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Abstract

We clarify the relation among canonical, metric and Belinfante’s energy—
momentum tensors for general tensor field theories. For any tensor field T', we
define a new tensor field 7" in terms of which metric and Belinfante’s energy—
momentum tensors are readily computed. We show that the latter is the one
that arises naturally from Noether’s theorem for an arbitrary spacetime and it
coincides on-shell with the metric one.

PACS numbers: 03.50.De, 11.30.—j

Symmetry as wide or as narrow as you may define
its meaning, is one idea which man through the
ages has tried to comprehend and create order,
beauty, and perfection.

Hermann Weyl [1]

1. Introduction

For many decades a suitable definition for the energy—momentum tensor has been under
investigation. This is more than merely a technical point, not only because 7% should
provide meaningful physical conserved quantities but also because it is the source of Einstein’s
gravitational field equations.

In flat spacetime the canonical energy—momentum tensor arises from Noether’s theorem
by considering the conserved currents associated with translation invariance. However, only
for scalar fields does the energy—momentum tensor constructed in this way turn out to be
symmetric. Moreover, for Maxwell’s theory, it breaks gauge symmetry. Of course, it is
possible to correct it through Belinfante’s symmetrization procedure [2], although this is
usually presented as an ad hoc prescription (see for example [3, 4]).

On the other hand, a completely different approach, based on the diffeomorphism
invariance of the theory, leads to the metric energy—momentum tensor (see for example
[5]) which is, by definition, symmetric and gauge invariant.
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The aim of this paper is to clarify the relation among these tensors.

In section 2, we define the tensor 71", which turns out to be a very useful tool for the rest
of our work. In section 3, we analyse the relation among the different energy—momentum
tensors for general tensor field theories on an arbitrary spacetime of any dimension.

2. Lie derivatives and the tensor T

Let £ be a vector field on a (pseudo) Riemannian manifold of dimension n and ¢, a local
one-parameter group of diffeomorphism generated by £. This diffeomorphism maps each
tensor field T" at p of the type (r, 5) into ¢, 1| 4(p), the pullback of T'.

As is well-known (see for instance [5, 6]), the Lie derivative LT of a tensor field T" with
respect to £ is defined to be minus the derivative with respect to # of this family of tensor fields,
evaluated atr = 0, i.e.

1
LeT = lim —(T, = ¢T1p)- (D

Thus, it measures how much the tensor field T'(x“) deviates from being formally invariant
under the infinitesimal transformation x"* = x* — &%, with t < 1.
The coordinate components are

by...b, _ by...b, a aby...b b bya...b b.
[{T ! ,cl...cq - aaT ! ,cl..,cqé - T pcl...cqaa%‘ =T pcl...cqaas 2.

by..b by..b

+T" ﬂacz...cq acl‘i:a +7 pclu...cq aczéa e (2)
Of course, for any torsion free connection, the partial derivatives can be replaced by covariant
ones.

The following definition will prove useful. For each tensor field 7!y, 4, of type (p, q)

we define a tensor field TC""“”dl...dqa;, of type (p + 1, g + 1), such that
'fm...c,,d]mdqab = Tacz...cpd]mdq(sz‘l + TC]amedl...dq8ZZ e — Tm...c‘phdzmdq(sgl

_ TC]"'CPdlbmquZz — . (3)

For a scalar field ¢ we define ¢ = 0, since there is no index to be replaced. So, in terms of T,
(2) can be written as

C1...Cp _ C1...Cp a Ter..c a b
LTy ay = 0T 7ay a,6" = T4y 4,08
by..b, a Ter..c a b
= VaT ! ’c,“.cqf e pdl...dq bvaé s (4)

where V, denotes the covariant derivative associated with the Levi-Civita connection. In index
free notation, our definition (3) reads

T(VE) := VT — LT. (5)
Some simple examples are in order. For instance, for the tensor d;, we have
89, = 8584 — 8485 = 0, (6)

which expresses the fact that L¢3; = V¢6; = 0. Moreover, for the metric tensor we have
8ab’y = —8anSy — 8aady,, (7
and so
Legab = VegabE® — 8up "y Vek? = 8apVab? + 80 Vo = Vabp + V& (8)

On the other hand, the well-known expression for the derivative of the volume element

Ley/181 = 31818 Legar = /18I VaE”, 9)
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can also be obtained from

~ b b b b
Earay..ay, ¢ — _ecaz...a,,aal - 8alL'...a,,8a2 — = _8a1a2...a,,8L»’ (10)

where €4,4,. 4, 1s the Levi-Civita alternating symbol.
Consequently, with this notation, other classical formulae of Ricci calculus simplify:

VT gy, = 0T gty + T ca T a0, (11)
or

(VaVi = VoV T g gy = R T 4y a0 (12)
where Rdm » 1s the Riemann curvature tensor.

Note that

TeS=Tes+TeSs. (13)
and

N T dy.d,y = Ve (TC""C” drood, ) = 8EVET g g, (14)

because there is an additional covariant index to be replaced in the left-hand side.
When there is no danger of confusion, we shall suppress the unnecessary indices and
write, for instance, (14) as

VT 4 = VT % — 84V T (15)
or, as in next section, even as
V. T = VT — 8°V,T. (16)

We shall now consider the commutator [L¢, V] between the Lie derivative £¢ and the covariant
one V associated with the Levi-Civita connection. It is a map which takes each smooth tensor
field of type (p, ¢) to a smooth (p, g + 1) tensor field. In the index notation, we denote the
tensor field resulting from the action of [L¢, V] on T? 7. . by De,T?r., . . On scalar
fields it vanishes, for

[Le, VIf =Ledf —dLef =0 0 Zeaf =0. 17)
Moreover, its action on the metric tensor is very simple
Dea8be = —VaLle8ve = —Va(Vpke + V. Ep). (18)
Since, for any two tensors T and S
[Le, VIIT®S) = [Le, VIT®S+T ® [Le, VIS, (19)
we have
Dea(T" e, 8" 0,) = Deal T 70, ) S0+ TP e, Dea (ST, ). (20

We can derive the general formula for the action of [L¢, V] on an arbitrary tensor field from
the Leibniz rule (20) if we know its action on scalars and one-forms (or vectors). However,
we can achieve it in an easier way by using the symbol 7, for

.@EaT"'___ = [{VQT'"W — VaLET"'m
= 'V, T = VT bV EC =V, (6V, T — T+ " V,£°)
= E' (VY — V)T + T PV, V&
= (Rpaat + VoVt )T 2, 1)

&
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where we have used (15) and (12). By defining

Ceba = Rpaa” + VaViE©, (22)
for any tensor field 7, we can write
DeaT .. = (fgcbai“...bc- (23)
Note that C¢€,, is symmetric in the lower indices, for
G = Rpaak? + Vo Vak + (VaVh — VpVa)§°
= (R + R 4ap)E" + V) V&€
= Raant’ + Vo Va§® = G ap, 24)
where we have used the symmetry properties of the Riemann tensor.
Now, for the metric tensor (23) reads
Dea8be = —VaLle8be = —Ctcba — Cebea- (25)
By index substitution, we also have
—VLe8ea = —Ceach — Cecabs (26)
—VeLegay = —Cebac — Ceave- 27

We add equations (25) and (26) and then subtract equation (27). Using the symmetry property
of C¢%,,, we find

cgﬁdab = %gdc(vaﬁfgbc + Vbﬁﬁgac - vcﬁfgab)
= %gdc(va(vbgc + Vc%-b) + vb(va‘i:c + Vcéa) - vc(va%-b + ng:a))~ (28)

Of course, (28) can be readily obtained by adding to the definition (22) the null term 3V, V,,&.
Therefore, we see that ¢;¢,, are linear combinations of the covariant derivatives of the
Lie derivative of the metric tensor. Thus we can write (23) as

DeaT . = AT " (VuLegpe + Vo Legae — VeLegab)- 29)

Note that the action of [L¢, V] on any tensor field vanishes when V,L¢gp. = V4 (V€. +
V.&,) = 0, and so Lie derivative and the covariant one commute in this case. In particular, it
occurs when & bisa Killing vector, so

VoLleT =LV, T, (30)

for any tensor field 7 when & bisa Killing vector field.

3. Energy—momentum tensor and the tensor T

3.1. Diffeomophism invariance of the action

Let us consider a field theory where the Lagrangian . is a local function of a collection
of tensor fields 1//(17(31)"'17”

- bi...b, . o
derivatives V¥, " .., and the metric tensor gq5,. Often we shall suppress all tensor indices
and denote the fields by ().

As usual, we obtain the equations of motion by requiring that the action

P defined on a (pseudo)-Riemannian manifold, their first covariant
setq

S = /Q L VWi, Yoy gan)V/ 18] d"x, 31)
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tg

Q
Figure 1. The boundary contribution to equation (34).

be stationary under arbitrary variations of the fields §v(;) in the interior of any compact region
Q2. Thus, one obtains

Va( 0.¢ )= 8.,2”. (32)
OVae L0

The action (31) must be independent of the coordinates we choose. Needless to say,
even in flat spacetime we are allowed to use curvilinear coordinates, so it must be invariant
under general coordinate transformations. By making a change of coordinates generated by
the vector field £4, x¢ — x¢ — t£&“, the action can be written as

S=| ZiVlgldx, (33)

Q

where .2} = L (Vai(Ye)), D (Wy), Pr4(8ap)), that is the same function £ evaluated on
the Lie-dragged tensors fields, and |g,| = det(¢;«(g4»)). Now, taking the derivative of (33)
with respect to ¢ and evaluating it at + = 0 we get three terms:

d d d
/ d—(iﬂr)z:ox/ lgld"x +/ L — /18 i=odx + — ( 218l an) =0. (34

=0
The first one, by definition, contains the Lie derivative of .#’; the second one, the derivative
of the volume element (9), while the last one (see figure 1) is a boundary term which by using
the Gauss theorem can be rewritten as a volume integral, so we get

0= / [LeL + LVE =V (LEDY gl d"x
Q

- /Q (Lo — V(D) gl d'x. 35)

Therefore, taking into account that the vector field £¢ is completely arbitrary, we have
Lef — V(L5 =0, (36)

which just reflects that the Lagrangian .’ must be a scalar function. Thus, the result is very
simple, the invariance of the action under general coordinate transformations requires .Z to
be an scalar function, and (36) must hold for any vector field £“.

Now, taking into account that the Lagrangian . depends on the coordinates only through
the tensor fields V), ¥ and g,p, we can write (36) as

0.7 0.7 0.7
LeVarey + Lewy + ——Legap — Va(L)E =0, 37
Ve 0V 98ab
which is a linear combination of the vector field &, anfdvits first derivatives V,&,.
Now, from (4) (see also (3) for our definition of /) ¢;) we can write

Levy = VY0 — o Viée, (38)
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and, consequently,

LeVaWio = VVaWoEs — Voo Vike
= VIV W& — YVl Viée + 8LV Y ) Vik,
= VoV — VaWin)  Vioke + VW) Vabs + (V'Va = Va V)0 6 (39)

where in the second line we have used (15). Using the field equations (32), (38) and (39) we
can write the first two terms in (37) as

A L
LeVaWioy + ——Ler =v( Vo gb)
Ve Y ay T “\oVav ©
\Y ( il W“b> Vo€ + il (VPV, — Vo V)& (40)
— Vel 5o 5, Yw asSh a— Va 0)Sbh-
Ve © APA20) ©
Now, we shall rewrite the last term. From (12) we can write
0.7 —~ 0L —~ .
(V4 = VoV = RV = R Yo', (41)
IV O Ve ) AN
where, as usual ¥ [“? = (V! — ¥y ®).
Now, defining

symmetric under b= ¢

Aabe .7 —~ 0. ~ . —
Tabc — w(ﬁ) [eb] + W(K)[ad + W(()[ab], (42)
Ve IV Ve
antisymmetric under a == b
we can rewrite (41) as
0.7 ~
VbV, — v, v? =R, T", 43
Vv Vv, V)V de (43)
since there is no contribution from the last two terms in 7%, due to the antisymmetry of the
Riemann tensor in the last two indices. But, using now the symmetry properties of Rba 40 and

T we get

0.Z 1 ~ ~
v I,Z/(Z) (vaa - Vavb)l/f(f) = _E(RbadcTaéd + Rbc'da de)
a
1 b b Tead 1 b  cad
= _E(R acd+Rcda)Tca = ERdacTca

1 _ _
= —(V,V, = V.V )T = v, v, T  (44)
2

So, we can write the last term in (40) as
0.7

viy, — v, v’ =V, V, T
3Va1!f<z>( a V)V ép Ve &

=V, (V.T8,) — V.TV,&,. (45)

Hence, the first two terms in (37) can be written as

0.7 ~ 0L ~ o~
v, [——Vv* +V. TP ) = V. [ ——— Y™ + T | V,&. 46
( Vo Yy ép Sb) ( Vou, 0 & (46)
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Therefore, the requirement that . be scalar leads, for any &, to

0.% ~
v, vb + V. T%g, — P&
<8V¢, Vo Y ép &b & )

.Y .Y ~ ~.
+ [2 -V, (71/%”}’ + T‘“”) + g“h$:| V,.&, =0,
08ab Ve

where we have used (8) and the obvious symmetry of the tensor field

1L
08ab *

3.2. Definitions of the energy—momentum tensors T‘a‘b , ngb and Tj};

Now, we define the canonical energy—momentum tensor as

Tab R 0L
T Vv

VY + 8" L

and the metric one as

0.7 .Y ~ ~
T;lb —) —V, < I'[/([)ah + Tmb) +gab°2p
08ab 3Vcw(l)
.Y .Y ~ —~ —_—
=2 -V, ( w(z)(ab) + W(z)[Cb] + W(l)[ca]) +gab$.
98ap IV IVae IV

By definition, 7“7 is symmetric.
By using these definitions, for any vector field £, we can write (47) as

Vo(~T% e+ V.TE) + TV, &, = 0.

Therefore, defining the Belinfante energy—momentum tensor

~ 0.7
Tgb = ab VCTcab I wal
B &€ v, W(L’) )
17 ~ —~ 0.7 ~
Vet IV IV
we finally get

Vo (TYE) — T V&, =0,

or, alternatively,

Vo((T = T7)%) + Va(T7)8 = 0.
Moreover, taking into account the symmetry of 7%, we can also write (52) as

Vo (T5'6) = 5Ty Legar = 0.

(47)

(48)

(49)

(50)

(S

(52)

(53)

(54)

Equation (52), a rewritten form of (36), which holds on shell for any vector field £¢, has

several important consequences. In fact, we shall use it in five different ways.

3.3. Noether currents

Let us restrict attention to the case where £¢ is a Killing vector field, i.e. a generator of an
infinitesimal isometry, so L¢gup = Viép + Vi€, = 0. From (54), we directly obtain the
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Noether conserved current J¢' associated with this symmetry
VoT¢ = V(T4 &) =0 (55)

for, in this case, the last term in (54) clearly vanishes. So, we can think of Tg as a linear
function from covector fields to vector fields such that

T % (Killing covector) = conserved current. (56)

34. T&b conservation

At any point of the manifold we can choose Riemannian normal coordinates x“ (i.e., a local
inertial coordinate system). Moreover, we can choose for &, any set of n linear independent
covectors with constant components in this coordinate system. For instance, the dual basis
covectors dx; . So, in this local coordinate system, (54) reads

0u (T2 )ep + T2y Dup — TSy dukp = 0a(T24 )& = 0, (57)
because of the vanishing of Christoffel symbols and partial derivatives of £g. Hence, we get
A T%ﬂ =0, Z%ﬁ = 0. But this is a tensor relation, then

V. T2 =0. (58)

3.5. Tf”” conservation

Now, we integrate (53) over any compact region £2, taking arbitrary vector fields £ vanishing
everywhere except in its interior. The first contribution may be transformed into an integral
over the boundary which vanishes as £ is zero there. Since the second term must therefore
be zero for arbitrary £, it follows that

v, T = 0. (59)

3.6. On shell equality of the tensors T%,b and T/“/f

Now, coming back to (53), we see that the diffeomorphism invariance of the action yields not
only V,T% = V,T“ = 0, but also

V(TG — T)&) = (T — T9)Vabs =0, (60)

for any covector field &,. Therefore, since V,&, is arbitrary, we conclude that both tensors
coincide

TS =T%Y. (61)
Therefore, we have shown that
V.T% =0, V.T% =0, and TS =TY, (62)

follow as a consequence of the diffeomophism invariance of the action.

3.7. On the canonical energy—momentum tensor T%”

For any covector &, due to the asymmetry of Tabe it holds
Va(V Ty + TPV, &) = V, V(T8
= 3 (VaVe = V) (T8
_ % ( Rcduc’rfdabsb + Radac?cdbéb) — R, Teg, =0, (63)
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because of the symmetry of the Ricci tensor R,,. Thus, we can also write (50) as
V(T g, + TV, &) — TV, & = 0. (64)

The last term in (64) vanishes for any Killing vector field owing to the symmetry of Tj;. So,
besides T4, we get another conserved current

T g, + TV &, (65)

which is, in general, linear in the Killing vector field £ and its first covariant derivatives. Of
course, this current differs from Tgab &, by the divergentless vector V,. Q cabg,y,

For scalar fields (¢ the last term in this current is absent, since /(¢ vanishes in this case,
and both currents coincide.

On the other hand, for general tensor fields, this vanishing also occurs if there exists a
parallel Killing vector, i.e. V,&, = 0. So,

Vi(T¢ &) = V. T8, = 0, for any parallel £°, (66)

thus, the vector V, T. ;;b is orthogonal to & b Of course, this occurs in flat spacetime, where we
can always find n linear independent parallel vectors, for example the Cartesian coordinates
vectors. Then, in that case, we have V, T%b = 0. But, as we are going to see, this is an
exception. V, T%b # 0 for curved spacetime.

Note that the conservation of the current (65) means that

V. (ﬂﬁgp(@ — Xé“) =0, (67)
IVatie)

which holds for any Killing vector £ and fields satisfying the field equations (32). This result

can also be readily obtained from (36) using the fact, shown in the preceding section, that the

Lie derivative with respect to a Killing vector field and the covariant one commute.

Some comments are in order. We want to point out that T;}’ does not depend on Killing
vectors. Tg"; depends on the fields, their derivatives and the metric, and V,, Tg’ = 01is always
true, even when the metric has no isometry at all. But, of course, a tensor by itself does
not give rise to any conserved quantity! so, in order to construct conserved quantities, it is
necessary to have a Killing vector at hand to construct the current 7 = Tﬁgb &p.

The Tg’ as defined in (51) is the one that arises naturally from Noether’s theorem, since
(55) shows that if spacetime admits a Killing vector we obtain from ng” a conserved current
jﬁ". Thus, for instance, the n(n + 1)/2 currents in Minkowski spacetime are obtained from

T%b by contracting it with the corresponding Killing vectors.

The canonical energy—momentum tensor TCZJ’ is not symmetric except for scalar fields. It
is not even gauge invariant for gauge theories. Of course, in flat spacetime, it holds V,, T%b =0.
But, as we mentioned above, it is worthwhile noticing that this is not even true for curved
spacetime. Since, taking into account that the Lagrangian .# depends on the coordinates only
through the tensor fields V, ¥, ¥ and g,», we can compute

0.7

A
V(&)= ——V,V, —V
»(Z) PRI W(e)+aw(€> bV ()
0.7

=—" V,Vy¥ + YV, <7 —=
WV 0T Voo AVaio,

—V(ag Vw> 02 RL W (68)
a a va 1/[([) b¥ () 8Vu w(e) cabV (0) d>»

) Ve — VoV = ViV ¥

P —rab
! For VT = MLED) praert,
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where we have used the field equations (32), and (12). So, we get

0.7 —~.
VaTg’ = mRbadclﬁ . (69)
Thus, except for scalar fields, TCZJ’ is not ‘conserved’ when spacetime is curved.

Moreover, even in flat spacetime, for a Killing field &, it holds V, (T%b Sb) = T(([;h] V.&p, s0O
it vanishes only for parallel &, for general tensor fields, since TCZJ’ is not symmetric. Then we get
from T%b only n conserved currents associated with the parallel Killing vectors (translations).
A similar result holds for curved spacetime, even though V, Téib # 0. In fact, if there exists a
parallel Killing vector (V,£” = 0), (66) shows that V, (T%b éb) =0.

Therefore, the canonical energy—momentum tensor T%b is rather an exception that occurs
only when spacetime admits parallel Killing vectors. Our computations clearly show that,
in general, it is Téb and not Tcgb that arises naturally from Noether’s theorem, so there is no
reason to expect much from T%b . So, we find no reason to start from T%b and then symmetrize
it in order to get the right tensor T;Bb (see for example [3, 4]). After all, we can always find a
nonsense correction to a wrong result to get the right one.

3.8. Off-shell relation between the tensors T%b and Tj/?

Notice that the on-shell equality ngb = Tj}; means that for any scalar Lagrangian depending
on the tensor fields Vv ), ¥ () and g, for fields satisfying the field equations, it must hold

.7 1Y —~ L
2 =w< wﬁ)— VY. (70)
98ab Ve Vet
It is worthwhile noticing that (70) is a consequence of L= 0, since for any scalar .Z we have
~ 0.7 0L — .7 _,
LY =0= ——V4hp”?+ — Y+ o, (71)
IV ) 08cd
taking into account that g4 = —8285 — §45%, we get
0.7 0.f —— .Y ~
27— = Vo™ + =™ (72)

- Vo
08ap OV V(e

But, from (15), we have

Ve = VCIZT@“” — 88V Y. (73)
Thus
A A .Y

— 0. ~—
——— V.Y + a—(D V™ V. (74)

Agar  IVeYip ¥ AT

Now, for fields satisfying the field equations (32), we get (70). ~
For instance, for a scalar field ¢ the first term in (70) vanishes, since ¢ = 0, and so we get
0.7 . 0.7

dgar  00u0

Moreover, as the right-hand side of (70) is a symmetric tensor field, so is the left-hand
side. Hence, for fields satisfying the field equation, we have the nontrivial on-shell relations

.Y ~ 0.7 .Y ~ 0.7
V. ( I/f(E)h”> - VY = Ve ( W(@)ab) - Vo). (76)
Vet Ve Vet OVare

3°¢. (75)
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In order to obtain the off-shell relation between the tensors Tgah and T/“/?, we subtract their
definitions (49) and (51)

0.% A 01.Y ~—
Ty — Ty =2 + VoY) — Ve Vo™
08ap  IVar(p OV

__(V ( 0.2 )_ a.,zﬂ)fab -
N NV e “©

where, in the second step, we have used equation (74), so the equality holds off-shell only for
scalar fields.

On the other hand, while Tj/f is symmetric, by definition, everywhere this is not so for
Tg"gb , for taking the antisymmetric part of (77) we get

” 0.7 0L\ ~ 1,

15" = (vc ( ) - ) Vo, (78)
Vet IV

and, again except for scalar fields, T%b is not in general symmetric off-shell.

3.9. An example: the electromagnetic field

For the sake of clarity, we write down here the most important results of this section for
electromagnetic fields. In this case, the Lagrangian is a local function .2 = Z(F,p, ga») of
F,;, (the exterior derivative, d,A;, — dpA,, of a one-form field A,) and the metric tensor g,;.
The field equations are

V;,( 02 ) =0, (79)
oV,A,
since % =0.
Taking into account that Z:;“b = —83Ab and the obvious antisymmetry of the (2, 0) tensor
field aavid = 2%, equation (74) reads
L _ L g M gy, O F?. (80)
08ab dV.A, oV, A, dV, A,

which is valid everywhere. As aforementioned, this last result is a consequence of

~ 0. —~ 0.7 __ 0.7 0.7
L =0= —F"+ — g = 2—F) —2—. (81)
ach 0 cd aFac agab
From (42) we get
~. 0. ~ 0. ~ 0.8 ~ 0.7
cab _ —Ad[ba] + —Ad[ch] + —Ad[ca] — —Ah, (82)
oV.Ay IV, A, oV,Ay oV .A,
so, the second term in
0.Z .Y ~ ~
Tab =2 — V. A ab + Tcab + abcrf7 83
Y P <8VCAd d 8 (83)
vanishes, and therefore we have
0.7 0.7
T% =2 +gt Y = — F° + g 2. 84
V4 2808 8 OV A€ 8 (34)
On the other hand, from (51) and (82) we get
0.7 0.7
TS = — VPA. -V, AP ) + g7
oV, A, oV A,
0.7 0.7
__ FP 4+ g™ % —V, AP, (85)
OV, A, VA,
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on shell, the last term vanishes, and so Tfflh and Tg coincide. Moreover it shows that the
symmetry of Tga; only holds on shell.

3.10. The standard definition of Tf/?

Usually the metric energy—momentum tensor is defined through the variation of the action
(31) (see for instance [5])

1
58 = 5/ T8ga/ 181 d"x, (86)
Q

where §g,;, are arbitrary variations of the metric vanishing everywhere except in the interior
of 2. We can easily show that it coincides with the one defined in (49) for, under the change
8ab —> 8ab + 68ab,

0L 0.Z
8. = (SV W(g) +

—— 55 (87)
IV 08ab
But, according to (11),
§Vay = 8(0aty + T V) = 8T 00 (83)
Thus, by using the well-known relation
8T%, = 38" (Vadguc + Vedgaa — Vadgac). (89)
we can write the first term in (87) as
02 — = SV, L 02 Vo (Vabgpe + Voo Vy88uc)
0 = 5 {4 a98bc ¢98ab — VbO&ac
OV ©=2 OV ©
1 0L ~ 0 A
= — €+ T ) V,8gp. 90
2 (3%1#(@) Vo ) & ©0

Therefore, under the change g., — gup + 58up

0.¥ .7 ~ ~
8ZV1gh) = = ( — vV, ( Vo + TC“”) +g“”.$) Sgan/Ig|

08gab Ve

1 .7L ~ ~
+-V, @7 ) S0 ) gl 91
> <<3Vclﬂ(5)w(0 >gb) lgl on

where we have used the well-known result

gl = 1/1818"8gab- (92)
Finally, by integrating (91) over any compact region €2, taking arbitrary symmetric tensor
fields g, vanishing everywhere except in its interior, we show that definitions (49) and (86)
coincide.
Equation (90) shows that the term between brackets in (49) arises from the Lagrangian
dependence on the affine connection. In particular, it is absent for scalar or electromagnetic
fields. Thus, in these cases, we have

T .=2 02
’ agab
In these cases, the ‘tilde calculus’ also turns out to be unnecessary to write down 79 @ TIn fact,
there is a simpler definition for the energy—momentum tensor for Maxwell’s theory [7]
oL

0 F,.
which turns out to be symmetric and gauge-invariant for any field theory where the Lagrangian
% is alocal function of F,,, the exterior derivative d,A;, — 9,A, of a one-form field A,.

rg? g 93)

Ty = —2——F"+g"2, (94)
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4. Conclusions

Summarizing, we have shown that the Belinfante energy—momentum is the one that arises
naturally from Noether’s theorem when the metric has isometries, and all the currents are
written as J¢' = T '&. Moreover, it coincides on-shell with 7% for general tensor field
theories. _

On the other hand, the utility of our definition of T is apparent if we take into account
that most of the equations of this work contain at least one tilde.
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