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Magnetic skyrmions, topological spin textures observed in chiral magnets, have attracted huge
interest due to their applications in the field of spintronics. In this work we study the stability of
circular isolated skyrmions in ferromagnetic chiral magnets under the influence of different perturba-
tions and external fields. To this end we develop a general systematic procedure based in a harmonic
expansion series of the skyrmion boundary which allows the identifycation of the breakdown of the
skyrmion circular shape on each instability channel independently. We apply our approach to a
few representative spin models with actual interest in order to obtain the zero temperature phase
diagram, where isolated skyrmions emerge as metaestable states. The results presented in this paper
are in agreement with properties of isolated skyrmions observed in recent experiments opening the
possibility of extending the analysis to more complex situations.

PACS numbers:

I. INTRODUCTION

In the last years the study of magnetic skyrmions, lo-
calized spin textures with nontrivial global topological
properties, has been the focus of intense research due to
their many interesting properties such as small size (in
the scale of nanometers)1 and, as a consequence of its
topological nature, high stability and emergent electro-
dynamics.

These properties and their technological potential,
gave rise to the development and fast growth of the field
of skyrmionics. From the initial discovery of skyrmions in
the A-phase of the MnSi chiral magnet2–4 their presence
has been reported in a wide variety of systems including
metals, semiconductors and insulators and some exam-
ples of them are the compounds Mn1−xFexGe5, FeGe6–9,
Fe1−xCoxSi10–13, GaV4S8

14, Cu2SeO3
15,16 among oth-

ers.

On the one hand, such magnetic textures with vortex-
like structure, were predicted to exist and crystallize in
chiral magnets17–22 without inversion symmetry. In par-
ticular, these objects can be stabilized through a vari-
ety of mechanisms as frustrated exchange, dipolar in-
teractions and antisymmetric Dzyaloshiskii-Moriya in-
teraction (DMI)1 which are found in a large variety of
magnetic materials. On the other hand, numerous ef-
forts have been devoted to the manipulations of isolated
skyrmions, in particular, controlling their motion would
allow for potential technological applications. In this di-
rection, recent research has shown that skyrmions can
be manipulated in different ways by means of external
fields23,24 and currents25,26 even at room temperature.
These manipulations open the question of how a given
perturbation or interaction may turn a skyrmion into an
unstable state and eventually change its structure. A
first study of skyrmion stability was performed by Bog-

danov and Hubert who analyzed the elliptical instability
of a skyrmion19. With a similar spirit but in the context
of magnetic bubbles, Thiele27,28 studied the stability of a
cylindrical magnetic bubble under arbitrary shape defor-
mations. However, a general approach to study skyrmion
stability under arbitrary deformations and/or interac-
tions is still lacking and it is the main aim of our work.

In this paper we develop a method to systematically
analyze circular stability under arbitrary deformations
of isolated skyrmions in two-dimensional spin system.
In particular, this approach allows for the study of
skyrmions where the shape instability is driven by mi-
croscopic anisotropies or external fields, as well as the
study of the manipulation of the skyrmion by means of
external electric and magnetic fields.

In order to test our framework, we apply the method
to some realistic spin models. First, we consider both
the isotropic and anisotropic DMI models29 which pro-
vide the starting point for the stability analysis of the
subsequent models. Then, in order to study more rele-
vant situations, we analyze the effect of a tilted magnetic
field and an electric field through the magneto-electric
coupling. In these situations, our analysis shows that for
large fields and moderate perturbations it is possible to
destabilize a circular skyrmion by tuning the magnetic
field. In addition, our results show that depending on
the strength of the interaction the instability can lead to
cardioid, elliptic or triangular deformations.

The paper is organized as follows: in Sec. II we present
the general framework for skyrmion stability and a de-
tailed derivation of the method. In Sec. III we apply
the method to a series of spin models: isotropic and
anisotropic DMI (Sec. III A), tilted magnetic field (Sec.
III B) and magneto-electric coupling (Sec. III C). In sec-
tion IV we summarize and discuss the results of the work.
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II. SHAPE INSTABILITY OF CIRCULAR
SKYRMIONS

The low energy description of a general bidimensional
magnetic system can be characterized a local magnetiza-
tion represented by a three-component unimodular vec-
tor field (|m(r)| = 1) at each site. This vector field rep-
resents a mapping from the base space R2 to the target
space S2 of the magnetization field. For fields that take
a constant values at infinity the base space can be com-
pactified to S2, and the maps can be classified by the
second homotopy group Π2(S2) ≈ Z through a topologi-
cal invariant defined as1:

1

4π

∫
d2rm(r) · (∂xm(r))× (∂ym(r)) = Q ∈ Z. (1)

In this way, a non-trivial magnetic field configura-
tion is characterized by a conserved topological charge,
called skyrmion charge. Within this classification, a mag-
netic skyrmion (antiskyrmion) is a particular configura-
tion where Q > 0 (Q < 0).

FIG. 1: Skyrmion shape parametrization and skyrmion types.
a) The black and purple lines represent contours of constant
mz in the case of an axisymmetric skyrmion and a skyrmion
of arbitrary shape respectively. A representation of b) a Bloch
skyrmion and c) a Néel skyrmion.

In order to study the shape instability of skyrmions, it
is convenient to use polar coordinates so that a point r in
the plane is denoted by r and φ. The magnetization field
of a skyrmion m(r) is characterized by two (constant)
parameters representing the radius (R, defined as the dis-
tance from the center to the contour wheremz = 1) of the

skyrmion and the in-plane orientation (χ, usually termed
as “helicity”1) of the magnetization. The swirling struc-
ture of a skyrmion centered at r = 0 can be described by
the finite size skyrmion Ansatz17:

m(r) = (sin Θ cos Φ, sin Θ cos Φ, cos Θ), (2)

where Θ = Θ(r) = f(r/R), Φ = φ+ χ and f(r/R) is

f(r/R) =

{
π(1− r

R ) r ≤ R
0 r > R.

For an arbitrary shape skyrmion (see Fig. 1(a)), both R
and χ depend on the polar angle φ. So, the radius can
be written as,

R(φ) = R0 +

∞∑
n=1

Rn cos(nφ+ βn), (3)

where R0 represents the equilibrium radius of a skyrmion
and the second term represents the small deformations
written as an expansion in harmonics with coefficients
Rn � R0.

The angle between the in-plane component of the
magnetization and the tangent to the curve defined by
mz = const. remains approximately constant along the
contour30. In order to preserve this condition in a de-
formed skyrmion we must replace the parameter χ with
a function χ(φ). For small perturbations of the skyrmion
shape, χ(φ) is given up to second order in perturbations
(i. e., up to second order in Rn, see Appendix A) by:

χ(φ) = χ0 −
δR′(φ)

R0
+
δR(φ)δR′(φ)

R2
0

, (4)

where χ0 is the orientation of the equilibrium config-
uration. The case χ0 = ±π/2 corresponds to Bloch
skyrmions (see Fig. 1(b)), where the xy components are
parallel to the contour mz = const. with a clockwise or
counterclockwise swirling of the spins; while χ0 = 0, cor-
responds to the Néel skyrmions (see Fig. 1(c)) where the
xy spin components are perpendicular to the mz = const.

The method to search for skyrmion instabilities, can
be summarized in the following steps:

1. Assuming that each spin varies slowly we perform a
gradient expansion of the microscopic spin Hamil-
tonian.

2. We calculate the energy of a single skyrmion as:

ESk =

∫ 2π

0

dφ

∫ ∞
0

rH(r, φ) dr, (5)

where H(r, φ) is the energy density evaluated in the
previous Ansatz, and subtract from it the energy of
the field polarized state

EFP =

∫ 2π

0

dφ

∫ ∞
0

r B dr, (6)
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which gives

E = ESk − EFP =

∫ 2π

0

dφ

∫ R(φ)

0

rH(r, φ) dr. (7)

3. We expand the energy up to second order in Rn
around the circular configuration (with radius R0

and helicity χ0) and we obtain an expression that
takes the general form:

E = E0 +

∞∑
n=1

LnRn +

∞∑
n,m=1

RnMnmRm, (8)

where E0 represents the energy of the axisymmetric
skyrmion, Ln and Mnm are coefficients expressed in
terms of the microscopic parameters (spin coupling
constants) and external parameters (couplings to
external fields) of the model.

4. The stability analysis involves the study of the sign
of the eigenvalues of the matrix Mnm. These eigen-
values are functions of the microscopic parameters
and the external fields. The stability condition re-
quires positive eigenvalues of Mnm wich in turn de-
termines the phase diagram where a skyrmion can
exists as a metastable state. Finally we determine
the shape of the skyrmion, in the stability region,
by minimizing the energy with respect to Rn,

Rn = −1

2

∞∑
m=1

M−1
nmLm. (9)

A proper treatment of the stability analysis requires
to consider the full series of harmonics in the expansion
Eq. (3) which leads to the diagonalization problem of the
matrix M in Eq. (8) that may seem at first sight rather
involved. However, we should remark some important
properties of the matrix M which simplifies the analysis.
In the first place the matrix M , within the continuum
limit, has to be considered as a finite dimensional ma-
trix. To see this we should note that higher harmonics
represent short length fluctuations of the spin field, then,
the validity of the expansion Eq. (3) is restricted by the
plausibility of the continuum description. Thus, for a
sufficiently high value (say N) of the index n the contin-
uous description breaks down. This introduces a natural
cutoff that limits the sum up to the first N terms. In the
second place, from our approach we find that the general
structure of the matrix M corresponds to a symmetric
band matrix. Although this problem could be studied
numerically, in order to keep our analysis in its simplest
form and to provide analytical results, we consider the
first n ≤ 4 deformations in the expansion Eq. (3). Then
the problem is reduced to the study of a square matrix of
lower dimension. As we show for the models considered

here, those few harmonics are sufficient for a phenomeno-
logical description, which makes our method a powerful
tool even in its simplest form.

We are going to apply the method to several models of
interest. In the first place we consider the isotropic and
anisotropic DMI model29. Then we study the effect of
the magnetic field tilting31. Finally we study the effect of
the magneto-electric coupling of the spins to an external
electric field32–34.

III. MODELS

A. Dzyaloshinskii-Moriya interaction

The first example where we are going to apply the
method corresponds to the nearest-neighbor ferromag-
netic Heisenberg model including anisotropic DMI29, so
the microscopic Hamiltonian, for the square lattice, is
written in the following form:

H = −
∑
r,α

{JSr · Sr+δα +Dαδα · (Sr × Sr+δα)}

−B
∑
r

Szr , (10)

where α = x, y, δα is the unit vcector along the α direc-
tion (δx = x̂, δy = ŷ) and Sr are classical spins on site
r. In the previous equation the anisotropic DMI term is
introduced by adopting different coefficient Dx and Dy

for the x and y directions, respectively. The magnetic
field is in the z axis and perpendicular to the film.

In the continuum limit, for a two dimensional system,
the energy density is:

H =
∑
α=x,y

{
J

2
(∂αm)2 +Dα(δα(m× ∂αm)

}
−

− Bmz. (11)

Using the Eqs.(2)-(4) and (11) in Eq. (7), the different
energy terms are given by:

Eν = Eν0 +

∞∑
n=1

LνnRn +

∞∑
n,m=1

(Mν
nmRnRm), (12)

where ν labels the isotropic (I) and the anistropic cases
(A) that will be analyzed in this section. The coefficients
Eν0 , L

ν
n,M

ν
nm, depend on J , D± = Dy±Dx, B and R0, χ0

with explicit expressions given in Appendix B. The vec-
tor Lνn and the matrix Mν

nm depend upon βn as well.
The R0 and χ0 parameters, related to the non-perturbed
skyrmion case, are obtained by direct minimization of
the total energy setting Rn = 0,∀n in Eq. (12) (in the
general case we set Rn = 0 in Eq. (8) and calculate R0

and χ0). Finally, we determine the stability of a given
configuration using these values in Eq. (12).
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We are going to consider two cases of the previous
model:

• Isotropic case, Dx = Dy (D− = 0): it is known
that axisymmetric (circular) skyrmions are present
in this system.

• Anisotropic case, Dx 6= Dy (D− 6= 0): in this case
the skyrmions are elliptical and crystallize in a dis-
torted triangular lattice along the strain direction
as showed in Shibata et. al29.

1. Isotropic case

We start with the isotropic model setting Dx = Dy =
D in the Eq. (12). This case is very important because
we are going to analyze the effect of anisotropy, tilting
of a magnetic field and electric field as a perturbation
around the circular skyrmion. In the isotropic case we
have D− = 0 and the energy has a very simple expression
given by:

EI = EI0 +

∞∑
n,m=1

M̃ I
nmRnRm. (13)

The matrix M̃ I
nm doesn’t depend on βn and the equilib-

rium parameters R0 and χ0 are (for B > 0):

R0 =
Λ4|D|
2Λ3B

, χ0 = −sign(D)
π

2
, (14)

where sign(D) returns the sign of D.

The matrix M̃ I
nm = λInδnm is diagonal with eigenvalues

λIn = π

[
J

2
(Λ1n

2 + Λ2n
4)

(
2Λ3B

Λ4D

)2

+
(
n2 − 1

)
BΛ3

]
,

(15)
the explicit values for the constants Λi are given in the
Appendix B. The stability under a given deformation re-
quires λIn > 0. This condition introduces a set of critical
fields of the form BIn = FnD

2,

Fn =
2Λ3(1− n2)

J(Λ1n2 + Λ2n4)
(

Λ4

2Λ3
)2, (16)

thus, for B < BIn the n-th mode becomes unstable. An
important consequence is that for the n = 1 mode F1 = 0
and then the first mode is stable for all values of B >
0. It is easy to see that for n ≥ 2, Fn > Fn+1. This
defines the region of stability of the skyrmions in the
phase space as shown in Fig. 2(a). So, the first unstable
mode corresponds to n = 2. The corresponding critical
field is given by

BI2 =
−6Λ3

J(4Λ1 + 16Λ2)
(

Λ4

2Λ3
)2D2. (17)

FIG. 2: Stability phase diagrams of isolated skyrmions for
the models studied here. In the orange region skyrmions are
stable and in the blue one they are unstable.(a) Isotropic DMI
model in a transverse magnetic field: The solid curve is the
critical field BI

2 . (b) Anisotropic DMI model (for Dy/J = 1)
in a transverse magnetic field: The solid curve represents BA

2

and the dashed one BA
3 . The colored background (orange

and blue) corresponds to the numerical results for 100 modes.
In green we represent the distortion of a skyrmion from a
circular (on the right) to an elliptical skyrmion. (c) Isotropic
DMI model in a tilted magnetic field: The solid line is the
critical field BZT

2 (θB) for θB = 0.18. (d) Isotropic DMI model
in a transverse electric (E/J = 0.15) and magnetic fields.
The lines are the critical magnetic fields BMEP

1 (dotted) and
BMEP

2 (solid).

It is important to note that in Eq. (13) there are no

linear terms in the energy (L̃In = 0). In consequence
Rn = 0,∀n and the stable configuration corresponds to
the circular skyrmion (Fig. 4(a)). Then the condition
|δR(φ)| � R0 is trivially satisfied.

In view of our result the instability of a skyrmion is
driven by an elliptical deformation. This suggests that
the skyrmion becomes a helical domain as explained by
the theory developed in19. This “strip-out” process was
observed in chiral skyrmions19,22 as well as in magnetic
bubble domains28,35,36. The critical field that we obtain
for the stability of a skyrmion is BI2(D) ≈ 0.317D2 and
this value is consistent with the critical field (BH(D) ≈
0.20D2) for the transition from the skyrmion crystal
(SkX) to the helix state (H) reported by Han et. al37.
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2. Anisotropic case

Now we turn our attention to the anisotropic case
(Dx 6= Dy) of the Eq. (12). There are three impor-
tant issues of the previous equation to be discussed. In
the first place the anisotropy introduces couplings be-
tween the n and n+ 2 deformations, in second place the
energy depends on the values of βn (see Eq. (3)), and
in third place, there is a linear term in R2 (in this case
LAn = LA2 δn2, see Appendix B). The first point repre-
sents a change in the quadratic part to a non-diagonal
quadratic form but, in this case, the study of stability is
a simple matter of diagonalization. The second point is a
consequence of the anisotropy of the model, so different
orientations of the skyrmion will have different energies.
However the most important point is the third, which
strongly suggests the presence of a finite value of R2,
that is to say an elliptical deformation of the skyrmions.

The value of βn that minimizes the energy (assuming
D− > 0 and D+ > 0) satisfies the equations:

χ0 − 2β1 = π/2,

β2 − χ0 = π/2,

βn − βn+2 + χ0 = 3π/2,∀n > 2, (18)

where the equilibrium parameters R0 = Λ4D
+

4Λ3B
, χ0 = −π2 .

From previous equations we see β1 = 3π/2, β2 = 0 and
βn+2 = βn + 2knπ, kn ∈ Z, so we have the general form

for βn = 3π
2 ( 1+(−1)n+1

2 ).
Hence we see that the energy of the skyrmion as a

function of R’s is given by

EA = EA0 + L̃A2 R2 +

∞∑
n,m=1

RnM̃
A
nmRm, (19)

where L̃A2 and M̃A
nm are the vector LAn and matrix MA

nm

with βn evaluated in the values determined through
Eq. (18). As we previously mentioned, the instability
of the circular phase will depend on identifying the
negative eigenvalues of the matrix M̃A. We are going to
consider just the first four modes in the expansion Eq.
(3) to compute the eigenvalues of the matrix MA (of
dimension 4 × 4). Within this simplification the critical
fields and deformations can be calculated analytically.
The expressions obtained are rather involved to include
them in the text (a situation that is repeated in the
rest of the models studied). However, they are very
important to determine the general behavior of the
critical fields and deformations. It also allows us to test
the degree of convergence of the method. At the end of
this section we will show that these analytical results
are consistent with the numerical ones for an expansion
containing a large number of modes.

The sign of the eigenvalues depends on the external
magnetic field (B) and the DM interaction (Dx and Dy).
Stability requires λAn > 0 which defines the stability re-
gion in (Dx, Dy, B) phase diagram. Then, for fixed D±

the configuration will be stable when the external mag-
netic field B is bigger than the critical fields BA2 and BA3 .
In the isotropic limit (Dx → Dy) these critical fields co-
incide with the critical fields BI2 and BI3 for the isotropic
problem. Thus we refer to BA2 and BA3 as the critical
fields for the elliptical and triangular instabilities respec-
tively.

In Fig. 2(b) we present the phase diagram for Dy/J =
1. In the region Dx/J & 0.66 the critical field BA2 (black
solid curve) is bigger than BA3 (black dashed curve),
while BA3 > BA2 in the region Dx/J . 0.66. For
small anisotropies the instability of the skyrmion takes
place through an elliptical deformation as occurs in the
isotropic case. In the opposite extreme, when Dx = 0,
the system behaves as a set of spin chains coupled to
each other only by ferromagnetic exchange. In each chain
the spins interacts with their neighbors via ferromagnetic
exchange and DMI in the ŷ direction. From our phase
diagram Fig. 2(b) we see that the skyrmion becomes
unstable through a triangular deformation.

The shape of the skyrmion is determined by the val-
ues of R1, R2, R3 and R4 that minimizes the energy in
the stability region. In the isotropic case D− = 0 the
skyrmion is circular as we saw in the previous discussion
(Sec. III A 1). For D− 6= 0 the coefficients R1 and R3

are identically zero, while R2 ∝ D− and R4 ∝ (D−)2. So
in the small anisotropy regime the skyrmion is approx-
imately elliptical as shown in Fig. 4(b). To illustrate
how the skyrmion shape depends on Dx and Dy we rep-
resent, in Fig. 2(b), the skyrmion shape for Dy/J = 1
and 0 ≤ Dx/J ≤ 1. As the value of Dx decreases the
skyrmion elongates along x̂ direction essentially through
the elliptical deformation. We can compare this result
with the results found by Shibata and collaborators29.
In this reference the authors studied FeGe films under
uni-axial strain. They have shown that the SkX struc-
ture, and also each skyrmion, are deformed along the
strain direction. To explain this phenomena they pro-
pose an anisotropic DMI induced by thermal strain. Our
results on the anisotropic DMI demonstrate how this de-
formation, and the shape of the skyrmion, depends on
the microscopic parameters.

Now we discuss the numerical results. In Fig. 2(b) is
represented the phase diagram obtained with the numer-
ical approach for a 100 modes expansion in the Eq. (3).
The boundaries between the stable (orange) and unsta-
ble region (blue) are delimited by the critical fields BA2
and BA3 , calculated analytically, showing and excellent
agreement between both approaches. Another important
result of the numerical approach regards to the behaviour
of the coefficients Rn (see Fig. 3(a)). For odd values of n,
Rn = 0, while for even values, Rn is a rapidly decreasing
function of n. The most relevant deformations are the
elliptical (R2) and square (R4) one, which serves as an
auto-consistency checking of both approaches.



6

æ

æ
æ æ æ æ æ æ æ æà à à à à à à à à à

R1

R2

R4

Dy � J =1
D x� J =0 .5 6

B� J =0 .5

HaL

4 8 1 2 1 6 20 n0 .

0 .2

0 .4

0 .6

Rn

æ

æ
æ æ æ æ æ æ æ æ æ æ æ æ æ æ æ æ æ æ

R1

R2

D� J =0 .8
ΘB=0 .1 8

B� J =0 .4 5

HbL

4 8 1 2 1 6 20 n0 .

0 .1

0 .2

0 .3

0 .4

Rn

æ

æ æ æ æ æ æ æ æ æ æ æ æ æ æ æ æ æ æ æ

R1

R2

D� J =0 .3
E� J =0 .1

B� J =0 .1 6

HcL

4 8 1 2 1 6 20 n0 .

0 .05

0 .1

0 .1 5

Rn

FIG. 3: (a) The coefficients Rn for the anistoropic DMI model
(Dy/J = 1, Dx/J = 0.56 and B/J = 0.5). The circles
(squares) are the values of Rn with even (odd) values of n.
(b) Coefficients Rn for the isotropic model in a tilted mag-
netic field (D/J = 0.8, θB = 0.18 and B/J = 0.45). (c)
Coeffiecients Rn for the isotropic model in an in-plane exter-
nal electric field (D/J = 0.3, E/J = 0.1 and B/J = 0.16).

B. Tilted magnetic field

Now we study the effect of tilting the magnetic field in
the isotropic system. We parametrize the magnetic field
as B = B(sin (θB) cos (φB), sin (θB) sin (φB), cos (θB))
with φB , θB azimuthal and polar angles respectively.
When the magnetic field is tilted from the perpendic-
ular position the spin align itself with the magnetic field
far away from the skyrmion core. So in this case we con-
sider that the spin field for the skyrmion is given by Eq.
(2) with f(r/R) and Φ changed by:

f(r/R) =

{
π(1− r

R ) r ≤ R
θB r > R,

Φ(r) =

{
φ+ χ r ≤ R
φB r > R.

Then, as we mentioned in Sec. II, we compute the energy
of the skyrmion with respect to the field polarized state
(now in the direction B̂). The reader should note that
the spin field has a discontinuity at r = R. However,
assuming a small θB (θB << 1), the contribution of this
discontinuity to the energy is of order θ2

B (see Appendix
C) and we can neglect it for small inclination angles.

In this limit, all the terms of the energy remain un-
changed except the Zeeman term that takes the form:

EZT = EZT0 +

∞∑
n

LZTn Rn +

∞∑
n,m=1

RnM
ZT
nmRm, (20)

the expressions for EZT0 , LZTn and MZT
nm are in the Ap-

pendix B.
The consequence of a small tilting angle θB is the cou-

pling between different deformations amplitudes Rn. In
addition a linear term proportional to R1 emerges allow-
ing a deformation of the skyrmion through a finite value
of R1. For definiteness we consider 0 ≤ θB ≤ π/2 and
0 ≤ φB ≤ π. Under these assumptions the values for βn
leading to the minimum of the energy are:

βn = n(χ0 − φB). (21)

The determination of the equilibrium parameters (R0

and χ0) and the stability analysis of this case goes on
the same line as in the isotropic case for perpendic-
ular magnetic field replacing Λ3 by Λ̃3 in Eq. (14).
For definiteness and for later comparison with available
simulations31 we chose D < 0 thus χ0 = π/2.

If we consider just the first two deformations in the
expansion Eq. (3) we can diagonalize the Hessian an-
alytically. The positive values of the igenvalues define
the critical field BZT2 (θB). This critical field reduces to
BI2 (Eq. (17)) when θB → 0. For this reason we will
interpret BZT2 (θB) as the critical field for the SkX →
H transition as we did in the discussion of the isotropic
model in transverse magnetic field. For magnetic fields
below this critical field the skyrmion is unstable. The
phase diagram (Fig. 2(c)) is almost identical to the per-
pendicular magnetic field case. In our analysis we find
that BZT2 (θB) (for small θB) is an increasing function of
θB . Thus the effect of the tilting is just a slight reduc-
tion of the skyrmion stability region. This result can be
compared with the phase diagram presented in Ref.31. In
this paper a phase diagram for different inclination an-
gles is presented. The authors find that the critical fields
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for the transition SkX→ H, increases when the magnetic
field is tilted. This behaviour is in qualitative agreement
with our findings.

In the stability region we determine the shape of the
skyrmion by minimizing the energy with respect to R1

and R2. In Fig. 4(c) we show how the skyrmion shape
is affected by an inclination of the magnetic field, where
the in-plane component (B||) is in the x̂ (φB = 0) di-
rection.The contours mz = const. are symmetric with
respect to reflection along ŷ but not along x̂. In this
case the distortion takes place along the ŷ direction, and
for arbitrary orientation of B|| the direction of the de-
formation is determined by Eq. (21). This figure can
be compared with those presented in results reported
recently31,38. In these references the authors shown
that for a perpendicular magnetic field, the skyrmion
is centrosymmetric. As the magnetic field is gradu-
ally tilted from the normal vector to the system plane,
each skyrmion loses its axis-symmetry. The skyrmion
stretches along the direction perpendicular to the in-
plane component of the magnetic field (B||). However the
shape of the skyrmion is not elliptical. This asymmetry
yields a net magnetization moment along the direction of
B|| a result confirmed by our calculations.

We compare the previous analytical results with a nu-
merical treatment of the problem for 100 modes expan-
sion. The phase diagram for θB = 0.18 (≈ 10◦) obtained
by numerical diagonalization of the Hessian is shown in
Fig. 2(c). The color background represents the stable
(orange) and unstable (blue) regions. The solid black
line is the curve BZT2 (obtained by the analytical two
modes expansion) which defines the boundary of the sta-
bility regions. Regarding the shape of the skyrmion we
present the values for Rn in the Fig. 3(b). Just the
first two modes seems to be relevant in the expansion.
These results prove the excellent agreement between the
analytical and numerical treatment of the problem.

C. Magnetoelectric coupling

The compound Cu2SeO3
15,32 is a multiferroic, where a

particular magnetic ordering induces a ferroelectric po-
larization. It is known that this insulating material hosts
Bloch-type skyrmions. Due to its multiferroic nature it
is possible to create, manipulate and excite skyrmions by
electric fields32,39,40 which makes it an interesting ma-
terial for technological applications as memory devices
and microwave diodes32. In this material the interaction
between the electric field and the electric polarization is
given by

EME = −E ·
∑
i

Pi, (22)

where the local polarization, is related to the spin field
in the following way32–34

P(r) = (Sz(r)Sy(r), Sz(r)Sx(r), Sy(r)Sx(r)). (23)

FIG. 4: In these pictures we represent the skyrmion defor-
mations through the different perturbations. The curves rep-
resents the contours of constant mz = 0. The black curve
is the contour for the circular skyrmion approximation while
the purple one is for the distorted skyrmion. The black cross
represents the position of the skyrmion center. a) A circular
skyrmion for the isotropic DMI (D/J = 0.78) in a trans-
verse magnetic field (B/J = 0.5). b) A elliptical skyrmion
for the anisotropic DMI model (Dy/J = 1, Dx/J = 0.56 and
B/J = 0.5). c) A distorted skyrmion for a tilted magnetic
field (θB = 0.18, D/J = 0.8 and B/J = 0.45). d) A distorted
skyrmion in an in-plane electric field (D/J = 0.4, B/J = 0.16
and E/J = 0.15).

We are going to analyze the stability of skyrmions
under the effect of an external electric field E =
E(sin(γ) cos(α), sin(γ) sin(α), cos(γ)). Within our frame-
work the magnetoelectric term is expressed as follows (see
Appendix B):

EME = EE0 +

∞∑
n

LEnRn +

∞∑
n,m=1

ME
nmRnRm. (24)

Two relevant cases are considered: 1) transverse elec-
tric field (γ = 0) which has effects in the stability of
skyrmions, and 2) in-plane electric field (γ = π/2), where
the stability of skyrmions is not affected but we find that
we can change the shape of the skyrmions.
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1. Transverse electric field

In a transverse electric field (γ = 0) the minimum of
the energy is reached with βn satisfying the equations:

β1 = χ0 +
π

4
,

βn+2 = 2χ0 + βn −
3π

2
. (25)

It is important to note that a transverse electric field
just determines β1 while β2 remains as undetermined pa-
rameter. The rest of the parameters βn are determined
through the relation Eq. (25).

In this case the magnetoelectric term takes the form:

EEP =

∞∑
n,m=1

M̃EP
nmRnRm. (26)

We are going to consider just the first four deforma-
tions as we did in the previous models. In this approx-
imation we can find analytical expressions for the crit-
ical fields. In this case two, critical fields BMEP

1 and
BMEP

2 defines the boundaries between stable and unsta-
ble regions (Fig. 2(d)). In the limit E → 0 we have
BMEP

1 → BI1 and BMEP
2 → BI2 . Then the phase di-

agram changes as shown in Fig. 2(d). Below BMEP
1

the instability in the skyrmion shape is driven by the
cardioid deformation (R1) and, as in the previous cases,
below BMEP

2 the elliptical instability emerges. We see
that the critical field BMEP

1 has a strong dependence
on the external electric field. This enables the destruc-
tion of a skyrmion by means of an electric field. For
example, if the electric field is absent and we create a
skyrmion in the point marked with a cross in Fig. 2(d)
we will have a stable single skyrmion. Then, if we turn
on the electric field E/J = 0.15, the previous point be-
comes an unstable one and the skyrmion could be de-
stroyed. Therefore, our results show that the stability of
a skyrmion could be controlled by means of an external
electric field. This phenomenon is well known in fer-
roic systems hosting skyrmions32,39. However our results
are not directly comparable to those because the exper-
imental mechanism underlying creation (destruction) of
a skyrmion involves localized electric fields.

From the energy expansion Eq. (26) it is easy to see
that the shape of the skyrmion will be circular because
of the absence of linear terms in Rn (LEPn = 0).

The numerical results (with 100 modes) for the phase
diagram (Fig. 2(d)) are consistent with the analytical
results for BMEP

1 and BMEP
2 .

2. In-plane electric field

In this case γ = π/2 and the values for β’s are:

β1 =
3π

2
+ χ0 + α,

βn+1 = βn + χ0 + α− 3π

2
. (27)

The magnetoelectric term takes the form:

EEI =

∞∑
n=1

L̃EIn Rn +

∞∑
n,m=1

M̃EI
nmRnRm. (28)

Instead of solving the full series through the recursive
previous expression we consider just the first two defor-
mations R1 and R2. In this approximation the phase dia-
gram is the same as in the isotropic model in the absence
of the magnetoelectric term. This result es confirmed nu-
merically as in the previous cases. However the skyrmion
shape changes because of the presence of a linear term
in R1. The most interesting finding is that R1 is greater
than R2 (see Fig. 3(c)). So for small electric fields R1 is
small and the deformation of the skyrmion can be seen
as a translation of the constant mz contours while the
center of the skyrmion remains fixed at the origin of the
coordinates. This reveals that the skyrmion shape can
be manipulated by the external electric field. The di-
rection of the distortion is determined by the Eqs. (27).
In particular, in Fig. 4(d), we show how the skyrmion
is distorted by an in-plane electric field in the x̂ (α = 0)
direction and the deformation occurs in the oposite direc-
tion (purple contour). This deformation is in accordance
with the presence of an electric polarization in the direc-
tion of the electric field.

IV. CONCLUSIONS

A general spin model where it is possible to
find skyrmions contains different kind of interactions
as exchange, antisymmetric exchange (Dzyaloshinskii-
Moriya), single ion anisotropy, among others. It is also
possible to couple the spins to external fields. Each of
these interactions determines the phase diagram of the
system where a skyrmion could emerge as a metastable
state. We have introduced a method which provides an
approach to the systematic study of the stability and
skyrmion manipulation. An important feature of the
method resides in its fast convergence. In most cases
an expansion in a small number of modes is sufficient to
capture the physics of the problem, allowing an analyt-
ical approach. In more complex cases, requiring a large
number of modes, a numerical treatment of the problem
is still possible.
The method reproduces satisfactorily the available ex-
perimental and numerical results which we summarize
below.

For the isotropic model: we find circular skyrmions and
its stability region in the phase diagram, and the critical
field for the transition SkX→ H which corresponds to the
emergence of elliptical deformations of the skyrmions.

For the anisotropic model we find the stability region
were elliptical skyrmions are stabilized. In view of our
findings we see that the elliptical shape of the skyrmions
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is due to the presence of an anisotropic DMI, indeed the
elliptical deformation is proportional to the anisotropy:
R2 ∝ D−. As we have shown for this model, in the low
anisotropy region the instability is elliptical while in the
high anisotropy limit is triangular.

For the isotropic model in a tilted magnetic field we
find that the phase diagram remains almost unchanged
with respect to the transverse magnetic field case, ex-
cept for the increase of the critical field as the tilting
angle increases. The most important consequence is a
slight reduction of the skyrmion stability region. The
shape of the skyrmions changes losing its axial symme-
try. This fact is consistent with both experimental38 and
numerical31 results.

Finally we have studied the effect of an external electric
field in the stability of a skyrmion. When a transverse
electric field is applied the skyrmion can become unstable
through a cardioid instability, leading to a mechanism
for the destruction of skyrmions. On the other hand,
an in-plane electric field could serve as an element to
control the shape of the skyrmion core. To the best of
our knowledge there are no experimental results for a
longitudinal electric field but for the sake of completeness
we present our predictions for that case. We hope that
this will prompt experiments dealing with this situation.

Appendix A: Condition on χ

In order to clarify the origin of the expression for χ(φ)
we derive the condition in Eq. (4). We start by writing
the tangent (vt) and perpendicular (vp) vectors to the
curve R(φ),

vt = (
∂x

∂φ
,
∂y

∂φ
), (A1)

vp = (
∂y

∂φ
,−∂x

∂φ
), (A2)

(A3)

where x = R(φ) cos(φ) and y = R(φ) sin(φ).
We write vt = v(φ)(− sin(ψ), cos(ψ)) and vp =
v(φ)(cos(ψ), sin(ψ)) with ψ = φ + α(φ). If the curve
were a circle then the normal vector is given by ψ = φ.
We want to find α(φ) in terms of R(φ) so we start with
the equations:

(
∂x

∂φ
,
∂y

∂φ
) = v(φ)(− sin(ψ), cos(ψ)),

(
∂y

∂φ
,−∂x

∂φ
) = v(φ)(cos(ψ), sin(ψ)). (A4)

We are considering curves where the normal vector can
be defined, so we require a single-valued function R(φ)
and v(φ) 6= 0. Then from Eqs. (A4) we find

arctan(α) =
R′(φ)

R(φ)
. (A5)

We are interested in stability analysis which requires the
expansion of the energy up to second order in deforma-
tions, so we expand the left hand side up to second order
in α and right hand side of the previous equation up to
second order in Rn

arctan(α) ≈ α+O(α3), (A6)

R′(φ)

R(φ)
≈ −δR(φ)′

R0

[
1− δR(φ)

R0

]
. (A7)

Finally we solve for α(φ) and we find

α = −δR(φ)′

R0
+
δR(φ)

R0

δR(φ)′

R0
. (A8)

Then we write χ(φ) = χ0 + α(φ). If χ0 = 0 the vec-
tor (cos(φ+χ(φ)), sin(φ+χ(φ))) is perpendicular to the
curve R(φ) and if χ0 = ±π/2 the vector is tangent to the
curve. As a final comment we mention that for R(φ) to
be smooth and single-valued it is sufficient α � 1. For
this condition to be fulfilled it is sufficient the condition∑∞
n=1 n|Rn| � R0 which, in turn, implies |δR(φ)| � R0.

Appendix B: Matrix M and vector L for each model

Since the function R(φ) represents a scale change of
the coordinates, the radial integrals can be easily com-
puted through the substitution u = r/R(φ). These in-
tegrals are constants independent of the parameters of
the model (except for Λ̃3 which depends on θB , the in-
clination angle of the external field) and appear in all
our calculations.We list below the set of constants that
appear throughout all of the work:

Λ1 =

∫ 1

0

u(f ′(u))2du =
π2

2
,

Λ2 =

∫ 1

0

sin2[f(u)]

u
du =

=
γ − CosIntegral[2π] + log[2π]

2
,

Λ̃3 =

∫ 1

0

u cos(θB) cos[f(u)]du =

=
2 cos(θB)

π2
− 1

2
,

Λ4 =

∫ 1

0

uf ′(u)du = −π
2
,

Λ̃5 =
sin(θB)

π
,

where γ is the Euler’s constant (γ ≈ 0.577216). For

θB = 0 we have Λ̃3 = Λ3 and Λ̃5 = 0.
The energy, in a specific model, is expressed as a sum

of the contribution from each interaction.
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Thus for anisotropic DMI model in a transverse magnetic
field we have:

EA0 = EJ0 + EDA0 + EZ0 , (B1)

LAn = LJn + LDAn + LZn , (B2)

MA
nm = MJ

nm +MDA
nm +MZ

nm. (B3)

For the isotropic DMI model in a tilted magnetic field we
have:

ET0 = EJ0 + EDI0 + EZT0 , (B4)

LTn = LJn + LDIn + LZTn , (B5)

MT
nm = MJ

nm +MDI
nm +MZT

nm . (B6)

With the addition of the magneto-electric term to the
isotropic model (in transverse magnetic field) we have:

EME
0 = EJ0 + EDI0 + EZ0 + EE0 , (B7)

LME
n = LJn + LDIn + LZn + LEn , (B8)

MME
nm = MJ

nm +MDI
nm +MZ

nm +ME
nm. (B9)

We write here the respective expressions for E0, Ln and Mnm for each interaction term. For the exchange term:

EJ0 = Jπ(Λ1 + Λ2), (B10)

LJn = 0,

MJ
nm =

Jπ

2R2
0

(Λ1n
2 + Λ2n

4)δnm.

For the anisotropic DMI (the isotropic case is the particular case of this one in which Dx = Dy = D):

EDA0 = −Λ4D
+πR0 sin(χ0), (B11)

LDAn = Λ4D
−π

3

2
sin(β2 − χ0)δn2,

MDA
nm = Λ4D

−π
3

8R0
sin(χ0 − 2β1)δn1δm1 − Λ4D

+π
π

4R0
sin(χ0)n2δnm −

− 3Λ4D
−π

8R0
[n(n+ 2) sin(βn − βn+2 + χ0)δmn+2 +m(m+ 2) sin(βm − βm+2 + χ0)δnm+2] .

The Zeemann term for a tilted magnetic field:

EZT0 = −BΛ̃32πR2
0, (B12)

LZTn = −BΛ̃5πR0 cos(φB + β1 − χ0)δ1n,

MZT
nm = −BΛ̃3πδnm −

− BΛ̃5
π

4

[
(
3

2
+ n(n+ 1)) cos(βn+1 − βn + φB − χ0)δmn+1 + (

3

2
+m(m+ 1)) cos(βm+1 − βm + φB − χ0)δnm+1

]
.

The transverse field configuration (EZ0 , LZn and MZ
nm) is obtained by setting θB = 0.

Finally the magneto-electric term contributes with:

EE0 = 0, (B13)

LEn = E sin(γ)
R0

4
sin(β1 − χ0 − α),

ME
nm = −E 3π

32
cos(γ) sin(2β1 − 2χ0)δn1δm1 −

− E sin(γ)

8

[
(
1− 2n

4
) sin(βn − βn+1 + χ0 + α)δmn+1 + (

1− 2m

4
) sin(βm − βm+1 + χ0 + α)δnm+1

]
+

+
Eπ

16
cos(γ) [sin(2χ0 + βn − βn+2)(1 + 2n(n+ 2))δmn+2 + sin(2χ0 + βm − βm+2)(1 + 2m(m+ 2))δnm+2] .

In each case the equilibrium radius (R0) and helicity (χ0), as well as the βn parameters, must be calculated for the
corresponding model as explained in the main text of the work.

Appendix C: Relevance of the discontinuity

To estimate the contribution of the discontinuity to
the energy we suppose that the spin field varies from the

skyrmion boundary (at r = R) and the variation occurs
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in a length of the order of the lattice parameter a so
the field polarized state is reached at r = R + a. This
variation takes place in the crown of internal radii R and
external radii R + a. We express the spin field as in 2
where the function Θ and Φ are given by:

Θ(r) =
θB
a

(r −R), R ≤ r ≤ R+ a, (C1)

Φ(r) =
φB
a

(r −R), R ≤ r ≤ R+ a. (C2)

We evaluate the energy (which we shall call ED)
through the previous approximation and subtract from it
the energy of the crown with their spin aligned with the
magnetic field (EFP ). Since we are interested in small
angles θB we expand the previous result up to second
order in θB to obtain:

ED − EFP ≈ (C3)

≈
{
B

[
9a2 + 16aR0 − 48

a2

φ2
B

− 24
aR0

φ2
B

+ 24
aR0 cos[φB ]

φ2
B

+ 48
a2 sin[φB ]

φ3
B

]
+ J

[
6 + 12

R0

a
+ 3φ2

B + 4
R0φ

2
B

a

]}
θ2
B

12π
+

+ O(θ4
B),

We can see that this difference is of order θ2
B as mentioned before.
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K. Richter, M. Mann, A. Krone, R. M. Reeve, M. Weigand,
et al., Nature materials 15, 501 (2016).

27 A. A. Thiele, Bell Syst. Tech. J. 8, 3287 (1969).



12

28 A. A. Thiele, J. Appl. Phys. 41, 1139 (1970).
29 K. Shibata, J. Iwasaki, N. Kanazawa, S. Aizawa, T. Tani-

gaki, M. Shirai, T. Nakajima, M. Kubota, M. Kawasaki,
H. Park, et al., Nature nanotechnology 10, 589 (2015).

30 I. Makhfudz, B. Krüger, and O. Tchernyshyov, Physical
review letters 109, 217201 (2012).

31 S.-Z. Lin and A. Saxena, Physical Review B 92, 180401
(2015).

32 M. Mochizuki and S. Seki, Physical Review B 87, 134403
(2013).

33 M. Mochizuki and Y. Watanabe, Applied Physics Letters
107, 082409 (2015).

34 M. Mochizuki, Advanced Electronic Materials 2, 1500180
(2016).
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