, i.e. projection to a spatial base.

2 Electromagnetic fields in conformally flat space-times

2.1 Frames in space-time

In a given space-time, a reference system frame is represented as a congruence characterized
by a tetrad field ea (and the cotetrad ea), with a tetravelocity e(0) = u and spatial triads e(i)

for each path in the congruence. The components of the tetrad field obey the orthonormal
relation given by:

gµν = eaµe
b
νηab. (2.1)

Any vector field V can be expanded in a given frame as V := V aea, where V a = V µeaµ.
We use ~V := V (i)e(i) for the spatial part. At each point of the manifold, different frames are
related by local Lorentz transformations. The kinematic features of the frame are encoded
in the Ricci rotation coefficients (see Refs. [11] and [12]):

eνb∇νeµc = Γabce
µ
c . (2.2)

From here, we can obtain the acceleration of the frame, given by a(i) := Γ
(i)
(0)(0) =

e
(i)
µ uν∇νuµ; hence, only frames in free fall are not accelerated. Other characteristics of the
congruence follows from:

Γ
(0)
(i)(j) = σ(i)(j) +

1

3
Θδ(i)(j) + ω(i)(j), (2.3)
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where σ(i)(j), Θ, and ω(i)(j) are the projected components of the shear, the expansion, and
the vorticity, respectively. It is also useful to define:

hµν = gµν + uµuν = e(i)
µ e

(j)
ν δ(i)(j), (2.4)

as the projector to the congruence rest-space, and the spatial derivative of a tensor as:

DµX
σ := hαµh

σ
β∇αXβ. (2.5)

Given a frame, we introduce the connection for spatial vectors ~∇, defined in tetrad
components as:

~∇(i)X
(j) = X

(j)
,(i) + Γ

(j)
(i)(k)X

(k) ≡ eµ(i)e
(j)
ν DµX

ν . (2.6)

Defining the totally antisymmetric tensor ηρµνσ :=
√−g[ρµνσ], we have the spatial

Levi-Civita tensor as εµνσ := ηρµνσu
ρ. With this, we define the spatial curl as:

(~∇× ~V )(i) := εµνσe
µ
(i)D

νV σ = ε(i)(j)(k)
~∇(j)V (k), (2.7)

and the divergence as:
~∇ · ~V := DµV

µ. (2.8)

2.2 Covariant electromagnetic field equations

The electromagnetic field is represented by the antisymmetric Faraday’s tensor Fµν . Maxwell’s
equations on a fixed background space-time are given by:

∇µFµν = 4πjν , (2.9)

∇[µFρσ] = 0. (2.10)

The energy-momentum tensor of the electromagnetic field is:

Tµν =
1

4π

[
FµαF να −

1

4
FαβFαβ

]
, (2.11)

holding
∇µTµν = jµF

µν , (2.12)

when the field equations are satisfied. Although Maxwell’s equations are Lorentz invariant,
and also general invariant when combined with Einstein’s equations, the electromagnetic
field has different properties in different reference frames. Relative to a congruence, the
Faraday’s tensor can be decomposed as [13]:

Fµν = 2u[µEν] + εµνρB
ρ, (2.13)

where the electric and magnetic fields covectors are defined, respectively, as:

Eµ := Fµνu
ν , Bµ :=

1

2
εµνρF

ρν ≡ ?Fµνuν , (2.14)

where ? is the Hodge product of a form. The projected components of these fields over the
tetrad field given by Ea = eaµE

µ andBa = eaµB
µ shows that E(0) = B(0) = 0, i.e. the electric
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and magnetic fields are space-like vectors with respect to the frame. The electromagnetic
current jµ can be written as:

jµ = ρeu
µ + Jµ, (2.15)

where ρe := j(0) and Jµ := eµ(i)j
(i). Projecting Maxwell’s equations on this frame gives two

propagation equations [14]:

Ė(i) = σ(i)(j)E
(j) + (ω × ~E)(i) −

2

3
Θ ~E(i)

+ (~a× ~E)(i) + (~∇× ~B)(i) − j(i), (2.16)

Ḃ(i) = σ(i)(j)B
(j) + (ω × ~B)(i) −

2

3
Θ ~B(i) − (~a× ~B)(i) − (~∇× ~E)(i), (2.17)

and two constrain equations:

~∇ · ~E + 2~ω · ~B = ρe, ~∇ · ~B − 2~ω · ~E = 0. (2.18)

where we define ~ω(i) := 1
2ε(i)(j)(k)ω

(j)(k). Note that in a Minkowski inertial frame, this
set of equations reduces to the well-known three-vector form of Maxwell’s equations. The
evolution of the local charge density ρe for a given congruence is given by

ρ̇e = −Θρe −DµJµ − aµJµ. (2.19)

Since jµ is a conserved vector for any Fµν , the total electric charge defined as Q =∫
Σ J

µd3Σµ in a space-like hypersurface Σ is conserved, as required from the gauge invariance
of the theory. We can decompose Tµν in terms of a given frame ea in the following way:

4πTµν =
1

2
(E2 +B2)uµuν +

1

6
(E2 +B2)hµν + 2Q(µuν) + πµν , (2.20)

where E2 = EµE
µ, B2 = BµB

µ are the magnitudes of the fields, Qµ := εµνρE
νBρ is the

Poynting vector, and πµν the anisotropic stress defined as

πµν :=
1

3
(E2 +B2)hµν − EµEν −BµBν , (2.21)

In this formulae, we can interpret the electromagnetic field as an imperfect fluid with
energy density ρ = (E2+B2)/2, isotropic pressure p = ρ/3, energy-flux Qµ, and anisotropic
stress πµν . Projecting (2.12) over u, we obtain the local energy conservation with respect
to the congruence:

ρ̇ = −4

3
Θρ−DaQa − 2aµQµ − σνµπµν + EµJ

µ. (2.22)

Here, we also see that although the energy-momentum is Lorentz invariant, the energy
density and energy transfer of the fields depends on the reference frame. From Maxwell’s
equations, Faraday’s tensor F ≡ Fµνdx

µ ∧ dxν is a closed two-form, dF = 0, so we can
write it as F = dA, or in component notation:

Fµν ≡ ∇µAν −∇νAµ. (2.23)
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The potential vector Aµ can be decomposed in a temporal and spatial in the orthonor-
mal frame, A ≡ A(0)u + ~A. It is possible to show that the magnetic and electric fields
formulas in terms of the potential still hold in the covariant description as:

~B = ~∇× ~A, ~E = − ~̇A+ ~∇A(0). (2.24)

Note that the expression for the magnetic field is valid even if it has a non-null diver-
gence, i.e. ~E · ~ω 6= 0 1.

2.3 Conformal invariance and frames

Since Fµν is antisymmetric and the Levi-Civita’s connection is symmetric, Maxwell’s equa-
tions are equivalent to

∂µFµν = 4πJ ν , (2.25)

∂[µFρσ] = 0, (2.26)

where F :=
√−gFµν , J ν :=

√−gjν . If we assume that Fµν does not change under
conformal transformations,

◦
gµν → gµν = Ω2(x)

◦
gµν , (2.27)

from equations (2.25) and (2.26) it can be shown that Maxwell’s theory is conformally
invariant2. This means that Maxwell’s equations in any space-time conformally related
to Minkowski’s will have the same well-known flat solutions, at least locally. Let us note,
however, that (a) the solutions of Fµν will map exactly only if the conformal transformation
is global (see Refs. [15], [16], and [17]), (b) the electric and magnetic fields measured by
inertial observers in a conformally flat space-time (CFS) will not coincide with their values
in Minkowski space-time since these frame are not equivalent and (c) the highly symmetric
case of a FRLW universe is incompatible with the anisotropy of the energy-momentum
tensor of the EM field; one can either work in a perturbed FRLW metric, which is no
longer a CFS [18], or analyze the fields in this fixed background. Electric and magnetic
fields, in turn, will have nontrivial characteristics in the CFS as we shall see.

Let us analyse general features of the reference frame in a CFS. Consider a frame ea in
a conformally flat space-time. This tetrad field is orthonormal, gµν = eaµe

b
νηab with respect

to the conformal metric gµν . From 2.1, the vector basis ◦ea = Ω(x) ea (and the cobasis
◦
e a = ea/Ω(x)) is a Minkowski-adapted tetrad field, i.e.

◦
e a
µ
◦
e b
µ ηab = ηµν . (2.28)

If ◦ea is an inertial observer (i.e., a frame which assumes the form ◦
e µa = δµa in Cartesian

coordinates), then the kinematic properties of ea are determined by the conformal factor
Ω(x) because ea = δµa/Ω(x)∂µ . The acceleration of this frame is easily obtained as:

a(i) = eµ(i)e
ν
(0)∇νe(0)

µ =
∂ilog(Ω)

Ω
. (2.29)

1The vector identity for the divergence and the curl that holds in Euclidean space does not hold in
spatial vectors in curved space-time since the Levi-Civita tensor depends on the metric.

2Note that the coordinates do not change in this scale transformation and that,
√
−g = Ω4√−g, Fµν =

F
µν

Ω−4, and jµ = Ω−4j
µ
.
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The congruence is also characterized with a non-null shear and expansion:

σ(i)(j) = δ(i)(j)
∂tlog(Ω)

Ω
, Θ = 3

∂tlog(Ω)

Ω
. (2.30)

We shall analyze first an only time-dependent conformal factor, as appears in flat
FLRW universes, with line element:

ds2 = Ω2(t)(−dt2 + d3x). (2.31)

In this case, the conformal observers are inertial, i.e. a(i) = 0, but the congruence
has an isotropic expansion (see equation (2.30)). Later on, we shall discuss space curved
universe and anisotropic scale factors. This means that the observer represented as ea will
measure a decay (grow) of the fields if the conformal factor grows (decays):

~E = Ω−2
◦
~E, ~B = Ω−2

◦
~B, (2.32)

where
◦
~E and

◦
~B are the electric and magnetic fields measured by an inertial Minkowski

observer. Most applications in cosmology are derived from the use of FLRW coordinates.
The line element in conformal coordinates transforms to these coordinates according to

dtF = Ω(t) dt, (2.33)

where the metric assumes the well-know form:

ds2 = −dt2F + Ω(tF )2 δij dx
i
Fdx

j
F . (2.34)

Stationary observers in these coordinates, that we call cosmic observers, represented by
eFa = {∂tF , ∂iF /Ω}, are inertial, and tF is the cosmic time; this frame is comoving with the
cosmic fluid, also known as the Hubble flow. It can be shown that these stationary frames
coincide with the conformal observers, eFa ≡ ea. Thus inertial observers in a spatially flat
comoving with the Hubble flow measure electric and magnetic fields of the form (2.32).

2.4 Charges in conformally flat space-times

Charges in free-fall can produce radiation, as it is well-known from a charged particle orbit-
ing around a massive body. As we shall show below, this could also occur in a conformally
flat space-time. Solutions of Maxwell’s equations in a spatially-flat FLRW space-time can be
obtained directly from flat space-time solutions. Charge currents, however, are not exactly
transformed since geodesics in flat space-time are not necessarily geodesics in the conformal
space-time, except when the geodesic is null [19]. The mapping of charge currents can be
written as (Fµν , Q,v)→ (Fµν , Q,

◦
v), where the velocities do not share the same kinematic

state.
Let us consider a charge with a tetra-velocity v following a path γ in a FLRW space-

time. If the charge is geodesic, then we have ∇vv = 0. The solution of Maxwell’s equations
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with this source is given by a flat space-time solution of a charge with a transformed tetra-
velocity ◦

v = vΩ which is not geodesic in general. In the particular case where the charge
is comoving with the Hubble flow,

v = ∂tF ≡ ∂t/Ω→
◦
v = ∂t. (2.35)

The corresponding charge in the conformally transformed space is then geodesic and
the solution is the Coulomb field, that is mapped to the FLRW space-time as in (2.32). If
the charge, however, is geodesic but has a non-null peculiar velocity, its tetra-velocity is

v = γ(eF(0) + v(i)eF(i)), (2.36)

where γ := 1/
√

1− v2, and v2 = δ(i)(j)v
(i)v(j). It is well known that the spatial components

decay as v ∼ 1/Ω, i.e. geodesic particles converge eventually to the Hubble flow [20]. The
conformally transformed tetra-velocity is

◦
v = γ(

◦
∂t + v(i)

◦
∂(i)), (2.37)

but now ◦
v is not longer geodesic since v(i) is time-dependent. This means that the elec-

tromagnetic field solution of a geodesic (free-falling) charge not following the Hubble flow
is equal to an accelerated charge solution in Minkowski space-time, generating a radiation
field in the cosmological model we are considering. For small peculiar velocities, the veloc-
ity is

◦
~v =

◦
~v0/Ω(t). The acceleration in the conformally flat space is then co-linear to the

velocity,
◦
~a = −

◦
~vH(t). The electric radiation field in the FLRW space-time can be written

using the result in flat-space time as:

~Erad =

◦
~Erad

Ω2
=
QH(tF )

r

[
~v − (~n · ~v)~n

]
, (2.38)

where ~v is the peculiar velocity in the cosmic frame and ~n is unit director vector. The
radiation rate, as measured by the Hubble flow frame, can be obtained from the Larmor
formula in the conformal space. Transforming to the cosmic inertial frame, this radiation
rate results:

R =
dE

dtF

=
dE

dt
Ω−1 =

2

3
Q2(~a · ~a)Ω−1 =

2

3
Q2~v2

0H(tF )2Ω−1, (2.39)

which goes to zero once the charge reaches the Hubble flow. For instance, if the charge
starts with a peculiar velocity v0 at t0 in a universe described by Ω(tF ) = CtαF

E =

∫ ∞
t0

RdtF =
2

3
Q2~v

2
0t
−(1+α)
0

C
α2

1 + α
. (2.40)

If the charge emits radiation, a self-force reaction appears, affecting the geodesic move-
ment of the charge. In curved space-time, this self-force was found by DeWitt-Brehme and
Hobbs (see an updated review in Ref. [21]). In a CFS, the non-local contribution to the
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self-force, the so-called tail-term, vanishes and thus the self-interaction is only local, given
by:

vµ∇µvν =
Q2

3m
(δνµ + vνvµ)Rµρv

ρ, (2.41)

where the Ricci term expresses the local interaction between the electromagnetic field and
the gravitational field. For small velocities, in the cosmic frame, we have:

d~v

dtF
= H(tF )~v − 2

Q2

m
Ḣ(tF )~v. (2.42)

When the particle moves comoving with the Hubble flow, ~v(t0) = 0, there is no radiation
as we have seen and, consistently, there is no self-force since the right hand side vanishes.
If ~v(t0) = ~v0 6= 0, the charge emits radiation, and choosing a model of universe again as
Ω(tF ) = CtαF , we can integrate the equations directly obtaining:

~v(tF ) =
~v0

tα
exp

(
− 2Q2α

3mtF

)
. (2.43)

The charged particle decays to the Hubble flow more rapidly than an uncharged particle,
as seen in the cosmic frame, if α is positive. This result contradicts Haas et al. [22], who
derive their result using conformal coordinates, integrating the equations within a small
parameter approximation. If we integrate in [22] the equation (6.2) exactly, we observe
that the charged particle decays to the Hubble flow more rapidly than an uncharged particle
when α′ (as defined in a conformal scale factor, a(η) = ηα

′) is positive.

2.5 Electromagnetic fields in spatially curved universes

Electromagnetic fields in a spatially-curved universe have novel features with respect to
the spatially-flat case. This is because the map between Minkowski and the FLRW metric
is not global. The presence of spatial curvature, for instance, could modify the adiabatic
decay, as seen in the cosmic frame, on lengths close to the associated curvature scale, and
thus explain some observational features of cosmic magnetic fields without introducing new
physics [17]. We shall show now that there is a modification on the spatial dependence of
the fields in the FLRW models.

Let us consider now a general FLRW metric:

ds2 = −dt+ a(t)
[ dr2

1−Kr2
+ r2dΩ2

]
. (2.44)

This metric has a null Weyl tensor for all values of K, which implies that all FLRW
metrics are conformally flat. However, if K 6= 0, then transformation to conformal coordi-
nates is not global in general and it depends on the conformal time T as well as the radial
distance R,

ds2 = Ω(T,R)2ds2
0, (2.45)

where a(t(T,R)) 6= Ω(T,R) and

ds2
0 := −dT 2 + dX2 + dY 2 + dZ2. (2.46)
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In general, for K 6= 0, if we take an inertial frame ◦ea in Minkowski space-time, the
transformed conformal frame ea =

◦
ea/Ω(T,R) is not inertial as follows from (2.29). In

turn, if Fea is a cosmic (inertial) observer adapted to (2.45), then the corresponding ◦ea flat
frame will not be inertial in general. The electric and magnetic field in a cosmic frame are:

FE(i) =
◦
E(i)Ω(T,R)−2. (2.47)

FB(i) =
◦
B(i)Ω(T,R)−2. (2.48)

Note that this means that electric and magnetic fields, as seen by the frame comoving
with the cosmic fluid, are related with a factor ∼ Ω(T,R)−2 to Minkowskian electric and
magnetic fields measured by a non-inertial frame ◦ea. Moreover, it was shown in Ref. [23]
that the transformation from (t, r) to (T,R) is not unique; so depending on the choice of
Ω(T,R) we would have different Minkowskian frames. In the end, however, the combination
would give unique FE(i) and FB(i).

Let us take first an open universe, with K = −1. The line element can be written as:

ds2 = −dt+ a(t)2
[
dχ2 + sinh(χ)2dΩ2

]
. (2.49)

Defining dη = dt/a(t), we obtain

ds2 = a(η)2
[
− dη2 + dχ2 + sinh(χ)2dΩ2

]
. (2.50)

The component of the inertial frame in these coordinates can be written as:

Fe(0) = ∂η/a(η), Fe(i) = ∂µ′/ ‖ ∂µ′ ‖ . (2.51)

As it is shown in Ref.[23], we can find a coordinate transformation from (2.50) to (2.46)
with of the form:

T =
1

2
[f(η + χ) + f(η − χ)], R =

1

2
[f(η + χ)− f(η − χ)], (2.52)

with the function f given by a family of transformation

f(x) := c
[
b+ coth

(x− a
2

)]−1
+ d, (2.53)

and where
Ω(T,R) =

a(η) sinh(χ)

R
. (2.54)

Choosing f(x) = Cex where C is a constant, we have the transformation:

T = Ceη cosh(χ), R = Ceη sinh(χ). (2.55)

For concreteness, let us take the radial component of an electric field, that would
transform as:

FE(r) = Fµνe
µ
(r)e

ν
(0) (2.56)

so we have
FE(r) = a(t)−2Fµν(∂r)

µ(∂η)
ν = a(t)−2

◦
FAB(∂r)

A(∂η)
B
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= a(t)−2
◦
FAB

∂χ

∂r
(∂χ)A(∂η)

B =
C2e2η

a(t)2
√

1 + r2

◦
E(R), (2.57)

where
◦
E(R) is a radial field as measured by a frame in the Minkowski space-time with

coordinate (T,R). From this expression, we can already note that for short distances to
the center of the radial field, the space curvature is negligible. For instance, in the case of
a Coulomb field,

◦
E(R) = Q/R2 = Q/(Ceη sinh(χ))2, we obtain:

FE(r) =
Q

a(t)2r2
√

1 + r2
, (2.58)

or in radial coordinates χ:
FE(χ) =

Q

a(t)2 sinh(χ)2
. (2.59)

Note that the spatial curvature makes the field decay more rapidly than in flat space-
time. Indeed, expanding for short distances we see that:

FE(χ) =
1

a(t)2

( Q
χ2
− Q

3
+ ...

)
, (2.60)

where the field is weaker than the Coulomb field by a factor Q
3 , where the 3 comes from

the number of spatial dimensions. This shows a very simple example on how the spatial
curvature could affect the electromagnetic field.

Finally, let us briefly discuss the case of a closed universe, with K = 1. Even though
Maxwell’s equations are conformally invariant, the change of topology in these universes
forces to change the boundary conditions of the solution [15]. For instance, the Coulomb
field of a single charge is not a conformal solution in this space-time: from the conserved
current, the total charge of a closed universe must be zero. We can show this re writing the
FLRW metric for a closed universe as:

ds2 = a(η)2
[
− dη2 + dχ2 + sin(χ)2dΩ2

]
. (2.61)

Solving Maxwell equations in these coordinates, Infeld and Schild have shown that the
monopole solution is:

FE(χ) =
Q

sin(χ)2
. (2.62)

This solution has two singularities in χ = 0 and χ = π and the total charge is zero, as
can be seen from Gauss law. Changing the origin of the frame to the center of the other
singularity, χ′ = π − χ, we have:

FE(χ′) = − Q

sin(χ′)2
. (2.63)

We can interpret this solution as two opposite charges resting in the antipodes of the
universe; the field lines start at χ = 0 and end in a negative image charge at χ = π. In this
case, the positive spatial curvature enhances the flat Coulomb field by a factor Q/3.

FE(χ) =
1

a(t)2

( Q
χ2

+
Q

3
+ ...

)
(2.64)

The behavior of all these Coulomb fields combined are shown in Figure 1.
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Figure 1. Electric field of an static charge for different curvatures at a fixed time

3 Cosmological effects on local electromagnetic fields

Observers following the Hubble flow, as were characterized above, are free-falling in the
FRLW universe. The spatial hyper-surfaces of constant time tF in the comoving coordinates
(2.34) of this frame, have geodesic distances given by a(tF )rF . This means that the radial
coordinate rF is not a true spatially geodesic coordinate, i.e. space as defined by this
foliation is expanding 3. If we want to characterize local measurements within this space-
time, we need a geodesic frame whose local description reduces to Minkowski near the
frame and thus does not expand for close distances. This particular frame is the so-called
local Fermi frame (LFF) [25]. This coordinate system has been recently used to obtain
convenient expressions for cosmological observables [26]. In the next section, we shall
calculate the values of the electromagnetic field in this frame and use it to obtain the local
radiation rate.

3.1 Fermi coordinates in cosmology

We shall apply the LFF to analyze the behavior of the EM field as measured by a local
reference system, where the universe expansion appears as second-order corrections to the

3This can be shown in a coordinate independent way as in Ref. [24]
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dynamics in Minkowski space-time (see Refs. [27] and [28]). These frames are constructed
around an observer who follows a geodesic world-line γ and carries an orthonormal tetrad
ea(τ), parallel transported through γ(τ). We can introduce a set of coordinates {tL, xiL}
such that in a neighborhood of γ(τ), the metric assumes the form:

Lg00 = −1− LR0i0j(tL)xiLx
j
L +O(x3

L), (3.1)

Lg0i = −2

3
LR0ijk(tL)xjLx

k
L +O(x3

L),

Lgij = δij −
1

3
LRijkl(tL)xkLx

l
L +O(x3

L),

where we define:
LRαβγδ := Rµνρσ e

µ
(α)e

ν
(β)e

ρ
(γ)e

σ
(δ). (3.2)

At xL = 0, the metric reduces to the Minkowski metric. These coordinates are valid
in a tube-like region around the inertial path γ with rL < L, where L is a measure of
the radius of curvature of space-time. In order to obtain the Fermi coordinates of an
expanding universe, we use FLRW coordinates as in (2.34). It is possible to construct
Fermi coordinates around a fundamental inertial observer with proper time τ = tF and
associated frame eµF(0) = δµF(0) and eµF(i) = Ω−1δµF(i) with the transformation up to third order
given by:

tF = tL −
H(tL)

2
r2
L + ...,

xiF =
xiL

Ω(tL)

(
1 +

H(tL)2

4
r2
L

)
+ ..., (3.3)

where r2
L := δijx

i
Lx

j
L and H(tL) := Ω̇/Ω (see Ref. [26]). In these coordinates, the metric

up to second order hold:

ds2 = −
[
1−

(
Ḣ +H2

)
r2
L

]
dt2L +

[
1− 1

2
H2r2

L

]
d3xL + ... (3.4)

Contrary to the comoving case, the integral paths of spatial Fermi coordinates, ~xL =constant,
are not geodesics. In Fermi coordinates, at first order, the geodesic deviation equation is
given by:

~̈xL − (ä/a)~xL = 0, (3.5)

By choosing these coordinates, in the small velocity limit, we replace the expansion of space
(as seen in the comoving frame) to a modification of the inertial structure: coordinates are
fixed, and free-falling bodies are accelerated. The LFF, stationary in these coordinates can
be described, up to second order, with the tetrad frame:

Le µa = δµa + ψµa r
2
L, (3.6)

where ψµa =diag
(
− 1

2(H2 + Ḣ2), 1
4H

2, 1
4H

2, 1
4H

2
)
, in Fermi coordinates. The kinematics

of this frame, at the lowest order, is characterized by a radial acceleration given by

Lai = xiLΩ̈(tL)/Ω(tL), (3.7)
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which depends on the acceleration of the universe and increases as we move away from the
central inertial observer. This means that particles in rest with respect of this frame are
accelerated, dragged by the acceleration of the universe. Conversely to the cosmic frame,
the LFF is a rigid coordinate system at first order since expansion appears at the next
order, Θ = −3

2H(tL)Ḣ(tL)r2
L. From this expression, we see that if Ḣ ≡ 0, the frame is

rigid, as in the case of a de Sitter universe.

3.2 Electric and magnetic fields in the local frame

Maxwell’s equations in the LFF, at the lowest order expansion, read:

Ė(i) = qH(tL)2( ~xL × ~E)(i) + (~∇× ~B)(i) − j(i), (3.8)

Ḃ(i) = −qH(tL)2( ~xL × ~B)(i) − (~∇× ~E)(i), (3.9)

and
~∇ · ~E = ρe, ~∇ · ~B = 0. (3.10)

where q := −ä(tL)a(tL)/ȧ(tL)2 is the deceleration parameter. These equations show
that electromagnetic fields in the LFF are very different from the ones measured by the
cosmic frame. Consider the case of a highly conducting medium, where, following Ohms
law, we have E(i) = j(i) = 0. The propagation equation for the magnetic field is:

Ḃ(i) = qH(tL)2( ~xL × ~B)(i), (3.11)

in contrast with the propagation as seen by the cosmic frame:

F Ḃ(i) = −2H(tF ) FB(i). (3.12)

Note that (3.11) depends on the acceleration state of universe and not on the expansion
rate given by H. In a similar fashion, the dynamics of free-falling particles in the Newtonian
approximation of the FLRW space-time are affected by a cosmological force that depends on
the acceleration of the universe [29]. For small time scales we can assume qH(tL) ∼ q0H0,
and then solve the propagation equation with the differential operator

D̂ := exp [tL(q0H0)~xL×] :=
∞∑
n=0

(tLq0H0)n(~xL×)n/n!, (3.13)

that gives the Rodrigues’s formula of a vector [30]. With an initial field seed ~B0, the solution
of (3.11) is:

~B(t) = D̂ ~B0 ∼ ~B0 + (q0H0)tL~xL × ~B0 +O(~x2
L), (3.14)

where the magnitude of the field is frozen in time | ~B(tL)| = | ~B0|. This solution could be
applied to local cosmological scenarios, as galaxies and galaxy clusters, and will be explored
elsewhere.

If the universe is accelerating, two systems following the Hubble flow have geodesic
deviation that can be measured in the LFF using equation (3.5). If one of these systems is
charged, there is a relative acceleration that will induce, in principle, an electric radiation
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field as measured in the proper frame of the other system. In order to analyze this, we have
to evaluate the fields in the LFF. Note that the value of E and B on LFF and the cosmic
frame will coincide on the geodesic xL = 0. However, building an extended frame is needed
to evaluate quasi-local quantities such as the radiation rate. On the other hand, we need to
specify a coordinate system to map the values of the fields to physical points in space-time.

In the next section, we investigate the simple case of a charged particle in a spatially
flat universe as seen by the LFF.

3.3 Charged particle and local radiation

Let us consider a charge following the Hubble flow in a FLRW space-time. Choosing
conformal coordinates, the particle is represented with the four-current:

jµ = Q

∫
dτ

dzµ

dτ

δ(4)(xµ − zµ)√−g ≡ Q δ(3)(xi) δµ0 Ω−4, (3.15)

where the particle is placed at the origin of the coordinate system (xµ = 0) and has a
velocity given by dzµ/dτ = δµ0 /Ω (see also the discussion in Ref. [10]). As we have seen in
the previous sections, the solution is the Coulomb field:

Fi0 =
Q

r3
xi. (3.16)

The electric field measured by a cosmic observer is then given by FE(i) = Q/(r3
FΩ2)xiF ,

in accordance with (2.32). Note that no magnetic field arises even though the electric field
is now time-dependent. This can be justified from equations (3.8) and (3.9), showing that
a time dependent solution of E with B = 0 is possible if the congruence is expanding.

Now, we obtain the electromagnetic field of a charged particle as seen by a LFF. In
order to do this, we first express the Coulomb field (3.16) —in CF coordinates— into FLRW
coordinates

FFi0 =
Q

Ω(tF )r3
F

xiF . (3.17)

The transformation matrix between FLRW coordinates and Fermi coordinates can
be calculated from equations (3.3). In the new coordinates, the non-null components of
Faraday’s tensor are:

LF0i =
∂xµF
∂x0

L

∂xνF
∂xiL

FFµν =

= Q
xiL
r3
L

− Q

2

xiL
rL

(
H(tL)2 −H(tL)

ä

a

)
+O(Hr)4, (3.18)

Then, there is no magnetic field in this frame and the electric field measured by these
observers is given by:

LE(i) = LFµν
Leµ(0)

Leν(i)

= Q
xiL
r3
L

[
1 +H(tL)2r2

L(1 + 2q) +O(Hr)4
]
. (3.19)
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The first order term in (3.19) is the Coulomb field as expected from small rL. The
next correction to the Coulomb field depends on the square of the cosmic velocity Hr and
the state of acceleration of the universe. For instance, if we take a de Sitter universe,
1 + 2q ≡ −1, then the universe accelerated expansion reduces the strength of the field and
LE(i) goes to zero as we approach the cosmological horizon H2r2 → 1.

Note that in the case of the cosmic frame, the electric field decays with time (if the
universe is expanding) and decays away from the charge as a Coulomb field. This difference
arises, of course, from the different natures of the frames. In the cosmic frame, observers
are inertial but expanding at all scales, inducing an adiabatic decay of the fields. In the
LFF, the congruence is accelerating away from the inertial observer placed at xL = 0 and
expanding at the next order.

When the charge is comoving with the LFF, since the magnetic field is zero by sym-
metry, there is no energy flux, Qµ = 0. If the charge is not comoving with the geodesic
observer but is placed near at xµ = Xδµ1 (in FLRW/conformal coordinates) then the charge
is accelerating away as seen by the geodesic observer. Indeed, from (3.3), the position of
the charge at first order in the LFF is xµL = XLδ

µL
1 , with XL = Ω(tL)X. This means that

the charge has a velocity given by

~V = d ~XL/dtL = H(tL) ~XL, (3.20)

where ~XL := XL∂1L , and an acceleration given by ~A = d~V/dtL = (Ω̈/Ω) ~XL, as seen by the
LFF. The Coulomb solution of a charge placed outside the origin in conformal coordinates
is

Fi0 =
Q

r̄3
(xi −Xδi1), (3.21)

where r̄ = |xi −Xδi1|. Proceeding as above, we obtain at second order in H(tL) and first
order in XL a non-zero magnetic field given by:

~B = (~V × ~E)
[
1− 1

2
qH(tL)2r2

L +O(Hr)4
]
, (3.22)

where ~E is the Coulomb field. Note that the magnetic field is zero if the position of the
charge is the origin or if the universe is not expanding, i.e. if ~V = 0; if the universe is not
accelerated, q = 0 and the magnetic field is analog to one measured by a boosted frame in
flat space-time. This implies a non-zero Poynting flux given by

~Q ∼ Q2H(tL)XL sin(θ)

4π

[ 1

r4
L

+
qH(tL)2

2r2
L

]
θ̆, (3.23)

with magnitude

Q ∼ Q2H(tL)XL

4π
| sin(θ)|

∣∣∣ 1

r4
L

+
qH(tL)2

2r2
L

∣∣∣, (3.24)

where we have used spherical coordinates around the observer, with θ̆ the azimuth unit
vector. Along the radial direction of the moving charge, there is no radiation as in the
analog situation in flat space-time. Note that the r−2 term is analog to a radiation type
flux, driven by the acceleration of the universe; if the universe is not accelerated, then the
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Figure 2. Charged particle Q accelerating in the local Fermi frame enclosed in a rigid sphere

Poynting flux goes like r−4 as a uniform moving charge. On the other hand, is not entirely
similar to a uniformly accelerated charge in Minkowski space-time because the sin(θ) part
and acceleration dependence is linear and not quadratic. Let us consider a rigid sphere
around the observer that includes the accelerating charge. This rigid—not expanding—
sphere can be constructed in a FLRW with Fermi coordinates fixing a radius |xiL|, see
Figure 2. Through this sphere, we can compute the radiation rate obtaining an analogue
Larmor formula, given by:

R =
1

2
Q2AH(tL). (3.25)

From the local reference frame, if the universe is expanding at an accelerated rate, the
charged particle accelerates with the universe, and thus there is a non-null radiation. In this
case, the energy provided as electromagnetic energy comes from the accelerated universe
itself. By choosing a rigid sphere we compute fluxes without spurious deformation effects
[31]; however, in an expanding universe, this sphere requires energy to stay rigid, i.e. an
external acceleration, that should be included in the final energy balance as gravitational
energy.

We stress that energy balance in curved space-time is a subtle subject. If the space-
time has no time-like Killing vector, there is no obvious concept of conserved energy, i.e.
energy is not a relativistic invariant in this case. This is associated with the problem of
gravitational energy and its multiple definitions. An interesting unsolved problem is the
formulation of a conceptual framework to treat, for instance, the conversion of gravitational
energy into electromagnetic energy and vice-versa, see Ref. [32] and Ref. [33]. for various
approaches.
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4 Conclusions

We have investigated the electromagnetic fields and charges in a cosmological background.
We showed that although Maxwell’s equations are conformally invariant, the well-known
adiabatic decay only occurs in a frame comoving with the Hubble flow in the flat FLRW
model. We proved that if a charged particle is free-falling but with a peculiar velocity, it has
a radiation field, contrary to expectations. When the universe is spatially curved, we have
shown that the field of a static charged changes its behavior depending on this curvature.
In particular, if the universe is open, the field decays faster than the Coulomb field. To
study the electromagnetic fields in local reference frames within an expanding space-time,
we built a Fermi frame for a FLRW geometry. As seen by a local observer the electric and
magnetic field presents novel interesting features. In particular, we analyzed the case of a
charged particle. We have found that if the charge is accelerating with the cosmological
expansion, the local frame detects non zero radiation.
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