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I. INTRODUCTION

Lorentz invariance is a cornerstone of relativistic quan-
tum field theory (QFT) [1]. However, in the last years many
authors have argued that at very high energy some sym-
metries, such as Lorentz and CPT, could be broken and,
therefore, new scenarios and physical processes could take
place [2–7].

Notice that Minkowski space and its isometries, the
Lorentz transformations, should arise from a low energy
solution of string theory. Therefore, it is a legitimate ques-
tion to ask about a possible relic of this origin in a QFT at
high energies.

However, even if a foremost invariance as the Lorentz
one could be broken, one should expect that some impor-
tant features and properties of quantum field theory are
preserved, as well as the stability of some related
phenomena.

In the context of a relativistic QFT with gauge fields and
fermions, the chiral anomaly is related, as it is well known,
to a topological object and is thus independent of the
energy scale. This suggests that its form could be preserved
even if Lorentz and CPT symmetries were broken and, in
particular, the �0 ! 2 decay as derived from the chiral
anomaly should be unaffected at any energy scale. So, it is
worthwhile to consider this possibility in the framework of
a quantum field theory model with an explicit Lorentz and/
or CPT symmetry breaking.

The purpose of this paper is to analyze the fate of the
chiral anomaly in a model with an explicit Lorentz sym-
metry breaking and to explore, in connection with this,
whether its role in connection with the �0 ! 2 process is
affected.

II. A LORENTZ SYMMETRY VIOLATING MODEL
FOR FERMIONS

Let us start by considering the d � 4 dimensional
Lagrangian [8]

 L � � qÿ�D��A� q; (1)

where A� � Aa�Ta (� � 0, 1, 2, 3; a � 1; 2; . . . ; dimG)
are gauge fields taking values in the Lie algebra of some
gauge group G with generators Ta. Dirac fermions  q are
taken in the fundamental representation ofG and D� is the
usual covariant derivative. Concerning matrices ÿ�, they
can in general take the form

 ÿ� � � � ÿ�LV � ÿ�CPTV: (2)

Here � are the usual Dirac matrices while ÿ�LV and ÿ�CPTV
are matrices which introduce violation of Lorentz and
Lorentz-CPT symmetries, respectively. They are defined
as

 ÿ�LV � c��� � d���5;

ÿ�CPTV � e� � f�5 � g������;
(3)

where c��, d��, e�, f�, and g��� are real constants to be,
in principle, phenomenologically determined.

But, if the theory is required to be invariant under
(global) chiral transformations of the fermionic field at
the classical level, then the CPT violating terms must be
removed since
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 f5;ÿ
�
CPTVg Þ 0: (4)

So, we will take e� � 0, f� � 0, and g��� � 0.
On the other hand, although the ÿ� matrices formally

play the role of Dirac matrices, they do not satisfy in
principle the standard Clifford algebra. Indeed, if we write

 ÿ� � !�
�

� � d��
�5; (5)

where

 !�
� � ��� � c

�
�; (6)

it is straightforward to get
 

fÿ�;ÿ�g � �!�
�!

�
� ÿ d

�
�d

�
��f

�; �g

� �!�
�d�� ÿ d

�
�!�

���
�; ��5: (7)

Then, if (in order to get a Clifford algebra for the ÿ
matrices) we demand the last term in the right-hand side
not to be present, we must impose that

 �!�
�d

�
� ÿ d

�
�!

�
�� ÿ �!

�
�d

�
� ÿ d

�
�!

�
�� � 0: (8)

Multiplying by �!ÿ1��� (notice that!�
� is invertible, since

we are looking for small Lorentz invariance violation
(LIV)) we get

 4d�� � ��!
ÿ1���d

�
��!

�
�; (9)

whose general solution is

 d�� � Q!�
� (10)

with Q a constant.
Consequently, we restrict our attention to this minimal

Lorentz invariance violation, preserving chiral symmetry
at the classical level and the form of the Clifford algebra,
and take

 ÿ� � !�
���14 �Q5�: (11)

Notice that

 fÿ�;ÿ�g� � �1ÿQ
2�!�

�!
�
�f

�; �g�; (12)

where we have takenQ2 � 1 since we shall consider small
deviations from Lorentz invariance.

Therefore, the chosen set of ÿ matrices does fulfill the
relations

 fÿ�;ÿ�g � 2M��14; (13)

 fÿ�; 5g � 0; (14)

where M�� is a metric-like object defined as

 M�� � 
�
�
�

��
��; (15)

where 
�
� � !�

�

���������������
1ÿQ2

p
and ��� is the standard met-

ric in Minkowski space.
Notice that, since we are only interested in Lorentz

violation effects in the fermion sector, we are also omitting

a possible LIV term in the photon sector given by [9]
��F�k���F

k�F��.
We shall present in the next section a derivation of the

chiral anomaly for a quantum field theory in which the
Fermi fields dynamics is governed by the Lorentz violating
fermion Lagrangian in Eq. (1), testing whether the index
theorem is still valid. We shall then see that neither the
anomaly (Eq. (45)) nor the index theorem (Eq. (57)) are
affected by the minimal Lorentz symmetry violation intro-
duced in ÿ�. Only the axial current J �

5 is changed into

 J �
5 � !�

��j
�
5 �Qj

��; (16)

where j�5 is the axial vector current arising in the ordinary
Lorentz invariant case, j�5 � � q�5 q, and j� �
� q

� q is the vector current.
Before doing this, we shall discuss the situation from a

more phenomenological point of view. To start up, let us
assume that c�� has only one nonzero component, namely
c0

0 � �. With this, rotational invariance is preserved and
then

 ÿ0 � �1� c0
0�

0�14 �Q5�; ÿi � i�14 �Q5�;

(17)

and

 �M��� � �1ÿQ2�diag��1� ��2;ÿ1;ÿ1;ÿ1�: (18)

When replaced in the modified Dirac equation following
from Lagrangian (1), this leads to the (free) dispersion
relation
 

ÿ�ÿ�p�p� � M��p�p� � �1ÿQ
2�f�1� ��2p2

0 ÿ p2g

� 0; (19)

with p0 � E=c, where c is the standard value of the
velocity of light used here to set the length scale.
Equation (19) implies that massless fermions  q move
with velocity vq given by

 vq �
c

1� �
(20)

(with no dependence on the parameter Q).
Equation (20) of course implies new physics, in the vein

of [10,11] (see [12] for a complete list of references). Let
us advance, however, that the results in the next section
show that the minimal Lorentz invariance violation intro-
duced here does not induce modifications in the form of the
chiral anomaly. Nevertheless, it could imply modifications
in the calculation of physical observables.

We shall now contrast our results with the experiment by
considering, in a Lorentz violating invariance framework,
the celebrated �0 ! 2 process [13,14], directly related to
chiral anomaly. In particular, let us analyze whether a
departure from the usual chiral anomaly takes place by
assuming that a formula similar to (20) (obtained for the
case of massless fermions) also holds for photons. This can
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be justified as follows. In the present Lorentz invariance
violating framework, one can relate the velocity of the
photons with that of fermions in a given vertex through
the formula

 cph � n0vq; (21)

where we have defined

 n0 �
Eph

Eq
(22)

with Eph and Eq the energies of photons and fermions,
respectively.

Formula (21) can be obtained by cutting the standard
triangle diagram (see Fig. 1) and using the 4-momentum
conservation law for the process �0 ! 2. Doing this one
has

 

�Eq
vq
; ~P
�
�

�E �q

vq
;ÿ ~P

�
� 2

�Eph

cph
; ~0
�
; (23)

and therefore

 

Eq � E �q

vq
� 2

Eph

cph
: (24)

Since we are assuming that CPT invariance is con-
served, Eq � E �q and then Eq. (21) follows.

We shall consider the case in which the photon velocity
cph does not exceed that of the neutral pion v�0 (in the case
cph > v�0 the decay is kinematically forbidden [11]). Also,
interpreting n0 in Eq. (21) as a refraction index, it is natural
to take n0 � 1 in empty space. With all this, the off-mass-
shell decay amplitude in the chiral limit is
 

�T��0 ! 2�LIV �
�2

64�3

�
m�

f�

�
2
m�c

6
ph

�
�2

64�3

�
m�

f�

�
2 m�c6

�1� ��6
: (25)

One can now estimate the ratio TR=TLIV, with TR the
relativistic rate of decay, using the bounds for � discussed
in the literature. The comparison between the Lorentz
violating invariance scheme and the relativistic one yields
to

 

�T�R
�T�LIV

ÿ 1 � 6�: (26)

In order to estimate the right-hand side in (26) let us
introduce �c through the equation

 �c � cÿ cph; (27)

where c is the standard value of light velocity. Different
experimental and phenomenological tests show the small-
ness of bounds on �c (see Table I). Using (20) and (21) we
can write

 �c � cÿ
n0c

1� �
(28)

or

 � �
�c

cÿ �c
�
�c
c
� O

�
�c2

c2

�
; (29)

where we have again used n0 � 1. Bounds on �c=c can
then be translated into bounds on �.

We see that the smallness of the bounds implies, at very
high energy, that the chiral anomaly effects are effectively
the same as in the relativistic invariant case. Indeed, one
has that �T�LIV=�T�R ÿ 1 takes values between 10ÿ9–10ÿ22

and, therefore, Lorentz invariance deviations are experi-
mentally almost unattainable.

Therefore, the changes in the decay �0 ! 2 are ex-
tremely small, which is consistent with the universal char-
acter of the chiral anomaly.

One should note, however, that this conclusion could
change drastically if the other terms not considered in our
analysis are included. However, if we invoke the universal
character of the anomaly then our assumption (11) is
reasonably justified.

III. THE CHIRAL ANOMALY AND THE INDEX
THEOREM

Let us consider a Hermitian Dirac operator that includes
a minimal Lorentz symmetry violation as discussed in the
previous section,

 Dm � D�m; with D � ÿ�D�; (30)

q q

γγ

0

q q

π

FIG. 1. Feynman diagram for pion decay.

TABLE I. Bounds on �c given by different Lorentz invariance
violation tests.

LIV tests �c=c� Ref.

Astrophysics 10ÿ19 [15]
Atomic physics 10ÿ23 [16]
Laser interferometry-anisotropy 10ÿ16 [17]
Neutrino sector 10ÿ19 [18]
GZK cutoff (theoretical) 10ÿ20 [7]
Muon collider (theoretical) 10ÿ21 [11]
Photon stability (theoretical) 10ÿ15 [11]
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where

 D� � i
@
@x�
� A� (31)

is the usual covariant derivative and the matrices ÿ� are
given in Eqs. (6) and (11). A small mass m has been
introduced in order to deal with zero modes. At the end
of the calculation one should take the m! 0 limit in a
consistent way [19].

The ÿ matrices, depending on the constant tensor c�� and
the parameter Q which breaks Lorentz symmetry, satisfy
the Clifford algebra in Eq. (13) and anticommute with 5

as in Eq. (14). Their (anti)commutator is given in Eq. (12).
In order to analyze the issue of chiral symmetry we

follow the Noether method starting from aU�1� local chiral
transformation,

  �x� ! ei��x�5 �x�; � �x� ! � �x�ei��x�5 : (32)

The fermionic Lagrangian changes as

 L � � �x�Dm �x� ! � �x�ei��x�5Dme
i��x�5 �x�

� L� � �x�fi��x�5; Dmg �x� �O��2�: (33)

The first order in � on the right-hand side reduces, up to a
total divergence, to

 �L � � �x�fi��x�5; Dmg �x�

� ��x��@�J
�
5 �x� � 2im � �x�5 �x��; (34)

where the axial current is now given in Eq. (16).
Let us now consider the functional integral

 Z �
Z

D � D eÿ
R
d4xL

� J���
Z

D � D eÿ
R
d4xL

�
1�

Z
d4x�L�O��2�

�
;

(35)

where

 

J��� �
det�ei��x�5Dmei��x�5�

detDm

� 1ÿ
Z
d4x��x�h@�J

�
5 �x�i ÿ 2im

Z
d4x��x�

� h � �x�5 �x�i �O��
2� (36)

is the Jacobian [20,21] arising from the change in the
fermionic measure under rotation (32).

Being the Jacobian ill-defined (the Dirac operator eigen-
values grow with no bound), one should introduce an
appropriate regularization (R). We use a heat-kernel regu-
larization so that, up to O��2� terms, we have

 

logJ��� � �Tr log�Dm � fi��x�5; Dmg� ÿ Tr logDm�jR

� 2iTr���x�5�jR

� 2i lim
�!1

Tr���x�5e
ÿ�D2

m=�2��jR

� 2i lim
�!1

Z
d4x

Z d4k

�2��4
tr���x�5

� eÿik�xeÿ�D
2
m=�2�eik�x�; (37)

where

 Dm
2 � 14M

��D�D� �
i
4
�ÿ�;ÿ��F�� �O�m�: (38)

A straightforward calculation taking into account that

 tr f5�ÿ
�;ÿ��g � 
�

�
�
� trf5�

�; ��g � 0 (39)

and trf5g � 0 leads to

 logJ��� � ÿ
i

16

Z
d4x

Z d4k

�2��4
eÿM

��k�k�

� tr���x�5�ÿ
�;ÿ���ÿ�;ÿ��F��F���

� ÿ
i

�16��2
�detM�ÿ1=2
�

�
�
�
�

�
�



�
Z
d4x tr���x�5��; ����; 
�F��F���;

(40)

up to O�m� terms.
Using

 tr f5
���
g � 4����
 (41)

one gets

 logJ��� � ÿ
i

16�2

Z
d4x tr���x�����
F��F���

� �detM�ÿ1=2
�
�
�

�
�
�
�




� ÿ
i

16�2

Z
d4x tr���x������F��F���

� �detM�ÿ1=2 det�
�: (42)

Finally, taking into account Eq. (15) one can see that all
dependence on 
�

� cancels out in the Jacobian,

 logJ��� � ÿ
i

16�2

Z
d4x��x�Fa��F

b
���

���� tr�TaTb�

(43)

so that, after use of Eq. (36), one can write

 

i

16�2
tr
Z
d4x��x�F��F�������

�
Z
d4x��x�h@�J

�
5 �x�i � lim

m!0
2 Im

Z
d4x��x�

� h � �x�5 �x�i: (44)
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Differentiating with respect to � one obtains the U�1�
anomaly equation in the form

 h@�J
�
5 �x�i � lim

m!0
2 Imh � �x�5 �x�i

�
i

16�2 tr�F���x�F���x�������: (45)

Notice that the right-hand side of this equation is insensi-
tive to the Lorentz symmetry breaking introduced by the
tensor c�� and the parameter Q.

Let us now consider the contribution of the zero modes.
The mean value of � �x�5 �x� is given by
 

h � �x�5 �x�i �
1

Z

Z
D � D 

� eÿ
R

� �x�Dm �x�d4x � �x�5 �x�: (46)

Let ’n be the eigenvectors of D,

 D’n � 
n’n ) Dm’n � �
n �m�’n; (47)

with

 

Z
’n�x�

y’m�x�d
4x � �n;m: (48)

Some of them can be zero modes ofD. Since f5;ÿ�g � 0,
one can always choose these zero modes with a definite
chirality,

 D’�0;k � 0) Dm’�0;k � m’�0;k; k � 1; 2; . . . ; n�;

(49)

with

 5’
�
0;k � �’

�
0;k: (50)

The integration variables in the functional integral can
be expanded as

 

� �
X
n

�cn’
y
n ;  �

X
n

cn’n; (51)

and the integration measure be written as

 D � D �
Y
n

d �cndcn: (52)

Therefore,
 

h � �x�5 �x�i�
1

Z

Z Y
n

d �cndcne
ÿ
P
n

�
n�m� �cncn

�
X
p;q

�cp’p�x�
y5’q�x�cq

�
X
p;q

’p�x�y5’q�x�
1

Z

Y
n

�
n�m�
�p;q

�
p�m�

�
X
p

’p�x�
y5’p�x�

1

�
p�m�
; (53)

since

 Z �
Y
n

�
n �m�: (54)

Consequently,

 lim
m!0

2imh � �x�5 �x�i � 2i
X


k�0

’k�x�y5’k�x�

� 2i
�Xn�
k�1

’�0;k�x�
y’�0;k�x�

ÿ
Xnÿ
k�1

’ÿ0;k�x�
y’ÿ0;k�x�

�
; (55)

where n� (nÿ) is the number of positive (negative) chi-
rality zero modes.

Now, with this result one can integrate over space on
both sides of Eq. (45) to obtain
 Z
d4x

Xn�
k�1

’�0;k�x�
y’�0;k�x� ÿ

Z
d4x

Xnÿ
k�1

’ÿ0;k�x�
y’ÿ0;k�x�

�
1

32�2

Z
d4x trfFb���x�Fc���x�g�

����; (56)

where we have discarded the contribution of the total
divergence of J �

5 . Equation (56) can be written in the form

 n� ÿ nÿ �
1

32�2

Z
d4x trfF���x�F���x�g�����; (57)

which is nothing but the index theorem for the Dirac
operator D.

Then, neither the anomaly (Eq. (45)) nor the index
theorem (Eq. (57)) are affected by this minimal Lorentz
symmetry violation. Only the expression of the axial cur-
rent J �

5 is changed as in Eq. (16).
Let us end this section by noting that an investigation on

the relation between Lorentz violation and vector models
with a Wess-Zumino term which can be connected with
models containing chiral fermions has been reported in
[22]. In that case a dynamical Lorentz violation is de-
scribed as the nonperturbative counterpart of perturbative
unitarity breaking in chiral gauge theories due to gauge
anomalies.

IV. SUMMARY AND DISCUSSION

In this work we explored the fate of the chiral anomaly
in a fermionic model in which the Lorentz symmetry is
explicitly broken by terms which preserve chiral symmetry
at the classical level and the form of the Clifford algebra
satisfied by the ÿ� matrices replacing Dirac matrices in the
Lorentz invariance violating fermionic Lagrangian.

On rotational invariance grounds, only the c0
0 compo-

nent was taken as nonvanishing in Eq. (17), so that the
energy-momentum relation is changed in the sense that
each particle has a maximum attainable velocity (see
Eqs. (19) and (20)) which depends only on the dimension-
less parameter � (and is independent of the parameter Q).
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Now, in view of the connection, through the Dirac
operator index, between the anomaly and a topological
object (the Chern-Pontryagin index) one should expect
that the anomaly itself as well as its physical implications
(like those related to the �0 ! 2 decay) remain
unaltered.

Concerning the anomaly, we have shown, within the
path-integral approach and using a heat-kernel regulariza-
tion, that the Fujikawa Jacobian is not modified. This result
was obtained by regularizing the path-integral measure
with the same operator that plays the role of the Dirac
operator in the classical action, namely, that with a mini-
mal Lorentz violation that classically preserves chiral
invariance.

Moreover, the Noether method yields to an anomaly
equation for the chiral current that is formally the same
as in the Lorentz invariant case, except that the divergence
term contains the modified axial current (16). However,
since the contribution of such a term vanishes when inte-
grated over all space, the index theorem equation remains
unaltered.

We have also discussed within a Lorentz violating
framework, the issue of the �0 ! 2 decay, which is
connected to the chiral anomaly.

Since the adopted Lorentz symmetry breaking implies
different velocities for different massless particles, fermion

velocities in the triangle diagram differ from the photon
one (Eqs. (20) and (21)). Then, the �0 decay amplitude in
the chiral limit is modified and the change is proportional
to � (Eq. (26)), a parameter controlling Lorentz violation.
Now, different experimental and phenomenological tests
show the smallness of � so that changes in the �0 ! 2
cannot be detected. However if other effects such as the
addition of CPT violating terms were considered, the form
of the chiral anomaly could be affected and experimental
consequences in processes as that of the �0 decay could
become detectable.
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