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Global entanglement in XXZ chains

N. Canosa and R. Rossignoli
Departamento de Fisica, Universidad Nacional de La Plata, Casilla de Correo 67, La Plata (1900) Argentina
(Received 17 October 2005; published 28 February 2006)

We examine the thermal entanglement of XXZ-type Heisenberg chains in the presence of a uniform magnetic
field along the z axes through the evaluation of the negativity associated with bipartitions of the whole system
and subsystems. Limit temperatures for nonzero global negativities are shown to depend on the asymmetry A,
but not on the uniform field, and can be much higher than those limiting pairwise entanglement. It is also
shown that global bipartite entanglement may exist for 7>0 even for A= 1, i.e., when the system is fully
aligned (and hence separable) at T=0, and that the bipartition leading to the highest limit temperature depends

on A.
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I. INTRODUCTION

Quantum entanglement is a fundamental trait of quantum
mechanics, representing the nonlocal correlations with no
classical analogue that can be exhibited by composite quan-
tum systems. Interest on entanglement has been triggered in
the last few years by the discovery of its potential for devel-
oping new forms of information transmission and processing
[1-4], being a resource in quantum information science [5].
Entanglement has also provided a new perspective for the
analysis of correlations and transitions in many-body quan-
tum systems [6—10]. In systems at finite temperature 7, two
fundamental questions which immediately arise [11,12] are
(a) the determination of the limit temperatures for the exis-
tence of different kinds of entanglement and (b) the possible
emergence of entanglement for 7>0 when the ground state
is separable due to entangled excited states.

Let us first recall that a mixed state p of a bipartite quan-
tum system A+B is said to be separable or classically cor-
related if it can be expressed as a convex combination of
product densities [13], ie., p=2,9.,05®pg With g,>0,
2.q.=1 and p}, pp density matrices for each component.
Otherwise, p is entangled or inseparable. Separable states
can be created by local operations and classical communica-
tion (LOCC) and satisfy Bell inequalities as well as other
classical properties, such as being more disordered globally
than locally [14,15]. Pure states (p?’=p) are separable if and
only if p=p, ® pp, but this is not necessarily the case for
mixed states, where the determination of separability is, in
general, a NP hard problem [16,17]. Accordingly, while for
pure states, bipartite entanglement can be measured in terms
of the entropy of the reduced density of a subsystem [18], a
rigorous computable measure of entanglement for mixed
states has so far been obtained just for the case of two qubits,
through the concurrence [19].

Nonetheless, bounds for entanglement in general mixed
states can be obtained by means of the negativity [20-22],
which is a measure of the degree of violation of the criterion
of positive partial transpose (PPT) [23,24] in entangled states
and is easily computable. Although the PPT criterion is a
necessary separability condition, sufficient just for two-qubit
or qubit+qutrit systems, the negativity fulfills some funda-
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mental properties of an entanglement measure [20], being an
entanglement monotone and providing bounds to the telepor-
tation capacity and distillation rate. In n-qubit systems at
finite temperature, it can then be employed [25] to detect the
entanglement between the components of any bipartition
{m}—{n—m} of the whole system, as well as of any sub-
system, beyond the level of pairwise two-qubit entanglement
measured by the concurrence. Another fundamental result is
that any state p is completely separable (convex combination
of n-product densities) if it is sufficiently close to the fully
mixed state I/d [21,26,27] (d is the system dimension). This
ensures that any canonical thermal state p(T) <exp[—H/T] of
a finite system described by a Hamiltonian H becomes sepa-
rable above a finite limit temperature, since it will be as
close as desired to 1/d for sufficiently high 7. In particular,
no bipartite entanglement can arise if Tr(p—1I/d)*<[d(d
-] [27].

The aim of this work is then to examine, by means of the
negativity, the global bipartite entanglement of thermal states
p(T) of n-spin chains interacting through a XXZ-type cou-
pling placed in a transverse magnetic field. Heisenberg
chains can be employed for solid state quantum computers
[28] and XXZ chains have been used to describe quantum
computers based on NMR [29] and on electrons on Helium
[30,31]. Relevant studies of the pairwise thermal entangle-
ment between two qubits in Heisenberg chains have been
made [6,12,29,32-36], revealing rich phenomena. In small
XXZ chains [29,34], it has been shown that there is no pair-
wise entanglement for 7=0 for anisotropies A>1, i.e.,
when the ground state is fully aligned for any field, and that
the corresponding limit temperature remains bounded for
large negative A if n is odd (vanishing VA in the n=3 anti-
ferromagnetic case at zero field [34]). In contrast, we will
show here that global entanglement between m and n—m
qubits may also exist for A>1 if n=4 and T>0, implying a
thermal reentry. Moreover, limit temperatures for nonzero
global negativities do not saturate for A— —o in odd sys-
tems, but diverge in both the ferromagnetic and antiferro-
magnetic cases, even for n=3. These temperatures are inde-
pendent of the magnetic field, but dependent on A and the
bipartition, displaying crossings as A is varied. Numerical
results up to n=10 qubits will be provided, together with full
analytical results for n=3.
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II. FORMALISM

We will consider a XXZ Hamiltonian for n qubits or spins
of the form

H=bS.- > [vi:j(s;s)’; + s;sé) + vijsis-é], (1)
i<j
where s; denotes the spin operator at site i, SZ=EI-S2 is the
total spin z component, b accounts for the Zeeman coupling
to a uniform magnetic field and sisf(+s;s§,=(sis’; +s's0)/2 is
the hopping or entangling term. Our attention will be cen-
tered on a cyclic chain with nearest neighbor coupling (vZ
=049,y for a=x,z, with n+1=1), although some results
for the fully connected case (v=v,Vi<j) will also be com-
mented for comparison. In the first case, the spectrum of H
and the entanglement of its eigenstates are independent of
the sign of v, for even n, as it can be changed by a rotation
around the z axes at odd sites [si,y—>(—1)"si’y]. In any case,
[H,S.]=0, so that the eigenstates of H have good quantum
number M (eigenvalues of S,).
We will consider the n-spin thermal state

p(T) =Z"" exp[- HIT], )

where Z=Tr exp[—H/T] is the partition function and 7>0
the temperature (we set Boltzmann constant k=1). Global
entanglement between m and n—m selected qubits will be
analyzed by means of the negativity [20]

N,[p]=3(Trlp| - 1), (3)

where p={m}—{n—m} denotes the bipartition and p' the
ensuing partial transpose of p [23]. Equation (3) is just the
absolute value of the sum of the negative eigenvalues of p'
(as Tr p'r=1), so that according to the PPT criterion [23,24],
N,[p]> 0 indicates entanglement between the m selected qu-
bits and the rest. Equation (3) satisfies as well properties of
an entanglement measure [20], being a convex function of p
and an entanglement monotone (it does not increase under
LOCC). Moreover, distillable entangled states satisfy N,[p]
>0 [22]. Although the present analysis leaves away bound
PPT entangled states and does not capture all aspects of
n-partite entanglement (separability of all bipartitions does
not necessarily imply full separability), it goes beyond the
standard analysis based on pairwise two-qubit entanglement
(the latter may vanish even if N,[p]>0 for all global bipar-
titions, as occurs in Greenberger-Horne-Zeilinger (GHZ)
states [25]). For pure states p=|¥){¥|, it can be shown, by
means  of the Schmidt decomposition [5] |¥)
Ny
= za\" )\l:y| a{m}>| a{n—m}> that

Nlpl= 2 VNG =%[<2 \"Ti)z—l] (p*=p),
(4)

where N represent the eigenvalues of the reduced density
Py = Tr,_mp of the m selected qubits (the same as those of

Pi_m; When p?=p). Equation (4) differs from the entangle-
ment of formation [18] E[p]*=—2 N\’ log, A2, but is as well a
measure of the disorder of the reduced system (see Appen-

PHYSICAL REVIEW A 73, 022347 (2006)

dix), satisfying N,[p]=N,[p'] if N?<\'P, where < denotes
“majorized by” (or “more mixed than”) [5]: =f_\?
<3Sk NP for k=1,...,d,, where N, \” are sorted in de-
creasing order and d,,=2" is the subsystem dimension (m
<n/2). The formal maximum is then obtained for a uniform
distribution A?=1/d,,, in which case N,[p]=(d,,—1)/2. Due
to convexity, this is also the maximum for nonpure states.

In the nearest neighbor cyclic chain, global negativities
N,[p] depend on the number m of selected qubits and on
their spacings. For instance, in a three-qubit chain abc there
is a single distinct global negativity N,_,. (=Np_pe=No_pa)
whereas for n=4 qubits abcd, there are three distinct nega-
tivities N,_peqs Nap—ca» and N,._pg, Which measure respec-
tively the entanglement between one qubit and the rest, ad-
jacent pairs, and nonadjacent pairs. Each negativity N,[p(7)]
will have its own limit temperature T, above which it van-
ishes, although the behavior for T<<T, may not be monoto-
nous (even entanglement vanishing plus reentry may occur
for T<T, [3536]). A remarkable feature of these global
limit temperatures is that for Hamiltonians of the form (1),
they are strictly independent of the uniform field b [25] (see
Appendix), even though N,[p(7)], as well as the entangle-
ment of the ground state, depend of course on b.

The bipartite entanglement of subsystems of m <n qubits
can be analyzed in a similar way by evaluation of the re-
duced negativities N,/[py,,;] determined by the reduced den-
sity pyy, with p’ ={k}—{m—k} a bipartition of the subsystem.
These negativities will in general also depend on the relative
location of the k qubits and satisfy inequalities of the form
[20] Nyg—m-igLPymy] =< Nigy—me1-lppms1y]s as tracing out one
qubit is a LOCC operation. The associated limit temperatures
will then satisty Tiy_g—xy < T{}—fm+1-x}> being thus higher for
global bipartitions. In particular, the negativity of one qubit
with the rest (N,_:) is an upper bound to all pairwise nega-
tivities N,_;, N,_., etc., so that T,,_« is an upper bound to all
pairwise limit temperatures. Limit temperatures 7, of re-
duced negativities N, /[ py,,(T)] depend in general on the field
b.

For instance, for a three-qubit cyclic chain, there is a
single reduced two-qubit density p,,=Tr, p (any other choice
of pair is equivalent), with negativity N,_,[p.] <N, pLp],
while for a four-qubit chain, there is one distinct three-qubit
density p..=Tryp, with two different negativities
Na—hc[pahc]’ Nh—ac[pabc]’ SatiSf)’ing ]va—bcg (Na—bcthah—cd)s
Np—we <(Ny_pea>Nac_pa)- There are also two different pair
densities p,,=Tr.,; p, p,.=Tr,, p, Wwhose negativities N,_,,
N,_., measure the entanglement of contiguous and noncon-
tiguous qubits and satisfy N, , <(N_pe»Np_ge)» Naee
<N

a—bc*

III. RESULTS

We consider in what follows a cyclic chain with nearest
neighbor coupling and define the anisotropy as A=uv_/|v],
with v=v,. At T=0 and fixed b # 0, the ground state of the
Hamiltonian will experience a series of [n/2] transitions
|M|— |M|+1 as A increases, starting from |[M|=0 (1/2) for n
even (odd) and large negative A, and ending in an aligned
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state with maximum spin |M|=n/2 for A>A_(b). This state
is completely separable, while all ground states with |M|
<n/2 are entangled, so that A.(b) indicates the entangled-
separable border at T=0. The energy of the aligned state | W)
(=|]... 1) for b>0) is Ey=—n(2|b|+v,)/4, while for v>0,
that of the lowest |M|=1 state, which is a W-type state
(W) S2 st [ W) for b>0), is E;=Ey+|b|+v.~v, so that
the transition occurs at

A(b)=1—|b/v| (v>0if n odd). (5)

Equation (5) is, of course, also valid for v <0 if n is even.

The entanglement borders for 7>0 are, however, quite
different. As limit temperatures for nonzero global negativi-
ties are independent of the field b, so will be the concomitant
borders AL(T). Global bipartite entanglement for 7>0 and
b#0 will then also arise for A.(b)<<A<1. Moreover, we
will see that it may also arise for A=1 if n=4.

A. Two and three qubit case

Let us first discuss the behavior for two and three qubits,
where analytical expressions for 7>0 can be found [for
n=2, we consider just a single term v'? in (1)]. H can be
rewritten in these cases in terms of the total spin components
S,=27,5, as

H=0bS, - 3[v(S; +52) +v,57] + E,, (6)

where Ey=n(2v+v.)/8, so that its eigenstates have good to-
tal spin S with energies

ES;=bM - 3[vS(S+1) + M*(v, - v)] + Eq, (7)

where $=0,1, for n=2, and S=1/2 (twofold degenerate),
3/2, for n=3, with |M|$S. In the fully connected case,
Egs. (6) and (7) are of course valid for all n, with
S=0(1/2),...,n/2 for n even (odd).

For n=2, the eigenstates of H are then either separable
(the aligned states |SM)=|1,+1)) or maximally entangled
(the Bell states [SM)=|10), [00)ec|T |)=|] T)), so that the
ground state is maximally entangled for A<<A.(b) (with S
=1 if v>0 and S=0 if v <0). On the other hand, any two-
qubit mixed state of the form p=3g,p5,|SM)SM| is en-
tangled whenever

10 [11
Ipo = pol > 2\p1p_, (8)
(see SAppendix), which in the thermal case (2) (pi,,
=¢u'T/ Z) leads to the b-independent border

A<1-2tI[2/(1 -], =Tl (9)

Thermal entanglement arises then for A<<1 V b, implying
reentry for 7>0 if A.b)<A<1. The limit temperature
T,,(A) determined by (9) is a decreasing function of A
(see Fig. 1), that vanishes for A—1 and diverges for A
——o0 [A<1-2¢1n(2f) for t>1].

For n=3 qubits, the behavior of global bipartite entangle-
ment is qualitatively similar to that for n=2 (Fig. 1). For v
>0, the ground state is a W-type entangled state if A

<Ab) [37] (SM)=]3,-5) |1 | )+|L T 1)+]L 1 1) for
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FIG. 1. (Color online) Limit temperatures 7,_. for global bi-
partite entanglement for n=3 qubits as a function of the asymmetry
A=v_/|v|, for both signs of v (they are independent of the uniform
field b). Also depicted are the corresponding limit temperatures for
pairwise entanglement 7,_, for =0 (that for v <0 vanishes), and
the concomitant result for n=2 qubits (the same for both signs of v
and any b).

b>0), with global negativity Na_hcz\E/ 3~=0.47 and pair
negativity N,_,=(1-v5)/6~=0.21, becoming the aligned
state %, i%) for A>A,(b). Let us add that if b=0, the states
%, + %) become  degenerate  but their  mixture
S eainaM)(EM| [the T—0 Timit of p(T) for A<A(D)]
remains entangled, with lower values N,_,.=(y3-1)/3
~0.24, N,_,=1/6.

On the other hand, for any three-qubit mixed state
p=ES,Mpi,,Pi,,, where Pf4 denotes the projector onto the sub-
space with total spin S and z-component M, the global nega-
tivity N,_,. will be nonzero if and only if (see Appendix)

P33~ pial > \3p3 (e, + P2 12), (10)

for v=1 or v=-1, which in the thermal case implies

32+

2(1_6—3/2z)2} (v>0). (11)

A<l-t ln[
Global entanglement is then again feasible for A
<1V b (A<1-tIn3 for t<1) and the ensuing limit tem-
perature T,_,,. is a decreasing function of A, that vanishes for
A—1 and diverges for A— - (A<1-2¢In(v2¢) if r>1)
(see Fig. 1).

The behavior of the pairwise limit temperature T,_, for
n=3 is however quite different [29,34]. The reduced two-
qubit density p,_, is entangled in a smaller region which
depends on the field b and is determined for v >0 by the
equation (see Appendix)

3
A<1-tln— , (12)

VPP =D +2(1+ (1 - )’ -y

where y=1+2a, a=e %, and n=cosh(b/T). For t<1, A
= 1-tIn 3 as before, so that for 7>0, p,_; is also entangled
for A<1 V b. However, the denominator in (12) vanishes at
a finite temperature f.(b), implying that 7,_,/v approaches a
finite limit ¢,(b) for A— —o, in contrast with T,_,.. Hence,
for large negative A there is a large range of temperatures
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where only global bipartite entanglement persists, with
Ty pe! Tyepp— © for A— —oo, The limit 7.(b) is an increasing
function of |b|, with 7,(0)=3/(4 In2) = 1.08.

For v <0, Eq. (11) is to be replaced by

3(1 +2¢73%)
2(1 - e—3/2t)2

A<1/2—tln[ } (v <0), (13)
so that global bipartite entanglement starts for A<<1/2 (A
<1/2-t1n(3/2) for << 1), although for r>1, Egs. (13) and
(11) are almost coincident, implying that 7,_,,. is almost the
same as for v >0 for large negative A (Fig. 1). This is not the
case for T,_,, which for v <0 is determined by Eq. (12) with
the first term 1 replaced by 1/2 and y=2+«, and is lower
than the value for v>0, vanishing for b—0 (no pairwise
entanglement in the absence of field [29,34]). This effect is
due to the larger degeneracy present for v <0, where the
ground state corresponds to S=|M|=1/2 for A<AZ(b)
=1/2-|b/v|, being then twofold degenerate for b # 0, and to
an aligned state (|[M|=3/2) if A>A7(b). For A<AZ(b) and
b#0, the mixture p=3Py..5» [the T—0 limit of p(T)] is
still_fully entangled, with N, ,.=y2/6~0.23 and N,
=(\2-1)/6=0.07. However, for b=0, states |S,+M) be-
come degenerate and the ensuing 7—0 limit, p=i(P1/2,1,2
+Py_12), has still global entanglement (N,_,.=1/6), but no
pairwise entanglement (N,_,=0), explaining the vanishing of
T,_, in this case.

B. Four qubit case

A surprise comes already for the n=4 chain (Fig. 2),
where for T>0, global bipartite entanglement is seen to
arise also for A>1. The ground state is entangled just for
A<A(b) [Eq. (5)], with the transitions |M|— |[M|+1 occur-
ring at A=(1-2b-b>)/(1+b), b=|b/v| (0—1), and A
=A.(b) (1—2), collapsing both into a single 0— 2 transition
at A=1 for b=0. The corresponding limit temperatures are
depicted in the top panel, where it is seen that they all vanish
for A— 1, but those corresponding to N,,_., (entanglement
between contiguous pairs) and N,_,., (entanglement of one
qubit with the rest) become again nonzero for A> 1, indicat-
ing the reentry of the corresponding entanglement. The high-
est limit temperature for A=<1/2 corresponds to N,._,, (en-
tanglement between noncontiguous pairs), but changes to
Np_cqg for A=1/2. The thermal behavior of N,_., for b=0
is depicted in the central panel, where it is seen that the
reentry for A>1 is actually weak and vanishes smoothly for
T—0. Let us remark that no entanglement reentry for
A>1 takes place in the analogous fully connected four qubit
case.

The M =0 ground state in the four-qubit cyclic chain is an
entangled state of the form

W) =a( 111D+ )+ BTLTL + ), (14)

where...denotes similar states obtained by translation and
Bla=(V8+A?-A)/2, with 4a?+2B°=1 and B>a for
A<1. Its energy is —|v|B/ a. This state exerts a strong influ-
ence on the entanglement of p(7) even for A>1. It has
maximum entanglement between one qubit with the rest,
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FIG. 2. (Color online) Top: Limit temperatures for global
(Tab—(rd’ Ta(r—bd’ Ta—bcd)a PairWise (Ta—b’ Ta—c)7 and three'quit (Ta—bc,
T)_,e) negativities for n=4 qubits in a nearest neighbor cyclic
chain, as a function of the asymmetry A. There is global entangle-
ment also for A> 1. Results for reduced systems correspond to zero
field. Center: The behavior of the global negativity N,,_.; as a
function of temperature and A (with different scales for A<<1 and
A>1) for b=0. Bottom: Negativities of the state (14) as a function
of A. For b=0, they represent the ground state negativities for A
<.

N,_pe.q=1/2 (the reduced one-qubit density p, is maximally
mixed), while N,._p,=B@a+pB), and N,_.y=N,_py if
A<1 and 6a*-B% if A>1 (Fig. 2, lower panel), becoming
N,p-cq much larger than N,._,, for large A. This seems to
affect the most persistent negativity of p(7T) for A> 1, allow-
ing a positive value of N,,_., and reducing N,._,, to 0. The
|M|=1 ground states are W states (<|T | | )+ T [)+...
for M=-1), with lower values N,,_.;=Ny_ps=1/2 and
No_pea=\314.

We also depict, in the upper panel, the limit temperatures
for b=0 of all reduced negativities, namely T,_;., T}_,. for
the three-qubit density p,,. and T, ,, T,_. for the reduced
pair densities p,, and p,.. They all vanish for A>1, so that
in this region just global bipartite entanglement persists (a
result valid for any b). It is also seen that while 7,_, (adja-
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FIG. 3. (Color online) The set of limit temperatures for global
negativities, T,_pcdes Tub-cdes Lac—bdes TOr n=5 qubits in the cyclic
chain as a function of A for v>0 (top) and v <0 (bottom). The
concomitant limit temperatures for pairwise (7,_,, T,_.) and the
most persistent three-qubit (7),_,.) negativity for 5=0 are also de-
picted. 7,,_. vanishes for v <0 and b=0.

cent qubits) increases as A decreases, diverging for A ——o
(in contrast with the behavior for n=3), T,_. (nonadjacent
qubits) vanishes for A<<0. This is a consequence of the
ground state behavior of N,_,, which vanishes for A <0 (see
bottom panel). The state (14) leads to N,_,=a(2B8-«) for
A<7/2 (and 0 for A>7/2), and N,_,=2a’—* for A>0
(and 0 for A<0), with N,_,>N,_, for A<1. The ordering of
negativities is, of course, in agreement with the discussion of
Sec. II.

C. Five qubit case and beyond

The behavior of global negativities for n=5 qubits and
v >0 (Fig. 3, upper panel) is quite similar, although there are
some important changes: (a) for 7>0, all global negativ-
ities exhibit a reentry for A> 1, including that of the noncon-
tiguous 2-3 partition, N,._pg., With T,._,4 lying close to
T p-cao (contiguous 2-3 partition) for A=1/2; (b) the nega-
tivity of one-qubit with the rest, N,_,.4» remains nonzero
V A if T>0, including the isotropic case A=1, providing the
highest limit temperature for 0.85=<A=<1.35; (c) for A>1
there is no pairwise nor three-qubit entanglement at
any field, but there is four qubit entanglement (all reduced
four-qubit negativities are small but nonzero). Besides,
for A—-—o the limit temperature for adjacent pair-
wise entanglement 7,_, approaches a finite limit [29], as oc-
curs for n=3, exhibiting a maximum at A=-5.6 for b=0,
but all those for three and four adjacent qubits
(Types Th-ves Tuped» - - -)» diverge, as the global ones. Note
also that T,_, vanishes below a certain limit (A=<0.1 for b
=0), reflecting the vanishing of N,_. at T=0 below this
value. For n=5 and v>0, the ground state transitions
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FIG. 4. (Color online) The limit temperatures of all 17 global
negativities for n=8 qubits in a cyclic chain as a function of asym-
metry. The highest and lowest temperatures in each sector are spe-
cially indicated. The limit temperatures for adjacent and nonadja-
cent pairwise entanglement for b=0 are also depicted.

|M|—|M|+1 are located at A=(1-b-b%)/(1+b)(3—32) and
A (D) (%—>%), collapsing into a single %—>% transition at A
=1 if b=0.

Global limit temperatures for n=>5 and v <0 (lower panel)
are quite close to the previous ones. The main difference is
that all of them remain nonzero for all A, the most persistent
negativity corresponding to N,._pz if A<0.5 and N,,__,4, if
A=0.5. Limit temperatures for pairwise entanglement ex-
hibit more significant differences. For b=0 there is no non-
contiguous pairwise entanglement if v<<0 [29] (7,_.=0),
since the ground state is fourfold degenerate and leads to
N, .=0V A, while T, , is lower (saturating again for
A ——). For v<0, the ground state transitions |M|— |M|
+1 occur at A=—[(b=1/2)(4b+3+15)]/(4b+1+15) and A
=A(b)=;(1+5)~b, with both collapsing at AZ(0)~0.81
for b=0. Again, for A>A_(0) there is no two-qubit nor
three-qubit negativity, but there is four-qubit entanglement.

In order to appreciate the trend for larger n, Fig. 4 depicts
the set of limit temperatures of the 17 distinct global nega-
tivities existing for n=8 qubits ab---gh, consisting of N,_«
(one qubit with the rest), and those between different pairs
and the rest (N, ,_«, Ny_#, Nyg_s, Nye_s), three qubits and the
rest (Nype—s> Nypa—ss Nape—#> Ngce—s» Nuep—+), and four qubits
and the rest (Nahcd—*’ Nahce—*’ Nabcf—*:Nabde—*’ Nabef—*’
Npag—rs Napag—t> Ngceg—x). All these temperatures remain non-
zero V A, including the region A= 1 where the ground state
is aligned for any b, confirming the tendency observed for
n=4 and 5. The highest limit temperature corresponds to the
full noncontiguous 4-4 partition (7, ) for A<0.5, but
changes to that between noncontiguous pairs of adjacent
qubits (T,pp—+) for A=0.5 (in this region T+ becomes
the lowest global limit temperature). Again, the “depth” of
the entanglement for A>1 is up to four-qubit subsystems,
being zero all pairwise and three-qubit negativities. The limit
temperature for adjacent pairwise entanglement for b=0 lies
well below the bundle of global limit temperatures, while
those of nonadjacent pairs are small and nonzero just in a
small interval between A=0 and A=1, where the ground
state negativity is nonzero. Let us also remark that the re-
vival for A>1 is sensitive to the interaction range. For in-
stance, there is no entanglement revival in the analogous
fully connected case.
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FIG. 5. (Color online) Top: Limit temperatures for nonzero
negativity between one qubit and the remaining n—1 qubits, for v
>0 and n=2-10. Center and bottom: The thermal behavior of
these negativities for A=—1 and 1.5, for 5=0.

Finally, Fig. 5 compares results for the entanglement be-
tween one qubit with the rest for different n, assuming v
>0. As previously stated, N,_. and, hence, T,_. are upper
bounds to all pairwise negativities and limit temperatures. It
is first seen in the upper panel that the global limit tempera-
tures 7, . for different n rapidly converge to a common
value, results for n=6-10 being undistinguishable in the
scale and range of the figure. This temperature exhibits a
slope discontinuity around A~ 0.8, where the number k of
negative eigenvalues of the partial transpose exhibits a mini-
mum (while in the case of pure states k=1 for N,_« [Eq. (4)],
it can be much larger than 1 for nonpure states).

The corresponding global negativities Ny=N,_: also ap-
proach a limit curve for A<1, as seen in the central panel for
b=0 and A=-1. Note that for all even n, N,_. starts at its
maximum value 1/2 at T=0, since the reduced one-qubit
density p, for the M =0 ground state is maximally mixed, and
Eq. (4) reaches then its maximum value. At fixed 7> 0, they
tend initially to decrease for increasing n, rapidly approach-
ing the limit curve. On the other hand, for n odd and b=0,
the ground state for A=—1 has M==+1/2 and is degenerate,
so that the initial value is lower than in the even case (see the
comment for n=3), although it increases as n increases and
approaches the limit curve (for b#0, N,_. would start at
=~0.47 for n=3, increasing then with n). The lower panel
depicts the reentry of the negativity for 7>0 at A=1.5 for
increasing n. The behavior is less monotonous than in the
previous case, although the difference between results for
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neighboring odd-even values of n tend to decrease as n in-
creases.

IV. CONCLUSIONS

The present results demonstrate that limit temperatures
for global bipartite entanglement in XXZ chains may differ
considerably from those limiting pairwise entanglement be-
tween two qubits in the same chain. In contrast with the
latter, global limit temperatures are independent of the field b
and do not saturate for A— —o in odd chains. Moreover,
global thermal entanglement in nearest neighbor cyclic
chains may naturally arise at low levels even for A>1 if n
=4 (and A=1 if n=5), i.e., in anisotropic and isotropic
chains with fully separable ground states, generating en-
tangled bipartitions of the whole system as well as of sub-
systems with no less than four qubits. The ordering of global
limit temperatures also changes as A increases from negative
to large positive values. Many of our results rapidly saturate
as n increases (Fig. 5), indicating that they may remain stable
for chains with a larger number of qubits. The present study
provides thus a more comprehensive understanding of the
borders of thermal entanglement in XXZ spin chains, sug-
gesting that quantum schemes based on entanglement be-
tween multispin parties may be more resistant to the effects
of thermal randomness.
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APPENDIX
1. Negativity of pure states

Equation (4) can be rewritten as

Np[p] = %{[Sf(p{m}) + 1]2 - 1}7

where

S{pp) =Tr flpp),  flp) = \p—p.
is a simple nonadditive entropy of py,, [15], since the func-
tion f is concave in [0, 1] and satisfies f(0)=/(1)=0. As a
consequence, Sqpy,;)=0, being maximum for py,,=1/d,
and zero when py,, is pure, and satisfies S{py,,) =S f(p{'m}) if
Ppmy < p{’m}, where the last condition means that the eigenval-
ues of py,) are majorized by those of py,, [15]. These prop-

erties are then also satisfied by the pure state negativity N,
since it is an increasing function of S, that vanishes for S
=0 and ensure that it cannot increase under LOCC.

2. Independence of global limit temperatures from the uniform
magnetic field b

Let us consider a Hamiltonian
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H=bS,+V,

where V is independent of » and satisfies [V,S_]=0. For an
arbitrary bipartition p={m}—{n—m} of a n-qubit system and
a standard basis of states |M{m},M —My,,), where M is the
eigenvalue of the total spin component S, and My, that
for the first subsystem (remaining labels omitted), the
partial transpose of the exponential D(b)=exp[-H/T]
=exp[-bS./Tlexp[-V/T] in the previous basis satisfies [25]

D'r(b) = exp[— bS./2T|D'»(0)exp[— bS./2T],

where D'»(0) has matrix elements between states with total
spin component M and M +2k, with k integer. While the
negativity will depend on b, the limits for the positivity of

D'»(b) will not, since exp[—bS./2T] is real and positive, be-
ing the same as those for D" (O) Global limit temperatures
will then be independent of b. This applies in particular to
any XXZ-type Hamiltonian.

3. Negativity of mixtures of two-qubit and three-qubit states
with good angular momentum

The negativity N,_, of any two qubit mixed state of the
form

(A1)
§=0,1 M=-S

where |SM) denotes the states with good total spin S and
component M, can be shown to be [36]

[
Nop=3 max[\(po = p)* + (p1 = p11)* = p1 = p1,,01.
(A2)
The condition N,_,>0 leads then to Eq. (8). Note also that
the single-qubit density is p,=Tr, p=2,_.12¢,] , with
i
9,=Py+ 3P0+ o)
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For n=3 qubits, a set of eight orthonormal states with
good total spin S and spin component M is given by
ED=111 BD=(LI D+ LD+ILLINAB,  [33a
—_(|lTT>—|TlT>)/\2 12=(LT D+ L 1)~ 2|TTL>)/
\6, and the corresponding partners for M ——M. For a three-
qubit density of the form

(A3)

S
p= > X pyPy.

§=1/2,3/2 M=-§

where Pf,, denotes the projector onto the subspace with total
spin S and spin component M, an analytic evaluation of the
eigenvalues of the partial transpose of p yields the following
expression for the global negativity N,_,.=Ng,_.=N_.4_p,

a be = 2 max

V—+1
[V(3P 3u2 21’% - Plvg)z + S(Pilf/z 1/22)2
= 3pY5n = 2055 — Puy-0)- (A4)

The condition N,_,.>0 leads then to Eq. (10). The ensuing
reduced two-qubit density p,_,=Tr. p (identical to p,_., pp_.)
has again the form (A1), with

3n 3 2
pi] =Qpun+riipt 21’};1/2)/37

1 30 3n 0 2, 1n
po=[2p15+ P20 +pol3.  po=pijs+pis.

The condition (8) for pairwise entanglement leads then to

32112
2 Pv2=Pwn

v=x1]

> 11 \3p3ia +pui+ 25 (AS)

v=+]

In the thermal case for the Hamiltonian (1), Eq. (A5) leads to
Eq. (12).
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