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the Lyapunov exponents of the unstable periodic orbits. The results are in agreement with those obtained
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1. Introduction

The interest in the study of non Hermitian Hamiltonians is re-
lated with the interpretation of phenomena such as nuclear res-
onances, dissipation, relaxation of nonequilibrium states, typical
of open systems. In scattering systems one can consider quantum
resonances, called “quasi-stationary states” or “Gamow states”, in-
stead of scattering solutions [1-5]. Gamow states play in open sys-
tems a similar role as the eigenstates of closed systems and their
eigenvalues are complex numbers with non zero imaginary part.
Moreover, they characterize the unstable periodic orbits and are
physically interpreted as particle-states transferred from the sys-
tem to its environment. Any measurement on a open system dras-
tically changes its properties by converting discrete energy levels
into decaying Gamow states, which can be described by a non Her-
mitian Hamiltonian [6-9]. In this context, the characteristic decay
times are given by the imaginary part of the complex eigenvalues,
i.e. the so called poles of the scattering matrix [3]. These arise as
a result of the analytic extension of a Hamiltonian whose degen-
eration makes the perturbation theory inapplicable [10-19]. Fur-
thermore, non Hermitian Hamiltonians allow to describe the non-
unitary time evolutions that appear in open quantum systems [9].
Properties of open quantum systems like nonequilibrium phenom-
ena and dissipation can be characterized by the positivity of the
Kolmogorov-Sinai entropy which, in turn, is equal to the sum of
all positive Lyapunov exponents due to the Pesin theorem [20-23].
The characteristic time of these kind of processes is given by the
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Kolmogorov-Sinai time, which provides a decay time in the phase
space as a function of the Lyapunov exponents [24-26]. In addi-
tion, in chaotic open quantum systems the Lyapunov exponents
and the escape rates of classical trajectories have been character-
ized by means of semiclassical techniques [27-30], and also from
the strategy of ranking chaos looking at the decay of correlations
between states and observables [31,32].

The present contribution shows a novel way of obtaining Lya-
punov exponents in terms of poles of the scattering matrix (S-
matrix) in non Hermitian Hamiltonian systems, but with a sim-
pler mathematics than the used in the literature. As a consequence
of this study, the following is obtained: i) a method for obtain-
ing the part of the KS-entropy free of the escape rates in open
quantum systems [29], and ii) conditionally invariant measures de-
scribing classical localization of chaotic states [30]. The dynami-
cal indicator we choose to obtain our results is the Kolmogorov-
Sinai entropy by two reasons, mainly. The first is that due to the
Pesin theorem and the relationship between the KS-entropy and
the KS-time, the sum of the Lyapunov exponents can be expressed
in terms of the KS-time which is the time that a little volume
takes to spread throughout all the phase space [24-26]. In turn,
with the help of the Wigner transformation the evolution of vol-
umes in phase space can be written as quantum mean values, that
decay according to the lifetimes given by the poles of the S-matrix.
Thus, KS-entropy serves an intermediate tool to connect Lyapunov
exponents with poles. Secondly, the robustness of the KS-entropy
guarantees the validity of the results for a wide range in the initial
conditions, as we shall see.

Using the idea of expressing classical quantities in terms of
traces of quantum operators as in Gomez and Castagnino [31],
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Gomez et al. [32], Castagnino and Lombardi [33], Gomez and
Castagnino [34,35], we present a relationship between the poles
of the scattering matrix and the Lyapunov exponents in a non Her-
mitian quantum dynamics, where the Kolmogorov-Sinai time ex-
presses the contractions and expansions of volumes in the phase
space along their dynamics. The paper is organized as follows. In
Section 2 we give the preliminaries and the mathematical formal-
ism. In Section 3 we express the Lyapunov exponents in terms of
the poles by means of the non-unitary evolution of a little vol-
ume element in phase space. In Section 4 we illustrate the formal-
ism by applying it to the Gamow model. In Section 5 we discuss
the results with regard the quantum resonances theory. Finally, in
Section 6 some conclusions and future research directions are out-
lined.

2. Preliminaries
2.1. Kolmogorov-Sinai time and Pesin theorem

The characteristic time for a nonequilibrium process in a mixing
dynamics is the Kolmogorov-Sinai time (KS-time) 7 g, which mea-
sures the necessary time to take a number of initially close phase
points to uniformly distribute over the energy surface. Moreover,
Tgs is inversely proportional to the Kolmogorov-Sinai entropy (KS-
entropy), denoted by hys

1
ks = (M
Another important property is the relationship between the max-
imum Lyapunov exponent and hys. Krylov observed that a little
phase volume AV after a time t will be spread over a region with
a volume AV (t) = AV exp(hgst) where AV(t) is of order 1 [24,25].
This means that after a time

1 1

toz@lnﬁ

(2)
the initial phase volume AV is spread over the whole phase space.
Consequently, one might expect that the typical relaxation times
are proportional to hz%

On the other hand, the Pesin theorem relates the KS-entropy
hgs with the Lyapunov exponents by means of the formula
[20-23]

hes = [ 3 o, p)dadyp 3)

0;>0

where I' is the phase space. For the special case when the o; are
constant over all phase space one has

h’(g = Z (ef] (4)

0;>0

It should be noted the interest of the formula (3) and its physical
meaning. Pesin theorem relates the KS-entropy, that is the average
unpredictability of information of all possible trajectories in the
phase space, with the exponential instability of motion. Then, the
main content of Pesin theorem is that hxs > 0 is a sufficient condi-
tion for the chaotic motion. Using Eqs. (1) and (4) one obtains the
following relationship between tys and the Lyapunov exponents

— =) o (5)

In the following sections we will use this formula in order to ob-
tain a relationship between the Lyapunov exponents and the poles
of the S-matrix, within the context of effective non Hermitian
Hamiltonians.

2.2. Wigner transformation

We recall some properties of the Wigner transformation formal-
ism [36-39] we will use throughout the paper. Given a quantum
operator A the Wigner transformation W; ‘R2M 5 R of A is de-
fined by

1 ~ l‘E
W@ p) = gz [, (a+ AlAlg—A)e A (6)

where ¢, p, A € RM. The Weyl symbol VT/A :R2M > R of A is defined
by Wﬁ(q, p) = hMWE(q, p) where h =L and h is the Planck con-

21
stant. In particular, for the identity operator I one has V~Vl~(q, p) =
1(q, p) where 1(q, p) is the function that is constantly equal to 1.
One of the main properties of the Wigner transformation is the
expression of integrals over the phase space in terms of trace of

operators by means of [37]
Tr(AB) = /R _ Wi(a. p)Wj(q. p)dgdp 7

valid for all pair of operators A, B where AB denotes the product of
A and B and Tr(...) is the trace operation. Using the definition of
the Weyl symbol it can be shown the following result that relates
the Weyl symbols of an operator and of the same but evolved at a
time t. The proof can be found in the Appendix.

Lemma 2.1. Let VT/A(q, p) be the Weyl symbol of an operator A.
Then the Weyl symbol of A(~t) :O:AU[ is WA(q(t),p(t)) where
q(t), p(t)) = (Ttq, Trp) and T; is the classical evolution given by
Hamilton equations. For all t € R one has

Wiag, (@ P) = Wi (@(©). p(©)) ¥ (q.p) € R? ®)
where A(—t) = U_tAUL, O = eii%t is the evolution operator, and U[T

is the Hermitian conjugate of Uy.

2.3. Scattering matrix and analytic continuations

The motivations for the use of non Hermitian Hamiltonians
arise naturally when modeling phenomena of nuclear physics or
decay processes by means of scattering theory [3,9]. Mathemati-
cally, these are obtained by the analytic dilation method [40]. For
instance, in the context of microwave billiards it is well known that
the spectrum is modified by the presence of the coupling antennas,
where the quantum probability amplitude that a certain entering
state |y;,) is scattered into an outgoing state |Y,y) is given by
the scattering matrix $

1¥) = ¥in) + S Your) (9)

If A =Hy+V is the total Hamiltonian of the system with A, the
undisturbed Hamiltonian and V the potential of interaction, then it
can be shown that S takes the form [3]

S=1-2Wf— — __w (10)

where W contains the information on the coupling strengths be-
tween the unperturbed states and the resonances, and it can be
given in terms of the potential V. Thus, the poles of § are the
eigenvalues of the effective non Hermitian Hamiltonian

Ay — iWWT (11)

This type of effective Hamiltonian have been widely used in nu-

clear physics [1,2]. In particular, if EQ is the nth eigenvalue of Hy

then in the limiting case of small coupling strengths the eigenval-

ues are given in first order perturbation theory by

En=E} —i(WWT) = E7 — i) (W l? (12)
k

nn
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On the other hand, non Hermitian Hamiltonians can also arise
by means of methods based on analytic continuations [13-19]. In
order to illustrate the connection with the scattering matrix for-
malism described above, we give a brief review as follows (see
[41], for more details). Consider a system having a continuous
spectrum w € [0, co) provided with a total Hamiltonian

ﬁzﬁo+\7:/ w|a))(a)|dw+/ V(w, ) |o) (o |dode’ (13)
0 0

where {|w)} is the eigenbasis of the unperturbed Hamiltonian Hj.
One can consider the resolvent of H

R(z) = (z-H)" (14)

which corresponds to the analytic continuation! of R(w) = (@ +
ie — A)~! to the lower complex semiplane {z e C : Im(z) < 0} and
whose poles are precisely the same as those of the matrix S.
Let us assume that R(z) has N poles z; = w1 —iyq,....2y = Wy —
iyy belonging to the lower complex semiplane, i.e. with y; > 0
for all i=1,...,N. If |p) is an arbitrary state then the analytic
continuation of ¢(w) = (¢|w) to the lower complex plane, de-
noted by (¢|w)*, gets the poles zy,...,zy of R(z). Moreover, from
the Lippmann-Schwinger equation there are two eigenbasis for A
given by [15,41]

0)* = ) + ———— Vo) (15)

w+ic—H

where +ie is a short notation for the analytic continuation to
the lower (upper) complex semiplane. In particular, one has that
Eq. (13) can be written in the equivalent and compact form

H:/ ot|lot) (ot |do* (16)
0

Here the well known expression from the distribution theory can
be used

1 1

_ =P +ind(w— o 17
wtic—w w—o ind(@w - ) (17)
with Pﬁ denoting the principal kernel in the sense of Cauchy.

Next step is to perform the analytic continuation of (¢p|w)™, i.e.

(plo)”™ = (¢lw) +
w

1 N
ﬁ«olvlw) (18)

to the lower complex semiplane. Thus, from the last equation one
obtains

(wl2)* = (gl2) + L (gl712)

(19)

*(2lp) = (2'1p) + — (2 |V]g)

where (2)T =|z) + zjﬁVlz) is the eigenvector |w)* extended on

the lower complex semiplane having the eigenvalue z. Then, from
Egs. (15)-(19) and renaming |z)*, *(z| as |z), (Z| one can recast the
integral (16) over the semi-rect [0, oo) that defines H as

fi— /C 212)(3|dz + /T 212) (7)dz (20)

where C is any closed curved that contains the poles zq,z,, ..., 2y
in its interior and Y is an arbitrary curve below each of the poles,
with one end at the origin and the other at the infinity of the real
axis. Applying the Cauchy residue theorem one obtains

N
ﬁ = ;Z,‘|Z,‘><Z’| +AZ|Z) (Eldz (21)

1 Of course, one can also perform the analytic continuation to the upper complex
plane {z € C : Im(z) > 0} but this does not correspond to the decaying case that we
are considering.

The contribution of the integral represents the Khalfin effect that
is a very weak one (detected in 2006 [42]) so the integral can
be neglected with regard the sum containing the poles, which is
the dominant term. Finally, one obtains an effective non Hermitian
Hamiltonian

N
ﬁ=zzi|zi>@| (22)
i=1

with z; = w; —iy; and y; > O for all i = 1, ..., N. Therefore, one has
arrived to the same effective Hamiltonianthan the obtained using
the scattering matrix (Eqs. (11) and (12)).

3. Lyapunov exponents in a non Hermitian quantum dynamics

We consider a quantum system S described by an effective
non Hermitian Hamiltonian A having a discrete complex spectrum,
where E; = w1 +iyy, ..., Ey = wy +iyy are the complex eigenval-
ues. The eigenvalues contain the eigeneregies wy, and the reso-
nance widths —y, > 0 are interpreted as proportional to the de-
cay characteristic times of the system [9]. The non-Hermiticity
of A implies the existence of two basis of eigenvectors called
(1l ,..., (N|} left eigenvectors and {|1),|2),..., IN)} right eigen-
vectors satisfying the relations [43]

Alj) =E;lj).  (GIA=(lE j=1...N (23)
and
(jlky =83 Vijk=1,... N
N ~ o«
> nil=1 (24)
j=1
where E;f denotes the complex conjugate of E; for all j=1,...,N.

The formulas in (24) correspond to the bi-orthogonality and com-
pleteness conditions, respectively.

Let I' € R2M be the phase space of Q and consider the dy-
namical system description used in classical mechanics given by
(T, P(T"), ., {Tt }ter) Where P(I') is o —algebra of subsets of I, u is
the Lebesgue measure, and T; is the classical evolution? over the
phase space. Let us take a little volume AV which is the measure
of some set AcI'. That is,

AV = p(A) = /F 14(q. p)dqdp (25)

where pu is the Euclidean measure of R2M and 1,4(q, p) is the char-
acteristic function of A. Let A be the quantum operator such that
W;(q. p) = 14(q. p). Since I € R?M and W;(q. p) = 1(q. p) ,then us-
ing the Wigner property (7) one can recast (25) as

Tr(A) = fon 14(q, P)1(q. p)dqdp = AV (26)

In turn, from (25) and by Lemma 2.1. it follows that the volume
AV at time ¢ is

AV () = pu(TA) = fr 134(q. p)dgdp = /F 14(T-eq. T-cp)dqdp

- /F 14(q(~t). p(~t))dgdp

= [, 1@, p-0))1(. p)dqdp (27)
Since W;(q, p) = 1a(g, p) then by Eq. (8) one has
1a(q(=t). p(=t)) = W;(q(-1), p(=t)) = Wy, (q. p) (28)
By the Wigner property (7) and (28) one can express (27) as
AV (t) = Tr(A(t)) = Tr(GAC]) (29)

2 Typically, the one given by the Hamilton equations.
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Considering AV as the initial condition then AV(t) represents the
fraction of phase space occupied by the initial volume AV at time
t. As we mentioned in Section 2, at time t =ty the volume has
spread throughout over the whole phase space, which is expressed
mathematically as AV (ty) = 1. If one expands A in the eigenbasis
of the left-right eigenvectors

N
A=Y ayli)(jl (30)
i,j=1

Then by the condition Tr(A) = AV one obtains
N

AV = Z (¢F (31)
i1

For the sake of simplicity, we assume that the diagonal elements
of A are all the same, i.e. a; = ag for all i=1,...,N. From (31) it
follows that

a,,:lAV v1=1,,N (32)
N

Then, A at time t is

At) = 0AT] = 30, ayjexp ((—i(252) + Z520)e) i) (]

From Eqs. (24), (31)-(33) one has

1 4 i
AV(t) = NAv;exp (zﬁr) (33)
Now we are able to connect the Lyapunov exponents with the

poles E; = w1 +iyy,...,Ey = wy +iyy. By definition, if one sets
t =ty in (33) it follows that

1 o Vi
1= AV ; exp <Zﬁt0) (34)
Therefore, using (2) and (3) in (34) one has
Jr Yo-00i(q, p)dgdp = L log (§ XL, exp (2%10)) (35)

which for the case o; = constant for all i becomes

N
> o= ;—0 log (11’ Z exp (2);1%0)) (36)
0;>0 i=1

Eq. (36) is the main result of the present contribution. It expresses
the positive Lyapunov exponents o; of the phase space dynam-
ics in terms of the imaginary parts y; of the poles E; = w; +iy;.
It should be noted that since AV (ty) =1 is greater than the initial
volume AV, then the y; cannot be all negative.

4. The model and results
4.1. The Gamow model

In order to illustrate the physical relevance of the formula
(36) we apply it to an example of the decoherence literature: a
phenomenological Gamow model type [13,44]. This model consists
of a single oscillator embedded in an environment composed of a
large bath of noninteracting oscillators, which can be considered as
a continuum. In its simple form, the Hamiltonian is given by

Fi = i) 0) (0] +/0°° ﬁa)|a))(a)|da)+/ow HO@)|w) 0]+
A)*]0) (w])dw

that represents the Gamow model having a single mode |0) with
an energy hwgy. The coupling A(w) between the oscillator and
the bath is assumed to be small in such a way that the dissipa-
tive coupling influences the collective motion but does not dom-
inate [44]. Then, applying the analytic continuation described in

(37)

Section 2.3 and neglecting the Khalfin term one obtains the effec-
tive Hamiltonian

A = 20|0) (0] (38)

Here the Khalfin term of (21) represents the background, i.e. the
interaction with the oscillator bath, and can be suppressed because
Mw) is small. Moreover, the single pole z; is given by

0 2
Zo=wo+/ W (39)
0 Wy —w +1€

where n(w) denotes the average number of oscillators per unit
frequency interval. Using (17) one can recast the last equation as
[44]
Zp = (C()() + 8(1)0) — i)/o, with
(40)
Yo=1 5" n(w)|A(w)]?8(wo — w)dw
In the general case the single oscillator has infinite modes

w,2w,...,Nwy, ... ,and the previous arguments can be generalized
in such a way that the effective Hamiltonian becomes

o = P 3 NIt

A=Y zn) (41)
n=0

where z, = n(hwj —iyp) are complex eigenvalues (except zg = 0),

yo > 0 is associated with the decoherence time tg = y% and wf), =

@0+89%0 s the natural frequency of the single oscillator. The two set

of eigenvectors {(f|}>°_, and {|n)}3°, satisfy the bi-orthogonality
and completeness relations given by (24). For numerical calcu-
lations, one can always consider a truncated basis composed by
N + 1 eigenvectors |0), [1),..., [N) that simply bounds the motion
of the single oscillator from zero energy up to a maximum value
of energy equal to (N + 1)wy,.

4.2. Mapping contractions into expansions and viceversa by means of
the time reversal system

Since all the imaginary parts Im(z,;) = —ny, are negative, then
by the last paragraph of previous section one can not apply the
Egs. (35) and (36) to obtain the Lyapunov coefficients. However,
one can use the following strategy. The key is to consider an “arti-
ficial” system S’ which is the original but with the time evolution
inverted, i.e. by performing the time transformation t — —t. From
here onwards, we will call “time reversal system” to S’. Then, in
order to apply the Egs. (34)-(36) on S’ one simply should replace
2%ty by 2% (—tg) =27 ito. This simply means that in presence
of complex eigenvalues the time reversal transformation t — —t is
equivalent to change the sign of the imaginary parts of the eigen-
values, i.e. y; > —y;. Thus, in non Hermitian quantum mechan-
ics the time invariance symmetry is satisfied only if one adds the
transformation y; — —¥;. Using the Eq. (34) in S’ one obtains

N
(N+1)=AV Y exp (2%t,)
k=0

with y, =kyy>0 forall k=0,...,N (42)

For solving (42) is useful to adimensionalize t; by expressing it in
terms of the relaxation time tg = y—’:] Taking into account this, the
equation to be solved for Ty is

N
(N+1) = AV ) " exp(2kTp),
k=0

=0 (43)
tr

where Ty is the adimensionalized KS-time. Then, from Eqs. (2) to
(4) and Ty one can rewrite the KS-entropy in the convenient
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Table 1

Some adimensionalized KS-times of the time reversal system in function
of the number N of the bath oscillators and for the initial volumes AV =
10-3,10-%,10-° and 1012,

adimensionalized KS-time TO[%]

N 103 10-6 109 10-12
5 0.85 1.56 0.0313 0.0313
10 0.438 0.799 115 15
30 015 0.287 0.393 0.511
60 0.0837 0.146 0.198 0.257
100 0.0544 0.0828 0.119 0.154
1000 0.0045 0.0083 0.0112 0.0155
3000 0.0015 0.0027 0.004 0.0051
7000 0.0006 0.0012 0.0017 0.0022
10,000 0.0004 0.0008 0.0012 0.0015
form
1
hes = - X210 o! 44
=T => (44)

o/>0

It should be noted that hys and the o/ are the KS-entropy and the
Lyapunov exponents of the system S’ respectively. The Lyapunov
exponents of the original system can be recovered by using the
following argument. Since a positive (negative resp.) Lyapunov ex-
ponent o implies an expansion (contraction resp.) of some region
of phase space then one has that t — —t maps o into —o. From
this it follows that —o/ are the Lyapunov exponents of the original
system. In other words, the time reversal transformation t — —t
maps contractions into expansions and viceversa.

4.3. Adimensionalized KS-time of the time reversal system

Now we solve numerically the Eq. (43) for a given number of
oscillators N and for some representative initial volumes AV. We
analyze two cases: first we vary the number N from 5 to 100
in steps of AN = 5. Second, we consider N from 1000 to 10,000
with AN = 1000. In both cases the chosen initial volumes AV are
1073,1076,10-9, and 10~12. The first case is suitable to give an
idea for the effects of using a finite basis, while in the second case
the situation is closer to a continuum bath of oscillators.

From the Table 1 one can see that Ty decreases along with the
number of oscillators N and this is independent of the initial vol-
ume AV, as expected. For a given N the effect of AV is to increase
the value of Ty as soon as AV decreases. We can give an intuitive
explanation about this. Since Ty is the time that takes for AV to
spread over the whole phase space then the more smaller is AV,
more bigger is To. Moreover, an interplay between N and AV is
observed. For instance, one can see that the same value of Ty =
0.0015 is obtained for N = 3000, AV =10-3 and for N = 10, 000,
AV = 1012, Physically, this means that any decrease in the initial
volume can be compensated by an increase in the number of os-
cillators, i.e. if one wants to decrease Ty then one must add more
oscillators to the bath. The same situation is observed for N = 30,
AV =103 and for N = 100, AV = 1012,

4.4. KS-entropy of the time reversal system

Having computed numerically the adimensionalized KS-time of
S as a function of the number of the bath oscillators one can pro-
ceed to obtain the KS-entropy hys of S'. If one replaces the val-
ues of Ty of the Table 1 in Eq. (44) then we obtain that hys as a
function of N can be linearly adjusted for each value of the initial
volume

hgs(N) av=10-3 = (1.5152 £ 0.0001)N
hks(N) av—10-s = (1.662 £ 0.001)N

his(N) ay_10-s = (1.7355 + 0.001)N
hs(N) ay_10-12 = (1.778 + 0.001)N (45)

From Eq. (45) it is straightforward that one can deduce the approx-
imated formula

hes(N) = (1.5+0.3)N  (in units of %) (46)

for the KS-entropy of the time reversal system S, which is valid
for all the range in N and AV studied.

4.5. Lyapunov exponents in terms of poles

Now we can proceed to obtain the Lyapunov exponents of the
Gamow model in term of its poles. From Eqs. (44) to (46) it follows
that

(15i03)Ny0 S o6/>0 (47)

a/>0

where o/ are the Lyapunov exponents of the time reversal system
§'. The physical meaning of (47) is straightforwardly to explain. The
adimensional characteristic time Ty is inversely proportional to N
and since hys is inversely proportional to Ty then hgs is a linear
and increasing function of the number of bath oscillators. This im-
plies that the effect of each oscillator of the bath is to increase
hgs in an amount of (1.5 &+ 0.3)% ,where N = 0 corresponds to the
single oscillator @y without the presence of the bath oscillators.
Moreover, since the oscillators of the bath are non interacting then
the effect of all the bath oscillators is simply the sum of each of
them. It follows that each oscillator of the bath contributes with a
same Lyapunov exponent, namely o/, in such a way that the sum
of right hand in (47) becomes

Y 0/ >0=Noj (48)
o/>0
From Eqs. (47) to (48) one obtains

of=(15+ 0.3)% (49)

This is the Lyapunov exponent of the time reversal system S/,
which is positive since all the volumes AV = g expand along their
allowed region of phase space after the KS-time Ty. In particular,
the transformation t — —t maps o/ into —oj. Now we can arrive
to the other main result of this paper. The Lyapunov exponent o
of the Gamow model in terms of its poles is given by

% _—a% a=(15+023) (50)

which is negative according to its dissipative behavior. The factor
o can be interpreted as a coupling constant which is characteris-
tic of the bath. Alternatively, the Lyapunov exponent also can be
expressed in terms of the relaxation time tg = yﬂo as

<70=—ozl a=(15+£0.3) (51)

tg
4.6. Limiting cases

From Eqs. (50) to (51) one can analyze two limiting cases. The
first one results by considering the limit ¢y — 0 that simply cor-
responds to a single harmonic oscillator of frequency wy. It is clear
that in such case there is no dissipation, without expansion nor
contraction of volumes in the phase space. Therefore, all the Lya-
punov exponents must be zero. This is precisely what it is obtained
by setting Y9 = 0 in (50), i.e. og = 0. The other limiting case results
by considering that the relaxation time is vanishingly small. This
corresponds to a maximal dissipation where the oscillator is fully
damped by the bath. In such a case the Lyapunov exponent is in-
finitely negative, as one obtains by taking the limit t — 0 in the
formula (51).
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5. A discussion at the light of the quantum resonances theory

Here we provide a discussion of the connection between some
approaches in quantum resonances theory [28-30] and the frame-
work presented in this paper. Several previous work based on the
formalism of the resonance gap lower bounds [45-47], semiclassi-
cal approaches based on short periodic orbits in open systems [48],
and phenomenology by means of a mixture of phase-space dynam-
ics [49] among others, show that a unified theory of resonance still
appears to be a difficult task.

Nevertheless, we can mention the aspects of our proposal in
agreement with some standard approaches used in the description
of quantum open systems. Below we quote some results of the lit-
erature and discuss them from the point of view of the present
paper.

o Semiclassical periodic-orbit theory [28]: Studies about quantum
scattering resonances of dissociating molecules have reported that
signatures of the classical bifurcation appear in the spectrum
of resonances. These can be obtained as generalized eigenstates,
whose eigenergies are denoted by E, = e, —il'n/2, of a non Her-
mitian Hamiltonian operator, as in Eqs. (23) and (24). In turn, the
Gutzwiller trace allows to give a semiclassical description of the
resonances as the complex zeros of

S(E) :2nh(n+%)—i§T(E)A(E) (52)

withn=0,1,2..., u =2 for the symmetric-stretch period orbit,
S(E) denotes the reduced action $p.dq, and A(E) stands for Lya-
punov exponent in the vicinity of the periodic orbit of period T(E).
Since the imaginary part I'/2 is usually smaller than the real part
en then one of the successes of this approach is that, in (52), one
can expand the action S(E) around the energy of the resonances
as S(ep) =2mh(n+1/2). In such a way that the widths of the
resonance are determined by the Lyapunov exponent A(&n) of the
periodic orbit

ry 1

Men) = 5 = (53)
where T, are the lifetimes of the quantum resonances.
Looking at Egs. (50) and (51), this is precisely what we have
obtained for the case of the Gamow model that has only a sin-
gle relevant lifetime, given by its decoherence time tg = —glo.
Moreover, with the help of Eqgs. (32)-(35) one can also recover
the formula (53). Due to Eqgs. (32) and (33), if the single oscil-
lator is at the nth level then it has an energy nhw;, which cor-
responds to a superposition of n bath oscillators, and the Lya-
punov exponent A, for the unstable nth orbit results

)\n:—na%:%, =& (54)
where t, is the lifetime corresponding to the quasi-stationary
state |n) foralln=1,2,3,...
Generalized Pesin theorem [29]: in the context of chaotic open sys-
tems the Pesin formula (4) can be generalized as

Hes=) oi—y =hs—y (55)

0;>0

where y is the escape rate of the trajectories leaving the system
and Hgs denotes the KS-entropy that takes into account y.

One can see that the time reversal technique used in
Section 4 is in agreement with the generalized Pesin formula
(55). Since the lifetime of a trajectory corresponding to the Nth
energy level is proportional to yy/h = Nyy/h (with the propor-
tionality factor given by the coupling constant o and ypy the
Nth resonance width), then the escape rate y is «Nyo/h. Thus,

the generalized Pesin theorem implies that

His= Y of —aNy/h=0 (56)

o/>0

which is nothing but the Eq. (47).

Classical localization of chaotic resonances states [30]: in order to
describe the classical localization of chaotic states of quantum sys-
tems, a conditionally invariant measure (i, is defined by

1y (T71A) = 77y (A) (57)

for all subset A of phase space.

Taking into account the developed in Section 3, i.e. the way of
expressing volumes in phase space as traces of quantum oper-
ators, the measure 1, can be obtained with an explicit expres-
sion for y in terms of the imaginary parts y;. From Egs. (25),
(27), and (33) and for t =1 it follows that

wy(T@A) =e7u@), y=yW,.... W)
1< Vi
= —log| > exp (Zﬁt) (58)
i=1

Now if one applies the time reversal transformation (or, equiv-
alently, by changing the sign of the imaginary parts y;), then
the transformation T must be replaced by T-1, and therefore,
(58) becomes (57).

6. Conclusions

We have presented a relationship between the Lyapunov ex-
ponents and the poles of the scattering matrix in a non Hermi-
tian dynamics. We have deduced this relationship, the Eq. (36), by
means of the Pesin theorem and the KS-time, and with the help
of expressing volumes in phase space as traces of quantum oper-
ators. We have illustrated the formalism with a phenomenologi-
cal Gamow model type, and the results have been interpreted and
linked with those obtained by using other approaches in the lit-
erature. The relevance of our contribution lies in several aspects,
which we enumerate below:

e Resonances and decoherence: the characteristic decay times
given by the imaginary part of the complex eigenvalues can
be connected with the Lyapunov exponents concerning the dy-
namics in phase space, in agreement with the semiclassical
periodic-orbit theory [28], but using a simpler mathematics.
Moreover, for the Gamow model the decoherence time is in-
versely proportional to the Lyapunov exponents of the unstable
periodic orbits (Eq. (54)).

KS-entropy in non Hermitian Hamiltonian systems: one has a
method to obtain the part of the KS-entropy, free of the escape
rates, of a quantum system having a non Hermitian Hamilto-
nian. For the Gamow model this results equivalent to use the
generalized Pesin theorem [29].

Lyapunov exponents of dissipative systems: the use of the time
reversal system could provide an indirect way to obtain the
negative Lyapunov exponents of a dissipative system, as was ac-
complished for the Gamow model.

Invariant measure for classical localization: the use of the Wigner
function to express classical quantities as quantum traces al-
lows to express the conditionally invariant measure (CIM, [30])
in terms of the decay modes of the quasi stationary states, i.e.
as a function of the imaginary part of the complex eigenvalues.

We hope the results of this work can be useful to shed light on
the search for a unified theory of quantum resonances.
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Appendix A. Proof of Lemma 2.1.

Proof. By definition, one has

W;(q. p) =/R(q+AIAIq—A)ezi%dA (A1)
Then it follows that
W (T.q. T.p) = fR (T.q+ AJAIT.q — A)e? ™ dA (A2)

where T¢ is a the transformation T; at time t = €. if one consider
le] < 1 then T¢ is approximately equal to the identity function of
the phase space I, i.e. Te # Tp = 1r. Now if one make the change
of variables A =T_¢A, then

A=T.A and dA =|T.|dA (A3)

where |T¢| is the Jacobian determinant of T, restricted to the coor-
dinates g. Using (A.3) one can recast (A.2) as

STepTe A
2i by

Wi(Ta. Tp) = [ (Teq+ TAIAITg - TR)e ™ T.14E  (A4)
R
It is clear that
(T.q+ T.A| = (g+ AlUT(¢) and
IT.q—T.A) =U(e)lg - A) (A5)
Also,
ez"irépnrGZ = QZi% TepTeA _ pA =mm

h h
— p(e)A(€) — pA = mh)2
with meZ and p(e)=Tp , A(e)= T.A

(A.6)

By considering the Planck constant h vanishingly small then the

Eq. (A.6) is satisfied. Thus, if one replaces (A.5) and (A.6) in (A.4) it

follows that

~ ~ a “ o~ ~ oA ~

W;(Teq. Tep) = [o{a+ AlUT(e) AU(e)lg— A)e*'™ |Te|dA (A7)

Moreover, if one applies the change of variables theorem to the

variables A, A then one can express (A.7) as

WiTea.Tp) = [ (a+ Al0'(€) AT(©)lg - A)e*F dA

R

= Wyi (v, (@ P) = Wi, (. p) (A8)

valid for all € arbitrarily small. Also, for an arbitrary t € R one
has

=TV (A.9)

where TSN denotes the composition of T, with itself N times. Then,
by iterating the formula (A.8) N times and using (A.9) the desired
result is obtained. O

with t = Ne

References

[1] Mahaux C, Widenmiiller H. Shell-model approach to nuclear reactions. North
Holland, Amsterdam; 1969.
[2] Lewenkopf C, Weidenmiiller H. Ann Phys 1991;212:53.
[3] Stockmann H. Quantum chaos - an introduction. Cambridge University Press,
Cambridge; 1999.
[4] Akkermans E, Montambaux G, Pichard ], Zinn-Justin J. Mesoscopic quantum
physics. Les Houches Session LXI, North Holland; 1994.
[5] Landauer R. IBM ] Res Develop 1957;1:223.
[6] Sieber M. Pramana-] Phys 1984;106:121-67.
[7] Kuhl U, Legrand O, Mortessagne F. Prog Phys 2009;73:543-51.
[8] Rotten I.. 2007. arXiv: 0711.2926.
[9] Moiseyev N. Non-Hermitian quantum mechanics. Cambridge University Press,
Cambridge; 2011.
[10] Taylor J. Scattering theory: the quantum theory of nonrelativistic collisions.
Dover, New York; 2000.
[11] Bohm A. ] Math Phys 1981;22:2813.
[12] Rosenfeld L. Nucl Phys 1965;70:1.
[13] Laura R, Castagnino M. Phys Rev E 1998;57:3948.
[14] Antoniou I, Suchanecki Z, Laura R, Tasaki S. Phys A 1997;241:737-72.
[15] Castagnino M, Gadella M, Betan RI, Laura R. ] Phys A 2001;34:10067.
[16] Gadella M, Pronko G. Fortschr Phys 2011;59:795-859.
[17] Castagnino M, Fortin S. Mod Phys Lett A 2011;26:2365-73.
[18] Ordonez G, Kim S. Phys Rev A 2004;70:032702.
[19] Bohm A. Quantum mechanics, foundations and applications. Springer-Verlag,
Berlin; 1986.
[20] Lichtenberg A, Lieberman M. Regular and chaotic dynamics. Applied mathe-
matical sciences, 304. Springer, Berlin; 2010.
[21] Pesin Y. Russ Math Surv 1977;32:55-113.
[22] Young L. Entropy. Princeton University Press, Princeton; 2003.
[23] Gutzwiller M. Chaos in classical and quantum mechanics. Springer-Verlag,
New York; 1990.
[24] Krylov N. Works on the foundations of statistical mechanics. Princeton Univer-
sity Press, Princeton; 1979.
[25] Zaslavsky G. Chaos in dynamical systems. Harwood Academic Publishers, Chur;
1985.
[26] Dellago C, Posch H. Phys Rev E 1997;55:1.
[27] Micklitz T, Altland A. Phys Rev E 2013;87:032918.
[28] Gaspard P. Theor Chem Acc 2014;133:1519.
[29] Gaspard P. Prog Theor Phys Supp 2003;150:64.
[30] Korber M, Backer A, Ketzmerick R. Phys Rev Lett 2015;115:251101.
[31] Gomez I, Castagnino M. Chaos, Solitons & Fractals 2015;70:99-116.
[32] Gomez I, Losada M, Fortin S, Castagnino M, Portesi M. Int J Theor Phys
2015;54:2192.
[33] Castagnino M, Lombardi O. Phys A 2009;388:247-67.
[34] Gomez I, Castagnino M. Phys A 2014;393:112-31.
[35] Gomez I, Castagnino M. Chaos, Solitons & Fractals 2014;68:98-113.
[36] Wigner E. Ann of Math 1955;62:548-64.
[37] Hillery M, O’Connell R, Scully M, Wigner E. Phys Rep 1984;106:121-67.
[38] Dito G, Sternheimer D. IRMA lectures in mathematics and theoretical physics,
1; 2002. p. 9-54.
[39] Gadella M. Fortschr Phys 1995;43:229.
[40] Reed M, Simon B. Analysis of operators. Academic Press, London, United King-
dom; 1978.
[41] Castagnino M, Lombardi O. Phys Rev A 2005;72:012102.
[42] Rothe C, Hintschich SI, Monkman AP. Phys Rev Lett 2006;96:163601.
[43] Gilary I, Fleischer A, Moiseyev N. Phys Rev A 2005;72:012117.
[44] Omnés R. The interpretation of quantum mechanics. Princeton University
Press, Princeton; 1994.
[45] Gaspard P, Rice S. ] Chem Phys 1989;90:2225. 90, 2242 (1989).
[46] Lu W, Sridhar S, Zworski M. Phys Rev Lett 2003;91:154101.
[47] Nonnenmacher S, Zworski M. Acta Math 2009;203:149.
[48] Novaes M, Pedrosa JM, Wisniacki D, Carlo G, Keating J. Phys Rev E
2009;80:035202(R).
[49] Kopp M, Schomerus H. Phys Rev E 2010;81:026208.


http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0001
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0001
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0001
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0002
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0002
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0002
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0003
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0003
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0004
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0004
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0004
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0004
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0004
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0005
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0005
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0006
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0006
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0007
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0007
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0007
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0007
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0008
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0008
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0009
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0009
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0010
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0010
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0011
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0011
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0012
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0012
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0012
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0013
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0013
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0013
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0013
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0013
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0014
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0014
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0014
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0014
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0014
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0015
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0015
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0015
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0016
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0016
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0016
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0017
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0017
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0017
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0018
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0018
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0019
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0019
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0019
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0020
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0020
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0021
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0021
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0022
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0022
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0023
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0023
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0024
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0024
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0025
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0025
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0025
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0026
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0026
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0026
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0027
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0027
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0028
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0028
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0029
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0029
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0029
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0029
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0030
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0030
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0030
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0031
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0031
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0031
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0031
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0031
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0031
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0032
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0032
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0032
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0033
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0033
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0033
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0034
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0034
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0034
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0035
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0035
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0036
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0036
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0036
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0036
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0036
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0037
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0037
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0037
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0038
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0038
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0039
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0039
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0039
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0040
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0040
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0040
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0041
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0041
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0041
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0041
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0042
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0042
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0042
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0042
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0043
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0043
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0044
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0044
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0044
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0044
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0045
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0045
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0045
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0045
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0046
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0046
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0046
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0047
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0047
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0047
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0047
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0047
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0047
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0048
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0048
http://refhub.elsevier.com/S0960-0779(17)30144-3/sbref0048

	Lyapunov exponents and poles in a non Hermitian dynamics
	1 Introduction
	2 Preliminaries
	2.1 Kolmogorov-Sinai time and Pesin theorem
	2.2 Wigner transformation
	2.3 Scattering matrix and analytic continuations

	3 Lyapunov exponents in a non Hermitian quantum dynamics
	4 The model and results
	4.1 The Gamow model
	4.2 Mapping contractions into expansions and viceversa by means of the time reversal system
	4.3 Adimensionalized KS-time of the time reversal system
	4.4 KS-entropy of the time reversal system
	4.5 Lyapunov exponents in terms of poles
	4.6 Limiting cases

	5 A discussion at the light of the quantum resonances theory
	6 Conclusions
	 Acknowledgments
	Appendix A Proof of Lemma 2.1.
	 References


