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Abstract

A precise description of the injective envelope of a spatial con-
tinuous trace C*-algebra A over a Stonean space A is given. The
description is based on the notion of a weakly continuous Hilbert bun-
dle, which we show herein to be a Kaplansky—Hilbert module over
the abelian AW*-algebra C'(A). We then use the description of the
injective envelope of A to study the first- and second-order local multi-
plier algebras of A. In particular, we show that the second-order local
multiplier algebra of A is precisely the injective envelope of A.

Introduction

A commonly used technique in the theory of operators algebras is to study a
given C*-algebra A by one or more of its enveloping algebras. Well known ex-
amples of such enveloping algebras are the enveloping von Neumann algebra
A** and the multiplier algebra M (A). In this paper we consider two others:
the local multiplier algebra M),.(A) and the injective envelope I(A), both

*2000 Mathematics Subject Classification: Primary 46L05; Secondary 46L07. Key-
words and Phrases: local multiplier algebra, injective envelope, continuous trace C*-
algebra, continuous Hilbert bundle. This work is supported in part by the NSERC Dis-
covery Grant Program (Canada) and CONICET (Argentina).



of which have received considerable study and application in recent years
(see, for example, [1, 6, 7, 9, 11, 19, 21, 22]).

The C*-algebras Mj,.(A) and I(A) are difficult to determine precisely,
even for fairly rudimentary types of C*-algebras A. For instance, if we
denote by Cy(T") an abelian C*-algebra and by K (H) the ideal of compact
operators over H, their local multiplier algebra and injective envelope have
been readily computed; but the injective envelope of Cy(T) @ K(H) is much
more difficult to describe: see [15] for an abstract description and [3, 4] for
a somewhat more concrete one.

Our first goal in the present paper is to make a further contribution to
the issue of the determination of I(A) and M,.(A) from A by considering
continuous trace C*-algebras studied by Fell [10] that arise from continuous
Hilbert bundles. The class of such algebras contains in particular all C*-
algebras of the form Cy(T) ® K(H), which were studied in [4]. Because
the centres of I(A) and Mj,.(A) are AW*-algebras, and thus have Stonean
maximal ideal spaces, we restrict ourselves in this paper to locally compact
Hausdorff spaces T' that are Stonean. In so doing, we establish an important
first step toward a complete analysis, in the case of non-Stonean 7', of the
C*-algebras I(A), Mio.(A), and Mjoe (Moc(A)) for spatial continuous trace
C*-algebras A with spectrum T'. As the passage from general T to Stonean
T involves a number of technicalities, the application of the main results
herein to the case of arbitrary locally compact Hausdorff spaces T will be
deferred to a subsequent article.

Our second goal is to study and use the notion of a weakly continuous
Hilbert bundle Q relative to a continuous Hilbert bundle € over a locally
compact Hausdorff space T'. Particular cases of this notion have been pre-
viously considered in [15, 23]. It is natural to consider € as a C*-module
over the abelian C*-algebra Cy(T); if, moreover, T is a Stonean space A, we
then show Qi carries the structure of a faithful AW*-module over C(A).
In this latter situation, such C*-modules are called Kaplansky—Hilbert mod-
ules. We study the C*-modules  and Qy, as well as certain C*-algebras of
endomorphisms of these modules, using the beautiful machinery Kaplansky
developed in his seminal work from the early 1950s [16]. In particular, we
prove that the C*-algebra B({yk) of bounded adjointable endomorphisms
of Qyx is the injective envelope and second-order local multiplier algebra of
the C*-algebra K (Q2) of “compact” endomorphisms of €.

Assuming that T = A, a Stonean space, and in postponing the precise
definitions until the following section, we summarise in this paragraph the
main results of the paper. In Section 2, we show that (i is a Kaplansky—
Hilbert module that contains 2 as a C*-submodule such that Q+ = {0}. In



Section 3, we prove that B(£yy) is the injective envelope of both K (£2) and
the Fell continuous trace C*-algebra A induced by the bundle 2. Section 4
deals with local multipliers, and we show that B(€yx) is the second-order
local multiplier algebra of both K (€2) and Fell algebra A. We also prove that
the equality Mjoc(Mioc(A)) = I(A) holds for certain type I non-separable
C*-algebras, generalising a result of Somerset [21]. Finally, in Section 5
we find that a direct-sum decomposition of Qy leads to a corresponding
decomposition of (the generally non-AW*) algebra M..(A) but not to a
decomposition of A.

1 Preliminaries

If T is a locally compact Hausdorff space and {H;}er is family of Hilbert
spaces, a vector field on T" with fibres H; is a function v : T — | |, H; in
which v(t) € Hy, for every ¢t € T. Such a vector field v is said to be bounded
if the function ¢ — ||v(t)| is bounded. From this point on, the notation
T — | |, Hy will be taken to also imply that, for all ¢, the point ¢ is mapped
into the corresponding fibre Hy.

Definition 1.1. A continuous Hilbert bundle /8] is a triple (T, {H;}ier, 2),
where ) is a set of vector fields on T with fibres Hy such that:

(I) 2 is a C(T')-module with the action (f -w)(t) = f(t)w(t);
(IT) for eachto € T, {w(to) : w € N} = Hy,;
(II1) the map t — ||w(t)] is continuous, for all w € §;
)

(IV) Q is closed under local uniform approzimation—that is, if & : T —
LI, H is any vector field such that for every to € T and e > 0 there is
an open set U C T containing to and a w € Q with ||w(t) — &(t)|| < &
for allt € U, then necessarily € € €.

Dixmier and Douady [8] show that (I), (II), and (IV) can be replaced by
other axioms, such as those given by Fell [10], without altering the structure
that arises. For example, in the presence of the other axioms, (II) is equiv-
alent to “{dw(tp) : w € O} is dense in Hy,, for each ¢ty € T”; in the presence
of (IV), axiom (I) can be replaced by “Q is a complex vector space”.

We turn next to the notion of a weakly continuous Hilbert bundle. If
(T,{H¢}ter,?) is a continuous Hilbert bundle then, by the polarisation
identity, the function ¢t +— (wi(t),w2(t)) is continuous for all wy,ws € Q.
In defining (wi,ws) to be the map T" — C given by ¢t — (wi(t),wa(t)), one



obtains a C'(T')-valued inner product on © which gives € the structure of an
inner product module over C(T").

Definition 1.2. A wvector field v : T — ||, H; is said to be weakly con-
tinuous with respect to the continuous Hilbert bundle (T, {H;}ier,$?) if the
function

t— (v(t), w(t))

is continuous for all w € Q. The set of all bounded weakly continuous vector
fields with respect to a given Q will be denoted by Qyi, that is

Qux={v:T — |_| H;: stgp lv(@)|| < oo and v is weakly continuous}.
t

We will call the quadruple (T, {Hy}er, 2, Qwi) @ weakly continuous Hilbert
bundle over T'.

We remark that when 7' is compact, Qi is a C(T')-module under the
pointwise module action, and also 2 C Qi (because then every continuous
field on T is bounded). However, the function ¢ — (v1(t), v2(t)) is generally
not continuous for arbitrary vq,vo € Qui. Thus, although Q) is, alge-
braically, a module over C(T), it is not in general an inner product module
over Cy(T). Nevertheless, if T' has the right topology—mnamely that of a
Stonean space—then we show (Theorem 2.6) that it is possible to endow a
weakly continuous Hilbert bundle with the structure of a C*-module over
the C*-algebra of continuous complex-valued functions on 7.

The continuous trace C*-algebras we consider herein were first studied
by Fell [10]. We now recall their definition.

Assume that {A;}ier is a family of C*-algebras indexed by the locally
compact Hausdorff topological space T. An operator field is a map a : T" —
||, A¢ such that a(t) € Ay, for each t € T'.

Definition 1.3. Let (T,{H;}ier,2) be a continuous Hilbert bundle. An
operator field a : T — | |,cp K (Hy) is:

1. almost finite-dimensional (with respect to Q) if for each ty € T and
e > 0 there exist an open set U C T containing ty and wy,...,w, € Q
such that

(a) wi(t),...,wn(t) are linearly independent for every t € U, and

(b) |lpra(t)p: — a(t)|] < € for all t € U, where p, € B(H;) is the
projection with range Span{w;(t) : 1 < j < n};



1. weakly continuous (with respect to Q) if the complez-valued function
t — (a(t)wi(t),wa(t))
is continuous for every wy,ws € 1.

Definition 1.4. ([10]) Let (T,{Hi}ier,$?) be a continuous Hilbert bun-
dle. The Fell algebra of the Hilbert bundle (T, {H;}ier, ), denoted by
A = A(T,{H}ier,Q), is the set of all weakly continuous, almost finite-
dimensional operator fields a : T — | |,cp K(Hy) for which t — |la(t)| is
continuous and vanishes at infinity, endowed with pointwise operations and
norm

lall = max [la(®)ll,  a€A.

We shall make repeated use of the following fact about the Fell algebras
of Hilbert bundles: if A = A(T,{H:}ier, ), for some continuous Hilbert
bundle (T, {H;}ier,2), then A is a continuous trace C*-algebra with spec-
trum A ~ T [10, Theorems 4.4, 4.5].

2 An AW*-module Structure for

Assume henceforth that T' = A is a Stonean space; that is, A is Hausdorff,
compact, and extremely disconnected. The abelian C*-algebra C(A) is an
AW*-algebra and so one may ask whether the C*-modules 2 and Q. are
AW*-modules in the sense of Kaplansky [16]. We shall show that this is
indeed true for the module Q). As a consequence of this last fact we shall
get that the C*-algebra B({yx) of bounded adjointable endomorphisms of
Qi is an AW*-algebra of type I.

The following lemmas are needed to describe the C'(A)-Hilbert module
structure of Q.

Lemma 2.1. Let f : A = R be a lower semicontinuous function such that
there exist g € C(A) and a meagre set M C A with f(s) = g(s) for all
s€ A\ M. Then

sup g(s) = sup f(s)=sup f(s).
sEA SEA\M sEA

Proof. Let p= sup f(s) = sup g(s) <sup g(s); then f(s) < p for all
sEA\M sEA\M SEA

s € A\ M. Because A is a Baire space, A\ M = A; thus, by the lower

semi-continuity, f(s) < p for every s € A. The same argument yields that

g(s) < p for all s € A. O



Lemma 2.2. Assume that (A, {Hs}sen, ) is a continuous Hilbert bundle
and v € Qywi. Then

i. the function s+ ||v(s)||? is lower semicontinuous;

#t. there is a meagre subset M C A and a continuous function h : A — R4
such that

(a) h(s) = |[v(s)||? for all s € A\ M, and

(0) Inll = sup v (s)|” = sup [[v(s)]*.
sEA\M s€A

Proof. Let r € R be fixed and consider U, = {s € A : r < |[v(s)|*}. We

aim to show that U, is open. Choose sg € U,. Thus, r < ||v(s0)||?>. By Par-

seval’s formula, there are orthonormal vectors &1, ... ,&, € Hy, such that r <

Z [(v(s0), &) % < |lv(s0)||>. Choose any pug, ..., py € Q such that p;(se) =
j=1

&;, for each j. Because &1,...,&, are orthogonal, 11(s),. .., un(s) are lin-
early independent in an open neighbourhood of sg. Hence, by [10, Lemma
4.2], there is an open set V' containing sp and vector fields wy,...,w, € £
such that wi(s),...,wy(s) are orthonormal for all s € V, and w;(sg) = &;
for each j. The function

g(s) = Y [(wls),w;(s))?
j=1

on A is continuous and satisfies g(s) < |lv(s)||?, for every s € V, and
r < g(so). Therefore, by the continuity of g, there is an open set W C V
containing so such that r < g(s) < ||v(s)||? for all s € W. This proves that
U, contains an open set around each of its points. That is, U, is open.

Because every bounded nonnegative lower semicontinuous function on a
Stonean space A agrees with a nonnegative continuous function off a meagre
set M [24, Proposition III.1.7], the function h € C(A) as in (ii) exists and
satisfies h(s) = |lv(s)||? for s € A\ M.

The last statement follows from Lemma 2.1. O

Let (A, {H¢}ien, 2, Qyk) be a weakly continuous Hilbert bundle over A.
Given v € Qyx, the function h that arises in Lemma 2.2 will be denoted by
(v,v). There is no ambiguity in so doing because if hy, he € C(A) and if
hi(s) = ha(s) for all s & (M U Ms) for some meagre subsets M; and M,
then hy and ho agree on A. (If not, then by continuity, 1 and he would



differ on an open set U; but () # U € M; U M, is in contradiction to the
fact that no meagre set in a Baire space can contain a nonempty open set.)

Now use the polarisation identity to define (v1,12) € C(A) for any pair
v, v9 € Qyi. This gives Qi the structure of pre-inner product module over
C(A) whereby for each vy, 15 € Qyy there is a meagre subset M, ,, C A
such that the continuous function (v, 15) satisfies

(v1,02) (5) = (n1(s),12(s)), Vs €A\ My,
In particular, if v € Q) and w € Q, then
(r,w) (s) = (v(s),w(s)), VseA.

In fact, Qyy is an inner product module over C'(A), for if v € Qy satisfies
(v,v) = 0, then Lemma 2.2 yields ||v(s)||> = 0 for all s € A. Therefore,

vl = Il ») "2, v e,
defines a norm on 2y, where

l]* = sup (v(s), v(s)) = (v, )] (1)

SEA

Recall that given a C*-algebra B, a Hilbert C*-module over B is a left
B-module E together with a B-valued definite sequilinear map (, ) such
that E is complete with the norm |v|| = ||(v,v)||'/? (we refer to [17] for a
detailed account on Hilbert modules).

Note that if v € Qux, then |v|(s) := (v,v)/2(s) > |jv(s)| for s € A
and there exists a meagre set M C A with |v[(s) = |[v(s)|| if s € (A\ M)
(Lemma 2.2). These facts will be used repeatedly from now on.

Proposition 2.3. Qyy is a C*-module over C(A) and Q is a C*-submodule
Of ka'

Proof. The only Hilbert C*-module axiom that is not obviously satisfied by
Oy is the axiom of completeness. Let {v; }ien be a Cauchy sequence in Q.
By the equality (1), {vi(s)}ien is a Cauchy sequence in Hy for every s € A.
Let v(s) € Hs denote the limit of this sequence so that v : A — | | o Hs is
a vector field.

Choose w € © and consider the function g; ., € C(A) given by g¢;.(s) =
(w(s),vi(s)). Let € > 0. Then there is N. € N such that ||v; — v;|| < ¢, for
all 7,7 > N.. Therefore, the Cauchy-Schwarz inequality yields

sup |giw(s) — gjw(s)| < elwll, Vi,j> Ne.
SEA



Thus, the sequence {g; ., }i is Cauchy in C(A); let g, € C(A) denote its limit.
Observe that g, (s) = lim;(v;(s),w(s)) = (¥(s),w(s)), for all s € A. As the
choice of w €  is arbitrary, this shows that v is weakly continuous. The
Cauchy sequence {v;};cn is necessarily uniformly bounded by, say, p > 0,
and then ||v(s)|| < p for every s € A. That is, the function s — ||v(s)||
is bounded and so v € Q. Finally, if 4,5 > N, then for any s € A we
have [[1(s) — vi(s)]| < [0(s) — v3(3)]| + 175 (5) — wis)]| < llv(s) — vy(s)| + =,
and so letting j — oo yields |v(s) — vi(s)|| < e for every s € A. That is,
|lv — vi|| = 0, which proves that Qi is complete.

For the case of Q, let {wy}nen be a Cauchy sequence in . For each
s € A, {wn(s)}nen is a Cauchy sequence in Hg; let w(s) denote the limit.
Since the limit is uniform, it is in particular locally uniform, and so w € €.
Hence, (2 is complete. O

Definition 2.4. A Hilbert C*-module E over a C*-algebra B is called a
Kaplansky—Hilbert module if in addition B is an abelian AW*-algebra and

the following three properties hold [16, p. 842] (Kaplansky’s original term
for such a module was “faithful AW*-module”):

i. if e; - v =0 for some family {e;}; C B of pairwise-orthogonal projec-
tions and v € E, then also e - v = 0, where e = sup; e;;

w. if {e;}; C B is a family of pairwise-orthogonal projections such that
1 = sup; €;, and if {v;}; C E is a bounded family, then there is a
v € E such that e; - v = e; - v; for all i;

i1, ifv e E, theng-v =0 for allg € B only if v =0.

Remark 2.5. The element v € E obtained in the situation described in (ii)
will sometimes be denoted as ZZ e;v;. It should be emphasized that this is
not a pointwise sum.

Theorem 2.6. Qy is a Kaplansky—Hilbert module over C'(A).

Proof. For property (i), assume that v € Qi and {e;}; C C(A) is a family of
pairwise-orthogonal projections with supremum e € C(A) for which e;-v =0
for all 4. Because projections in C'(A) are the characteristic functions of
clopen sets, there are pairwise-disjoint clopen sets U; C A such that e; = Xu,-
Thus, for each i, using Lemma 2.2,

0= [le; - v||* = max (e; - v, e; - v)(s) = sup(ei(s)v(s), ei(s)v())

= max e;(s) [(v,v)(s)] = max (v, v)(s),



and so (v,v)(s) = 0 for every s € U;. Let U = |J; U;. The set U is clopen
and xg = sup; €; = e [5, §8]. As (v, v) is a continuous function that vanishes
on U, it also vanishes on U. Hence,
le- v[|* = max e(s) [(v,v)(s)] = max(v,v)(s) = 0,
sEA seU
which yields property (i).

For the proof of property (ii), assume that {e;}; C C(A) is a family of
pairwise-orthogonal projections such that 1 = sup; e; and that {v;}; C Quk
is a family such that K = sup ||v;|] < oco; we aim to prove that there is a
v € {dyk such that e; - v = ¢; - v; for all i. As before, assume that e; = x;,
and U = |J; U;. Then 1 = sup; e; implies that U = A.

For each w € €, consider the unique function f, € C(A) such that
ei fu = € (w, ;) for all ¢ (its existence guaranteed by the fact that A is
the Stone-Cech compactification of U). Note that for s € U; we have that
fu(s) = (w(s),vi(s)). Hence, |f,(s)| < K ||w(s)|| for s € U; the same in-
equality holds for all s € A because U = A and both sides of the inequality
are continuous functions of s. Moreover, if wi, wo € Q2 and a € C then,
for s € U we get that fow,+wy(S) = @ fu,(s) + fu,(s) and, therefore, that
fawi+ws = @ fuy, + fu,. Thus, for each s € A the function w(s) — f,(s) is a
well-defined, bounded linear functional on Hg. Let v(s) € Hy be the repre-
senting vector for this functional, yielding a vector field v : A — | |, .5 Hs.

Since (v(s),w(s)) = fu(s), for every w € Q, v is weakly continuous. It
remains to show that v is a bounded vector field. If s € U,
()l = sup  [{w(s),v(sh] = sup  [fuls)] <supuif = K,
we,[|w(s)[|=1 we,[|w(s)[|=1 L

which shows that ||v(s)|| is uniformly bounded on U. Thus, since U is dense,
the lower semicontinuous function s — ||v/(s)||? is bounded on A. Therefore,
v E Qyk.

Now we show that e; - v = e; - 1, for all . Fix i and s € U; and consider
w € . Then,

(w(s), ei(s)v(s)) = (w(s), v(s)) = fu(s)
= ¢;(s) fu(s) = ei(s){w(s), vi(s))
= (w(s), ei(s) vi(s)) -
Since (e;-v)(s) = 0 = (e;-v;)(s) for s € A\ U; we conclude that e;-v = e; - v;.
For the proof of property (iii), assume that v € Q satisfies g-v = 0 for
all g € C(A). Then, in particular, (v,v)-v =0, so (v,v) = 0. Hence, from
vl = I(v, v)]|"/? = 0 we conclude that v = 0. O



3 Endomorphisms of 2 and (2

Throughout this section A will denote the Fell C*-algebra of the contin-
uous Hilbert bundle (A, {Hs}sen,2), as described in Definition 1.4, with
A Stonean. Let B(€2) and B(€Qyk) denote, respectively, the C*-algebras
of adjointable C'(A)-endomorphisms of Q and Q. Since, by Theorem 2.6,
Qyx is a Kaplansky—Hilbert AW*-module over C'(A), B(Qyx) coincides with
the set of all C'(A)-endomorphisms of Qi [16, Theorem 6] and is a type I
AW*-algebra with centre C'(A) [16, Theorem 7].

In the particular case where 2 is given by the trivial Hilbert bundle
(A, {H}sen, C(A, H)) with H is a fixed Hilbert space, Hamana [15] proved
that B(Qyx) = C(A)®B(H), the monotone complete tensor product of
C(A) and B(H).

For each vy, vs € Qyy, consider the endomorphism ©,, ., on {yy defined
by

Ov v (V) = (V) -1, v E Quk.

For a Hilbert bundle g, let
n
F(Q) = Z@ij“’;‘ :n €N, wj,w; eN
j=1

We will consider both F'(©2) and F'(Qyx).

If wi,ws € €, then O, w,(w) € Q for all w € Q, and so F(Q2) C B(Q). In
fact, F'(2) and F(Qyx) are algebraic ideals in B(£2) and B( Q) respectively.
The norm-closures of these algebraic ideals, namely K () and K (Qyy), are
essential ideals in each of B(f2) and B(Qyxk)—called the ideals of compact
endomorphisms—and the multiplier algebras of K(2) and K () are, re-
spectively, B(€2) and B(Qyx) [17].

When referring to rank-1 operators = acting on a Hilbert space H, we will
use the notation z = £ ® i for such an operator—the action on v € H given
by v — (v,n){—and we reserve the notation ©¢, for “rank-1" operators
acting on a Hilbert module.

The term “homomorphism” will be used to mean a *-homomorphism
between C*-algebras.

For any C*-algebra B, we denote the injective envelope [13], [18, Chapter
15] of B by I(B) (and we consider I(B) as a C*-algebra rather than as an
operator system).

The main result of the present section is the following.

10



Theorem 3.1. There exist C*-algebra embeddings such that
K@) c A C B(Q) C B(Q) = [(K(Q)). (2)
In particular, I(K(Q)) = I1(A) = I(B(2)) = B(Qwk)-

The proof of Theorem 3.1 and a description of the inclusions in (2) begin
with the following set of results.

Lemma 3.2. For every a € A and w € ), the vector field a - w defined by
a-w(s) =a(s)w(s) is an element of .

Proof. Let a € A. Then a*a € Ay and since all fields in A are weakly
continuous, for every w € Q the map s — |la(s)w(s)|| = (a*a - w(s),w(s))/?
is continuous.

Suppose sg € A and £ > 0. Because Hs, = {u(so) : p € Q}, there is a
p € Q such that a(so)w(so) = u(so). Since

la-w(s) = u(s)II* = lla(s)w(s)|® + [lu(s)lI* — 2Re {a(s)w(s), u(s))

is continuous on A and vanishes at sg, there is an open set U C A containing
sp such that [ja - w(s) — u(s)|| < e for all s € U. As Q is closed under local
uniform approximation, this proves that a - w € €. O

Proposition 3.3. The map o : A — B(R2) given by o(a)w = a-w, fora € A
and w € Q is an isometric homomorphism. Furthermore, K(Q) C o(A) C
B(Q) as C*-algebras.

Proof. 1t is clear that ¢ is a homomorphism, and so we only need to verify
that it is one-to-one. To this end, assume that g(a) = 0. Thus, a(s)w(s) =0
for every w € Q and every s € A. Because Hy = {w(s) : w € Q}, this
implies that a(s) =0 for all s € A, and so a = 0.

To show K(§2) C o(A) C B(f) as C*-algebras, consider O, ., with
wi,wa € 2. The map s+ ||O,,, (s)wo(s) || 15 continuous because [|O,,, (s),us(s) l
= [wi(s)[ llwz(s)l. For any n1, 72 € €2, the map

(Ouwy ws - M M) (8) = (M1, wa) () (w1, m2)(s) = (Mm(s), wa2(s)) (wi(s),na2(s))

is continuous. So O, «, is also finite dimensional and weakly continuous,
which shows that ©,,, ., € A and K(Q2) C o(A). O

Lemma 3.4. With respect to the inclusion Q C Qyi, we have Q+ = {0}.

11



Proof. Let v € Qi be such that (v,w) = 0, for every w € Q. That is, for
every w € Q and for every s € A, (v(s),w(s)) = 0. If v # 0, there exists
sp € A such that v(sp) # 0. By axiom (II) in Definition 1.1, there exists
w € Q such that w(sp) = v(sp), in contradiction to (v(sp),w(sp)) =0. O

Lemma 3.5. Ifty € A and £ € Hy,, then there exists w € € such that
w(to) = £ and ||w]| = [I€]]-

Proof. The case £ = 0 is trivial. So assume that ||| > 0. Let o’ € Q with
W'(tg) = & Fix a clopen neighbourhood V' of ty such that V. C {t € T :
lW/ (] > (o) 1/2}. Let B'(-) = ]| - [ ()" € C(V); then A extends
to a continuous function h € C'(A) with h|a\y = 0. It is now straightforward
to show that w = h - w’ € Q has the desired properties. O

Proposition 3.6. There exists an isometric homomorphism 9 : B(2) —
B(Qwx) such that for a € A, v € Qyx,

(W(e(a))v)(s) = als)v(s), s€A. (3)
Proof. Assume that b € B(f2) and w € 2, s € A. By Lemma 3.5,

[bw)()ll = sup  [((bw)(s),E)[ = sup  [((bw)(s),n(s))]

§eH,, ||I€]=1 n€Q, |Inll=1

= sup |Qw,n)(s)|= sup [{w(s), (b*n)(s))]

new, [Inl|=1 new, |Inll=1

<fw(s)I sup  [[o"n] < flw(s)] 6°]| = [lw(s)] o]l -
neQ, [Inll=1

Therefore the function w(s) — (bw)(s) is well defined and induces a bounded
linear operator b(s) € B(H,) such that (bw)(s) = b(s) w(s), for s € A and
w € Q, with sup,ca ||6(s)|| < [|b]|. Moreover,

6l = sup ||b-w| = sup sup |[b-w(s)|| = sup sup |[b(s)w(s)||

llwll=1 wll=1 s lwll=1 s
< sup sup [[b(s)]| [w(s)]| < sup [lb(s)I] < [|b]]
lwll=1 s s
and so supgen [|b(s)|| = ||b]]. Suppose now that v € Qyy and s € A, and

define a vector field ¥bv by (9bv)(s) = b(s) v(s). If n € Q, then

((Wbv)(s),n(s)) = (v(s),b(s)"n(s)) = (v(s), (b"n)(s))

is continuous, which shows that ¥b v is weakly continuous with respect to
Q. Since ¥bv is also uniformly bounded, we conclude that Ybv € Q.
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It is straightforward to show that the map v — Ybv is a bounded C(A)-
endomorphism of Qx and hence it gives rise to an element ¥b € B(Qyk).
It is clear that ¢ is a homomorphism. If ¥b = 0, then b(s)w(s) = 0 for all
we N, s € Aandso b(s) =0 for all s; then ||b|| = sup, ||b(s)| = 0, and
b = 0. So ¥ is one-to-one, and thus isometric. Finally, it is clear that (3)
holds by construction. O

One consequence of the proof of Proposition 3.6 is that for every b €
B(Q) there exists an operator field {b(s)}sca acting on the Hilbert bundle
{Hs}sen such that (bw)(s) = b(s)w(s), for every s € A. This property,
however, is not shared by all elements of B(Qyx).

Lemma 3.7. If z € B(Qywx) and 0,,20,, = 0 for all w,p € Q, then
z=0.

Proof. For any &, w, u €  we have that

0= @w,w < ('_),u,,ug = (fa :u> <Z.ua w> w.

Hence, we get that

0 = (& ) [zp, w) > = (&, ) [(p, 2*w) .

We are free to choose &, € Q. Fix s, and choose p with p(s) = z*w(s); let
€& = p. Then, as p € Q, we get 0 = (pu, u)(s) = (u(s), u(s)), so z*w(s) =
p(s) =0. As s € A is arbitrary, z*w = 0 for every w € . For any v € Qyx
and every w € Q, (zrv,w) = (v, z*w) = 0. By Lemma 3.4 we conclude that
zv = 0 for v € Quxk and hence z = 0. ]

Proof of Theorem 3.1. We consider the embeddings A 2 B() and B() LA
B(Qyx) defined in Propositions 3.3 and 3.6. In this way, we get the inclusions
in (2).

Because B( k) is a type I AW*-algebra, it is injective [14, Proposition
5.2]. To show that B(yx) is the injective envelope I(K(Q2)) of K(Q), we
need to show that the embedding ¥ o ¢ of K(2) into B(€Qyy) is rigid [18,
Theorem 15.8]: that is, we aim to prove that if ¢ : B(Qyx) — B(Qwk) is
a unital completely positive linear map for which ¢|g ) = idg(), then
¢ = idp(a,u.)-

Let ¢ : B(Qwk) — B(Qwk) be such a ucp map with ¢|xq) = idg(q)-
Suppose that z € B(Qwk) and w,pu € Q. Then 0,20, = Oryww, €
K(Q). Because K() is in the multiplicative domain of ¢, we have that
¢(axb) = ap(x)b for all x € B(Qyux) and a,b € K(€). This implies that

6w,w¢(z)@#»ﬂ = ¢(@w,wz®u7u) = ¢(®<zu,w)w,u) = G(Z,u,w)w,u = @w,wzgy,yy
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and so Oy, (2—¢(2))0,,, = 0. Since w, ;1 were arbitrary, Lemma 3.7 implies
that z — ¢(2) = 0 and so ¢ = idp(q,,)-

We have shown above that the inclusion K (2) C B(Qyx) is rigid. More-
over, K () is an essential ideal of B(Q2) and K(Q) C A C B(Q2). Hence,
I(K(9)) = 1(A) = I(B(9)) = B(Qu). 0

We conclude this section with a remark about the ideal K () of
B(Qyx). In type I AW*-algebras, the ideal generated by the abelian projec-
tions has a prominent role. As it happens, K (Qyy) is precisely this ideal.

Proposition 3.8. The C*-algebra K(Qywx) coincides with the ideal J C
B(Qwx) generated by the abelian projections of B(Qwk). So K(Qwk) is a
liminal C*-algebra with Hausdorff spectrum.

Proof. By [16, Lemma 13], a projection e € B({y) is abelian if and only
if there exists v € Qyy such that |v| is a projection in C'(A) and e = ©,,,,.
Hence, J C K(Qyx).

To show that K(Qwk) C J, assume v € yy is nonzero. Let € > 0. We
will show that there is an x. € J such that ||©,, — z|| <e. Let V C A be
the (clopen) closure of {s € A : |v|(s) < e'/?}, U = A\ V (also clopen) and
let g = (1/[v]) xv € C(A)+. Then glv] = xu and || xayulvl || < £/2. Tet
V' = g-vso that || = xy. Hence, ©,/,» € J and O,/ = g*> - 0,,. Let
z: = [v|>- O,/ € J. Then

Le = |V|2 ’ @V’,V’ = ‘V‘292 91/,1/ = XU 61/,1/7
and z. — 0, = XA\U ° ©,,,. Then

[ze =Ouull = sup |Ixa\wv:Oupnll= sup [xaw- vV
N€(Qwi)1 NE(Qwic)1

= sup max [(n,v)(s)||lv(s)]
ne(Qui)1 SEA\U

< sup max |n|(s)|v|(s)|||V(s < max |v|(s)? <e.
s e [3l(5) ()| ()] < mave o)

As ¢ was arbitrary and J is closed, we conclude that ©,, € J. The po-
larisation identity then shows that ©,, ,, € J for all v1, e € Qyy. Hence,
F(Qwk) C J, and so K(Qyx) C J.

It remains to justify the last assertion in the statement. By the main
result of [12], the ideal generated by the abelian projections in a type I
AW*-algebra is liminal and has Hausdorff spectrum. Hence, this is true of
K(Qw)- O

14



4 Multiplier and Local Multiplier Algebras

In the previous section we established the inclusions K(Q2) C A C B(Q2) C
B(Qyx), as C*-subalgebras, and we showed that I(A) = B(Qyk). The
present section refines these inclusions to incorporate multiplier algebras
and local multiplier algebras.

Given a C*-algebra C, we denote by M(C) and Me.(C) its multiplier
and local multiplier algebra [2] respectively.

The second order local multiplier algebra of C'is Mo (Mioe(C')), the local
multiplier algebra of Mj,.(C). By [11, Corollary 4.3], the local multiplier
algebras (of all orders) of C' are C*-subalgebras of the injective envelope
I(C) of C. In particular, C' C Mjo.(C) C Mpe (Moc(C)) C I(C) as C*-
subalgebras.

By a well known theorem of Kasparov [2, Theorem 1.2.33], [17, Theorem
2.4], M(K(Q2)) = B(2). We remark that all the subalgebras we consider
are essential in B({yx) (i.e. the annihilator is zero), and so whenever we
write M (C) for one of these subalgebras C' C B(€yk), we mean the concrete
realization [20]

M(C)={x € B(Qwx) : zC+ Czx C C}.
The following theorem is the main result of this section.

Theorem 4.1. With the notations from the previous sections, we have
the equality Mioc(A) = Mioe(K(2)) and the following inclusions (as C*-
subalgebras):

M(A) ¢ M(K(Q)) = B(Q)
C Migo(K () € Mige (Mioo(K(9))) = B(Quic) - (4)

In particular, Mo (Mioc(A)) = I(A).

Ara and Mathieu have presented examples of Stonean spaces A and triv-
ial Hilbert bundles © where the inclusion Mo (K (2)) C Mioe (Mioc(K(£2)))
in (4) is proper [3, Theorem 6.13]. As a consequence of Theorem 4.1 and the
fact that B(Qyx) = I(K(£2)), we see that this gap cannot occur for higher
local multiplier algebras, i.e. for all k£ > 2, M{Zﬁl(K(Q)) = MF (K(Q)) —
where MITH(K(Q)) = Mioo(ME (K (Q))) for k > 1.

The proof of Theorem 4.1 is achieved through a number of lemmas.
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Lemma 4.2. The set
n
F, = {26“17“1 :neN, w; € Q}
j=1

is dense in the positive cone of K(2).

Proof. Assume that h € K ()4 and let £ > 0 be arbitrary. For each sg € A
consider the positive compact operator h(sp) € K(Hg,). Then there are
vectors &1, ... ,fnso € Hg, such that

Nsg

Ih(s0) =Y & @&l <e.

J=1

Using (II) in Definition 1.1, choose w1, ..., wn,, € Q such that w;(so) = &j,
1 <j < ngy, and let ks, = E;.liol O, w;- By continuity of the operator fields
in A, there is an open set Us, C A containing sg such that ||h(s)—rs,(s)|| < &
for all s € Us,.

This procedure leads to an open cover {Us}sea of A, from which (by

compactness) there exists a finite subcover {Uy, ..., U,,} and corresponding
fields r; = > 7%, @wy] Ll Let {t1,...,¥m} C C(A) be a partition of unity

subordinate to {Ui,...,Uy,} and note that v; - Gwﬁi],w][-i] = @wil/Z'wgi]’d]il/}wj[.i]
for all j and i. Hence, the field k = > " | ¢;-K; isin Fy, and for each s € A,

1h(s) = w(s) = 11D i~ (h=r) ()l < D i)l (h = mi)(s)l| < e
i=1 i=1
Hence, h is in the norm-closure of F.. O

Lemma 4.3. Let {U;}ien be a family of pairwise disjoint clopen subsets of
A whose union U is dense in A, and let ¢; = xy;, € C(A), for each i € A.
Suppose that {w; }ien is any bounded family in Q0 and let @ =, .\ ciw; €
Quk, in the sense of Remark 2.5. If f € C(A) is such that f(s) = 0 for
se€ A\ U, then f-w € Q.

Proof. Fix sp € A and let € > 0. If sg € A\ U, then by the continuity of f
and the fact that f(sg) = 0 there exists an open subset Uy, C A containing
so such that |f(s)| < el|@|| = for all s € U,. Hence, the vector field f - is
within e of the zero vector field 0 € €2 on the open set U, .

On the other hand, if sg € U, then there exists j € A such that so € Uj.
By construction, ¢; - @ = ¢; - w; and so @(s) = w;(s) for all s € U;. Because
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|(f-@)(s) = (f -wj)(s)|| =0 for all s € Uj, the vector field f - & is within €
of the vector field f-w; € € on the open set U;. Thus, by the local uniform
approximation property (axiom (IV) in Definition 1.1), f - & € Q. O

The fact that O+ = {0} in Oy (Lemma 3.4) suggests that (2 is somehow
dense in Q. The next proposition makes this relation more explicit.

Proposition 4.4. If v € Qyy and € > 0, then there exist a family {c;}ica
of pairwise orthogonal projections in C(A) with supremum 1 and a bounded
family {witien CQ such that ||v—>",c5 ¢i - wil| <e.

Proof. By Lemma 2.2, the function s — ||v(s)]| is lower semicontinuous;

hence, there exists a meagre set M, such that the function s — [|v(s)| is

continuous in the relative topology of A\ M,. Observe that (A\ M,) = A.
Fix sp € A\ M, and let w € Q be such that w(sp) = v(sg). Since

lv(s) = w(s)II* = [v(s)I* + lw(s)lI* — 2Re (v,w)(s),

the continuity in the relative topology of A\ M, guarantees the existence of
an open subset Uy, of A containing sg such that ||v(s) —w(s)|| < /2 for all
s € (A\ M,)NUs,. Hence, again by continuity we get that || — w||(s) < e
for all s € Ug,. The set Us, is a clopen subset of A and A’ = A\ Uy, is also
a Stonean space. Further, M, N A’ = M, N (A \ Uy,) is a meagre set such
that the function s — ||v(s)]|, for s € A"\ (M, N A’), is continuous in the
relative topology.

An application of Zorn’s Lemma yields a maximal family {(x;,,w:)}iea
such that U;NU; = ) for i # j and such that |x;; (v —w;)|| < e. Maximality

ensures that (U;erU;) = A, for otherwise we can enlarge this family by the
previous procedure in the Stonean space A\ (UjepaU;). If we let ¢; = xy;,
for i € A then it is clear by Lemma 2.2 that ||v — > ;. ¢; - wi|| < € as for
every j € A we have that |cj(v — > ,cp¢i-wi)|l = [lej(v — wj)|| < € and
\/iEA C; = 1. ]

The next result is the key step in the proof of Theorem 4.1.

Proposition 4.5. For every abelian projection e € B(Qyx) and € > 0 there
is an essential ideal I C K () and x € M(I) such that ||e — z|| < e.

Proof. Assume that e € B(Qyx) is an abelian projection and let ¢ > 0.
Thus, by [16, Lemma 13], e = ©,, for some v € Qyy for which (v,v) is a
projection of C'(A). By Proposition 4.4, there is a family {¢; };ca of pairwise
orthogonal projections in C(A) with supremum 1 and a bounded family
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{w;j}jen C Q such that ||v — ol <e/(2[|v|]), where @ =35 ¢j - wj € Q.
Each c¢; is the characteristic function of a clopen set U; and the union U of
these sets Uj is dense in A.

Let I ={a € K(Q) : a(s) =0,Vs € A\ U}, which is an essential ideal
of K(Q). Define FI ¢ Fy ¢ K(Q), to be the set

n
Fl = {Z@mvm tn €N,y €, pilaw =0, i=1,...,n}.

i=1
Suppose that n € Q satisfies ||n(s)|| = 0 for all s € A\ U, and consider
Oy € FI. Observe that O, Onn = O45).e,,, Which is an element of [
because (n,w)(s) = (n(s),w(s)) =0 for all s € A\ U and (n,@) -© € 2 by
Lemma 4.3. Hence, ©g 3 maps the set FT back into I. Because F! is dense
in Iy, as we shall show below, ©g I C I and a similar computation shows
that 104 o C I. Furthermore, writing z = O3 g,

He - :CH = ||®V,V - @w,@

| < (vl + @l v =l <e.

It remains to show that ' is dense in I,. To this end, assume &’ > 0
and k € Iy. Thus, k(s) =0 for all s € A\ U. Furthermore, by Lemma 4.2,
there exists h € Fy such that |k — h|| < &’. Let h = Xa\p - I and note that,

as k € I, it is also true that ||x—h|| < &. Now if & has the form D=1 O

for some p; € Q, then h = > e QXA\U”ijA\U“j e FL. O

Proof of Theorem 4.1. Because K () is an ideal of A, we have M(A) C
M(K()). Moreover, as K(2) is an essential ideal of A we conclude that
Mioc(A) = Mo (K (Q)) [2, Proposition 2.3.6]. On the other hand, the inclu-
sions

B(Q) = M(K(2)) C Mioce(K(2)) C Mioe (Mioc(K(€2))) C B(2wi)

hold by [11, Theorem 4.6].

Therefore, we are left to show that Mo (Mioc(K(£2))) = B(Qwk). By [11,
Corollary 4.3], an element z € I(K(2)) = B(Qwk) belongs to M,.(K(£2))
if and only if for every € > 0 there is an essential ideal I C K(Q2) and a
multiplier € M(I) such that ||z — z|| < e. By Proposition 3.8, K (yx)
is the (essential) ideal of B({yk) generated by the abelian projections of
B(Qyx); thus, by Proposition 4.5, K(Qwk) C Mioe(K(€2)). Hence, K(Qwk)
is an essential ideal of M,.(K(€2)) and so M (K (Qyk)) C Mioe (Mioc(K(Q))).
However, B(Qwk) = M (K (Qwk)) by Kasparov’s Theorem [17, Theorem 2.4]
(or by a theorem of Pedersen [20]); hence,

B(ka) =M (K(ka)> C Mioc (Mloc(K(Q))) - B(ka) )
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which yields Mioe (Mioe(K (€2))) = B(Qyi).- O

Somerset has shown that every separable postliminal (that is, type I) C*-
algebra A has the property that Mc(Moc(A)) = I(A) [22, Theorem 2.8].
Theorem 4.1 demonstrates that the same behavior occurs with (certain)
nonseparable type I C*-algebras. Somerset’s methods are different from ours
in at least two ways: he employs the Baire x-envelope of a C*-algebra where
we use the injective envelope and he uses properties of Polish spaces—spaces
that arise from the separability of the algebras under study. It is reasonable
to conjecture that Mioc(Moe(A)) = I(A) for all C*-algebras A that possess
a postliminal essential ideal. To prove such a statement, it would be enough
to prove it for any continuous trace C*-algebra A.

5 Direct Sum Decompositions

A Kaplansky—Hilbert module E over C(A) is said to be homogeneous [16]
if there is a subset {vj}jea C E — called an orthonormal basis — such that
(vi,v;) = 0 for all j # i, |v;| =1 for all j, and {Vj}j‘eA = {0}, where for any
v € E, |v| is the continuous real-valued function |v| = (v,v)V/? € C(A).

Kaplansky introduced the notion of homogeneous AW*-module with the
aim of reducing the study of abstract AW*-modules to the slightly more
concrete setting in which the modules have an orthonormal basis. This is
justified by the following result:

Theorem 5.1 ([16]). Let E be a Kaplansky-Hilbert module over C(A). Then
there exist orthogonal projections {c;}icr C C(A) with supremum 1 such that
¢i E is a homogenous AW*-module over ¢; C(A).

Note that in the situation of Theorem 5.1, for each ¢ there exists a clopen
set A; C A with ¢; = xa,. The sets {A;} are pairwise disjoint, and U;A; is
dense in A.

In this section we consider the effect of a direct sum decomposition in the
structures that have been studied in the previous sections, namely the Fell
algebra A of the weakly continuous Hilbert bundle (A, {Hs}sen, 2, Qwk),
and its local multiplier algebra Mj,.(A). We show that a decomposition of
Quk into a direct sum @;c; Qi given by a partition of the identity {¢;} in
C(A) leads one to consider two corresponding direct sum C*-algebras: @;A;
and @; M)oc(A;), where A; is a subalgebra of A for all i. We prove that
A need not be isomorphic to ®;A;, yet Moc(A) = @ Mioe(A;). The latter
result is especially interesting if one recalls that M,.(A) is generally not an
AW*-algebra [3, Theorem 6.13].
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Theorem 5.2. Let (A, {Hs}sen,Q) be a continuous Hilbert bundle over
the Stonean space A. Assume that {A;}ier is a family of pairwise-disjoint

clopen subsets of A whose union is dense in A, and for each i € I let
ci = xa; € C(A) and Q; = {w)a, : w € Q}. Then:

. (A, {Hs}sen,, ) is a continuous Hilbert bundle;
1. (Q)wk = ¢ - Quk as C*-modules;
158, Qui = D, (Q)wk as C*-modules;

w. B((Q)wk) = ¢i - B(Qwk) as C*-algebras;

v. B(Quwi) = @, B((%)wk) as C*-algebras.

In it and 2, the isomorphism is considered together with the identification

C(A;) ~¢; C(A).

Proof. Being clopen in A, each A; is itself a Stonean space, and it is easy
to see that C'(A;) = ¢; C(A)

i. For axiom (I) in Definition 1.1, we aim to show that €2; is a C'(A;) module.
Let w €  and consider w; = w|a,. Choose any f; € C(A;). As A; is clopen,
fi can be extended to F; € C(A) such that f; = F|a,, and Fi[a\a, = 0.
The action f; - w; = (F; - w)|a, gives §; the structure of a C(A;) module.
Axioms (II) and (III) of Definition 1.1 are trivially satisfied.

For axiom (IV), let £ : A; — [ |,cn, Hs be a vector field such that for
every sg € A; and ¢ > 0 there is an open set U; C A; containing sg and a
w; € Q; with [Jwi(s) = &(s)|| < eforall s € Us. Let 2: A; — | |,co Hs be
the vector field that coincides with £ on A; and is identically zero off A;.
By the definition of €;, there is w € Q such that w; = w|a,. The set U; is
also open in A, and |lw(s) — E(s)|| < ¢ for all s € U;. If so ¢ A; choose any
open set V; containing sg such that V; N U; = () and let w € Q be arbitrary;
then 0 = ||xa,(s)w(s) —E(s)|| < € for all s € Vj. Since xa, -w € 2 and since
() is closed under local uniform approximation, = € 2, whence £ € §2;.

1. Let T; @ ¢; Qwk — (Qi)wk be given by Ti(c;v) = v|a,. It is clear that
T; is well defined, linear, bounded, and has trivial kernel; to show that it
is onto, note that if v; € (£;)wk, then—since A; is clopen—the vector field
v:A = |ea Hs defined by v(s) = 0, for s € A;, and v(s) = v4(s), for
s € A;, has the property that (w,v) € C(A), for all w € Q; so v € Qyi and
v; = T;(civ). Tt is also easy to check that T; preserves inner products.

i1, Let T : Qui — @;(Q)wk, given by Tv = (Ti(civ));c;- The previous
paragraph and Lemma 2.1 show that T is an isometry; we show now that T’
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is onto. Suppose that v/ = (v;)ier € @,;(i)wk. For each i € I let 7; denote
the vector field on A that coincides with v; on A; and vanishes elsewhere.
Then 7; € Quk and Tj(¢;7;) = v;. Hence, if v = ), ¢;7; as in Remark 2.5,
we have v € Qui and Tv = /. Thus, Qux and @,(Q)wk are isomorphic
Banach spaces. Similar arguments show that €,(€2;)wk is a C(A)-module
and that T" is module isomorphism. Hence, Qg = €D, (€2)wk as C*-modules.
. Let p; : ¢; B(Qywx) — B(()wk) be given by pi(c;ib) Ti(civ) = (bv)|a,-
This map is well-defined because if ¢;b; = c¢;be then for any v € Q) we
have (biv)|a, = (cibiv)|a, = (cibav)|a, = (bav)|a,. A similar computation
shows that p; is one-to-one, and linearity is clear. To see that p; is onto, let
bi € B((£2;)wk). Consider the injection ~: (€2;)wkx — Qwi Where 7; € Q. is
the vector field that agrees with v; on A; and is 0 elsewhere. Let b € B(Qyx)
be the operator given by bv = b;(v|a,). Then p;(c;b)(Ticiv) = (bv)|a;, =
bi(v|a,)|a, = bi(v]a,) = bi (Ticiv), so pi(cib) = bi.

v. Let p @ B(Qwk) = €, B((£2)wx) be the map p(b) = (pi(cib))ier - It
is clear that p is a homomorphism. If p(b) = 0 for some b € B(Qyx),
then — as each p; is one-to-one — ¢;b = 0 for all 4; this implies that b*b =
b*(sup;(c; - I))b = sup;(b*c;b) = 0 by [14, Corollary 4.10], so b = 0 and p
is one-to-one. To show that p is onto, let (b;); € @, B(()wk); as each
pi is onto, there exist operators b' € B(fy) with p;(c;b') = b;. Define
b € B(Qyk) by bv = >, ¢;b'v (in the sense of Remark 2.5; that is, ¢;bv =
cib'v). Then p;(c;b)v|a, = (cibv)|a, = (cib'v)|a, = pi(cib®)v|a, = biv|a,. So
p(b) = (bi)i- O

Proposition 5.3. Assume the notation, hypotheses, and conclusions of
Theorem 5.2. Then there exists an example where the canonical embed-
ding Q@ — @, (via the isometry T from the proof of 4ii in Theorem 5.2)
is mot onto. In particular, ) is properly contained in Qy.

Proof. Take A and the family of clopen subsets {A;};c; in Theorem 5.2 to
be such that J;c; A; # A. Thus, I is an infinite set. Let H be a Hilbert
space with orthonormal basis {e; };c; and consider the trivial Hilbert bundle
Q= C(A, H) of all continuous functions w : A — H. As in Theorem 5.2,
let Qz = C(AZ,H)

For each ¢ € I, set w; € Q with w;(s) = ¢; for all s and consider
(wi)ier € ;€. Under the isomorphism of Theorem 5.2, this element
(wi)ier is identified with w = Y .7 xa,; - @ € Quk (in the sense of Remark
2.5), where @; is any element of € that agrees with w; on A; and vanishes
off A;. Under this identification, w ¢ Q; that is, the function s — ||w(s)||
fails to be continuous on A. We argue this by contradiction.
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Assume that s — ||w(s)|| is continuous on A. Because ||w(s)|| = 1 for
all s € UjerA;, continuity implies that [|w(s)|| = 1 for s € A. Choose
s0 € A\ (UjerA;) and let (sq)aer C UierA; be a net such that s, — sp.
Let n €  be the constant field 7(s) = w(sp), for all s € A. Since w € Qyy,
we have

lim (w(sa),m(sa)) = (@(s0)m(s0)) = (wso)wlso)) = 1. (5)
For each a € A let i(a) € I be such that s, € Aj(,). Thus, for every a € A,
I, ={i(B): Be€l, > a}isan infinite set (for otherwise sy € A; for some
i € I). Therefore,

hén <w(804)777(86¥)> = hortn <ei(a)7w(30)> =0. (6)

As (5) and (6) cannot be true simultaneously, we obtain a contradiction.
Hence, w ¢ ). O

Our second reduction theorem below notes some consequences of Theo-
rem 5.2 when applied to the injective envelope and local multiplier algebras
of the Fell algebra A associated to a continuous Hilbert bundle.

Theorem 5.4. Let (A, {H;}ien, ) be a continuous Hilbert bundle over the
Stonean space A and let A = (A, {K(H;},T") denote the associated contin-
uous trace C*-algebra of Fell. Assume that {A;}ier is a family of pairwise-

disjoint clopen subsets of A whose union is dense in A, and for each i € 1
let c; = xa, € C(A) and Q; = {wa, : w € Q}. Then:

i. if A; denotes the Fell algebra of (Ai,{Hs}sen,, i), then A; = ¢; - A;

its. I(A) =@, 1(A);

’i’l). MIOC(A) = @ie[ Mloc(Ai)-
Proof. Let A; = (A, {K(Hs)}sen, i) denote the Fell C*-algebra associated
to the Hilbert bundle (A;, {Hs}sea,, ). That is, I'; consists of all weakly
continuous almost finite-dimensional operator fields a; : A; — | | cn, K (Hs)
such that s +— ||a;(s)| is continuous. We have that B((€2;)wk) is a type I
AW*-algebra with centre C'(4;).
i. For each a; € T; there is an a € I" such that a; = a|a,. To verify this,

let a : A; — | |;ea K(Hs) be the operator field defined by a(s) = a;(s),
for s € A;, and a(s) = 0, for s € A;. Since A; is a clopen set, the maps
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s — Jla(s)]| and s — (a(s)wi(s),ws(s)) are continuous for every wy,ws € €.
The operator field a is also locally finite-dimensional, again because A; is
clopen and a; has the property on A;. Hence, a € I". Next, let m; : A; — ¢;A
be defined by 7;(a;) = c¢;a, where a € A is any operator field that restricts
to a; on A;. This map is clearly well-defined, and a homomorphism.

1. By Theorem 3.1, B((Q%)wk) = I(4;) = I(c;A).

3. By [14, Lemma 6.2], I(¢;A) = ¢;I(A). Hence, I(A;) = B((£;)wk) and
Theorem 5.2 immediately yields I(A) = @,.; I(4;).

iv. We take each Mj,.(A;) to be a C*-subalgebra of B((€;)wik). First we
remark that the isomorphism p from Theorem 5.2 sends A into €, A4;. To
see why, recall that av(s) = a(s)v(s), for all a € A, v € Qu, and s € A
(Proposition 3.6). Since, for a given ¢ € I, the action of p;(a) on v; € (£2;)wk
is defined by v; — (av)|a,, where v € Qyy is any vector with v|a, = v;, it
is easy to verify that p;(a) is a weakly continuous almost finite-dimensional
operator field on A;.

To show that p (Mioc(A4)) C @, Mioc(4s), let © € Mpo(A) C I(A) and
suppose that ¢ > 0. Thus, there is an essential ideal J C A and a multiplier
x € M(J) such that ||z —y|| < e. Further, there exists an open dense subset
U C A such that

J={a€A:a(s)=0, se A\U}. (7)
For i € I, let U; = A; " U, which is an open dense set in A;. Therefore,
J; = {aiGAi: a(s)zO, SEAZ‘\UZ‘} (8)

is an essential ideal in 4;. We aim to show that p;(y) € M(J;). To this end,
select a; € J;. As A; = ¢;- A, there is an a € A such that a;(s) = a(s) for all
s € A;. Moreover, a € A can be chosen so that a(s) =0 for all s € A\ A,.

Because a; € J;, we conclude that a(s) = 0 for all s € A\ U; that is,
a € J. Therefore, ya € J, which implies that ya(s) =0 for all s € A\ U. In
particular, ya(s) = 0 for all s € A; \ U;. The element p;(y)a; € B((£2)wk)
is in fact an operator field since p;(y)a; = pi(y)pi(cia) = pi(ci(ya)) € A;.
Then, for all s € A;\ U; and v € Qyy,

[pi(y)ail(s)(Ticiv)(s) = pi(y)ai(Ticiv)(s) = pi(ciya)(Ticiv)(s)
= (ya)v|a,(s) = (ya)(s)v|a;(s) = 0.

With v being arbitrary, we conclude that p;(y)a;(s) = 0, that is p;(y)a; € J;,
and so p;(y) is a left multiplier of J;. By a similar argument, p;(y) is a right
multiplier of J;, and so p;(y) € M(J;). Thus, p(y) € @, Mioc(A4;) and
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llp(x) — p(y)|l = ||z —y|l <e. As e > 0 was chosen arbitrarily, this proves
that p(x) € @, Mioc(4s).

Conversely, let us show that @, Mioc(Ai) C p(Mioc(A)). Let (x;); €
D, Mioc(A;); thus for each i € I, there exist an essential ideal J; C A; and
y; € M(J;) such that ||x; — yi|| < € for all ¢ € I. For each i € I, there
exists an open dense subset U; C A; such that J; is given as in (8). Define
U = U, Ui, which is an open dense subset of A and let .J be the essential
ideal of A defined as in (7) (for our present choice of U). Let y € B(Qwk)
be such that p(y) = (y;)i-

For each w € 2, we have that yw € Q.

Cram 1. If w € Q is such that w(s) =0 for all s € A\ U, then yw € 2
and yw(s) =0 for s € A\ U.

Assuming Claim 1, consider the set F'y = span{Qy. : w € Q, w(s) =
0 for s € A\ U}, which by Lemma 4.2 is dense in K, where K is the
essential ideal of K () defined by K = K(Q) N J. By the Claim, y0, ., =
Oyuw € K for all w € Q. Therefore, y is a left multiplier of K. Similarly,
y is a right multiplier of K , which yields y € M(K). Hence, (z;)ics is
within € of a multiplier—mamely, p(y)—of an essential ideal of p (K (Q2)).
Thus, by the Frank-Paulsen description of local multiplier algebras [11],
(xi)ier € p(Mioc(K(£2))). By Theorem 4.1, Mjpc(A) = Mioc(K(£2)), so
(@i)ier € p(Mioc(A)).

We are now left with proving Claim 1. Assume that w € Q with w(s) =0
for all s € A\ U. Let i € I and let w; = w|a, € ;. Note that for every
ni € 4, Ou,.n; € Ji, and hence Oy, n = YiOu,m € Ji. Also, yiw; € ;.
Indeed, suppose that so € A; and let n; € €; such that ||n;(so)|| = 1. Choose
a clopen subset V; C A; of sg for which ||n;(s)|| > 1/2 for all s € V; and
define f(s) = xv,(s)||n:(s)||72. Thus, f € C(A;) and so f -n; € ;. Then,
since Oy, € Ji C A;, we have Oy, n. (f - 1) € Q. So xv, - yiw; =
Oy,wim: (f - mi) € ;. Thus, y; w; is a local uniform limit of vectors fields in
2; and hence, y; w; € ;. Moreover, since Oy, », € J; for any n; € €;, we
have y;w;(s) =0 for s € A; \ U;.

Since (yw)(s) = (y;w;)(s) for s € A;, the lower semicontinuous function
s — || (yw)(s)] is continuous on (J; A; and vanishes on (|J; A;) \ U.

CrAamm 2. There exists C' > 0 such that ||yw(s)|| < C'||w(s)], s € A,
iel.

We will use Claim 2 to show that the function s — ||(yw)(s)]| is contin-
uous on A. Let s € A\ (U; Ai) and let (sq)a C |J; A; be a net such that
Sq — s in A. This implies that lim, [|w(sq)|| = 0. By lower semicontinuity
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of the function s — ||(yw)(s)||,

0 < flyw(s)l| < lim [[yw(sa)|| < € Tim [lw(sqe)[| =0,

and it follows that s — ||(yw)(s)|| is continuous on A and vanishes in A\ U.
This establishes Claim 1.

We finish the proof by proving Claim 2. Fix s € A;, and let C =
sup; ||lyill. We already know that y;w; € €;, and so

lyw(s)ll = llyiwi(s)l| = llyiwill (s) < llwill llwill(s)
< Cwill(s) = Cllwi(s) ]| = Cllw(s)]].0

Local multiplier algebras behave well under direct sums: Mo (B;A4;) =

@i Mioe(A;) [2, Proposition 2.3.6]. However, the isomorphism of local multi-
plier algebras in Theorem 5.4 cannot be established via that generic result:

Proposition 5.5. Assume the notation, hypotheses, and conclusions of
Theorem 5.4. Although p sends A into €D, A;, it need not be true that
A=, A

Proof. If A and €2 are as in Proposition 5.3, then p(O) = (Ou, w;)icr €
DicrA;, but P(@w,w) 4 P(A)~ m
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