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HIGHLIGHTS

e We show that both the Schrodinger and Klein-Gordon equations can be derived from the confluent hypergeometric differential
equation.

e Also a non linear Klein-Gordon equation can be analogously derived.

e The latter coincides with one advanced by Nobre, Rego-Monteiro, and Tsallis.
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1. Introduction

In this paper we uncover the rather surprising fact that the Schrédinger and Klein-Gordon equations can both be derived
from a hypergeometric differential equation. The same applies to nonlinear generalizations of these equations, such as the
ones recently proposed, in ad hoc fashion, by Nobre, Rego-Monteiro, and Tsallis (NRT) [ 1] (see Appendix B).

The paper is organized as follows. Section 2.1 deals with the hypergeometric Schrédinger derivation, Section 2.2 with
the Klein-Gordon one, and Section 3 with the nonlinear Schrédinger equation, that turns out to be different from the
NRT equation. Section 4 illustrates the latter equation with a wave packet example. Section 5 hypergeometrically derives
a nonlinear Klein-Gordon equation, that does coincide with the NRT one. Some conclusions are drawn in Section 6, and
special details are given in Appendices A-C.

2. Hypergeometric derivations: Schrodinger and Klein—-Gordon equations

We start our considerations by showing that both Schrodinger’s and Klein—-Gordon’s equations can be derived from the
differential equation satisfied by the confluent hypergeometric function’s ¢ without further ado.
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2.1. Schradinger’s wave equation

We encounter in Ref. [2] a differential equation that can be solved by appeal to hypergeometric functions, namely,

" / A 1 2 1
U@ +U@+|-+-—n")=5|UR =0, (2.1)
z 4 z2
and a solution is
1

U(z) =z%+uefz¢ <5+,u—)L, 2u+1;z> , (2.2)

where ¢ is the confluent hypergeometric function. Appealing to the change of variables
1

2u+1=b; E—f—u—)\:a. (2.3)

Egs. (2.1) and (2.2) become
Y , b 1 b?> —2b\ 1
U'@+U@+|(z—a)-— —|U(z) =0, (2.4)
2 z 4 z2
U(z) = z%e_qu(a, b.z). (2.5)
Introducing solution (2.5) into (2.4) we ascertain that the differential equation satisfied by ¢ is

z¢"(a, b; z) + (b — 2)¢'(a, b; ) — a¢(a, b; z) = 0. (2.6)
For the special instance a = b we obtain (see Ref. [3])

¢(a,a;2) = ¢, (2.7)
and (2.6) now becomes (for a = b)

z¢"(a, a;2) + (a — 2)¢'(a, a; 2) — a¢(a, a; z) = 0. (2.8)

At this point we make a critical choice and set z

i p?
z=—(px—Et) and E= —. (2.9)
h 2m
At this stage we have introduced some physical information into the abstract mathematical formalism, according to the
invariance respected by z (Galilean here). A different choice is made in Ref. [4], that leads to the Fokker-Planck equation.
Accordingly, in our formalism the entire physical content is given by the critical choice of z, while the rest is just mathematics.
Now, according to (2.9) one has

9z iE 9z _ip

i Rl (2.10)
ot h ox h
Then, on account of (2.7) one has
e P _ [a, a; %(px - Et)] =¢. (2.11)
The associated confluent hypergeometric differential equation is now
%(px —Eng’ + [a - %(px - Et)] ¢ —ap =0,
de d?¢
=22, "m_ v 2.12
¢ i ® 072 (2.12)
We see from (2.11) that, since
¢ ,0z ¢ ,0z
=, At 2.13
ot ¢ at X ¢ 0x ( )
then
h? 9%¢ ih 8¢
//:——7 /:——E N 214
¢ 22 o ® T ¢ (2.14)
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so that, in the differential equation (2.12) the two a-terms cancel each other and the factor %(px — Et) can be simplified.
Accordingly, (2.12) adopts the appearance

h* 92 in o
———¢—1——¢:0, (2.15)
p> 0x2 E ot
or, equivalently,
9 h% 92
ih—¢ = ———d). (2.16)
ot 2m 0x?
Since Hy = —% % we can finally write
0]
ind? — Hyo, (2.17)

at
i.e., Schrodinger’s free particle equation. For an arbitrary Hamiltonian H, (2.17) may be generalized by inference, not
deduction, to

., 09

in T Ho, (2.18)
the usual Schrédinger equation (SE). Thus, we do deduce Schrodinger’s wave equation (free particle) directly from the
hypergeometric differential equation (HDE), but cannot do the same with (2.18), that is merely a “reasonable” generalization.
Let us insist: the “quantumness” is inserted into the HDE via the choice (2.9).

2.2. Klein-Gordon’s equation

We start with the critical physical choice

m?c*
z=ikx —wt);  w® =K+ e (2.19)
(Lorentz invariance) and write
=D — g [a, a; i(kx — wt)] = . (2.20)
The operating confluent hypergeometric differential equation is here
i(kx — wt)¢” + [a — i(kx — wt)] ¢’ — ap = 0. (2.21)
We now perform similar manipulations of partial derivatives as in the preceding section and end up with the identities
1 9%¢ i d¢
/,:_77 /:—7: N 2.22
k2 0x2 w ot ¢ ( )
getting for (2.21)
10% id¢
- —=——-——=0. 2.23
k2 9x2  w ot ( )
Since
0] i 92
99 = ——d), (2.24)
ot  w ot?
(2.23) becomes
19% 1 9%
RN S T A 2.25
k? 9x2  w? Ot? ( )
Using now the equality
3%
— = k¢, 2.26
o~ ¢ (2.26)
and a little algebra we arrive at
1 92 92 m?c?
¢ ¢ + ¢ =0, (2.27)

2oz e R

the desired Klein-Gordon equation.
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3. A nonlinear Schrodinger equation

The above procedure can be generalized by appealing to the more general hypergeometric function F. This F-treatment
has been worked out by us in Ref. [5], only for the Schridinger case and without reference to the present confluent instance,
originally developed in Section 2. We reconsider this nonlinear generalization here for completeness’s sake, in order to better
appreciate the workings of our hypergeometric approach. See more details in Appendix A.

As shown in Ref. [5], one can write

F(—a,y;y;—2) = (1+2)%. (3.1)
It follows that for Tsallis’ imaginary g-exponential function (see its definition in Refs. [5,4,3,2,1]) one has

[1 + %(1 — px— Er)}” —F [1, yivi Lq—-1)px— Er)] _F, (32)
q—1 h

where E = %. According to Ref. [6], F satisfies
z(1=2)F(a, B v;2) + Iy — (@ + B + DzIF (a, B; v52) — afF(a, B; y52) = 0. (33)
After following developments detailed in Appendix A one arrives at
d [F(x,t)]? F(x,t
ih— * £) = H, *, £) . (3.4)
at | F(0,0) F(0,0)
Generalizing to arbitrary H we have

w0 [w(x, t) ]q _y [ V(x,t) ] . (3.5)
at | ¥ (0, 0) ¥ (0, 0)

Differences and similarities between these equations and those obtained by Nobre, Rego-Monteiro, and Tsallis (NRT) [1] are
fully discussed in Ref. [5]. Some NRT details are reviewed in Appendix B.

4. The q-Gaussian wave packet

We pass now to discuss an important solution of (3.5): the wave packet. Details of the ordinary case are summarized in
Appendix C. The pertinent analysis for the NRT equation has been given in Ref. [7]. Setting 1/ (0, 0) = 1 one has

Loyl h? 9%y
ih— =

= 4.1
ot 2m 0x? (4.1)
Following Ref. [7], we propose as a solution
1
Y ={1+(@—1[a@®x +bOx+c®)]} 7, (4.2)

where a, b, and ¢ are temporal functions to be determined. From ¥ (0, 0) = 1 one has c(0) = 0. Deriving ¥¢ with respect
to time we find

3871,0: = —q[a(Ox* + b(O)x + ¢©) ]y (4.3)
We then look for the second y-derivative with respect to x:

?:Tlf = [2(g + Da*¥* 4+ 2(q + Dabx + b* — 2(q — V)ac — 2a] . (4.4)
Introducing these two results into (4.1) we are led to a nonlinear system for a, b, and ¢

imqa = h(q + 1)a?, (4.5)

imgb = h(q + 1)ab, (4.6)

2imqé¢ = h[gb® — 2(q — 1)ac — 2a]. (4.7)
This system’s solution is given by

a(t) = m (4.8)

b(t) ! ! (4.9)

= Blinq + 1t + mqa]’

1—q 1 1 g-1 1
t) = T+ — in Dt [Zal , 410
€(t) = (maey <q 1 4m2q2/32a> @t Dt mael s+ e gptinG + vt rmaed 1—q 1O

where « and § are constants to be fixed according to initial or boundary conditions for (4.1).
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It is straightforward to prove that Egs. (4.8)-(4.10) are transformed into Egs. (C.8)-(C.10) of Appendix C for ¢ — 1. Thus

the g-Gaussian wave packet transforms into the Gaussian wave packet when ¢ — 1. Since our Eq. (3.4) is different from
NRT’s nonlinear one, so are also their associated wave packet solutions.

5. A hypergeometric-generated non-linear Klein-Gordon equation

We derive now in hypergeometric fashion a nonlinear KG equation satisfied by the g-exponential function. Let z =
i(q — 1)(kx — wt) (critical physical choice).

Then,
1 1
1—z=[14i(1—-q)(kx — wt)]T9 =F |:1, y;y;i(q— 1)(kx — wt)] =F. (5.1)
q f—
Recourse to the equalities
o 1 9F (5.2)
Tk2(g—1)? ax?’ '
, 1 dF FI-9  3%F
S S (53)
iw(q—1) ot w?q(q — 1) ot2
i oF
F=_pi-02" (54)
w at
allow one to obtain, via (A.3):
z(1—2) 93%F 1 oF i oF
¥—+ y— (=1 +y)z|- Ty ¥ pa0® g (5.5)
k2(q — 1)2 9x? qg—1 iw(@g—1) 9t  w(@—1) at
or, equivalently,
z(1—2z) 9%F qz 1 oF iy (1—q OF
—_— 1-2) — — 4+ ——F10 _ =, 5.6
@12 [y( ) (q 1) liwq=1 ot " wq-1) ot (56)
Now, from (5.1), one has 1 — z = F(1=9 so that (5.6) adopts the appearance
ZF1-9  92F z 19F i oF
S Y S (L R | L ) (5.7)
k2(qg — 1) 0x2 g—1/]iwdt ot
and, simplifying terms,
ZF1-9  3%F igz  9F
- 4+ T =0, (5.8)
k(g —1) 0x2  w(g—1) at
entailing
FO-9 32F  iq 8F
4+ 1 o0 59
k> 9x? + w Jt (59)
Using here (5.3) we reach
FO-9 §2F F-9 §2F
7t 27 o, 5.10
kz  0x? w?  0t? ( )
which, simplifying the common factor F'=9 in (5.10), yields
10°F 1 oF _ (5.11)
k2 x> w? ot ‘
Since, additionally, one has
92F
O gy, (5.12)
0x2

some algebra leads to

1 90%F 9*F qm?c?
—— —— +——F% D =p 5.13
2 e h? G-13)
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If ¢ is given by

$(x.t) = A[1+i(1 — q)(kx — wt)] 77 , (5.14)
we find, via (5.13),

1 02 [ p(x,t) 32 [, t) gm*c? [ ¢(x, t) (2"_1)_

czaﬂ[¢(o,0)]_8x2[¢(o,0)]+ . [¢<o, OJ =0 (519)
that in n dimensions becomes

L [900]_lsE0] e [o60 10 516

c2 32 | ¢(0, 0) ¢(0,0) > | ¢(0,0)
where

1
PG, 1) = A [1 +il—qk-%— a)t)] il (5.17)

Eq. (5.16) and its two dimensional case (5.15) coincides with the nonlinear Klein-Gordon equation advanced by NRT in
Ref. [1].

6. Conclusions

In this work we have uncovered a rather surprising fact. Both the Schrédinger and Klein-Gordon equations can be derived
from a hypergeometric differential equation. To this end, the choice of the independent variable in the differential equation
proves to be critical, because physical information is in this way provided. See, as an example, (2.9).

The same procedure can be applied to nonlinear generalizations of these equations, such as the ones recently proposed by
Nobre, Rego-Monteiro, and Tsallis (NRT) [ 1]. The wave packet solution of our nonlinear SE (see Section 3) has been developed
as an example of it.
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Appendix A. Non linear Schriodinger eq. of Ref. [5] (review)

The procedure of Section 2 can be generalized by appealing to the more general hypergeometric function F. This F-
treatment has been previously developed by us in Ref. [5], only for the Schrédinger case and without reference to the confluent
instance. We review this generalization here for completeness’s sake.

As shown in Ref. [5], one can write

F(—a,y;y;—2z) = (1+2)%. (A1)
It follows that for Tsallis’ imaginary g-exponential function (see its definition in Refs. [5,4,3,2,1]) one has
1
i T—q 1 i
1+E(1—Q)(PX—Ef) =F ﬁ,y;y;ﬁ(q—l)@x—h‘f) =F, (A2)

where E = %. According to Ref. [6], F satisfies

z(1—-2)F"(a, B;v;2) + [y — (@ + B+ DzIF («, B; ¥;2) — afF(a, B; y:2) = 0. (A3)

For the particular case (A.2), this last expression adopts the appearance
i i
E(q — D(px — Et) [1 - E(q — D(px — Et)} F”

+ [y - (L v+ 1) “(q- 1)(px—Et)} F——Y F=o. (A4)
q—1 h 1

Accordingly, one can deduce a relationship between F (time) and F’ (space) (see Ref. [5] for details)
ih 0 i

i 1
- —F LV Vs
(q— 1)E ot [q—l ViVig

h

1
F’ |:q_1,y;y; (q—l)(px—Et)] = (q—l)(px—Et)j|. (A5)
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In similar fashion one obtains [6]
01 i h? 92 1 i
F qi’ 1292 E(q —D(px—Et)| = —mﬁf— q—il’ ViV E(q — D(px — Et) |. (A.6)
Replacing (A.5) and (A.6) into (A.4), the latter becomes
2 3%F
(g — 1)?p? 9x?
] ih oF y
(

i i
- E(q — D(px — Et) [1 - E(q — D(px — Et)]

—~ _F=o0, (A7)

1 i
+ [y—(q_lerJrl)(q—l)(pX—Et) T DEot g—1

h
that, in turn, can be rewritten as

i 1 Et) 1 l 1 Et) Lﬁ
— 5@ Dx— [ —5@=Dpx— :|X(q—1)m2 "
1 i . OF
+ |:y— (74—)/—1—1) (q—l)(px—Et)] ih— — yEF = 0. (A.8)
qg—1 h at

Also, we obtain from (A.2)
i

h

i

(1—q)
h(q — Dipx — Et)] }

1
—VEF[,)/;V;
q—1

1 .
x —F [— ViV l(q — D(px —Et)} . (A.9)
qg—1 h

Using n (A.9), (A.8) adopts the appearance

h? 92 1 9 9
- [1—FI9]F0-9 __F 4 in — 1) [FO-2 — 1]} —F —ihyF1"9 —F =0, (A.10
2m(q—1)[ ] a2 Tt g trt [ I cF —irET o (A.10)
and, after simplifying,
h? 92 9
— —F1=9_F _jhg—F =0, A1
2m X2 : qi)t ( )

that can be recast as
B
ihq&F = FO-9H,F, (A12)

where Hy is the free particle Hamiltonian. Note that for ¢ = 1 things‘properly reduce to Schrédinger’s wave equation. If,
instead of (A.2) we have

F(x,t) =A[1 + %(1 —q)(px—Et)]lq , (A.13)
then F(0, 0) = Aand (A.12) becomes
(1—q)
1hqa|:F(x,t):|=|:F(x,t)] HO[F(X’U] (A.14)
at | F(0,0) F(0,0) F(0,0)
or, equivalently,
(g—1)
hq[F(X’ t)] 9 [F(X’ t)} = Hp [F(X’ t)], (A.15)
F(0,0) at | F(0,0) F(0,0)
that can in turn be written as
q
in2 [F(X’ 2 ] = H, [F(X’ 2 ] . (A.16)
at | F(0,0) F(0,0)
Generalizing to arbitrary H we have
q
in2 [w(x, t)] =H[w(x’ t)}. (A17)
at | ¥(0,0) ¥ (0, 0)

Differences and similarities between these equations and those obtained by Nobre, Rego-Monteiro, and Tsallis (NRT) [1] are
fully discussed in Ref. [5].
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Appendix B. The NRT equation

We review here the NRT equation for the free particle in order to make this paper self-contained. It reads [1]

3 Xt X071
e Pl ALY Pt R ACLN (B.1)
ot L ¥(0,0) ¥(0,0)
Setting ¢ = >~ we are led to
1
0 [oR, t)]Te X, t
ih2— g | P& | _ [ %D (B2)
at [ ¢(0,0) | #(0,0)
and generalizing to arbitrary H one writes
N -
d ,0) | 1= ,t
i@ — g2 [LEONTE_ [ 2ED) (83)
at [ ¢(0,0) | $(0, 0)
that in ¢ terms becomes
I [Y@E ¢ xx, £) %71
el ACLN P RN (B4)
ot L ¥(0,0) ¥(0,0)
Appendix C. The ordinary Gaussian wave packet
We want to tackle
AV (x, t h% %y (x, t
L N A0 -
ot 2m  9x?
via the Gaussian packet
V(X t) = ef[a(t)x2+b(t)x+c(t)]’ (C2)
with the initial condition 1/ (0, 0) = 1, entailing c(0) = 0. After a time derivative we get
oY (x, t . . .
‘/’;t ) _ —[a(t)x* + b(t)x + (1Y (x, t). (C.3)
The spatial second derivative yields
3210(& t) 2 2 2
T —[4a”(£)x” + 4a(t)b(t)x + b (t) — 2a(t) ¥ (x, t). (C4)
Replacing (C.3) and (C.4) into (C.1) we obtain
. 2R,
a= —a", (C5)
im
. 2h
b= —ab, (C.6)
im
, R,
¢ = —(b" - 2a), (C.7)
2im
whose solution reads
) m (C8)
alt) = —, .
2iht + ma
m
bt) = —-———, Cc9
® B [2iht + ma] (€9)
(t) ! + 11 (2ift 4+ ma) 1l (ma) (C.10)
c(t)=——— + = In(2i ma) — ———— — = In(ma), .
4mp2[2iht + ma] 2 4m2B2a 2

where for ¢ one has c(0) = 0.
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