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change the commonly assumed properties of such models.
From the phenomenological perspective the so-called

‘‘brane worlds’’ provide an economic explanation of the hi-
erarchy between the gravitational and electroweak mass
scales. In the canonical example of Arkani-Hamed, Di-
mopoulos and Dvali ~ADD! @5#, spacetime is a direct product
of an ordinary 4-dimensional manifold ~‘‘our universe’’! and
a ~flat! spatial n-torus of common linear size rc and volume
vn5rc

n . Of course, standard model ~SM! fields cannot propa-
gate a large distance in the extra dimensions without conflict
with observations. This is avoided by trapping the fields in a
thin shell of thickness d;M s

21 @6#. The only particles propa-
gating in the (41n)-dimensional bulk are the (41n) gravi-
tons. Thus, gravity becomes strong in the entire
(41n)-dimensional spacetime at a scale M s; a few TeV,
which is far below the conventional Planck scale, M pl
;1018 GeV. Strictly speaking, the low energy effective
4-dimensional Planck scale M pl is related to the fundamental
scale of gravity M* via Gauss’ law M pl

2 5M*
21nvn . For n
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I. INTRODUCTION

The intriguing idea that fundamental interactions could be
understood as manifestations of the existence of extra dimen-
sions in our 4-dimensional world can be traced back at least
to the work of Kaluza and Klein ~KK! @1#, with revivals of
activity that one generically refers to as KK theories @2#.
Over the last two years, a fresh interest in the topic has been
rekindled, mainly due to the realization that localization of
matter @3# and localization of gravity @4# may drastically
0556-2821/2001/64~8!/084027~13!/$20.00 64 0840
extra dimensions one finds that rc’1030/n219 m, assuming
M*;1 TeV @7#. This relation immediately suggests that n
51 is ruled out, because rc;1011 m and, the gravitational
interaction would thus be modified at the scale of our solar
system. However, already for n52, rc;1 mm—just the
scale where our present day experimental knowledge about
gravity ends @8#. Furthermore, one can imagine more general
scenarios termed asymmetric compactifications, where, e.g.,
there are p ‘‘small’’ dimensions with sizes of ;1/TeV and
the effective number of large extra dimensions being neff
5n2p . Here, the expected number of extra dimensions
should be 6 or 7 as suggested by string theory @9#. Naturally,
there is a strong motivation for immediate phenomenological
studies to assess the experimental viability of such a radical
departure from previous fundamental particle physics. Leav-
ing aside table-top experiments and astrophysics ~which re-
quires that M s.110 TeV for n52, but only around a few
TeV for n.2 @10#!, there are two ways of probing this sce-
nario. Namely, via the KK-graviton emission in scattering
processes, or else through the exchange of KK towers of
gravitons among SM particles @11#. The search for extra-
dimension footprints in collider data has already started.
However, as yet no observational evidence has been found
@12#.

The ADD scenario is based on the fact that the
4-dimensional coordinates are independent of the coordi-
nates of the extra n dimensions. Giving up this assumption
can lead to a number of other interesting models with com-
pletely different gravitational behaviors. Perhaps the most
compelling model along these lines can be built by consid-
ering a 5-dimensional anti–de Sitter ~AdS! space with a
single 4-dimensional boundary @4#. This boundary is taken to
be a p-brane with intrinsic tension s . In the Randall-
Sundrum ~RS! world, there is a bound state of the graviton
confined to the brane, as well as a continuum of KK modes.
At low energies, the bound state dominates over the KK
states to give an inverse square law if the AdS radius is
sufficiently small. Therefore, Newton’s law is recovered on
©2001 The American Physical Society27-1
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the brane, even with an infinitely large fifth dimension. The
number of papers discussing variants of this scenario is al-
ready very large @13#. Some key papers are @14#. For a com-
prehensive review the reader is referred to @15#.

The presence of large extra dimensions modifies the
Friedmann equation on the brane by the addition of non-
linear terms @16# which yield new cosmological scenarios
@17#. Fortunately, a world that undergoes a phase of inflation
could be long lived in a universe like our own at low ener-
gies @18#. Specifically, brane-world scenarios are good can-
didates to describe our world as long as the normal rate of
expansion has been recovered by the epoch of nucleosynthe-
sis @19#. We remind the reader that the universe has to be
re-heated up to a temperature O(MeV) so as to synthethize
light elements, because the entropy produced during a cold
inflationary phase redshifts away. Therefore, any significant
departure from the standard Friedmann-Robertson-Walker
~FRW! scenario could only arise at very high energies. A
broader study of these ideas is currently underway ~for an
incomplete list of references, see @20#!. In this regard, we
initiate here the analysis of new inflationary brane-worlds
that arise from surgically modified evolving spacetimes. The
dynamics of the bulk in our framework is originated in the
symmetries of the dS and AdS spacetimes, without the need
of extra fields in the bulk, as in the models discussed in Ref.
@21#.

The article is divided in two main parts. In Sec. II we
derive the equation of motion of a brane using the thin shell
formalism @22#, in which the field equations are re-written as
junction conditions relating the discontinuity in the brane
extrinsic curvature to its vacuum energy. Then, we discuss
the evolution of a single brane falling into dS and AdS
spaces. As a result of its noninteraction with the environment
producing the gravitational field, the brane tension obeys an
internal conservation law. Therefore, the motion of the brane
can be treated as a closed system, or alternatively as a con-
tinuous collection of such branes. The evolution yields a dy-
namics for the scale factor. We show that in the case of a
clean brane ~i.e., without matter in the form of stringy exci-
tations! the scale factor describes both singular and non-
singular universes, with phases of contraction and expansion.
Section III contains a general discussion ~and some specula-
tions! on the applications of our results in the light of the
AdS/conformal field theory ~CFT! correspondence. Quo-
tients of AdS space by discrete symmetry groups describe
dynamical AdS bulks. Indeed, it has been suggested @23# that
this is the way in which AdS/CFT correspondence must be
formulated in the case of dynamical spacetimes. However,
since we consider a p-brane instead of the AdS boundary
itself, for our purposes, the AdS/CFT correspondence should
be considered when gravity is coupled to the conformal
theory.

II. BRANE WORLDS FROM THE CONNECTED SUM
OF „A…dS

A. Field equations

In spite of the fact that dS space does not seem to be
obtainable from stringy backgrounds, there has been a grow-
08402
ing interest in dS bulks in recent times @24#. In view of these
developments we will discuss the motion of spherical branes
in both dynamical dS and AdS bulks. The following discus-
sion will refer mostly to branes of dimension d54, but the
relevant equations will be written for arbitrary d>2.

In order to build the class of geometries of interest, we
consider two copies of (d11)-dimensional dS ~AdS! spaces
M1 and M2 undergoing expansion. Then, we remove from
each one identical d-dimensional regions V1 and V2 @25#.
One is left with two geodesically incomplete manifolds with
boundaries given by the hypersurfaces ]V1 and ]V2. Fi-
nally, we identify the boundaries up to homeomorphism
h:]V1→]V2 @26#. Therefore, the resulting manifold that is
defined by the connected sum M1#M2, is geodesically
complete. The classical action of such a system can be cast in
the following form:

S5
Lp

(32d)

16p E
M

dd11xAg~R22L!

1
Lp

(32d)

8p E
]V

ddxAgK1sE
]V

ddxAg . ~1!

The first term is the usual Einstein-Hilbert action with a cos-
mological constant L . The second term is the Gibbons-
Hawking boundary term, necessary for a well-defined varia-
tional problem @27#. In our convention, the extrinsic
curvature is defined as KMN5„ (Mn̂N) , where n̂M is the out-
ward pointing normal vector to the boundary ]V .1 Here R
stands for the (d11)-dimensional Ricci scalar in terms of
the metric gMN , while g is the induced metric on the brane,
and s is the brane tension.

For definiteness, the spatial coordinates on ]V can be
taken to be the angular variables f i , which for a spherically
symmetric configuration are always well defined up to an
overall rotation. Generically, the line element of each patch
can be written as

ds252dt21A2~ t !@r2dV (d21)
2 1~12kr2!21dr2# , ~2!

where k takes the value 1 (21) for a closed ~open! universe,
dV (d21) is the corresponding metric on the unit
(d21)-dimensional sphere, and t is the proper time of a
clock carried by any raider of the extra dimension. The ho-
meomorphism h entails a proper matching of the metric
across the boundary layer @22#. The required junction condi-
tions are most conveniently derived by introducing Gaussian
normal coordinates in the vicinity of the brane,

ds25~n•n!21dh21gmn~h ,xm!dxmdxn, ~3!

1Throughout the article capital Latin subscripts run from 1 to (d
11), lower Greek subscripts from 1 to d, and lower Latin sub-
scripts from 1 to (d21). As usual, parentheses denote symmetriza-
tion; „ is the (d11)-dimensional covariant derivative. We adopt
geometrodynamic units so that G[1, c[1 and \[Lp

2[M p
2 ,

where Lp and M p are the Planck length and Planck mass, respec-
tively.
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where n5]h , (n•n)51, (21) if ]V is space-like ~time-
like!. The coordinate h parametrizes the proper distance per-
pendicularly measured from ]V . Associating negative values
of h to one side of the shell and positive values to the other
side, the energy momentum tensor TMN can be written as

TMN~x !5shmndm
Mdn

Nd~h!1
3LLp

(32d)

2pd~d21 !

3gMN@Q~h!1Q~2h!# , ~4!

where Q is the step function, and hmn is the Minkowski
metric. The integration of the field equations

GM
N 5

4p

Lp
(32d) TM

N ~5!

across the boundary ]V yields,

DKm
n 2dm

n DK5
4p

Lp
(32d) sdm

n , ~6!

where

DKn
m[ lim

e→0
Kn

m(2)
2Kn

m(1)
, ~7!

is the jump in the second fundamental form of the brane in
going from 2e to 1e side. For the case at hand DKm

n

52Km
n(2)

.
In order to analyze the dynamics of the system, the brane

is allowed to move radially. Let the position of the brane be
described by xm(t ,f i)[„t(t),a(t),f i…, with t the proper
time ~as measured by co-moving observers on the brane! that
parametrizes the motion, and the velocity of a piece of stress
energy at the brane satisfying uMuM521. Note that, with
these assumptions the brane will have an ‘‘effective scale
factor’’ A 2(t)5a2(t)A2(t).

The unit normal to the brane reads

n̂M5F a8A

~12ka2!1/2 ,0, . . . ,0,
1
A @12ka21~a8A !2#1/2G .

~8!

Using the identity ]h5 n̂M]M , plus the standard relation

Kt
t5

]xM

]xt

]xt

]xN KN
M , ~9!

the non-trivial components of the extrinsic curvature are
given by

Kf i

f i5
Ȧa8

~12ka2!1/2 1
1

aA @12ka21~a8A !2#1/2, ~10!

and
08402
Kt
t5

a9A

@12ka21~a8A !2#1/2 1
2a8Ȧ

@12ka2#1/2

1
2a82kaA

@12ka21~a8A !2#1/2@12ka2#
, ~11!

where a8[da/dt , and Ȧ[dA/dt . The proper time is related
to the coordinate time by

dt

dt 56A12
~Aȧ !2

12ka2. ~12!

Thus, one can always eliminate one in favor of the other by
using a85 ȧdt/dt . With this constraint Eqs. ~5! and ~6! be-
come two sets of differential equations relating unknown
functions of t: A, a. In the following subsections we find out
particular solutions of this system.

B. dS

Let us consider two patches of dS spacetimes undergoing
expansion. This implies setting A(t)5l cosh(t/l) and k51 in
Eq. ~2!, where l25d(d21)/uLu is the dS radius. Figure 1
shows the Penrose diagram of the model considered in this
subsection.

As usual, there is a redundancy between the field equa-
tions and the covariant conservation of stress-energy. A
straightforward calculation shows that the equation of mo-
tion of the brane reads

4p

Lp
(32d)~d21 !

s5
6 ȧ sinh~ t/l !1@al cosh~ t/l !#21~12a2!

$12a22@ l cosh~ t/l !ȧ#2%1/2 .

~13!

We study first the case s50. Integration of Eq. ~13! yields

a~ t !5AC tanh2~ t/l !11, ~14!

and

FIG. 1. Penrose diagram of dS spacetime with a spherical do-
main wall. Double arrow stands for identification. Horizontal ~ver-
tical! inner lines are t2(x2) constant surfaces. The t56‘ sur-
faces correspond to the top and bottom horizontal lines,
respectively. Vertical dashed lines represent the coordinate singu-
larities x50 and x5p , typical of polar coordinates. We have used
the transformation r5sin(x).
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FIG. 2. ~i! Brane ~solid-line!
and bulk ~dashed-line! scale fac-
tors. ~ii! Ratio between the brane
and bulk expansions, Y(t). We set
l51 and s50.
a~ t !5AC coth2~ t/l !11, ~15!

for positive and negative sign in Eq. ~13!, respectively. C is
an integration constant which we will set to 1 in what fol-
lows. Note that the proper time is always real for both solu-
tions.

Let us consider first Eq. ~14!. A plot of the effective scale
factor for this case, Fig. 2~i!, shows that it corresponds to an
eternal non-singular universe that undergoes a phase of ac-
celerated contraction up to a minimum volume at t50, and
then expands again. Note that, for all t the expansion of the
bulk dominates the cosmological evolution of the brane.

If we define the Hubble parameters Hbrane52@ ȧ/a
1Ȧ/A# and Hbulk52Ȧ/A , we can compare the rates of ex-
pansion by plotting Y5Hbrane /Hbulk . This is shown in Fig.
2~ii!. For t→2‘ , both the brane and the bulk are infinitely
large and start contracting at equal rates. Later, the contrac-
tion of the brane is faster than the one of the bulk, until the
minimum is reached. The subsequent evolution is the mirror
image of the evolution from 2‘ to 0. The weighted rate of
evolution ~expansion or contraction! is larger on the brane
for all t. For utu!1 the rate of expansion on the brane Hbrane
is decoupled from that on the bulk with a behavior given by
Y;222t2110t4/31O(t5). For large values of t, Y
52 cosh2(t)sech(2t).

Now, we turn to the analysis of the second solution given
by Eq. ~15!. As in the previous case, both the bulk and the
brane have infinite volume at t→2‘ , see Fig. 3~i!. Due to
the fact that a(t) is finite for limt→6‘ , asymptotically the
expansion of the bulk will dominate again the evolution of
the spacetime. However, as t approaches zero, coth(t) di-
verges, so that a(t) drives the evolution of the brane. The
behavior of Y is plotted in Fig. 3~ii!. This universe is com-
08402
posed of two disconnected branches, symmetric with respect
to t50. The branch on the left starts with an infinite volume,
contracts up to a minimum, and then re-expands back to
infinite volume. It should be stressed that near t50, a finite
interval of the coordinate time t is associated to an infinite
interval of proper time.

Notice that both solutions exhibit a bounce. They can be
understood also as a special class of wormhole, a Tolman
wormhole @28#, which entails a violation of the strong energy
condition on the brane.

In order to obtain a solution for any s.0 we must solve
Eq. ~13! numerically. For simplicity we set l51. After a
brief calculation, Eq. ~13! ~keeping only the 1 sign! can be
cast as

A~a ,t !ȧ21B~a ,t !ȧ1C~a ,t !50, ~16!

where

A~a ,t !5a2cosh2~ t !@s̄2cosh2~ t !1sinh2~ t !# , ~17!

B~a ,t !5~12a2!a sinh~2t !, ~18!

C~a ,t !5~12a2!22s̄2cosh2~ t !a2~12a2!,
~19!

and the factor 4p/@Lp
(32d)(d21)# has been absorbed in s̄ .

From Eq. ~16! it is straightforward to write

ȧ5
2B~a ,t !6AB2~a ,t !24A~a ,t !C~a ,t !

2A~a ,t ! , a~ t0!5a0 .

~20!
FIG. 3. ~i! Brane ~solid-line!
and bulk ~dashed-line! scale fac-
tors. ~ii! Ratio between the brane
and bulk expansions, Y(t). We
chose l51 and s50, as in the
previous case.
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FIG. 4. The ‘‘effective scale factor’’ A 2(t) is
plotted for s̄51024. The embedded figure dis-
plays the dependence of a(t) with s̄ ~the imagi-
nary part is zero!.
It must be noted here that Eq. ~20! represents two different
initial value problems due to the 6 sign in front of the
square root. From the discussion above, one would wish that
a(0)51, when s→0. However, this does not lead to a well
defined problem. In order to overcome this step, we take t0
close to 0 ~positive or negative!. This yields a0 near 1 as
desired. For the sake of numerical accuracy @29# the right
hand side of the above equation must be written in a
different—but equivalent—way. Assuming that a is a
complex-valued function, we get the following initial value
problems:

ȧ5
2B~a ,t !2qAB2~a ,t !24A~a ,t !C~a ,t !

2A~a ,t ! , a~ t0!5a0 ,

~21!

and

ȧ5
22C~a ,t !

B~a ,t !1qAB2~a ,t !24A~a ,t !C~a ,t !
, a~ t0!5a0 ,

~22!

where q51 if

Re$B*~a ,t !AB2~a ,t !24A~a ,t !C~a ,t !%>0, ~23!

or q521 otherwise.
Solutions of Eq. ~22! for different values of s̄ are shown

in Fig. 4. They were obtained using the well-known fourth-
order Runge-Kutta method @30#. In order to check the results
obtained numerically, we consider the expansion a(t)5a0
1a1t1O(t2) around t50. By replacing it in Eq. ~13! we get

a0
25

1

2s̄2 ~A114s̄221 !,

~24!
a1

25122a0
21a0

4 .
08402
For instance, it is straightforward to see that if s̄51023, the
slope goes to zero.

As in the case s50, the model describes an eternal non-
singular universe. By progressively increasing the tension of
the brane we obtain slower ‘‘cosmological’’ developments.
The effective cosmological constant on the brane is given by

leff5
2
3

d21
d L1

1
8 ~d22 !~d21 !s̄2. ~25!

It is interesting to remark that by modifying the vacuum
energy of the bulk, one can obtain a similar evolution for a.
In other words, by increasing the dS radius l, a(t) becomes
smoother as depicted in Fig. 5. Thus, one can say that L and
s have opposite effects.

At this stage, it is worth noting that the tidal acceleration
in the n̂M direction as measured by observers on the brane
with velocity uN is given by 2 n̂MRM

NOPuNn̂OuP, where
RM

NOP is the Riemann tensor. Recalling that we are dealing
with a conformally flat bulk,

FIG. 5. Comparison of a(t) for different dS radius. The solid
line stands for l51, whereas the dashed line is for l52. s was set
to zero.
7-5
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FIG. 6. ~i! Penrose diagram of AdS space with
a dS-RS-type domain wall. The arrows denote
identifications. The vertical solid lines represent
timelike infinity. ~ii! AdS space with a dS domain
wall and pre-surgery regions inside the light-
cone. The vertical dashed-lines denote spacelike
infinity.
tidal acceleration in off-brane direction}L . ~26!

Consequently, a positive L furnishes an acceleration away
from the brane, giving rise to a non-localized gravity model
@31#. This situation may change when considering models
with non-local bulk effects ~through a nonzero Weyl tensor
in the bulk @16#!, or with the incorporation of moduli fields
@32# ~see the Appendix!. Note that one can compactify the
spacetime by adding a second brane. In order to do this, one
must redefine the jump in the second fundamental form ~in
going from 2e to e) between the two new disjoint bound-
aries ]V i[$ri5b,a% as

DKn
m[ lim

e→0
Kn

m(1)
2Kn

m(2)
, ~27!

and then repeat the entire computation after the necessary
changes have been made @33#.

Minkowski or dS compactifications seem to be ruled out
by some results from low energy string theory @34#. How-
ever, all the ‘‘no go’’ arguments rely on the low energy limit
of type II string theory ~or M theory!, where negative tension
objects do not exist. The full string theory could provide
objects such as orientifold planes @35#, and compactification
to RS setups after including string-loop corrections to the
gravity action. In addition, massive type II A supergravity
could be an alternative arena for realizing dS compactifica-
tions or RS models on manifolds with boundary. Steps in this
direction were presented elsewhere @36#. A different ap-
proach was discussed in @37#. All in all, if the bulk is con-
formally flat, then it is the sign of the bulk cosmological
constant that determines whether there is gravity trapping or
not. Henceforth, we study AdS bulks.

C. AdS

By setting A(t)5sin(t), k521, l51 in Eq. ~2!, it is ob-
tained

ds252dt21sin2~ t !@r2dV (d21)
2 1~11r2!21dr2# .

~28!

This is the metric associated to the universal covering space
of AdS. The above metric only covers a part of the universal
covering space, even when all the intervals tP@np ,(n
08402
11)p# ~for any integer n) are included. Let us consider only
one of the possible patches for the coordinate t ranging be-
tween 0 and p . At t5p there is a Cauchy horizon connect-
ing to a new spacetime that is physically unreachable. This
horizon is the light-cone emanating from the center of sym-
metry of the solution. Before proceeding further, it is worth-
while to point out that by means of the change of variables
t5ir , r5sinh(iz), one obtains the analytic continuation of
Eq. ~28! that reads

ds25dr21sinh2~r!@dz21sin2~z!dV (d21)
2 # . ~29!

In addition, the following coordinate transformations:

da

df (d21)
5tanh~r!sin~z!sin~f i!sin~f j! . . . sin~f (d22)!,

dy
dr

5~11y2!1/2, ~30!

entail a diffeomorphism between the Euclidean AdS-metric
given in Eq. ~29! and

ds25~11y2!da21~11y2!21dy21y2dV (d21)
2 . ~31!

This metric covers the whole spacetime. Finally, the analytic
continuation of Eq. ~31! into real time (a5iT) leads to the
AdS region outside the light-cone ~Rindler horizon!. It is
important to stress that the identification between the two
Lorentzian metrics involves an analytic continuation. Notice
that although the (d11)-dimensional part of the gravity ac-
tion is boundary independent, the last two terms in Eq. ~1! do
indeed depend on the choice of the boundary setup. Unlike
standard RS-type scenarios @38#, we proceed here by excis-
ing two spacetime regions internal to the Rindler horizon and
gluing the two copies along the (d21)-dimensional spheres.
The key difference between both scenarios is shown in Fig. 6
~more on this below!.

With this in mind, the equation of motion of a clean brane
sweeping AdS is given by

4ps

Lp
(32d)~d21 !

5
6 ȧ cos~ t !1@a sin~ t !#21~11a2!

$11a22@sin~ t !ȧ#2%1/2 .

~32!
7-6
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For s50, straightforward integration yields

a~ t !5HAC cot2~ t !21 for tP~0,p/4# ,

AC tan2~ t !21 for tP~p/4,p/2# .
~33!

To obtain this solution we have exchanged the 6 sign in the
equation of motion at t5p/4. In Fig. 7 we show the evolu-
tion of the bulk and brane scale factors for tP@0,7/4p# . Note
however, that Eq. ~33! does not describe a physical solution
because the proper time is not real. By checking the Jacobian
in Eq. ~12! one can immediately realize that the intervals
where the proper time is real are shifted in p/2 with respect
to the corresponding solutions of Eq. ~33!. To understand
what is going on, let us re-write the effective cosmological
constant on the brane,

leff5~d21 !F1
8 ~d22 !s̄22

2
3

~d21 !

l2 G . ~34!

It is easily seen that in order to obtain leff.0 @a condition
that arises from imposing that the sections t5const and a
5const are (d21) spheres#, we must impose

FIG. 7. Brane ~solid-line! and bulk ~dashed-line! scale factors as
a function of t with C51.
08402
s̄2.
16
3

~d21 !

~d22 !

1

l2 . ~35!

Thus, the existence of a well behaved solution of a spherical
domain wall sweeping the internal region to the Rindler ho-
rizon has an explicit dependence on the dimension of the
spacetime through the brane tension.

In order to find the solution for s̄.0 we follow the pro-
cedure sketched before for the case of a dS bulk. In Fig. 8 we
show the solution of Eq. ~32! ~considering again only the
plus sign! for s̄52. It has been obtained by setting l51, and
with the initial condition a(1)51. For comparison in Fig. 9
we display the corresponding analytical solution of Eq. ~33!,
for tP(p/4,p/2# . One can check by inspection that a(t) be-
comes smoother with increasing s̄ . This implies that the de-
nominator on the r.h.s. of Eq. ~32! is real, rendering a well
defined proper time. Putting all this together, a non-vanishing
brane tension leads to the suitable shifting on a(t).

III. NON-PERTURBATIVE STRING COSMOLOGY
VIA AdSÕCFT

A seemingly different, but in fact closely related subject
that we will discuss in this section is the AdS/CFT corre-
spondence @39#. This map provides a ‘‘holographic’’ projec-
tion of string theory ~or M theory! in AdS space, to a con-
formal field theory ~CFT! living on its boundary @40#.
Actually, more general spaces with certain smooth restric-
tions would typically lead to nonconformal field theories on
their boundary. For asymptotically AdS spaces the bulk ex-
citations do indeed have a correspondent state/operator in the
boundary @41#. The duality between the ‘‘strongly coupled
gauge theory/weakly coupled gravity’’ is the face-off of the
well known computation of black hole quantities via a field
theory @42# that naturally yields a non-perturbative stringy
background. In the standard non-compact AdS/CFT setup,
gravity is decoupled from the dual boundary theory. How-
FIG. 8. Real and imaginary parts of a(t) for
s̄52.
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pling of gravity to whatever strongly coupled conformal
theory the AdS geometry is dual to @43#. The holographic
description has been recently invoked to discuss phenomeno-
logical and gravitational aspects of RS-models @44#. Here,
we try to take advantage of this duality to describe cosmo-
logical setups.

There exists a ‘‘new lore’’ that convinces us that if our
universe is five-dimensional, it should have evolved to the
present situation from M theory @45#. If this is the case, it is
reasonable to describe the evolution of the AdS5 sector ~up
to stabilization at some scale! by

ds252dt21sin2~ t !@sinh2~z!dV (d21)
2 1dz2# . ~36!

In other words, the metric in Eq. ~36! with SO(d ,1) isome-
tries @which is in fact a subgroup of the full SO(d ,2) sym-
metry group of AdS# is expected to characterize the dynam-
ics of the system that has ‘‘stationary’’ phases governed by

ds252~11y2!dT21~11y2!21dy21y2dV (d21)
2 .

~37!

Recall that we set l51, and the discussion refers to d54.
This overall picture is actually related to the notion of black
holes threaded with collapsing matter, stabilized as static ob-
jects. Particularly, in such a limit the dual non-perturbative
description for maximally extended Schwarzschild-AdS
spacetimes has been recently put forward @46#. Applying
Maldacena’s conjecture in the whole dynamical scenario,
however, is not straightforward. Basically, because the well
known correspondence between correlation functions in a
field theory and string theory backgrounds with AdS sub-
space @41# does not have a clear counterpart. We are not
going to present here a prescription for such a generalization,
which is beyond the scope of the present article. Instead, we
content ourselves with assuming the existence of a subset of
operators/states satisfying certain discrete symmetries, and
sketch a CFT dual of the dynamical gravitational system dis-
cussed in the previous section.

FIG. 9. Analytical solution for s̄50 from Eq. ~33! for t
P(p/4,p/2# . We have considered C5531022, so as to approxi-
mately reproduce the initial condition of the numerical solution de-
picted in Fig. 8.
08402
In order to do so, we should first draw the reader’s atten-
tion to some generic features of the metrics in Eqs. ~36! and
~37!. The (p12)-dimensional AdS space can be obtained by
taking a hyperboloid ~for instance see @47#!

2x0
22xp12

2 1 (
j51

p11

x j
2521, ~38!

embedded in (p13)-dimensional space with a metric

ds252dx0
22dxp121 (

j51

p11

dx j
2 . ~39!

By construction, the spacetime contains ‘‘anomalies’’ in the
form of closed time-like curves, corresponding to the S1 sec-
tor of the hyperboloid. However, by unwrapping that circle
one can eliminate the causal ‘‘anomalies,’’ and obtain the so
called ‘‘universal covering space of AdS.’’ A convenient pa-
rametrization sets xp125cos(t), so that a constant t surface is
a constant negative curvature hyperboloid of radius sin(t),
with the metric given in Eq. ~36!. One can alternatively solve
Eq. ~38! by setting

x05cosh~y !sin~T !, xp125cosh~y !cos~T !,

x j5sinh~y !V j , ~40!

where j51, . . . ,p11, and ( jV j
251. By inspection of Fig.

10, it is easily seen that the universal AdS space is conformal
to half of the Einstein static universe. While the coordinate
system (t ,z ,f i), with apparent singularities at t5np (n
PZ), covers only diamond-shaped regions, coordinates
(T ,y ,f i) cover the whole space. The surface corresponding
to t52‘ ~solid line! emanates from T50 bouncing at T
5p/2 towards T5p . After reflection, the solid line repre-

FIG. 10. A chain of diamond-shaped regions of the universal
covering of the AdS. Here, k52 arctan@exp(r)#2p/2.
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sents a hypersurface at t5‘ . The vertical thin solid lines
~with end points T50, T5p) stand for hypersurfaces y
5const, whereas the corresponding horizontal lines are T
5const curves. Notice that every timelike geodesic emanat-
ing from any point in the space ~to either past or future!
reconverges to an image point, diverging again to refocus at
a second image point, and so on @48#. Therefore, the sets of
points which can be reached by future directed timelike lines
starting at a point p, is the set of points lying beyond the
future null cone of p, i.e., the infinite chain of diamond
shaped regions similar to the one characterized by (t ,z ,f i).
Since the total space is non-singular, it should be expected
that the other regions that are outside the diamond-shaped
domain can be included. All points in the Cauchy develop-
ment of the surface T50 can be reached by a unique geode-
sic normal to the surface, whereas points lying outside the
Cauchy development cannot be reached by this kind of geo-
desics.

The infinite sequence of diamond-shaped regions can also
be understood as quotients with respect to the universal cov-
ering space @23#. If we consider a quotient of the form Hd /G
~with a discrete group of invariances G) such that we get a
finite volume region out of Hd , we could interpret this as a
cosmological model with a big bang and a big crunch @49#.
This cosmological model is a quotient space constructed by
identification of points in FRW space under the action of a
discrete subgroup G of the manifold’s isometry group G.
Intuitively, we divide the space in different regions such that
for any observer placed at x0, the so-called Dirichlet domain
is defined as the set of all points closer to x0 than to g̃x0,
where g̃ is an element of the group G . Notice that the action
of g̃’s shifts the outskirts of each point in a given diamond-
shaped region to another diamond-shaped domain. With this
in mind, one can describe the universe we live in by a Di-
richlet domain. Then, we can see the importance of the
Cauchy surface mentioned above at T50 in Eq. ~36!, since
after imposing initial data on this surface we can cover the
complete AdS space.

A particular example of this sort of phenomenon occurs in
the extended RS-universe discussed in Sec. II. The envisaged
surgery, shown in Fig. 11, starts with two asymptotic AdS
regions, each one with two outer and inner horizons, that are
then repeated an infinite number of times in the maximal
analytic extension. The brane expansion starts out in the
downmost AdS region, falling through the future outer hori-
zon to the next incarnation of the universe. This process
occurs in a finite time t. Since we have an AdS space and a
quotient on it, one can naturally ask what the effect of this
quotient is on the CFT. This question is of great interest since
the resulting CFT would be a non-perturbative description of
string cosmology. The idea is to construct a CFT with a
Hilbert space invariant under G . These states would in prin-
ciple describe linearized gravity modes in the cosmological
background @50#. The main problem with this construction is
that finding such a CFT would involve taking a quotient on
the space on which the CFT lives. The interesting point dis-
covered in @23# is that one can take a quotient on the operator
and state spaces leading to a subset invariant under G . Before
08402
proceeding further, it is instructive to recall that instead of a
CFT living in a flat Minkowski space, we handle a gauge
theory coupled to gravity on the brane.

When considering the near horizon geometry of D3
branes, AdS53S5, one deals with a four dimensional N54
supersymmetric Yang-Mills theory as its holographic dual.
The symmetries on the brane side, SL(2,Z) and SO(6) are
present on the gravity side as type IIB symmetries. An enor-
mous number of tests on the above relation have been done.
Many of them involve correlation functions. Others refer to
the matching of the weight of chiral primaries on the CFT
side with the masses of the KK modes on the compact part of
the geometry. In the case of M theory, we deal with AdS4
3S7 ~and also with AdS73S4) and 3-dimensional supersym-
metric CFT with 16 charges or the (0,2) little string theory in
each case ~they correspond to M2 or M5 branes!. In these
cases the existence of a matching between chiral primaries
and KK states was also checked in detail. The AdS63S4

~that appears when we consider the D4-D8 system in mas-
sive IIA theory @36#! leads to five-dimensional CFT. Again,
the same matching and correspondence was achieved. Be-
sides, there exist compactifications of M theory with an
AdS5 sector ~for instance AdS53H23S4 @51#!, where all the
previous mentioned features work in pretty much the same
way. The subtlety of these compactifications is that they lead
to 4-dimensional CFT’s with 4 or 8 supercharges, thus mak-
ing closer contact with the supersymmetric SM-like theories.

In order to describe a method that can hopefully be ap-
plied to any of the products discussed above, let us restrict to
the case of AdS33S33T4 ~the background geometry that
appears considering the D1-D5 system!. The gravity system
has a dual description in terms of a 2-dimensional supersym-
metric CFT, with N5(4,4) supersymmetry. The isometries,
given by SL(2,R)3SL(2,R), coincide with the symmetry
generated on the 2-dimensional boundary by the Virasoro

FIG. 11. Maximally extended Penrose diagram. The past and
future RS horizons are replaced by the past and future light-cones
obtained after analytical continuation.
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generators L0,6 , L̄0,6 . A scalar field satisfying the Klein-
Gordon equation in AdS3 will have eigenmodes in corre-
spondence with the masses of the chiral primaries on the
field theory side. These states, like all their descendants, are
protected and in correspondence with the KK states on the
S33T4 of the geometry. Once we have applied the quotient
operation, the proposed way to obtain the correspondence is
lifting the gravity mode to the uncompactified AdS space.
This is carried out by considering a periodic function defined
on each Dirichlet domain, covering the complete space. The
correspondence is between the cosmological gravity mode,
and the state given by the sum of individual states on each
domain ~on the CFT side!. It is important to point out that
this sum is not convergent. Therefore, methods dealing with
rigged Hilbert spaces have been applied to define the sum
~the CFT state! properly. In addition, as it has been pointed
out in @23# the quotients required to obtain the cosmology
break down all the supersymmetries. One can understand this
considering that a spacetime where some of the supersym-
metries remain unbroken must be stationary ~or sort of ‘‘null-
stationary’’!. However, our quotient spacetime has no Killing
fields whatsoever. Note that such a Killing field would have
to be an element of the AdS symmetry group that commutes
with the group we used to take the quotient. However, there
are no such elements. Another way of saying this is that,
after the quotient, one will not be able to return ~globally! to
the static coordinate system @52#. It implies that there are no
protected quantities in the cosmological scheme. Other ways
of doing the quotient could in principle be found. This opens
the possibility of different definitions of this theory in the
boundary, which would be very interesting to explore further.
Moreover, it is also important to address whether there could
exist scenarios in which the above mentioned quotients de-
scribing the cosmological evolution do preserve some of the
supersymmetries. We hope to return to these topics in future
publications.
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APPENDIX: FLATLAND DYNAMICS

In this appendix we will briefly discuss the main features
of a novel scenario which contains fields in the bulk with
Lagrangian L. We start by considering a rather general ac-
tion,
084027
S5
Lp

32d

16p E
M

dd11xAgR1
Lp

32d

8p E
]V

ddxAgK

1E
M

dd11xAgL1sE
]V

ddxAg . ~A1!

The standard approach to solve the equations of motion
would be to assume some specific type of fields descibed by
L, and from the physics of that source to derive an equation
of state, which together with the field equations would deter-
mine the behavior of the (d11)-dimensional scale factor. In
deriving our model, however, the philosophy of solving Ein-
stein’s equation must be altered somewhat from the usual
one: We concentrate on the geometrical properties of the
spacetime, without specifying L. We are interested here in
(d11)-dimensional Ricci-flat spacetime undergoing expan-
sion. Thus, we set k50 in Eq. ~2! and we replace the metric
in the field equations to obtain the curvature constraint

R52d
Ä
A 1d~d21 !

Ȧ2

A2 . ~A2!

Now, it is easily seen that

A~ t !5S K0

2 D a

@~11d !~ t2K1!#a ~A3!

describes a flat solution undergoing expansion, with equation
of state ~in terms of the bulk energy density r and pressure
p),

FIG. 12. Penrose diagram of Minkowski spacetime with a
spherical domain wall. Double arrow stands for identification. Hori-
zontal ~vertical! inner lines are t2 (r2) constant surfaces. The t
56‘ surfaces correspond to the top and bottom horizontal lines,
respectively. Vertical dashed line represents the coordinate singu-
larities r50, that occur with polar coordinates.
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da~a21 !t2252
4p

Lp
32d ~r1dp !, ~A4!

provided that a52/(d11). For simplicity, we have set the
integration constants K05a , K150. Note that the fields
threading the spacetime violate the (d11) strong energy
condition. After recalling that we are dealing with a clean
brane and a conformally flat bulk, it is straightforward to
obtain the equation of motion of a brane in this background,

FIG. 13. Brane ~solid-line! and bulk ~dashed-line! scale factors,
for s50.
084027
4p

Lp
32d~d21 !

s5
6 ȧata211~ata!21

@12~ ȧ ta!2#1/2 . ~A5!

Figure 12 shows the Penrose diagram for this brane-surgery.
For the case s50, d54 the solution reads,

a~ t !56
5

A6
t3/5, ~A6!

where a0 is an integration constant. In Fig. 13, we show the
evolution of A(t) and A(t) for a050. The solution ~brane
and bulk scales factor! describes separating symmetric
patches of contraction and expansion with a shrinkage down
to zero at t50. From Eq. ~12! one can easily see that the
solution does not represent a physical system because
(Aȧ)2.1.

It is interesting to point out that in the most general ac-
tion, the last world-volume term in Eq. ~A1! would depend
on the d-dimensional Ricci scalar. Such a term cannot be
excluded by any symmetry reason and in fact is expected to
be generated on the brane. Inclusion of this term often dra-
matically modifies the situation ~e.g. can induce
4-dimensional gravity even if extra space is 5-dimensional
Minkowskian @53#!. Thus, it would be interesting to explore
dynamical scenarios without fixing the shape of the brane.
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