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QUANTUM SUBGROUPS OF SIMPLE TWISTED QUANTUM
GROUPS AT ROOTS OF ONE

GASTON ANDRES GARCIA AND JAVIER A. GUTIERREZ

ABSTRACT. Let G be a connected, simply connected simple complex algebraic
group and let € be a primitive £th root of unity with ¢ odd and coprime with
3 if G is of type G2. We determine all Hopf algebra quotients of the twisted
multiparameter quantum function algebra Of(G) introduced by Costantini
and Varagnolo. This extends the results of Andruskiewitsch and the first
author, where the untwisted case is treated.

1. INTRODUCTION

Let G be a connected, simply connected complex algebraic group. In this paper
we determine all Hopf algebra quotients of the twisted multiparameter quantum
function algebra O?(G) introduced by Costantini and Varagnolo in [CVI], where
€ is a primitive ¢th root of unity with ¢ odd, and if G is of type G, further €
is coprime with 3. The dual notion of this was introduced by Reshetikhin [R] to
produce multiparameter quantum enveloping algebras of g = Lie(G); see also [Su].
It is constructed as a twist deformation of the topological Hopf algebra Uy(g) over
C[[A]], where the twist only involves elements of a fixed Cartan subalgebra b of g. In
the dual function algebra, this deformation corresponds to a skew endomorphism
@ on the weight lattice of g. When ¢ = 0, one recovers the standard quantum
function algebra on G and the results on this paper reproduce the classification
obtained in [AG].

It turns out that Of(G) is a 2-cocycle deformation of O.(G); see Lemma 214
For this reason, we call O?(G) the twisted quantum function algebra over G; heuris-
tically it should correspond to the function algebra over the twisted quantum group
G¢. This is not an isolated example. The relation between multiparameter quan-
tum function algebras and 2-cocycle deformations has been explained for particular
instances of quantum groups; see for example [Ma], [Tk2], [AST], [HLT]. In general,
multiparameter quantum groups were intensively studied. They appeared first in
the work of Manin [Ma] and were subsequently treated by different authors, among
them [AEBWIICM [DPW]H HLTHHPRI LS OYIRI Tk

An important problem in the theory of quantum groups is the determination
of the general properties that a quantum group should have, since up to date
there is no axiomatic definition of an algebraic quantum group. In this sense, the
description of all possible Hopf algebra quotients of the quantum function algebra,
seen as algebras of functions over quantum subgroups, of the known examples would
give some insight on the structure of the quantum group. This can be viewed as the
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quantum version of the classical problem of studying subgroups of a simple algebraic
group. This is an actual area of research since the description by P. Podles [P] of the
compact quantum subgroups of Woronowicz’s quantum groups SU,(2) and SO,(3)
for g € [-1,1] \ 0. Besides the result of Podles, the main contributions are

> the description of the finite quantum subgroups of GL4(n) and SL,(n) for
q an odd root of unity by Miiller [Mul;

> the classification in [AG] of the quantum subgroups of Gy, for G a con-
nected, simply connected, complex simple algebraic group G, with ¢ a
primitive ¢th root of unity with ¢ odd and coprime with 3 if G is of type
Gs.

> the description in [G] of the quantum subgroups of the two-parameter de-
formation GL, g(n) for ™13 a primitive root of unity of odd order;

> the determination of the compact quantum subgroups of SO _1(3) by Banica
and Bichon [BB];

> the study of the quantum subgroups of SU,(2) for ¢ = —1 in [BN] and for
q # —1 in [EST;

> the description by Bichon and Dubois-Violette [BD] of the compact quan-
tum subgroups of the half-liberated orthogonal quantum groups O} from
BS);

> the classification of the quantum subgroups of SU_;(3) by Bichon and

Yuncken [BY].
As the reader might have noticed, the problem splits into the algebraic case and
the compact case. The latter is reduced mainly to the case when ¢ = —1. In this

paper, we study the algebraic case, hence we will assume that ¢ is a primitive root
of unity of odd order. The main result reads as follows.

Theorem 1. There is a bijection between

(a) Hopf algebra quotients q : Of(G) — A,
(b) Tuwisted subgroup data up to equivalence.

For the definition of the twisted subgroup data see Definition We prove
Theorem [ in Section H through Theorems 9 B4 and We use the strategy
developed in [AG] for the untwisted case, where the Hopf algebra quotients are
constructed using commutative diagrams whose rows are central extensions of Hopf
algebras. Since Of(G) is a 2-cocycle deformation of O (G), several steps of the
construction can be carried out without much effort. On the other hand, special
attention has to be paid for certain constructions. To describe them we use the
study of O¢(QG) carried out by Costantini and Varagnolo in [CVI] and [CV2], which
is in turn a generalization of [DI].

As a consequence of Theorem [l one would expect the construction of new exam-
ples of finite-dimensional Hopf algebras with different properties which might not
necessarily be 2-cocycle deformation of Hopf algebra quotients of O.(G). These
examples are given by central exact sequences of Hopf algebras. We hope that,
using similar methods to those of Stefan [§], who characterized Hopf algebras with
certain properties as quotients of the quantum function algebra O,(SL(2)) and
used this to understand the structure of low-dimensional Hopf algebras (see [N] as
well), these examples might help to better understand the classification problem
for finite-dimensional Hopf algebras over the complex numbers.
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This paper is organized as follows. In Section ] we recall the definition and gen-
eral properties of the twisted quantum enveloping algebra Uy (g), its divided power
algebra, the twisted quantum function algebra Ojf(G) and their specializations at
roots of unity, and we show that Of(G) is a 2-cocycle deformation of O (G). In
Section Blwe describe the twisted Frobenius-Lusztig kernels uf(g) and all the Hopf
algebra quotients of uf(g)*. We also prove that u?(g) is a twist deformation of
u.(g). Finally, in Section @] we prove the main theorem.

Conventions and preliminaries. Our references for the theory of Hopf algebras
are [Md], [Ra]. We use standard notation for Hopf algebras; the comultiplication,
counit and antipode are denoted by A, €, and S, respectively. Let k be a field. The
set of group-like elements of a coalgebra C' is denoted by G(C'). We also denote by
CT = Kere the augmentation ideal of C. Let H be a Hopf algebra. H°P denotes
the Hopf algebra with the same coalgebra structure but opposite multiplication
and HP denotes the Hopf algebra with the same algebra structure but opposite
comultiplication. Let g,h € G(H), the set of (g, h)-primitive elements is given by
PrH)={zecH: Alz)=cg+h®a}. Wecall P 1(H) = P(H) the set of
primitive elements.

Recall that a convolution invertible linear map o in Homy(H ® H,k) is a nor-
malized multiplicative 2-cocycle if

(1) (b, cy)o(a, beyce)) = alaq), by)ol(a)be),c)

and o(a,1) = e(a) = o(1,a) for all a,b, c € H; see [Md Sec. 7.1]. In particular, the
inverse of ¢ is given by 0~!(a,b) = 0(S(a),b) for all a,b € H. Using a 2-cocycle o it
is possible to define a new algebra structure on H by deforming the multiplication,
which we denote by H,. Moreover, H, is indeed a Hopf algebra with H = H, as
coalgebras, deformed multiplication m, = c*m+* o~ ! : H® H — H given by

my(a, b) =a-,b= a(a(l), b(l))a(g)b(g)o_l(a(g), b(g)) for all a,b € H,

and if we write Q° = o(Id ® S) and Q° = 0~ 1(S ® Id), then the antipode
S, =Q°+«S*Q° ' : H— H is given by (see [Dd for details)

Sy(a) = O'(a(l),S(CL(Q)))S(CL(?,))Uil(S(CL(4)), a(5)) for all a € H.

Remark 1.1. Let H be a Hopf algebra, let I be a Hopf ideal, let A = H/I and
let 7 : H — A be the canonical map. Clearly, any 2-cocycle on A can be lifted
through 7 to a 2-cocycle on H. Let 0 : H ® H — k be a normalized multiplicative
2-cocycle on H such that o|;gmi+rer = 0. Then the map 6 : A® A — k given
by 6(m(h),n(k)) = o(h,k) for all h,k € H defines a normalized multiplicative 2-
cocycle on A and the induced map 7, : H, — As is a Hopf algebra map. In
particular, if B is a central Hopf subalgebra of H such that o|;gn+mgr = 0 with
I = BT H, then the formula above defines a 2-cocycle on A = H/BTH.

Let H be a Hopf algebra and let J € H ® H be an invertible element. We say
that J is a normalized twist if

Aid)(J)(Jo1) = ([deA)()(1®J) and (¢®id)(J) =1 = (id®e)(J).

Given a twist .J for H, one can define a new Hopf algebra H” with the same algebra
structure and counit as H, but different comultiplication and antipode

Al (h) =T AR, ST (h) = QF'S(h)Qy,
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for all h € H, where we denote J = J @ J?) and Q; = S(JM)J?). We say that
H7 is a twist deformation of H.

The notion of a 2-cocycle and a twist are dual of each other. If H is finite-
dimensional, then J is a twist for H if and only if J* is a 2-cocycle on H*.

Definition 1.2. A Hopf pairing between two Hopf algebras U and H over a ring
R is a bilinear form b: H x U — R such that, for all u, v € U and f, h € H,

(1) b(h,uv) = b(hy, u)b(h(2), v); (iii) b(1,u) = e(u);
(i) b(fhyu) = b(f, ue)blh, u(z)); (iv)  b(h,1) = e(h).

It follows that b(h,S(u)) = b(S(h),u) for all w € U, h € H. Given a Hopf pairing,
one has Hopf algebra maps U — H° and H — U°, where H° and U° are the
Sweedler duals. The pairing is called perfect if these maps are injections.

Let G be a connected, simply connected simple complex algebraic group and let
g = Lie(G) be the Lie algebra of G. We fix h C g as a Cartan subalgebra and
® as the root system associated to h with simple roots II = {aq,...,a,}, where
n = rk(g) := dim(h). Let (—, —) be the symmetric bilinear form over h* induced
by the Killing form. Then, the Cartan matrix A = (a;;j)1<; j<n € Z"*" associated

with g is given by a;; = % If we write d; = w and D = diag(dy,...,d,),
then (o, ;) = d;a;; and DA is symmetric. The fundamental weights wy, ..., wy,
are given by the property (w;, ;) = d;d;; for all 1 <i < n. Then, o; = Z?Zl aj;W;
for all 1 <i < n. We denote by P = Y"1 | Zw, the weight lattice, P, the positive
weights, @ = Y. | Za; the root lattice, Q4 the positive roots and W the Weyl
group associated to ®. The bilinear form (—, —) defines a Z-pairing over P X Q.

Let ¢ be an indeterminate, let R = Q[g, ¢~!] and let Q(q) be its field of fractions.
Let € be an ¢th root of unity with orde = ¢ odd and 3 t £ if G is of type Go. If
X¢(q) denotes the £th cyclotomic polynomial, then R/[x¢(q)R] = Q(¢). We denote
gi=q% forall 1 <i<n.

For n > 0 define

" -1 _

(n)g = g—1 gL ()= (n)g(n = 1) (2)g(L)g, (0)g =1,
g = Tl = = g+, and o), = 1

0 =wesm = men

2. TWISTED QUANTUM GROUPS

In this section we recall the definition of the twisted (multiparameter simply
connected) quantum enveloping algebra Ug’(g), its divided power algebra, and the
twisted quantum function algebra Of(G). The former is isomorphic to the multi-
parameter quantum enveloping algebra defined in [B] and [CKDP] (see [CYT]), and
the latter is introduced by Costantini and Varagnolo in [CV2]. We mainly follow
[CV2] for the description.

These algebras depend on a Q-linear map on the weight lattice that induces
a deformation on the coproduct of U,(g) and on the product of O,(G). This
deformation is given by a multiplicative 2-cocycle on O4(G) and resembles a twist
deformation on U,(g). For this reason, we call them twisted quantum function
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TWISTED QUANTUM SUBGROUPS 3613

algebras and twisted quantum enveloping algebras, respectively. We also describe
the corresponding objects at roots of unity and some basic properties such as PBW
basis, a Hopf algebra pairing, and the quantum Frobenius map. In particular,
twisted quantum function algebras at roots of unity fit into an exact sequence of
Hopf algebras.

Throughout we omit the supraindex ¢ when ¢ = 0 on the quantum function
algebras and on the corresponding maps if no possible confusion may arise.

2.1. The twisting map ¢. Consider the Q-linear space QP = """ | Quw; spanned
by the weigths and define a Q-linear map satisfying

(pr,y) = —(z,0y) Vao,y € QP,

(2) gOai:(SiIQTi, TiGP,Z.:].,...,TL,
e ez VA, 1€ P,
where (—, —) is considered as a linear extension of the Z-pairing over P X @ to a

symmetric bilinear form QP x QP — Q. In particular, ¢ is antisymmetric with
respect to this form.

According to the first two conditions we have that (27;, ;) = —(27;, ;). Writing
T = Z?:l TjiW; = Z?:l Yji0f with TjiyYij € Z for all 1 < 1,7 <n, it follows that

n n n
djzji = ( E xkiwkaaj> = - (E T/ijl,oéi) =- E zij(wi, ;) = —d;zy.
k=1 =1 =1

If we denote X = (245)1<ij<n: ¥ = (Yij)i<ij<n € Z™*", then AY = X and
DX = (d;x;5)1<i,j<n is antisymmetric. In particular, z;; =0 for all 1 <¢ <n and
© depends on at most @ integer parameters. Moreover, by [CV1] Lemma 2.1]
the matrix A+2X is invertible and the maps 1£¢ : QP — QP are Q isomorphisms

that satisfy that
((1 + @)ilAa:u‘) = ()\7 (1 - @)il,u) for all )\, 1% e P.

Write r = (1 + @)~ !, # = (1 — ¢)~!. Note that if A € r(P) and u € P, then
(A ) € mz Let u be an element contained in the algebraic clausure of
Q(q) such that g = ude*A+2X) f » ¢ WZ, then we write ¢* for u?det(A+2X)

2.2. Twisted quantum enveloping algebras. Let Q C M C P be a lattice.
For convenience, we recall the definition of the one-parameter quantum enveloping
algebras U, (g, M); see [BGl 1.6.5].
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Definition 2.1. U,(g, M) is the Q(g)-algebra generated by the elements { E;, F; }7;
and {K) : A € M} satisfying the relations

Ky =1, KyK, = Kyxy,=K,K, foral XNpebM,

K\E;K_x = ¢ME;,
K\FjK_y = q “9)F,

K, — K !

EiF; - FiE; = bijj———,
qi — 4q;

lfaij 1
> ( [ ”} ETUEE = 0 (i#)),
qi

=0
1—a

0L
J 1—ay 1—a;;—1 L,
S o [P BT RR < 0 Gd)
1= q

It is well known that U, (g, M) is a Hopf algebra with its comultiplication defined
by setting E; to be (1, K,,)-primitive and F; to be (K_,,, 1)-primitive for all 1 <
1 < n. Using the map ¢, one may define a different coproduct, counit, and antipode
on U, (g, M) as follows (see [CV2] §1.3]):

Ap(B) = Bi® Ky + Koy, @ Biy (20(B) =0, (8,(E) = ~K_a, B,
Ap(Fy) = Fi @ K_q,—r, + K7, ® Fy, £o(Fi) =0
A, (Ky) = Ky ® Ky, eo(Ko) =1, So(Ky) = K_».

Note that the coproduct is well defined by ([@). With this new structure, Uy (g, M) is
again a Hopf algebra which is denoted by Ug (g, M). Clearly, U¢ (g, M) = U,(g, M)
if o = 0. We write U¢ (g, P) = U¢(g) and Uf(g,Q) = U (g).

Remark 2.2. From the defining relations we have that K, E; = E; K, and K, F; =
FiK., for all 1 <7 <n. Indeed,

KTLEl = ﬁK£j7El = lﬁ‘[lq;:ﬂ(wj’al) E; 12‘[11(537
J= J=

j=1

n
= quﬂ’] T EiKy = EiK
Jj=1

The second assertion follows analogously.

Definition 2.3 ([CVZ §1.4]). Let U#(b1) and U¢(by) be the Hopf subalgebras
of U¢(g) generated by the elements K, F; with A € P and A\ € @Q, respectively.
Similarly, let U£(b_) and Ug(b_) be the Hopf subalgebras generated by the ele-
ments Ky, Fj, with A € P, and A € @, respectively. The algebra U (g) is the Hopf
subalgebra generated by Ky, F;, F; with A € Q and 1 <1i < n.

2.3. Pairings, Borel subalgebras and integer forms. By [CV]] § 2| (see also
[CV2 §1.4], [DI1 §3]) there exist perfect Hopf pairings 7, : U#(b_)*P x U (b ) —
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Q(u) and 7, : Uf(bJr)COp X U(f(b,) — Q(u). These are given by

o (Kx K,) = gt To(Ky, K,) = g~ TA)m))

FW(K)\,Ei) = 7T<p(Fi,K)\) =0, fw(Ei,K)\) :ﬁw(KA,Fi) =0,
dij N _ Oij  _(Fr)

7TL,0(FZ>EJ) — 7-7_1q(7'(7'z)7 z)’ F@(E“Fj) — —l—Jq (F(mi), 1)7

for \,up € P and 1 < 4,j < n. The pairing 7, can be obtained from 7_, by the
conjugation of the Hopf algebra Q-anti-isomorphism (, : U,f(g) — Uq_ ®(g) given
by Ez — Fi7 Fz — Ei7 K,\ — I(_,\7 and q — qfl
Uq’*"(b,) and T, = (, 0 m_y, 0 (Cp ® (y). If ¢ =0, denote by 7y the corresponding
bilinear form. Using these pairings we will define four R-Hopf algebras that will be
needed later.

Fix a reduced expression of the longest element wy = s;, ---s;, in the Weyl
group W and consider the total ordering on ®, given by

. Clearly, ¢, maps (73"([4) into

B = ayy, Ba = o, @y, BN = Qi Qujy - Qi

The braid group By associated to W acts on [v]g’(g) via the Lusztig automor-
phisms 7;, for 1 < j < N, and one may define the root vectors

Eg, =T, T, - T;\ 1(Ek) and Fg, =T, T, - T;) 1(Fk)
ForseN,1<i<n,1<k<N,and G; = E; or F; define
o _ Gi

(S) (s)
= and Gy, =Ti, Ty, - Ty, (G)).

For o € &4, let

(a,0) 1 _
9o = ¢q 2 Ta = 590(0‘)7 €ﬁ = (qal - Qa)EaKf‘raa
ef:eﬁia ff: (fiv f&p:(th_q(zl)FaK—Ta-

Definition 2.4. Denote by RY[B_]" and RY[B_]" the R-subalgebras of Uf(bJr)Op
and Uf(bJr)COp, respectively, generated by the elements ef and K(_,),, for 1 <
i <nand a € ;. Similarly, let RY[B;]" and R?[B,]" be the R-subalgebras of
Uf(b,)"p and U&P(bi)COp, generated by the elements f£ and K14y, for1 <i<n
and o € O

By restriction, we get the following pairings:

m,:UZ(b-) ®r RE[B-]' = Q(q),  wj: RY[B4]" @r US (b4) — Q(a),
,: UZ(by) ®r RE[BL) = Q(a), @y : RY[B-]"®r U (b-) — Qq)

They are given by

Tr«p(K)\?K(l_‘P)H) = q( #) W;(Faaef) = —di,
T (K1) Kx) = g™ T (5 Ej) = dij,

(3) T (K, K1 ygy) = ¢~ To(Ej, ) = —ij,
T (K- Kn) = ¢ T, (ef, Fy) = dij

Licensed to Stockholm University. Prepared on Sat Feb 24 22:00:17 EST 2018 for download from IP 130.237.165.40.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3616 GASTON A. GARCIA AND JAVIER A. GUTIERREZ

By [, one may take as bases of Uy (b ) and Ug (b_), respectively, the elements
t;

t;
1 n — | = 1 n — | =
_ (m) TT (et 0 M _ (m;) TT [ Keais 0 M
Em,t — H Eﬁj H ( ti )KOM, sy Nmt = H Fﬂj H ti KOM, ’
j=N i=1 j=N i=1
t; K;‘s+171

where [] represents the integer part function and (K??;O) =1l %=
‘ s=1

Divided power algebras. We now describe an integer form of U7 (g), which is used
to define the algebra U#(g) at the root of unity e.

Definition 2.5. Let I'?(b, ) and I'*(b_) be the R-submodules of U (g) given by

P9(by) = {u € U(by) | w(RY[BL )" @ u) C R},
I9(b_) ={ueUf(b_) | n,(u®R{[B_]""") C R}.
It is known that the sets {&,, .} and {n,, .} are R-bases of I'?(by) and I'?(b_),

respectively. This implies that both are algebras isomorphic to I'(b;) and T'(b_).
Moreover, they are also subcoalgebras with the coproduct given by

AQQE,L-(p) = E q;TSEZ_(T)KS(aiiTi) ® EZ-(S)KTTN
r+s=p
(4) AwFi(p) = X qi_mFi(r)KSTi ® Fi(S)K—T(aH-Ti)’
r+s=p

AQ{;( Z?O) _ Z K{gq;r.g( 170) ® ( 170>.
t r+s=t r S

Again by restriction, we get the Hopf pairings

T, :T?(b_) ®r RY[B_] — R, T, R [By]" ®rT¥?(by) — R,
7 :T%(b,) @p RE[B,] — R, 7 RE[B_]" @rT#(b_) — R.

By [CV2] Lemma 1.12], the algebras R¢[B.]’, R¥[B+]" admit a Hopf algebra struc-
ture such that the pairings above become perfect Hopf algebra pairings. Moreover,
we have that R¥[B.] ~ R£[B1]" as Hopf algebras.

Definition 2.6 ([DL] §3.4]). The algebra I'?(g) is the R-subalgebra of U7 (g) gen-
erated by T'¥(by) and T'?(b_). In particular, it is generated by the elements

o (1<i<n), B (t>1,1<i<n),

Ko
( ag’()) tz11<i<n),  FY  (@zlLl<i<n).

2.4. Twisted quantum function algebras. In this subsection, we introduce the
dual algebras Of(G) of Uf(g) and R?[G] of I'?(g). They are obtained as the
submodules generated by the matrix coefficients of representations of type one.
Let C, be the full faithful subcategory in Ug(g)-mod consisting of finite-dimen-
sional modules on which the elements K,, act diagonally by powers of g. Then
C, is a tensor category which is strict. Denote by Of(G) the Q(g)-submodule
of Homgg) (Us(g), Q(q)) spanned by all the matrix coefficients of objects in C,.
Then OF(G) is a Q(q)-Hopf algebra with the usual structure. Given V € C,,
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TWISTED QUANTUM SUBGROUPS 3617

v €V, and f € V*, then the matrix coefficient ¢y, : Uf(g) — Q(q) is defined by
civ(z) = f(z-v) for all z € US(g). Then we have

Alcso)(r@y) = cro(zy) and My (Cro ® Cgw) = Crogvaw

for VVIWe€Cp,v eV, feV* , weW, g,e W* and 2,y € U?(g).
For A € Py, let L(A) be a simple highest weight module of U#f(g). Then,
L(A) = @ L(A), is a graded module and by the Peter—Weyl Theorem we have

that Og(G) = @pep, L(A) ® L(A)Y, Where L(A)* ~ L(—woA). If v € L(A),,
f € L(A)_x, then write A(cf) =D, cf Y@t eD, Og(G)np @ Og(G) - pi-
Since Of(G) equals O, (G) as a coalgebra, we keep this notation for the coproduct
on O¢(G).

Lemma 2.7 ([LS)). For i = 1,2 and A; € Py, v; € L(A;)u,, fi € L(A;)—x, we
have

M (Cr 0 @ Chymy) = q%((“"(‘“)’“2)_(“’()‘1)”\2))m(cf111,1 ® Cfyvg)-
O
Remark 2.8. Following [HLT] §2], the quantum function algebra O,(G) is a P-
bigraded Hopf algebra. In particular, if f € L(A), v € L(A),, and f( ) £ 0 we
have that f(U) = f(l"l}) = f(K(;ilKai 'U) = f(S(KOM)KOCi 'U) = (Kai f)( a; 'U) =
gt ) for all 1 < i < n, which implies that A = —p if f(v) # 0.
If we define the antisymmetric bicharacter p : P x P — Q(q) by p(A1,\2) =
q’%(“"@l)v)‘ﬂ, then it induces a group 2-cocycle p on P x P given by

ﬁ((Alv ,ul)’ (A2a ,u2)) = p()\h AQ)p(,Ul, /-1‘2)71 = q%((90(#1),/1«2)*(&,9()\1)7)\2))’
and by [HLT] Theorem 2.1], O¢(G) is isomorphic to the deformed P-bigraded Hopf
algebra O,(G),, where the product is given
m<P(Cf171)1 & szﬂfz) = p(/\17 >‘2)p(,u17 ﬂ2)71m(cf17111 ® Cf27U2)’
for A; € P+, v; € L(Al)#” fl € L(Al),)\
Corollary 2.9. Of(G) is a 2-cocycle deformation of Oy(G). The 2-cocycle o :
04(G) ® O4(G) — Q(q) is given by the formula

1
U(Cfl,vl ) cfz,vz) = E(Cfl,vl)g(cfz’vz)q 2(p(2):A2)

for Ay € Py, v; € L(Ag) ., fi € L(A;)—x,, andi=1,2.
Proof. Denote x (A1, Ag) = ¢~ 2(#(A1):A2) - Clearly, o(z,1) = o(1,2) = e(z) for all

z € O4(G). We first prove the condition of [@). For 1 < i < 3, let ¢y, ., € Og(G)
with f; € L(A;), and v; € L(A;),,. On one hand, we have

T ((Cy00) (1)5 (Cf3,05) (1))T(Cp1 005 (Charn) (@) (Cfs,05) (2))

_ —A2, V1 —Asz,v2 1,42 ,—V2,143
- Z sz vz 2 Cfzum )o (Cfl,vwcfz vz Cfsug )

vi,V2

D e(e) 2 (e (N As)e ey (e bl )e (e 2 )X (M, v + vs)

Vi,V2

= E(Cflavl)E(Cf2yv2)€(cf3ﬂ)3)X()\27 )‘3)X()‘17 A2 + )‘3)
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On the other hand,

a((eryo)1)s (C200) (1)1 00) (2))(Char0a) (2)5 Cfs 0

_ A1, V1 —A2,v2 —V1,41 ,— V2,02
- Zo(cflﬂ)l 1C a2 )U(Cfl,vl Cfa02 7Cf3,v3)

—A1, — Az, —v1, —vz,
= Z E(Cflﬂl)lul)e(cfl,ilyz)X(/\l’ )\Q)E(Cfll,/ll)lm )€(Cf2y,12)2u2)€(c.f37v3)X(Vl + V2, /\3)

Vi,V
= E(Cflavl)E(Cf2yv2)€(cf3,’l)3)X()\17 )\Z)X()\l + Ag, )\3)
Thus, o is a 2-cocycle on O,(G). We now prove that it satisfies the equation given

in Lemma X7 It actually follows by a direct computation using that x(0,0) = 1,
Y(40) = x(0,A) = 1, and

071(6.f17U1,Cf2,U2) = U(S(C.f17vl)7 cfz,vz) = 5(Cf1,v1)5(cf2,v2)X(,U1, )‘2)
for Ay € Py, v; € L(A),, fi € L(A;)-y,, and i = 1,2, and €(Oy(G)r,p,) = 0 if
-\ £ u:

ma(cfhvl ) Cfmvz)

_ —A1,v1—A2,v2 —vi,m v2,m2\ —1( —N1,41 ,—"N2,02
- Z U(Cflﬂfl 1 Cfa,0m )m(cfl,vl ® Cf27v2)0- (cfhvl Cfa 0z )
V1,V2,M1,M2

—A1, s, o 7
- Z 5(th;V1 )E(Cf2,521j2)x(>‘17 AQ)m(Cflljllum ® C?;Z;)
V1,V2,M1,M2
x e(ep, M e(er ) )x (i, me)
=X, >‘2)m(0f1,v1 ® cf2’UZ)X(M1’ —p2) = X (A1, )‘Q)X(/lb/l?)_lm(cfl,vl & sz,vz)

%((V’(Hl)’Mz)*(%@()\l);)\z))m(

=q Cf1,01 ®Cf27112)'

U
For more details on twisting, deformation, and r-matrices, see [HLT], [CV2] §2.2].

Definition 2.10. Let &£, be the full faithfull subcategory in I'¥(g)-mod whose
objects are the free R-modules of finite rank such that the elements K; and (K;;O)
act by diagonal matrices with eigenvalues ¢ and (7)) o respectively. Define R?[G]
as the R-submodule of Homp(I'?(g), R) generated by the matrix coefficients of
elements in &,. Analogously, we define R¢[B+] as the R-module generated by the
matrix coefficients of elements of the full subcategories of I'* (b, )-mod and I'?(b_)-

mod, respectively.

Since the categories are strict and tensorial, RY[G] and Rf[B+| are R-Hopf
algebras. Moreover, by [CV2] §2.3], we have the isomorphims
Re[B) ~ R¥[Ba) ~ R¥[Bs)".
Consider the linear map I'? (b )@ g I'¥(b_) — I'¥(g) given by the multiplication.
The dual map composed with the isomorphism above gives the injection
(5) g » REIG) — RY[By]" ®r RY[B_]".

Lemma 2.11 ([CV2 Lemma 2.5]). The image of p, is contained in the R-sub-
algebra AZ generated by elements the 1 @ ef, f& ® 1, and K_(14,)x @ Kq_p) for
AeP,acd,. (]
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Let A € P, and let vy be a highest (resp., lowest) weight vector of L(\) (resp.,
L(=))). Let ¢4y be the unique element in L(+\)* such that ¢Ly(vLy) = 1 and
vanishes over the complement I'(h)-invariant of Q(q)vex C L(£A). Denote by
Y1) = Cg,, vy, the corresponding matrix coefficient.

As in [DI, we define for all @ € ®,, the matrix coefficient wi)\ y

Y5 () = oa((Eaz) - vr), P2\ (x) = ¢ ((xEy) -v_y),
Yy () = oa((2Fa) - vr), V(@) = por((Fa) - v_y).
Remark 2.12.

(a) Let A € Py; then uf (v-x) = K_(150)a @ K(1_pa-

Indeed, evaluating both expressions in EM ® F'N, where EM = &, oMo, and
FN = 1y, 060,, for suitable mq,ta, mo,t; of the basis of I'?(by) and I'?(b_) (cf.
Definition ), respectively, and using [DI] Lemma 4.4 (iv)] we have that

(1o (0-x), EM @ NF) = _\(EMNF) = 61,561, pMN(-)),

where M(\) = mo(Ky, M) and N(X\) = 7p(K_», N). Then, we have MN(—-\) =
WO(K_,\,MN):WO(K_,\,M)WO(K_,\,N):wo(K_,\,M)ﬂo(K,\,N) = M(-A\)N(—
Moreover, using (Bl we have

(1 (x), EM @ NF) = 61,501, M(=A)N (=)
= 01,501, P, (K_(14p)x M)TL(K1—p)x, N).
On the other hand, using the pairings 7;; and 7, we have that
<K_(1+y,))\ ® K(l_y,))\, EM ® NF> = 61,E51,F7Tg(K—(1+¢),\7 M)ﬁg(K(l_w)()\), N),

and the claim follows.
b) By [CY2 Propositions 1.9 & 2.7], for all 1 < i < n we have that

(6) .[‘Lgp(dj 5:) =4q (T f(yZ —(14+¢p)w; & K(l—cp)wiv
/’Ltp(wfwl) =4q (THWL)K7(1+LP)L01; ® K(lfap)wi,egi'
We check the first formula; the second follows similarly. Since uf(¢Y-7¢) =

(0=5). and by DI Lemma 4.5 (vi)] it holds that i (650) = fo, K-, © Ko,
we have

%:W ) EM@NFE) = (fo, K_w, ® Ky, EM @ NF)
=70 (fo, K_w,, EM)7{(K,,, NF)
= 70 (fo, K—w;s EM)70 (Ko, , N)7g (Ko, F)
=70 (fo, K—w;, EM)N (—w;)d1 F-

N).

On the other hand, since 7 (f$ K_(11p)w,, EM) = q eI nl (fO K_o,, EM) by
[CY2] Proposition 1.9] and I]:ZU, 3.3)], using the definitions in (@), we obtain

(f& K_(14)w0 OK (1—pyw;, EM @ NF) = W//(fa —(14+¢)w; ,EM)7! (K(l_g,)wi,NF)
(fa —(14+p)w; s EM)N(—w;)d1,r
gl (fO Koy, EM)N(—w;)d1,F,
and the assertion is proved.

The following lemma is a twisted version of [DI] Lemma 4.1].
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Lemma 2.13. R¢[G] coincides with the R-Hopf subalgebra of UY(g)° given by the
set of all linear functions f : T¥(g) — R such that there exists a cofinite ideal
I CT¥(g) and N € N which satisfy that f(I) = 0 and H;\;N(Ki —¢") eI for
all 1 < i < n. Further, the induced Hopf pairing p between R¥[G] and I'#(g) is
nondegenerate.

Proof. Since I'*(g) = I'(g) as algebras, R?[G] coincides with the set above by
[DI Lemma 4.1]. The Hopf algebra structure is the one induced from I'?(g)°. The
last claim follows from the fact that I'?(g) has a PBW-basis and its dual basis lies
in R?[G]. O

2.5. Specializations at roots of one. In this subsection we recall the definition
of the twisted quantum algebras at roots of unity and state some results that will
be needed later. For all Q@ < M < P, we define

U&(g; M)=Ug (g; M)®rQ(e), TZ(9):=T"(9)©rQ(e), Of(Gqy.,, = R{[GI©rQ(e).

Note that T7(g) = (9)/ bu(a)1¥ () 0 02 (G = RE(G) (o) RF[G], wher

R/[x¢(q)R] ~ Q(¢). We denote U#(g; P) := U¥(g) and U?(g; Q) := U#(g). For
r € R, denote by 7 the image of the canonical projection R — Q(e).

Lemma 2.14. O¢(G)q,,, is a 2-cocycle deformation of O.(G)q(c)-

Proof. Let 0 : O4(G) @ O,(G) — Q(q) denote the 2-cocycle defined in Corollary
Then, the map & : Of(G)q,,, ® Of(G)q,,, — Q(e) given by

7(z,9) = o(z,y) for all z,y € O4(G),

is a well-defined 2-cocycle for Of(G)q,,,, where Z denotes the image of x € Oy(G)
under the canonical projection OF (G) — Of(G)qy,, - O

Remark 2.15. The relations E{ = 0, Ff = 0, K5 =1 hold in I'?(g) for all 1 <

i < n. Indeed, we have that [T'_, (Ko, ¢ =5t —1) = T (¢ — 1)(K‘7;0) in

I'%(g). If we specialize q at €, then we have Hﬁzl (Ka,e=*+t) —1) = 0. Since
— £—1)¢ —

Kl —1=[['C5(Ka, — ) = ¢ 2 ['20(Ka,e "t — 1), we have that K/ =

as desired. The other two relations follow from the fact that (¢). = 0.

The following lemma is analogue to [DI] Lemma 6.1].

Lemma 2.16. There exists a perfect Hopf pairing p : Of(G)q,., @q) I'¥(g) —
Q(e).

Proof. Let p : R?[G] ®g I'?(g) — R denote the pairing defined in Lemma
Then, we may define the pairing p : Of(G)q,,, ®q() I'¢(9) — Q(e) via p(z,u) =
(p(x,u)) for all x € RY[G] and u € T'(g), where Z and @ denote the images of x
and u under the canonical projections Rf[G] — Of(G)q,,, and I'*(g) — I'¢(g),
respectively. A direct computation shows that p is a well-defined map and it is a
nondegenerate Hopf pairing. O

Now we introduce the twisted quantum Frobenius map. For details, see [CV2]
§3] For1<:< n let e;, fi, and h; denote the Chevalley generators of g and write

)= =e;/ml, f = fi/m, (];n) = hathiz D (himmtd) o0 a1l m > 0.

m:

l
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Lemma 2.17 ([CV2 §3.2 (i)]). There is a unique Hopf algebra epimorphism Fr :
I'¢(g) — U(g)g(e) given for all 1 <i<mn and m >0 by

Kg,; hi
Fr(Ei(m)) — el(m/l)’ FI‘(Fi(m)) — in(rn/f)7 Fr < z;a O> — (m;€>’ Fr(K,,) =1,
if £ | m or 0 otherwise. Its kernel is the ideal generated by the elements K, — 1,
E;, and F;. In particular, there is a Hopf algebra monomorphism ' Fr : O(G)ge) —

|

I'#(a)°.
Let k be a field extension of Q(¢). We call Of(G)q,., ®q(e) k the k-form of
0?(G)q.,- When k = C we simply write Of (G).

Lemma 2.18 ([CV2 §3.3]). O¢(G)q,., contains a central Hopf subalgebra Fy iso-
morphic to O(G)q(). Moreover, an element of Of (G)q,,, belongs to Fy if only if
it vanishes on I and

Fo = Q(6)<Ef’v S O?;(G)Q(eﬂf S Z(fA)igv,U S Z(fA)gu; v, 1€ P+>,
where L(eA) is the T%(g)-module T¥(g)vea with vep the highest weight vector of

L(eA). O
Proposition 2.19. Of(G)Q(é) is a free O(G)q(e)-module of rank pdimg
Proof. The proof follows from [CV2] Proposition 3.5], [DI], and [BGS]. O

Let Of(G) be the quotient O¢(GQ)/[O(G)T0O#(G)] and let m : O?(G) —
O¢(@)) be the canonical projection. By Proposition ZI9 Of(G) is a Hopf al-
gebra of dimension ¢4™¢. Moreover, since O?(G) is a free O(G)-module, it is
faithfully flat. Then, by [Md Proposition 3.4.3], O?(G) fits into the short exact
sequence of Hopf algebras.

1 — O(G) — 0O?(GQ) — Of(G) — 1.
3. TWISTED FROBENIUS—LUSZTIG KERNELS

In this section we define and study the twisted Frobenius—Lusztig kernels and the
quotients of their duals. They are finite-dimensional pointed Hopf algebras which
are twist deformations of the usual kernels.

Let Zg be the smaller Byy-invariant subalgebra of U#(g) that contains the ele-
ments Ky, = K, Ef, Ff foralla € Q and 1 <i < n.

Theorem 3.1.

(i) Z§ is a central Hopf subalgebra of U#(g).
(i) Zg is a polynomial ring in dim g generators, with n generators inverted.
iii) U#(g) is a free Z¢-module of rank (4™ 9

€ 0

Proof. The proof follows the same lines as [BGl Theorem II1.6.2], using the fact
that the algebra W spanned by the elements Ky, = K%, Ef, Ff for all a € Q and
1 <4 < nis a Hopf subalgebra, and this follows from a simple computation using the
g-binomial formula. For example, AW(Ef) = (Bi®K,;, + Ko, +,QF;) = Ef@ K, +
Ké(ai—ﬂ) ® E'LE’ since (E’L @ KTi)(KO(i—Ti & EZ) = 672di (Koéi—ﬂ @ EZ)(EZ @ Kﬂ) O

Definition 3.2. The twisted Frobenius—Luzstig kernel is defined as the quotient
u?(g) = Uf(9)/((Z5) " UZ(g)]-
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By the theorem above, uf(g) is a finite-dimensional pointed Hopf algebra of
dimension (48 and G(uf(g)) = (Ka,| 1 < i < n) ~ (Z/IZ)". We denote
G(ug(g)) = T%.

Lemma 3.3. Let ﬁf(g) be the Hopf subalgebra of T'¢(g) generated by the elements
E,F;, K,, withl <i<n. ThenU?(g) andu?(g) are isomorphic as Hopf algebras.

Proof. By definition, there exists a Hopf epimorphism ﬁf (g) — u?(g) given by
E, — E;, F; - F; and K,, — K,, for all 1 < i < n. Since by Remark 215
dim U#(g) < (4™ 8 the claim follows. O

Adapting the proof of [BGl Theorem II1.7.10], we have the following.

Theorem 3.4. The Hopf algebras O (G) and u?(g)* are isomorphic.
Proof. The pairing defined in Lemma induces a perfect Hopf pairing
OZ(G) ®q(e) U# (9) — Q(€). In particular, we have a Hopf algebra monomorphism

0¢(G) — Uf(g)*. Since both algebras have the same dimension, the assertion
follows by Lemma O

As a consequence of the theorem above, the following sequence of Hopf algebras
is exact:

11— O(G)Q(e) —L) Of(G)Q(E) Tr_) uf(g)* — L

Proposition 3.5. u?(g) ~u.(g)’ for a twist J € Q(e)[T¥ x T¥].

Proof. By LemmalZT4 Of(G) is a 2-cocycle deformation of O.(G). Denote this co-
cycle by . Then, if we denote Z = O(G)*O¢(G), it holds that 7|7g0r (¢)+0¢ (60T
= 0, and by Remark [T we have that u?(g)* is a 2-cocycle deformation of
u.(g)*, where the cocycle is given by the formula &(m(z),7(y)) = o(z,y) for all
z,y € O(G). We may consider 6 : uc(g)* ® uc(g)* — Q(e) as an element in
u.(g) ® u(g), say J = >, u; ® u’. Then,

&(7"(01"171)1) ® ”T(Cf’z,w)) = <J77T(Cf1,v1) ® W(sz,vz» = Z fl(ul : vl)fQ(ui ’ 02)

= a(cfl)vl)€(Cf2,vz)€%(tp()\1),>\2) = fl(vl)fQ(’UQ)e%(Lp(Al)ﬁAQ)7

for all A; € Py, v; € L(A;)p,, fi € L(A;)—x,, and i = 1,2, where (-, -) is the perfect
pairing given by the evaluation. Thus, the components of J must act diagonally,
and consequently, J € Q(¢)[T¥ x T¥]. O

3.1. Subalgebras of u#(g). In this subsection we discuss a parametrization of
the Hopf subalgebras of u?(g). Since uf(g) is a pointed Hopf algebra, any Hopf
subalgebra is also pointed, and in this case, it is generated by a subgroup of the
group of group-like elements and a subset of skew-primitive elements.

Lemma 3.6. The Hopf subalgebras of u?(g) are parametrized by triples (I, 1_,%%),

where I C 11 and X% is a subgroup of G(uf(g)) such that Knzy)a,) € LY if
«a; € 1. Denote El = FE;K_;, and ﬁj = K(%Jﬁj)Fj. Then the Hopf subalgebra

of u?(g) corresponding to the triple (I, 1_,%%) is the subalgebra generated by the
set {g>Ei>Fj| g € Ev,ai S IJr and (o7} e I,}
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Proof. The proof follows from [AGl Corollary 1.12], since u?(g) is 5 generated by
group-like and skew—prlmltlve elements. In partlcular we have A, (E;) =FE, ® 1+
K(—pyan ® Ei, Ap(F)) = F; @ 1+ K11 p)(a,) @ Fj. =

Each pair (I, 1_) determines a regular Lie subalgebra p of g containing the fixed
Cartan subalgebra h. Next we define the corresponding twisted quantum algebras.

Definition 3.7. For every pair (I,]_) with I, C =£II, we define I'?(p) as the
subalgebra of I'?(g) generated by the elements

K;! (1<i<n),
Ka,; e (Ko,q -1
< “0> :—H<qz4> (m>1,1<i<n),
m g —1
s=1 ?
m . B
E™ = [quj! (m>1,0; € 1),
Fm
F,gm) = & (m>1,ap€1).

[m]q,!
Proposition 3.8 ([AGl Proposition 2.3 (a)]). Let T'?(p) := T'?(p)/[xe(q)T?(p)] ~
I'?(p) ®r R/[xe(q)R] denote the Q(e)-algebra given by the specialization. Then
T'?(p) is a Hopf subalgebra of T'?(g). O

Next we define a family of regular twisted Frobenius—Lusztig kernels.

Definition 3.9. For every pair (I,]_) with I C +II, we define the twisted
reqular Frobenius—Lusztig kernel u?(p) as the subalgebra of I'Y (p) generated by the
elements {K,,, E;, F,: 1 <i<n,a; € I}, ap € I_}.

In the following propositions we collect some properties.

Proposition 3.10. u?(p) is the Hopf subalgebra of uf(g) given by I'?(p)Nuf(g) =
u?(p). It corresponds to the triple (I, I1_,T?).

Proof. Follows from Lemmata and O

Proposition 3.11.

(i) Let U(p)gce = Fr(T'¢(p)) and denote Fr.cs = Fr|pe(,y. Then the following
diagram is commutative and all rows are exact sequences of Hopf algebras:

(7) 1 u’(g) I'¢(g)
éj

(ii) There is a surjective algebra map 6 : T'¢(p) — uf(p) such that 0],¢ () = id.

Proof. (i) From [CY2DI] and Lemma ZIT it follows that Ker Fr = u?(g)TT'?(g).
The proof that I'?(g)°F" = u?(g) follows from [A] Lemma 3.4.2], but by using
the formula (@) instead of the formula (1.1.3) in [A]. So the first row is exact. To
prove that the second row is exact, note that uf(p) = u?(g) NT¥?(p) = I (g)°F N
PP(p) = T#(p)° e+ and KerFry, = KerFr(T2(p) = uf (g) "% (a) (1 T#(p) =
uf ()T ().

(ii) This follows from [AG] Lemma 1.10 & Proposition 2.6]. O

Fr

g)@ (e) —1

1 u Frres

I'é(p) Up)ae) —
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Remark 3.12. Let p be the set of primitive elements in U(p)g(e). Then, p is a regular
Lie subalgebra of g, and u?(p) is the twisted Frobenius—Lusztig kernel associated
with it.

Proposition 3.13. uf(p) is a twist deformation of uc(p).

Proof. We know that u#(g) ~ u.(g)”’ for a twist J € Q(¢)[T® x T¥?]. Thus, J €
u.(p) ® u(p) and uc(p)”’ is the subalgebra of u.(g)’ that is isomorphic to the
Hopf subalgebra of uf(g) which corresponds to the triple (I;,71_-,T%). Hence,

u(p)’ ~uf(p). O

3.2. Quotients of u?(g)*. Denote the C-form of the twisted Frobenius-Lusztig
kernel by just u?(g). Let H be a Hopf algebra quotient of u?(g)*. Then, H* is a
Hopf subalgebra of u?(g) and whence, by Lemma B it is determined by a triple
(I+,1-,3%). Let u?(p) be the regular Frobenius-Lusztig kernel associated to the
pair (I;,1_). Then H* — u?(p) — u?(g) as Hopf algebras, and consequently we
have a sequence of Hopf algebra epimorphisms

uf(g)" —»uf(p)* —» H.

Let =T, Ul , ' =T, NI and I°= (I, UT_)¢ = IS N I°. We define the
abelian subgroups TY and TY, of £% as follows:

Tf = <FZ = K(l,@(ai),f}j = K(1+4p)(aj) :oifay € I+,Ozj S I,>,
TY = (Kq, : ifa; €Iy NI).

Note that if a; € Iy N1_, then K,, € T7. Hence, T7, C TY C ¥¥ C T¥. Denote
TY. = T¥¢/TY and Q¥ = X% /TY; so Q¥ C T7..

Definition 3.14. For all ¢ € {1,...,n} such that a; € (I4 NI_)¢, we define the
algebra homomorphism D; : u?(p) — C by

Di(E;))=0=D;(Fy),  Dij(Ka,)=€" foralla;cl,, ap €I, tec{l,...,n}.
Remark 3.15. R . .

(a) For 1 < i < n, let D; € T be given by D;(K,,) = €%t for all 1 <t < n.
Then (D; : 1 <i < n) =T¢ and we may identify (Z/lZ)" ~ T% by z — D* =
D7 ... Dz». In particular, one has that D; = D;|r. for all i € (I, NI_)c.

(b) Assume (I NI_)°¢ = {ay,,...,q;, }. For all z € (Z/¢Z)™, denote

D* =Dj---Dim € G(ug(p)").
If f € G(u?(p)*), then f = D? for some z € (Z/¢Z)™. In particular, we may
identify

G(uZ(p)*) = T#/TF ~ (Z/LZ)™

(c) Since T, C TY, there is a group monomorphism f}"\c — TW, =G(u?(p)*)

€

given for any f € ﬁ by the composition T¢/T¥, — T¥. J,c.
(d) The inclusions T¥ <4 2% < T% induce the surjective maps T% = 5% with
— s —
Ker {j = {f € T?: f(3¢) =1} and TY, 5 Q% with N¥ = Ker %j, = {f € T%, :
f(Q%) = 1}. In particular, we have
Tl _ e _

(8) |27] = |T7119%] = |T7| = |T7| = :
! TINe| - TUITTINY| - IN?
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Moreover, one has that Ker *(ji) ~ TY., since there is a group monomorphism
Ker '(ju) — TY. and |Ker *(ji)| = |T¥.|. Hence, in what follows we identify the

elements of T%. and Ker ‘(ji). On the other hand, if we denote D* = D3 ... Dz»
for all z = (z1,...,2,) € (Z/¢Z)", then

Ker '(ju) = {D?| D* (K;) =1=D*(K;), foric I, j€ I, z € (ZJZ)"} ~T%
Therefore, if D* € Ker (ji), then

n

(9)  1=D*(K:) = D*(Kn-p)an) Ka, H K| = e [,

j=1

(10) 1= D*(K;) = D*(K1+p)(ay) = < o H K2y’”> = [ v,
k=1

foralli € Iy and j € I_. Thus, to find the generators of Ker *(j.) it suffices to solve
a linear system over Z/¢Z. Indeed, if Iy = {ay,,..., ;. } and I_ = {aj,,..., ;. },
by @) and [I@) we have a system of linear equations over Z/¢Z whose matrix S}

is given by
2yi11 . 2yi1is . 2yi1j1 . 2yi1jl . 2yi1i1 -1 ... 2yi1n
Qyisl . 2yisis + 1 ... 2yisj1 . 2yisjl . 2yisi1 N 2y1;n
2yj11 N Qyjlis N 2yj1j1 -1 ... 2yj1jl e 2yj1i1 e 2yj1n
Qyjll e 2yjlis . 2yjlj1 e Zyjljl + 1 ... 2yj1i1 . Qyjln

In particular, | Ker (ji)| = [T%.| = £7~"%57 . Analogously, it is possible to charac-
terize in the same way the kernel N¥. In thls case we have to consider the > system

of linear equations determined by the conditions D*(Q#) =1 for all D* € T

Example 3.16. Assume g is of type C3 with associated Cartan matrix A =

-1 0
(701 2 31 ) Then the multiparametric matrix Y is given by

a+b/2 —a+c/2 —b/2—c/2
Y = 2a+b —a+c —-b/2—¢c |,
2a+3b/2 —a+3c/2 —b/2-c
where a € Z, and b,c € 2Z. Set a = 1, b = 2, ¢ = 0, and ¢ = 11. Then,
o(a1) = 4oy +8as+10as, p(az) = —2a1 —2a3—2a3 and p(az) = —2a1 —2a2 —2as3.
( ) If we choose I = {as} and I_ = {ay }, then ST} = (3§ %) ~11 ({§ &) and
T}Pc = <D:13D2D3> ~ Z/llZ. If we take X¥ = <K(1,¢)(a2),K(1+¢)(al),KTS,K >
then we have that ¥¥ = T® ~ (Z/11Z)3 and N¥ is trivial.
(b) If we choose Iy = {as}, I_ = 0 and X% = (K(144)(a1)s K(1-¢)(as)), then
we have that W = (D010 DOLDY ~ (Z/11Z)2, Q¥ ~ (K(14p)(ay)) and N¥ =
<b(3,1,1)>.

The following proposition states that the elements in TY. are central in u?(p)*.
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Proposition 3.17. The subgroup f‘f\c of G(u?(p)*) consists of central group-like
elements.
Proof. Let z € (Z/¢Z)™ and D* € G(u?(p)*) such that D* € f}a\c. Then D*(K;) =
1= D?*(K,) for all i € Iy and j € I_. We show that D is central in u?(p)*.

By [ Theorem 6.7] and [AG] Lemma 2.14], u?(p) has a basis

T TI &S [T Ene 0 <np tiyma <, 1<i<n, BEQr, a€Qy,

B>0 i=1 a>0
The hypothesis on D? ensures that D* f(E;) = fD?(E;) and D*f(F;) = fD?*(F;)
for all f € u?(p)*, z € (Z/0Z)™, i € I+, and j € I_. Moreover, since the elements
K,, € u?(p) are group-like for all 1 <t < n, D*f(K,,) = fD*(K,,). As D? is
a group-like element in u?(p)*, we have that D* f(MN) = fD*(MN) for M,N €
{Kaps B Fy i i € I, j € I}, since D*f(MN) = (D= )1y (M)(D* ) o) (N) =
D?*f1y(M)D? f(9)(N) = fayD*(M)f2yD*(N) = fD*(MN). Analogously, using
an inductive argument one may prove that D? and f commute when evaluated on
every element of the basis. ]

The following proposition gives a characterization of all quotients of u#?(g)*.

Proposition 3.18. Let H be a Hopf algebra quotient of u?(g)* such that H*
is determined by the triple (Iy,I_,%%) and uf(p) the twisted reqular Frobenius—
Lusztig kernel associated to (I+,I_). Then H = uf(p)*/(D?* —1: D* € N¥).

Proof. Tt (I+ N1_)° = {a;,,...,;, } and we write D* = Dfll ---Df;‘, then by
Remark BT0(b), G(u?(p)*) = {D?| z € (Z/¢Z)™}. By Proposition BI1 we know
that the elements of T%. are central in u?(p)*. Since N¥ C T¥., the two-sided ideal
Z of u¥(p)* generated by the elements {D* —1: D* € N¥} is a Hopf ideal and
whence u?(p)*/Z is a Hopf algebra.

On the other hand, we know that H* is determined by the triple (I, 1_,%%),
and, consequently, H* is included in u?(p). If we denote by v : uf(p)* — H
the epimorphism induced by this inclusion, we have that Kerv = {f € uf?(p)* :
f(h) = 0forall h € H*}. Since by Remark BI8c), D*(g) = 1 for all g € £¥
and D? € N¥ we have that D* — 1 € Kerv and whence there is a Hopf algebra
epimorphism u?(p)*/Z — H. But by () we have that

gn
dim H = |[g#|¢l+ 111 = W@lhlﬂh‘ =dimu?(p)*/Z,
which implies that the epimorphism is indeed an isomorphism. ([l

Example 3.19. Let ¢ be the twisting map defined in Example over g = spg.
If we take I; = {as}, I = {1} and ¥ = <K(1_<p)(a2), K(1+Lp)(a1)7K7'37 KT2>, then
¥¢ = T¥ ~ (Z/11Z)3 and N¥ is trivial. On the other hand, if we set ¢ = 0, then
Y = (Kq,, Ka,) and N is not trivial. This implies that the quotient u?(p)*/(D*—1 :
D?# € N¥) cannot be a 2-cocycle deformation of u.(p)*/(D* —1: D* € N), since
they have different dimension.

4. QUANTUM SUBGROUPS

In this section we determine all quantum subgroups of the twisted quantum
group G¥. We first construct a family of quantum subgroups using the root datum
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associated to g = Lie(G) and an algebraic subgroup I' of G. Then we prove that
any quantum subgroup of G¢ is isomorphic to one constructed in this way. We end
the section with a parametrization of the isomorphism classes.

From now on, we work with the complex form of all quantum algebras introduced
above.

4.1. Twisted quantum regular subgroups. Let I C £II. Let I'?(p) be the
Hopf algebra associated to the pair (I, I_) as in Definition B and let p be the
regular Lie subalgebra of g given by Remark In this subsection we construct
the twisted quantum function algebras related to the pair (I}, 1-).

Denote by Res : I'¢(g)° — T'?(p)° the Hopf algebra map induced by the inclusion
I'?(p) — I'?(g). Using Lemma [ZT6] we know that Of(G) C I'?(g)°.

Definition 4.1. We define the twisted quantum function algebra associated to the
regular Lie subalgebra p of g as the Hopf algebra given by
O¢(P) := Res(O?(G)).
If ¢ = 0, we have that O%(P) = O.(P); see [AG] §2.3.1]. Since O(G) is a central
Hopf subalgebra of Of(G), Res(O(G)) is a central Hopf subalgebra of Of(P).

Thus, there exists P an algebraic subgroup of G such that Res(O(G)) = O(P).
Since O(P) is a central Hopf subalgebra of Of(P), the quotient

is a Hopf algebra, which is in fact isomorphic to uf(p)*.

Proposition 4.2.

(i) P is a connected algebraic group and Lie(P) = p.
(ii) The following sequence of Hopf algebras is exact:

1 — O(P) — O?(P) — Of(P) — 1.

(iii) There exists a Hopf algebra epimorphism Res : u?(g)* — Of(P) making
the following diagram commutative:

(11) 1 O(G) —— 0¢(G) —"—u?(g)* —— 1
J{res chs \LRea
1 O(P) —5 02(P) /25 OZ (P) — 1

(iv) Of(P) and OF(P) are 2-cocycle deformations of O (P) and O.(P), respec-
tively.
(v) Of(P) ~uf(p)* as Hopf algebras.
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Proof. (i), (ii), (iii) follow mutatis mutandis from [AG] Propositions 2.7 & 2.8].

(iv) By Lemma T4l we know that O¥(G) is a 2-cocycle deformation of O.(G),
say by the cocycle 7. Since the kernel Z of the Hopf algebra map Res : O.(G) —
O.(P) is spanned by matrix coefficients that vanish when restricted to I'.(p), using
the definition of & we see that &|zg0, (¢)+0.(@)ez = 0. Thus by Remark [LT] Res
induces a 2-cocycle 6 on O(G)/Z and we have that Of(P) = Res((O(G))5) =
(0(@)/T)s = (O(P))s. The same argument applies for OF (P) and O (P), since
O(P) is a central Hopf subalgebra of O.(P) and the cocycle & is trivial on it.

(v) Dualizing diagram () we get

Since g is simple, we have that O(G) ~ U(g)°. Thus, as O(P) = Res(O(Q))
and O?(P) = Res(0?(Q)), we have that ! Fr,..s(O(P)) C U(p)°, and consequently
O(P)* C Ker 8. Moreover, since a(O?(G)) = 7(Of(G)) = u?(g)*, we have that
u?(p)* = fRes(0O?(G)) = (O (P)). Hence, there exists a surjective Hopf algebra
map v : Of (P) — u?(p)*. But by (iv), [AG Proposition 2.8 (c)] and Proposition
BI3 we have that dim Of(P) = dim O.(P) = dimu.(p) = dimu?(p) and the

epimorphism is in fact an isomorphism. ([l

Remark 4.3. By the proposition above, we know that Of(P) fits into the central
exact sequence of Hopf algebras O(P)—— 0?(P) —=% uf(p)* and that O?(P)
is a 2-cocycle deformation of O.(P), where the 2-cocycle ¢ is given by the formula
&(Res(z),Res(y)) = a(z,y) for all z,y € O(G). On the other hand, by Proposi-
tions and we know that u?(p)* = (uc(p)*), for the 2-cocycle T given by
7(Res((x)), Res(r(y))) = &(z,y). Since diagram () for ¢ = 0 is commutative,
the pullback of the cocycle 7 coincides with the cocycle 6.

4.2. Quantum subgroups from classical subgroups. In this subsection we
construct a Hopf algebra quotient of Of(G) associated to the pair (I;,I_) and
an algebraic subgroup of G included in P. This is based in the pushout construc-
tion, which is a general method for constructing Hopf algebras from central exact
sequences.

The following proposition follows from the arguments in [AG] §2.2]. If v: " —
G is a homomorphism of algebraic groups, then vy : O(G) — O(T') denotes the
corresponding algebra map between the coordinate algebras.

Proposition 4.4. Let I" be an algebraic group and v : I' = G an injective homo-
morphism of algebraic groups such that v(I') C P. Let J denote the two-sided ideal
of O?(P) generated by (Ker 'v). Then A?, ., = Of(P)/J is a Hopf algebra and
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there exist a Hopf algebra monomorphism j : O(T) — A?

epy and a Hopf algebra
epimorphism T : AL, ., — uf(p)* such that AL, ., fits into the exact sequence of
Hopf algebras

J

1 o) AZ, .~ uf(p)r —— 1.
If in addition |T'| is finite, then dim A, , = |T'|dimu?(p). Moreover, the following

diagram is commutative:

(12) 1 —— O(G) —— 02(G) —"— uz(g)"

1 O(P) — 0¢(P) —= uf(p)* —
s

1 —— O(T) —— A, , — 5 uf (p)*

Proposition 4.5. A?, . is a 2-cocycle deformation of Acp .

Proof. By Proposition L2(iv), we know that Of(P) is a 2-cocycle deformation of
O.(P), say by the cocycle &; see Remark above. Then, by Remark [[LT] it is
enough to check that Glog(pygs+700¢(p) = 0. Since J = Of(P)ip(Ker *v)
and Ker 'y is generated by matrix coefficients ¢y, in O(P), of degree (¢, {u)
for some A, pu € P, we have that E7|Lp(Ker )@y (Ker t4) = € ® € = 0 and whence
0log(Pyeg+ae0#(p) = 0. Thus, we may define a 2-cocycle & : Acp, ® Acp, — C

by (¢ (x),¥(y)) = 6(x,y) for all z,y € O(P) and (Acp)s = AZp . Note that &
coincides with the pullback through 7 of the 2-cocycle 7 on u.(p)*. O

By Proposition BII{ii), we know that there exists an injective coalgebra map
9 : uf(p)* — I'?(p)°, and since uf(p)* ~ OF (P) by Proposition .2 we have that
Im t0 C Of(P). Thus, the image of the central subgroup T of G(u?(p)*) is a
subgroup of G(O¢(P)). Denote d* = '0(D?) for 2z € (Z/{Z)™, D* € f}f’\c.

Lemma 4.6. There exists a subgroup A = {0° = (*6(D?)) : D* € ff\c} of

G(AE’S”’J) isomorphic to TY. consisting of central elements. In particular, |A| =
En*r ¢,

Proof. Using the same argument as in the proof of Proposition BT one sees that
the elements d* are central in Of(P). Indeed, if f € Of(P), then d*f(M) =
fd*(M) for every generator M of T'?(p) from Definition B For example, let
i€ I, and m > 0. Then by @) we have

& f (Ei(m)> _ Z G (EY)Ks(ai_T,i))f(Efs)Km)

r+s=m

= Y 6 (BY) ¢ (Ko, f (B,

r+s=m

= (Koo, —r)f (E™) and
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() = 5 s (K)o ()

r4+s=m

_ Z q;mf (Ei(r)KS(oci—n)) dz (Ei(S)) dZ(Krn)

r+s=m

= £ () & (Konr,)-

Since d* (K;) = d*(Ka,—2r,) = D*(0(Ka,—27,)) = 1, we have that d* (K, —n)) =
d*(Kpy,) for all m > 0, and then d* f (Efm ) = fd* ( m)) Analogously, using
that 1 = d° (N) for all j € I_, we have that d* f ( ) fd ( ) for all m >

0. The equality on the generators K ! and ( ) follows easily since the coproduct
is cocommutative on them. Applylng an 1nduct1ve argument on monomials on the
generators we have that d® is central in O?(P). Since ¢ : O?(P) — A?, . is
surjective, the group-like elements 9% are also central in A?

&Py
P,y
Now we show that A ~ T%, ¥. as groups. By construction, we have that ¢ o *

TY. — A is a group epimorphism. As the diagram

Of(P) —"= uf (p)*

is commutative by ([[2)), we have that 7T(A) = f(w(tﬂ(@))) = WP(tH(ff\c) = @,
which implies that 1 o *0 is indeed an isomorphism. O

4.3. Quantum subgroups from subalgebras of twisted Frobenius—Lusztig
kernels. In this subsection we construct Hopf algebras from a Hopf subalgebra of
u?(g) and an algebraic subgroup of G.

Let L be a Hopf subalgebra of u?(g). By Lemma B0 it is determined by a
triple (I+,1_,3%) where ¥¥ is a subgroup of G(u?(g)) and I C =II are such
that K154y, € X% if a; € Ix. If H = L*, then by Proposition BI§ H =
u?(p)*/(D*—1: D* € N¥), where N¥ is determined by X¢ as in Remark BI5(d).
Let P be the regular subgroup of G determined by the pair (I, 1_) with p = Lie(P)
and let O?(P), u?(p) be the corresponding twisted quantum algebras.

Proposition 4.7. Let I' be an algebraic group and let v : I' — G be an injective
morphism of algebraic groups such that v(I') C P. For every group homomorphism
§:N¥ — f, the two-sided ideal Js of AL, ., generated by the elements 6(D*) — 9*
for 0% € A and D? in N¥ is a Hopf ideal and the Hopf algebra Ac, ~/Js fits into
the central exact sequence

1— O) =5 A2, /Js 5 H — 1.
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If in addition |U| is finite, then dim AZ,, . /Js = |U'|dim H. Moreover, the following
diagram is commutative:

(13) 1 —— O0(GQ) —— 0¢(G) ——uf(g)* —— 1

€

res Res Res

Lp

1——=O(P) —— O?(P) ——u?(p)* —— 1

€

by ¥ id

1 —— O() —"— AZ, , ——uf (p) —— 1
id v

1 o) — A%, )Js ——— H 1

Proof. The proof follows by the proof of [AG] Theorem 2.17]. We reproduce the
first part here to give an idea. By Lemma[£.6] we know that the group-like elements
0% € A are central in AZ, .. Since §(D*) € O(T') for all D* € N¥, the ideal Js in
A?, ., generated by the elements §(D*) — 97 is a Hopf ideal, and whence A?,, ../ Js
is a Hopf algebra. If we write J5 = Js N O(T'), then A?, /Js fits into the central

exact sequence
1 —OM)/Ts — AL,/ Js — uf(p)"/7(Js) — 1.

Since 7(§(D?)) = 1 and w(0*) = D? by the proof of Lemma [0 it follows that
w(Js) = (D* —1: D? € N¥). Thus, by Proposition BI8|ii), we have that
u?(p)*/7(Js) = H. The proof that J5 = 0 and that A¢, . /Js fits into the commu-
tative diagram follow the same arguments used in loc. cit. O

4.4. Parametrization of quantum subgroups. In this subsection we param-
etrize the Hopf algebra quotients of Of(G) by a 6-tuple called twisted subgroup
datum. We show first that there is a 1-1 correspondance between Hopf algebra
quotients of Of(G) and twisted subgroup data, and then we classify these quo-
tients up to isomorphism.

Definition 4.8. A twisted subgroup datum is a collection D¥ := (I, I_,N¥,T',v,0)
where

> Iy C £][]. Let ¥4 = {a € ® : Suppa € Ii}, p = >y, 8o and
p=p BHPp_. Let/]i be the connected Lie subgroup of G with Lie(P) = p.

> N¢ a subgroup of TY.; see Remark BI5(d).

> I' is an algebraic group.

> v : ' — P is a injective algebraic group homomorphism.

>0:N?—>Tisa group homomorphism.

If I is finite, we call D¥ a finite twisted subgroup datum.

Summarizing the previous results we obtain the first main result of the paper.
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Theorem 4.9. Let D¥ = (I;,I_,N¥,T',v,0) be a twisted subgroup datum. Then
there exists a Hopf algebra Ape = Acp~/Js of OF(G) that fits into the central
exact sequence

1——OT) —— Ape —~— H L.
In particular, if |T'| is finite, then dim Ap, = |T'|dim H.

Proof. By Lemma B0 and Remark BI5|d), the triple (I,]_, N¥) determines a
quotient H of u? (g) Besides, by Proposition 2] the pair (I}, 1_) determines a
regular subgroup P of G, a regular Lie subalgebra p of g, and the quantum algebras
O¢(P) and u?(p), which makes the upper part of diagram ([[3) commutative. Then
by Proposition L4l the morphism v : I' — P C G gives rise to the Hopf algebra
A?Z, - through the pushout construction. Finally, by Proposition B the group
homomorphism § : N¥ — T defines the Hopf ideal Js of Aﬁpﬁ and the Hopf
algebra Ap, = AZ, ,/Js fits into the commutative diagram (I3). O

The next theorem establishes the converse of Theorem [0 We give its proof in
several lemmata.

Theorem 4.10. Let k : Of(G) — A be a surjective Hopf algebra morphism. Then
there exists a twisted subgroup datum D¥ such that A ~ Ape as Hopf algebras. 0O

Lemma 4.11. There exists an algebraic group I' and an injective homomorphism of
algebraic groups v : T — G such that O(T') is a Hopf subalgebra of A and A fits into

the central exact sequence of Hopf algebras 1 —— O(T") L A", 1,
where H = AJO(T)* A. Moreover, the following diagram is commutative:
(14) 1 O(G) —— 0¢(G) —"—u?(g)* —— 1
oLk
1 or) —- A il H 1

Proof. Let K = k(1(O(G))). Since O(G) is central in Of(G), K is central in
A and there exists an algebraic group I' and an algebraic group homomorphism
v : T — G such that K = O(T') and 'y : O(G) — O(I') is the Hopf algebra
epimorphism & o t|o(). Moreover, if we set H = A/K*A, then the sequence

1 o) L L AT H 1 is exact and diagram ([[4]) is commutative.
O

By the lemma above, H* is a Hopf subalgebra of u#(g). Thus, by Lemma B0l it
is determined by a triple (I;,1_,3%). Let P be the subgroup of G determined by
the pair (I1,I_), let p = Lie(P), and let Of(P), uf(p) be the quantum algebras
given by Proposition 2 In particular, we have that H* C u?(p) C u?(g), and by
Proposition BI8 H ~ u?(p)*/(D*—1: D* € N¥), where N¥ is determined by X%
as in Remark BI5)(d). Denote by v : uf(p) — H the corresponding epimorphism.

The next lemma follows from [AG] Lemma 3.1] but is adapted to the twisted
case.

Lemma 4.12. Diagram ([[d)) factorizes through the central exact sequence

1 O(P) —5 0¢(P) 25 uf(p)* —— 1.
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Proof. We want to show that A fits into the commutative diagram

(15) 1 O(G) —— 0?(G) —"—=u?(g)* —— 1
res Res Res
1 O(P) —5 02(P) s uf(p)* —— 1
g RO S
1 or)—-——A—" L H 1

To prove this, it suffices to show that Ker Res C Ker . In order to do so, we realize
Of¢(G) as a subalgebra of AY = A7) ®r Q(e); see [CV2 §3.6] and Lemmam

Let uf : Of(G) = U#(b_)*P ® Uf(b+)C°p be the complexification of the injec-
tive algebra map p, given by [@). Then by Lemma ELTT], 4 (Of(G)) C A¥, which
is the algebra generated by ff ®@ 1, 1®ef and K_(11,)\ ® K1_)x for A € P and
[OAS (I)+.

The proof follows by showing that u?(KerRes) C u?(Kerx). First note that
pf (Ker Res) is the two-sided ideal Z generated by {1®ef, f{®1| ap ¢ I, o ¢ I},
Indeed, by [CV2 Proposition 2.7], Remark Z12(a), and (@) we have

HE W5 ) = (718 Kot o0 @ Koo ) (Kaow K- a-p)w)
P (74, wi) f(f, ® 1.

Analogously, we have pf (1,12, ) = e (@)1 ® e2. Since by definition 1%, |,
Y_oF € KerRes when ay, ¢ I_, o ¢ I, we obtain that 1®ey,, f7®1 € puf (Ker Res)
for ap ¢ I and o ¢ I. Conversely, assume f € KerRes. Then fir¢(,) = 0 and
(ue(f),FM @ NE) = f(FMNE) =0 for all elements FMNE in a basis of I'? (p).
Using the perfect pairing @) on e, it follows that pf(f) C Z.

The proof that Z C p?(Ker ) is analogous to the proof of [AG] Lemma 3.1]. 0

Note that the map ‘¢ : O(P) — O(T) is given by the restriction ¢|o(p). Hence,
tCres = 'y and Im~y C P.

We end the proof of Theorem with the following lemma. Its proof is analo-
gous to the case ¢ = 0 and will be given without any detail.

Lemma 4.13 ([AG] Lemmata 3.2 & 3.3]). There ezists a group homomorphism
d : N¥ — T such that the two-sided ideal J5 of AZ, ., generated by the elements
d(D?) — 0% for D* in N¥ is a Hopf ideal, A ~ Ape = A?, . /J5 as Hopf algebras,
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and A fits into the commutative diagram

1 O(G) —— O¢(G) —— uf(g)" —— 1
res Res Res

1 O(P) 5 02(P) s uf(p)* —— 1
fy ¥ id

1—— O(I) —= A%y, ——uf(p)" —— 1
id v

1 or)———A—" L H 1

Proof. (Sketch) Using that AY, . is given by a pushout, one first shows that A
fits into the commutative diagram above. Then, using the commutativity of the

diagram, one proves that there exists a group homomorphism § : N¥ — T and a
Hopf ideal J5 such that A~ AZ, . /Js. O

4.4.1. Isomorphism classes of quantum subgroups. In this subsection we parame-
trize the Hopf algebra quotients of O¢(G) up to isomorphism. To do so, we first
define a partial order on the isomorphism classes of quotients of Of(G) and on the
set of twisted subgroup data.

Let Q(O#(G)) be the category whose objects are surjective Hopf algebra maps
k:O?2(G) > A It k: O2(G) - Aand v : Of(G) — A’ are such maps, then
an arrow Kk —— k' in Q(O¥(G)) is a Hopf algebra map a : A — A’ such that
ax = /. In this language, a quotient of Of(G) is just an isomorphism class of
objects in Q(O?(G)); let [k] denote the class of the map k. There is a partial
order in the set of quotients of Of(G), given by [k] < [«/] iff there exists an arrow
kK —= k" in Q(O¢(G)). Note that [x] < [x'] and [+'] < [x] imply [k] = [+']. Our
goal is to describe the partial order in Q(O?(G)).

Let I, I € +II. If I' C I, and I’ C I_, then I’ C I and T} C TY.
Thus, there exists an epimorphism T%. — T¥. which induces a monomorphism
n: TV < TY..

Definition 4.14. Let D¥ = (I,I_,N¥,T',v,0) and D¥' = (I}, I"_,N¥' . T",+,¢")
be twisted subgroup data with respect to Of(G). We say that D? < D? if and
only if:

> I CIy, 1" C1_.

> n(N¥?) C N¥.

> There exists an algebraic group homomorphism 7 : IV — T" such that y7 =

7.

> 0'n = 71t0.

Moreover, we say that D¥ ~ D¢ if and ounly if D¥ < D% and D¥ < D¥. In
particular, this implies that I’y = I, I’ = I_, N¥ = N¥, 7 is an isomorphism,
and &' = 7%6.

Our last theorem yields the parametrization of the quotients of Of(G) up to
isomorphism. The proof is analogous to the case ¢ = 0 since it relies on the
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commutativity of diagram ([I2)) and general constructions of the sucesive quotients.
For these reasons, it will be omitted. See [AG] Theorem 2.20].

Theorem 4.15. Let D¥ and D¥' be twisted subgroup data and let k : Of(G) —
Ape, K 1 OP(G) = Apyr be the corresponding quotients. Then [k] < ['] if only if
D? < DY, O

4.4.2. Properties of the quotients. We end the paper with a list of some properties
of the quotients. Apart from item (v), the proof is analogous to [AG2l Proposition
3.8].

Proposition 4.16. Let D¥ = (I, I_,N¥? T',~,0) be a twisted subgroup datum.

(i) If Ape is pointed, then Iy NI_ = () and T is a subgroup of the group of
upper triangular matrices of some size. In particular, if I' is finite, then it
is abelian.

(il) Ape is semisimple if and only if I, UI_ =0 and T is finite.

(iii) If dim Ape < oo and A%, is pointed, then v(I') is included in the fized
torus of G.
(iv) If Ape is co-Frobenius then T' is reductive.

(v) If o and (I,I_,%%) are such that £9 =T% but ¥ # T, then Ape is not a

2-cocycle deformation of Ap.

Proof. We prove only (v). If p and (I, I_,X%?) are such that ¥ = T¥ but ¥ # T,
then N¥ =1 and N # 1. Then, the quotient H? = u?(p)*/(D* —1: D* € N¥)
cannot be a 2-cocycle deformation of H = u.(p)*/(D* —1: D* € N) since they
have different dimension. If Ape were a 2-cocycle deformation of Ap, then by a
chasing diagram argument we would have that H? is a 2-cocycle deformation of H,
a contradiction; see Example a
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