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Abstract

We obtain the covariant propagator at finite temperature for inter-
acting baryons immersed in a strong magnetic field. The effect of the
intrinsic magnetic moments on the Green function are fully taken into ac-
count. We make an expansion in terms of eigenfunctions of a Dirac field,
which leads us to a compact form of its propagator. We present some
simple applications of these propagators, where the statistical averages of
nuclear currents and energy density are evaluated.
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1 Introduction

The dynamics of matter subject to strong magnetic fields has been widely stud-
ied in the past [I], and it has received renewed interest due to the analysis of
different experimental situations. For instance, some investigations of the last
decade2 Bl @ E] have pointed out that matter created in heavy ion collisions
could be subject to very intense magnetic fields. As a consequence the par-
ticle production can exhibit a distinguishable anisotropy. A preferential emis-
sion of charged particles along the direction of the magnetic field is predicted
in [ B] for noncentral heavy ion collisions, due to magnetic intensities e B ~ 102
MeV2. Improved calculations taking care of the mass distribution of the collid-
ing ions [, does not modify essentially the magnitude of the produced fields.
Furthermore, the numerical simulations performed by [B] predict larger values
eB ~m?2 ~ 2 x 10* MeVZ2.
In a very different scenario, the presence of strong magnetic fields is the key
issue that distinguishes a kind of astronomical compact objects. The analysis
of the observational data in the range from soft X to soft gamma radiation, has
showed the features of a class of neutron stars named Soft Gamma Repeaters
and Anomalous X Ray Pulsars. These isolated stars are characterized by a sus-
tained X-ray luminosity with energy in the soft (0.5-10 keV) or hard (50-200
keV) spectrum. They can show a time variability, with pulsations at relatively
long spin periods. In particular, the Soft Gamma Repeaters exhibit a bursting
activity which includes giant flares as a rare manifestation. Both cases can be
described within the magnetar model [6 [ B, where the X-ray emission as well
as bursting are attributed to the dissipation and decay of very strong magnetic
fields. Their intensity has been estimated around 10® G at the star surface, and
could reach much higher values in the dense interior of the star. The availability
of an increasing amount of precision data opens the question on how well the
current theoretical description of nuclear matter can fit this empirical evidence.
The properties of the dense hadronic medium have been properly described
within a covariant model of the hadronic interaction known as Quantum Hadro-
Dynamics (QHD) [@. It has been used to study the structure of neutron stars
and particularly to analyze hadronic matter in the presence of an external mag-
netic field [0 [T T2 I3 @4 [H @6. The versatility of this formulation allows
the inclusion of the intrinsic magnetic moments in a covariant way. Due to the
strength of the baryon-meson couplings, the mean field approximation (MFA) is
usually employed. Within this approach the meson fields are replaced by their
expectation values and assimilated to a quasi-particle picture of the baryons.
Finally the meson mean values are obtained by solving the classical meson equa-
tions taking as sources the baryonic currents. This scheme is conceptually clear
and easy to implement, however it is not evident at all how to include further
corrections if they were needed.
In recent years several publications have stressed the role of the intrinsic mag-
netic moments on the statistical properties of hadronic systems such as the
matter susceptibility and magnetization [[3 4] [T, the rise in the population
of hyperons in stellar matter [[3} [[4], and the saturation properties of nuclear



matter [[G. The variation of the magnetic moments of hadrons within the nu-
clear environment has been pointed out in recent investigations [I4].

The purpose of this work is twofold. In first place we construct the covariant
propagator of fermions, both neutral and charged, in the presence of an exter-
nal magnetic field. We give a full treatment including their intrinsic magnetic
moments.

Expressions for the covariant propagator of a charged particle subject to an
external magnetic field have been presented long time ago [I8 M3, and this is a
subject of continuous development 20} 2I]. However, the effects of the magnetic
moment have been neglected assuming its smallness. Exceptionally, in Ref. [22]
the proton propagator in-vacuum has been presented.

For magnetic intensities greater than 5 x 10'7 G, the influence of the mag-
netic moments must be taken into account in the determination of the stable
configuration of matter 23], and the evaluation of thermodynamical properties
(3} 4}, 5, 0.

On the other hand, we give here an extension of the Dirac field propagator ap-
propriate to include density and temperature effects in the study of hadronic
systems subject to very strong magnetic fields. It is shown that the mean values
of the particle densities and currents, agree with the results obtained for nuclear
matter within the QHD model in the MFA.

We present a detailed derivation, using a clearly stated notation. Our results
open the possibility of using the diagrammatic techniques of the field theory to
study quantum corrections and statistical averages of physical processes devel-
oping under strong magnetism, including the effects of the magnetic moments
of baryons. Thus we propose a complementary tool to extend the analysis of

related investigations 241 25 22].

The organization of this work is as follows. In the next section we summarize
the classical solutions for a Dirac field in the presence of an external magnetic
field, considering the intrinsic magnetic moments. For this purpose we follow
the general guidelines of [II]. This complete set of solutions is used to make an
expansion of the quantum fields, including the appropriate measure of integra-
tion in the phase space. Following the standard prescriptions we evaluate the
in-medium nucleon propagator in sect. These results are interpreted within
the context of the QHD model, and we evaluate nucleon densities and energy
densities in sect. @ Finally, in the last section we present a summary of our
results.

2 Dirac solutions for nucleons with magnetic mo-
ment

The Lagrangian density for Dirac particles of mass m; , with anomalous mag-
netic moments xy, interacting through scalar ¢ and vector w mesons, and under



the influence of an external electromagnetic field A, is givenby (h=1,¢c = 1)
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where FHY = Ot AV — 9V A* and Q*Y = OH w” — 9¥ wt are the electromagnetic
and vector meson field strength tensors, g, denotes the electric charge, and g,
the strong coupling constants, and o** = i/2[y* +”]. We study the case of
a constant external magnetic field B applied along the z axis. In order to fix
ideas and facilitate the comparison with previous results [[I], we choose the
gauge A" = (0,0, Bz,0). To simplify the discussion, we consider first baryons
interacting only with B, and mesons will be included later.

It must be mentioned that the remaining content of this section, has been stud-
ied long time ago, see for instance [[I]. But we present here a summary in order
to state clearly the notation used.
In this approach the classical eigenstates () = ¢(®) et of the Dirac equa-
tion satisfy

(6.7 + " my — i7° 'y? ki Blg®) = E®) ¢ (2)

with @ =49 and 7 = —iV — @ A. The label s indicates the alignment of the
magnetic moment with the external field. It must be borne in mind that when
considering nuclear particles, we can write k, = xpun, with the anomalous
moments x, = 2.79 for protons, x, = —1.91 for neutrons, and py the nuclear
magneton.

2.1 Charged states

The particle solutions for energies F, s are given by
%t%ﬁ)z (&, y,2) = elPvytp=2) ¢=€°/2 Unsp, (€) with
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and,

¢ = (-py+qBx)/\4B (4)
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H,, stands for the Hermite polynomials, and n > 1.
In the case n = 0 the physical eigenstate corresponds to ¢((J;J)I(£) & y,2) =
eilyy+paz) o —E°/2 Ugp. , With

1
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0
and
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Another solution exists for n = 0 and s = —1, with eigenvalue /p2? + (m,, + r, B)?,

but it is asymptotically divergent.
The antiparticle states gbn;)(p ) correspond to the negative eigenvalues —E,, s and

have the eigenfunctions (;55;,),3;)2 (&,y, 2) = e~ Pyytp=2) ¢=n*/2 Unsp. (1) with
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where n = (p, + ¢Bz)/+/¢qB and n > 1. While for n = 0 the antiparticle state

gbg_)(p ) has negative energy —Eq and its wave function reads ¢0p Py, y,2) =
e~ i(Pyy+p=2) o—1%/2 vop. With
p:
Eo+mp—kpB
0
Vop, = NO (12)
1
0
The eigenstates are normalized according to [27]
gD ®) > = £5(p, — py) 60, — 13
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and therefore satisfy the covariant orthogonal conditions
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These conditions also include the case n =0,s = 1, if Ag = m,, is assumed.

2.2 Neutral states

The positive energy eigenstates have wave functions qsg)(") (r) = eiﬁ'Fuﬁs, with
1
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On the other hand, the antiparticle states, of energy —FEj;, are qﬁz(g)(n) (7) =
e_iﬁ'FvﬁS with

P
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1
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Similarly to the previous case, these eigenstates are normalized according to

<opn Mo > = =800 - p) (20)
and therefore satisfy the covariant orthogonal conditions
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3 Dirac fields and Green functions

We propose an expansion of the fields in terms of creation and destruction op-
erators for states with the quantum numbers specified in the previous section.
Hence, the coefficients in this expansion correspond to the wave functions pre-
viously described [I9].

Thus, we obtain for the charged field

v (t,7) = [ dp,dp. M
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and for the neutral field

( F‘) Zs :tlfdp /m g SANnB) [ _iEﬁsteiﬁ'Fups (")+ezE~ t —zprv dT(n)] (23)

where we have introduced an appropriate measure of integration in the phase
space [20]. Written in this form, these expressions clearly reduce to the more
familiar ones when k; = 0.



These fields satisfy the anti-commutation relations
(WO (1,7, W (1,7} = 6ap 6837 — 7) (24)

if the standard anti-commutation relations are assumed for the creation and
annihilation operators, i.e.

b b b b
{a;( ),aé,)} = {d;( ),dg/)} = (Sjj/

T (b)y _ g 1) (b)y _ (25)
{dJ 7a/j/ }—{aj 7d]’ }—0

where the indices j, 7' stand for a full set of quantum numbers, either discrete
or continuum.
These fields are used to evaluate the in-medium causal propagator

GO 7 ,7) =< TIWY (7)Y (t,7)] >=

- - 26
o —t) < v, 7Pt 7) >~ - ) < TP (e (#,7) > (26)

where © denotes the Heaviside step function. Here the angular brackets must
be regarded as an statistical mean value, as obtained for instance, by evaluating
the trace with the density matrix of the system. The same average acting on
the products of a pair of creation and/or destruction operators produce the well
known results 25]

< ag?)a;(b) > = Jj;7— < a;(b)a§é) > (27)
<dPdV > = §;- <dVd) > (28)
< a;-(b)a;lf) > = ;7 np(T, Ej(b)) (29)
<dWd? > = 5 np(T,-ED) (30)
where np denotes the Fermi occupation number
ne (T, po) = ©(po) O(—po) (31)

1+ eo—m)/T 1 4 e—(Po—ps)/T

at temperature 7" and chemical potential u;, associated with the conservation of
the baryonic number.

The remaining combination of pairs have null expectation values.

The following expansions of the direct product of the spinors @), ®),[H) are

particularly useful
1 \qB/m
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A similar result can be obtained for the case of antiparticles.

In order to evaluate (26 we insert the expansions 22)) or 23), and we use
the expectation values (27)-@B0). With the aim of unifying the contributions
coming from particles and antiparticles, we apply the following relations

i [ fpo)e Y ;o J(E)eEED ) (—E)eE =)
A= Y A I Y PR A c? i
27r/ PO T B + ic B Y
np(T,£E) = 2/ dpolpo| ©(£po) d(pg — E*) nr (T, po)

(E > 0). Finally we make use of Eqs. B2)-B4) and similar relations for
antiparticles, to obtain the following results

G((lpg (', 7t = \/ 4B / dpo dpy dp- e ipo (' =1) Lilpy (¥' —y)+p= (2 —2)] ,—(£2+€%)/2
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for charged particles, where
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In addition we have
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for neutral particles, where

AS M) = 220 [py® — poy® + iy 2 (5D — 50 B)] (per + py7? — M — isAy'9?)

eqs. ([(BE) and BI) resume the main findings of this work. Of course, these
Green functions satisfy the differential equation

(iv" Dy — my +iv'y* Ky B) GO (z,2') = 6%z — 2')



where D, = 0, +iqp A,

It is a well known fact that real time formulations of the thermal field the-
ory 29 B0, like Schwinger-Keldysh theory or Thermo Field Dynamics (TFD),
needs to duplicate the degrees of freedom in order to keep the formalism and
procedures of the usual field theory. In TFD for instance, to each physical field
90(1)(90) there corresponds a dual partner (%) (2), and they are related by the
so called tilde conjugation operation. As a consequence, there is a 2 X 2 matrix
associated to the product of two fields. This is also the case for the one-particle
propagators i G*(z,z') =< Tp(® (z)p® (') >, and the corresponding self-
energies. Within this context the results shown in Eqgs.(3H) and B9) correspond
to the component (1,1) of the TFD representation. However, it suffices to treat
the MFA at zero temperature to be developed in the next section.

To evaluate higher order corrections to the finite temperature self energy, the
full dependence on the thermal degrees of freedom must be taken into account.
This means that for a given perturbative diagram, for each internal line there
corresponds a 2 x 2 propagator and a sum over the thermal index ¢ = 1, 2 should
be included for each internal vertex [BI].

A resume of the Feynman graph rules in TFD for the QHD model are given in
Ref.[32).

Within the quasi-particle scheme described at the beginning of this section, it
is no difficult to evaluate some thermal expectation values required to complete
the TFD propagator. In practice, Eq.([B8]) must be replaced by the following
matrix

1

e 0 (T,po) (T, po)
(T, E) = | #o-E*tie omis(n? — B2 ( nr (1L po (L po ) 40
( ) ( 0 p37}é2ﬂ'5 + 2mid(pg ) ip(T,po) —np(T,po) (40)

with np as in Eq.@1) and

e(Po—ps)/2T e~ (Po—ps)/2T

np(T,po) = —————770(po) —

T 1+ eo—m)/T O(=po)

1+ e (Po—m)/T
It must be noticed that at zero temperature the matrix in Eq.[ Q) becomes
diagonal, that is, the thermal degrees of freedom are decoupled.

In the next section we study the coherence of these results, by comparing
some simple calculations with well established facts of the QHD formalism.

4 Mean values of nuclear matter densities

In order to keep the simplicity of the discussion, we have reduced the prob-
lem to its bare minimum. Up to this point we have regarded the nucleon as a
non-interacting particle. Now, we include the strong interaction between the nu-
cleons and its environment in the MFA of the QHD model. Within this scheme,
the lightest mesons dress the nucleon giving rise to a quasi-particle picture. The
net effect is to modify the mass of the nucleons by m; = my — g, 09, as a conse-
quence the modified quantities A%, A* must be introduced. The single particle
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spectrum becomes €,; = E; + g, wo, where 0g,wp are the uniform in-medium
expectation values of the meson fields f,(500) and w(782), respectively [].

We can include these modifications into the propagators B3) and Bd) by as-
suming that the masses mj, and m;, represent the in-medium values described
above, while the change in the energy spectrum can be handled by replacing the
chemical potentials up, which are implicit in the Fermi distribution functions
np, by the effective ones i, = pp — gu, wo-

In the following we check the validity of the results presented in the previous
section by comparing our calculations for the nuclear scalar, baryon and energy
densities, with those presented in previous calculations. In the spirit of the MFA
we neglect the divergent contributions coming from the Dirac sea. We start ex-

(b)

amining the average mean field scalar ps’ and baryon p(®) densities, using the

general definitions

PPt = <IOEFHTOEF) >
= —i lim Tr{G® (t,7 ¢ 7))} (41)

(t'—=tt, 7/ —7)

p®(t, 7) < OO, 7)1 O (¢, 7) >

- lim Tr{y° GO(t, 7', 7")} (42)

(t'—=t+, 7 —7)

For the case of protons the results are

qB (m, — rp B)
pgp) = o2 | dpz{ p - [nF(T, 60) +ngp(T, —60)]
—SK
oy 3 S S (1) 4 ne(T -]} (43)
n=1s==+1
B o0
p(P) = % / dpz{[nF(T, 60) — nF(T, —60)]
™ Jo
+ )Y ne(Tens) = ne(T, —end)} (44)
n=1s==+1
Similarly for neutrons
d? (A* — skpB)
(n) _ p n ; e
Ps / (2m)3 s:zj; €gs A (T, €5) + np (T —eps)] - (45)

3
P = / (;lwz)?S > [nr(T ep) = np(T, —€5)] (46)

s==+1

As the temperature tends to zero, T — 0, we have np (T, —®) = 0, np(T,e®) —
O(jip — €®). The last condition defines the Fermi momentum for protons and

neutrons. For the first case we have p(p) = \/,up (A% hax — SkpB)?, with

the highest occupied Landau level given by the condition |AY . —sk,B| = fip
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While for neutrons the Fermi surface is defined by p;?s) = /12 — (A% . — St B)?
along the z-axis and by |A% . — Sk, B| = [i,, in the orthogonal plane.
The baryonic contribution to the energy density () arises from the mean
field value of the Hamiltonian density operator H (") (t,7) = @®) (¢, 7) (ir°0/0t) WO (¢, 7),
i.e.

e® =< HO) 5= 4 lim  Tr{(ir°0/8t) GO (¢, 7 1", 7")} (47)

t'—=tt, 7' —7)

Thus, we have

=P — 5—7?2 - dpz{eo [’rLF (T, €)+np (T, —60)]
+ Z Z ens [NF (T, €ns) +np(T, —ens)] (48)
n=1s=+1
3
e = /(;lTP;B Z eps (nr(T, eps) +np (T, —€zs)] (49)
s==+1

By taking the limit 7" — 0 of these results we find a complete agreement with
the calculations of [II].

5 Conclusions

In this work we have evaluated the covariant propagator for nucleons in the pres-
ence of a strong magnetic field. We have extended previous results by including
the intrinsic magnetic moment and the effects of finite density and temperature.
We have performed a detailed derivation with a clear statement of the notation
used, a fact that was lacking in the literature.

Furthermore, our results have been interpreted in the context of the Thermo
Field Dynamics, and definite expressions for the thermal propagator as 2 x 2
matrix have been presented.

We have performed some simple calculations which show the coherence with
previous results. We consider that the relevance of our findings lies in the fact
that it allows the evaluation of in medium nuclear processes by including the
full effects of an external magnetic field, and further corrections can be included
by using the diagrammatic techniques of relativistic Quantum Field Theory.
Self consistent calculations of corrections to the propagation of hadrons in mat-
ter under strong magnetic fields are now in progress.
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