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1. Introduction

The aim of this work is to study local minimal curves in homogeneous reductive
spaces of the unitary group of a finite von Neumann algebra, where we define a
Riemannian metric in terms of the reductive structure and the trace of the algebra.

Let M be a finite von Neumann algebra with a fixed trace 7. Denote by
M the real Banach subspace of antihermitic elements of M, which identifies
with the Lie algebra of the unitary group Uaq of the algebra. Let L?(M,7) be
the completion of M with the norm ||z||2 = 7(x*2)/2. Consider P an (eventually
infinite dimensional) homogeneous reductive space of Upq. For each p € P, there
is defined in the tangent space (I'P), the coordinate map K, of the reductive
structure taking values on M,j,. Then, we can introduce a metric: for X € (T'P),,

X1, = 1K (X2
In general, this quadratic metric does not induce a complete norm in the tangent

spaces. The homogeneous spaces treated here fit in the context of what is usually
known as weak Riemannian manifolds (see [15]). Therefore the classical theory of



366 Chiumiento IEOT

Riemann-Hilbert manifolds is not available, so it makes sense to ask about the
local minimality of the geodesics. We give a sufficient condition to demonstrate
a result on minimality of geodesics of the Levi-Civita connection in the general
setting of homogeneous reductive spaces: 7-orthogonality of the supplements in
My, with the Lie algebras of the structure groups.

Metric geometry in homogeneous spaces in the context of operator algebras is
an area of current research. We can cite the remarkable works [8], [9] of C. Durén,
L. Mata-Lorenzo and L. Recht, where they study the problem of finding minimal
curves with a quotient metric induced by the operator norm. In the case of a finite
algebra, metric and differentiable properties of several examples are treated in [1],
[3], [7] and the references given there.

The contents of the paper are the following. Section 2 contains basic facts
about homogeneous reductive spaces and the metric. In section 3 we state and
prove our main result concerning the minimality of the geodesics. In section 4
we give examples of homogeneous spaces satisfying the orthogonality condition.
This condition naturally arises in several homogeneous spaces related to oper-
ator algebras: unitary orbits of states, normal elements, spectral measures, *-
homomorphisms, conditionals expectations and partial isometries. Finally, we give
an example of an homogeneous space related to some particular C*-dynamical
systems.

2. Homogeneous reductive spaces

We recall the definition of homogeneous reductive spaces and establish basic facts.
For a deeper discussion of homogeneous reductive spaces we refer the reader to
[6], [12] and [13]. In this work by a homogeneous reductive space we mean:
e A C*° Banach manifold P.
e A smooth transitive action of the unitary group Uaq on P. We denote it by
Lyp, where u € Upq, p € P.
e For each p € P the map

I, : Upm — P, I (u) = Lyp

is a principal bundle with structure group G, = {u € Up : Lyp = p}
(called the isotropy group of p).

o There is a smooth distribution of horizontal spaces { H, : p € P} which are
supplements for the Lie algebra of G:

H, @ Lie(G,) = Man, p€P.
These supplements are invariant under the inner action of G:
uHu* =H,, peP,ueqG,.

From now on P stands for a homogeneous reductive space. We call a homogeneous
reductive space P orthogonal if for each p € P the supplements H, are T-orthogonal
to Lie(G,) . For brevity, we shall frequently just say that P is orthogonal.
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Remark 2.1. Let us denote by L?(Mgy, ) the real Hilbert space obtained by
completion of M, in the 2-norm. One can easily check that if P is orthogonal,
then for all p € P the orthogonal projection

Al

P, : Man — Lie(G))

satisfies P,(Mgp) C Lie(G),).

Moreover, the converse is also true in the following sense: if the above pro-
jection preserves bounded elements for some p € P (and hence for all), then
H, = (I —P,)(Lie(G))), defines a smooth distribution of norm closed supple-
ments of Lie(G,) which are invariant under the inner action of G,. Indeed, the
distribution is smooth since

Pr., = Ad(u)oP, o Ad(u"),

where Ad(u) : M — M, Ad(u)(xz) = uzu*. In order to show that each H, is
norm closed, let z,, be a sequence in H, such that ||z, — z|| — 0, then

(I =Py)(x) = znll2 < [z = znll2 < [ = zn]| = 0.

Therefore, (I —P,)(x) = limz, = z, so we obtain « € H,. On the other hand, the
invariance of the supplements is automatically verified. We have

Hy,={y e Man : 7(yz) =0, Yz € Lie(G),) }.

It is easily seen that u*Lie(G,)u = Lie(G,), for all u € G,. Therefore, we obtain
for y € H,, x € Lie(G)) ,

T((uyu™)z) = 7(y(u*zu)) = 0.

Thus, uyu* € H,, and our assertion is proved.

Now we introduce the Riemannian metric as follows. The differential at the identity
of I, gives the map d, := (dIl,); : Mqap, — (T'P), that induces the isomorphism
-1
K,:=1[6,]  :(TP), — H,.

We endow P with an inner product on each tangent space, in order that these
maps become isometric isomorphisms, i.e. for X,Y € (TP), ,

(X,Y), = 7(K,(Y) K, (X)). (2.1)

Therefore,
1 X1l = (1K (X)]]2-
It is apparent that this defines an invariant metric under the action of Uxy.
Remark 2.2. Since P is a homogeneous space i.e. a quotient, it would be natural
to put in P a quotient metric. One can define it by means of the 2-norm: for
X e(TP),,
1Xllp,2 = inf{ 2+l : v € Tie(G,) ),

where 0,(z) = X. The infimum is attained in the element z —P,(z) € L*(Mp, ),
and it belongs to M, when P is orthogonal. Notice that when P is orthogonal,
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then P, is actually the extension to L?(Mgp,T) of the projection I — K, o 4.
Then, we have
1X1lp = 1o (X2 = 1K 0 0p)(2) |2 = [z = Pp(2)ll2 = [ X152

Thus the quotient metric coincides with the metric given in equation (2.1).

Let us recall the definition of the reductive connection V* introduced in [13].
Suppose that X,Y are tangent fields in P, then the value of V’)‘“{Y at p e Pis
characterized by the following equation

E,(V&Y) = X(Y) + [K,(Y), Kp(X)],
where X (V) indicates the derivative of Y along X . On the other hand, we introduce
as in [13] the classifying connection as follows:
K, (V&Y) = (K, 06,)(X(Y)).

When P is orthogonal we shall demonstrate that the mean between V¥ and V¢ is
the Levi-Civita connection of the metric defined by equation (2.1), and compute
its geodesics.

Proposition 2.3. Let P be an orthogonal homogeneous reductive space. Then the
Levi-Civita connection of the metric (, ), is given by

1
V= 5(v’c + V°).
Moreover, y(t) = L ix,cx) p is the geodesic adapted to X € (TP), at v(0) = p.

Proof. It is easy to show that the reductive connection V* is compatible with
the metric. In order to prove that V¢ is compatible, let us consider X (t), Y (t)
two tangent fields along a curve «(t) in P. Since P is orthogonal, I — P, is an
orthogonal projection in L?(M,p, 7) which extends K, o §,. Then

DX . . .
(B ) = rlalY)" (5 = Po)(Ea () = (K (¥) (X))
We can proceed analogously with the term <X , %—f%. Then

d d *
£(<X7Y>a) = E(T(KQ(Y> Ka(X)))

= 7(Ko(Y) Ko(X)) + 7(Ka(Y)* Ka(X))

DeX DY
= —Y X— .
< a >+< r >

Thus V¢ is compatible. In [13] was proved that the connection V¢ has the same
geodesics as V¥, but with opposite torsion. Therefore V = (V¥ 4 V¢) is the
Levi-Civita connection. The geodesics of the reductive connection, and hence of
our Levi-Civita connection, were also computed in [13]. O
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We end this section recalling a useful notion. For any curve v € P (not necessarily
a geodesic) with y(0) = p, there is an horizontal lifting T to the unitary group
U, which is characterized by the following properties:

1. I,T) =~.

2. T(0) =1.

3. T e H,I.
Moreover, it is also characterized as the unique solution of the linear differential
equation:

{ = Ky ()T
T(0) = 1.

3. Geodesics as minimal curves

We prove several lemmas in the direction of Theorem 3.8 given at the end of this
section. The main idea is to compare the lengths of a curve and its horizontal
lifting in different norms, and then use a local convexity result given in [3].

Let us first introduce some notation. The length of a curve v in P measured with
the metric given in (2.1) will be denoted by

Liy) = / 14 [l -

While the length of a curve o in Upq measured with the 2-norm will be denoted
by

La(a) = / 1 6t) 2 dt.

Lemma 3.1. Let v be a piecewise smooth curve in P, and let I' be its horizontal
lifting. Then,
L(y) = Lo(I).

Proof. Using the definition of horizontal lifting we have:
1 1
L) = [ IP@ e = [ KGN0 1 d
1 1
= [ oG lade = [ 140) o de = L) .

Now we need to introduce another quotient metric, which is defined in [8] by
[ X1, 00 = inf{[lz+y[ : y € Lie(G,) },

where d,(z) = X. Note that it is also invariant under the action of Uas. The length
of a curve v in P measured with this metric will be indicated by

1
Ly wly) = / 14 oy .
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While the length of a curve o in Upq measured with the operator norm will be
denoted by

Loc(a) = / () | dt.

The next step is to compare the lengths of a curve and its horizontal lifting with
these two metrics. In an orthogonal homogeneous space we have P, (Map) € Map
for all p € P, then we can restrict P, to M, obtaining an idempotent with
range Lie(G,), that we still denote by P,. Moreover, we can define this norm
continuous idempotent in any homogeneous reductive space since Lie(G,) is closed
and complemented in the norm topology. Given p € P, set M := || — P,||. Then,
observe that this constant is independent of the choice of p. Indeed, one computes

|1 =Prll = I - Ad(u) o P, 0 Ad(u")]| = || — P,|.

Lemma 3.2. Let v be a piecewise smooth curve in P, and let I' be its horizontal
lifting. Then,
Proof. Fix p € P. For z € H, such that ¢,(z) = X and y € Lie(G,), we have

21 = [(T = Pp)(2)]| < M|[z + y].

Then,
Izl < M||6,(2)]|

p,00
Therefore,
1Ko (X)) < M|6p(Kp(X))llp, 00 = M| X ]|, oo -

Using this inequality, and the fact previously noted that M is independent of the
point, one finally obtains

Loo(T) = / 1) [ dt = / | Ky ()T () | dt

1 1
- / I Ko (3(0)) || dt < M / Ol o0 = MLy oo(7). O

We need some facts about the geometry of the unitary group Upq. The curves
§(t) = ue'®, where u € M and z € My, such that ||z]| < 7, have minimal length
along their paths when one measures lengths with the p-norm, p > 2 (see [1]).
Based on this fact, in Theorem 2.1 of [3] it was proved that if F, denotes the
energy functional

1 1
Fg(a):/o Haugdt:/o (6% a) dt,

where « is a piecewise smooth curve in Upq and a,(t) is a smooth variation of «,
ie.
as(t) €Um, s¢€ (—’I‘,’I‘), te [07 1]7 o = @,
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then the first variation of the energy functional is given by

t=1 1 d

— (o)~ [ 7l G loolun ) (31)
0

s—0 dt
where @4 (t) = as(t)* La,(t) and ys(t) = os(t)* Lo (2).

t=0

Our result relies in the main theorem of [3].

Proposition 3.3. (Theorem 4.5 of [3]) Let ug,u1,us € Unp, such that ||u; —u || <

—”22_\/5 Let §(t) = uiet® be the minimal geodesic joining u1 and ug . Then f(s) =
dp(uo,0(s))P, s € [0,1] (dp, = geodesic distance induced by the p-norm) is a convex
function, for p an even integer.

We shall use this result when p = 2.

Remark 3.4. If we compute the differential at 0 € M, of the exponential map at
p, 1.e.
exp, : Hy, — P, exp,(z) = Le:p
we obtain
(dexp,)o: Hy — (TP),, (dexp,)o(z) =0,(2),
which is an isomorphism. Therefore by the inverse function theorem there exists
r > 0 such that in a ball B,(0) we have that
€XP, ¢ BT(()) - epr(BT(O))
is a diffeomorphism. Let us write V,.(p) = exp,(B,(0)) for short. Then, for each
p1 € Vr(p), there exists a unique geodesic given by exp,,(tz) = Let: p joining p and
p1 inside V,.(p), where z satisfies L.:p = p1.

Remark 3.5. Now consider the following map
F:H,® Lie(Gy,) — Um, F((z,2))=e%e".
Differentiating one obtains
(dF)0,0) : Man — Man, (dF),0(2,7) =2+,

which is an isomorphism. Then there exists a neighborhood V of (0,0) and an
€ > 0 such that
F:V— B((1)NUpn,

is a diffeomorphism. Moreover, we can choose V C B, (0) x B,(0) for €, €3 so
small as we want if we just adjust e. In the remainder of this section we require ¢,
€1, €2 to satisfy:

i) e< 2;\/?

i) ¢ < §, fori=1,2.

iil) e <.
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Lemma 3.6. Let v be a piecewise smooth curve in P such that v(0) = p and
Ly ~(7) < €/M. Then there exists z € H,, satisfying:

i) I'(1) = e*e”, where x € Lie(G,).

ii) z € B,(0) is unique such that Le=p = ~y(1).

5 m norm.

iii) The elements 1, e* and T'(1) lie closer than
Proof. 1) If we write do, for the geodesic distance in Upq with the Finsler metric
given by the operator norm, then using the Lemma 3.2 we obtain

[1=T(1)[ £ do(1,T(1)) < Loo(T) £ MLy, 0(7) <€

By Remark 3.5 there exists a unique (z,2) € H, @ Lie(G,) such that ||z| < e,
|z]| < €2 and e*e* =T'(1).

ii) Note that Le:p = Lezexp = Lpayp = 7(1). Moreover, it is unique because
2]l < ex <7 and exp, is one to one on the ball of radius r.

iii) We just have shown ||1 —T'(1)|| < e < —”22_\/5 On the other hand, our choice
of €5 implies

lle* =TI = It = €*|| = v/2 = 2 cos([|])

Analogously, our choice of €; gives

11 —€*|| = /2 —2cos(]|z]) O

Proposition 3.7. Let P be an orthogonal homogeneous reductive space. Consider
v a piecewise smooth curve in P such that v(0) = p and Ly () < €/M. Then
there exists a geodesic 6(t) = Let=p satisfying §(1) = (1) and L(§) < L(7).
Proof. In view of Lemma 3.6 we have (1) = L.:p, where T'(1) = e*e”, e* and 1
lie at distance less than —VQQ_‘E in norm. Consider now u(s) = e*e**, s € [0, 1],
the minimal geodesic joining e* and I'(1) = e*e®. Therefore by Proposition 3.3 the
function f(s) = da(1, uu(s))? is convex.
Claim: f'(0) =
Note the following:

[u(s) =1 < lle*e™ — e[| + [e™* = 1| < [le® — L[| + [le® = 1]|

= lle® — 1|+ |T(1) — & < /2 - V2 < 2.

Then the antihermitic logarithm
log:{ueUpy : lu-1||<2} —{ye My : |y <n}

is well defined and smooth. Let us call e,(t) = e!'°8(#())  which is a smooth
variation of €y(t) = e'*. For each s, these curves are minimal geodesics in Upy as
a consequence of the inequality ||log(u(s))|| < w. Therefore,

F(5) = La(es)® = | log(u(s)) 13 = Fa(es).
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Following the notation adopted in equation (3.1) one notes that z(t) = log(u(s))
is constant with respect to t. Thus, the derivative reduces to

F'(0) =2(7(2y0(1)) — 7(250(0)) ).

Then observe that yo(0) = €(0)* 4 +—€s(0) = 0. On the other hand, we have to

compute yo(1) = €o(1)* L «—o€s(1) = z, and using that H, and Lie(G),) are 7-

orthogonal, we finally obtain
T(2y0(1)) = 7(z2) = 0.
Thus our claim is proved. From this fact and the convexity of f we deduce that it
has a global minimum at s = 0. Therefore,
Ly(eo) = da(1,¢%) = f(0)/2 < f(1)"/? = dy(1,T(1)) < La(T).
Calling § the unique geodesic with the same initial and final endpoints as -y, note

that €g is the horizontal lifting of §. Then by Lemma 3.1 we can conclude
L(8) = La(eo) < Lo(T') = L(7). O

We call a piecewise smooth curve a geodesic polygon if it is a continuous path in
‘P, and consists of geodesics paths glued together. As an immediate consequence
of Proposition 3.7 we give the following result.

Corollary. Let P be an orthogonal homogeneous reductive space and vy a piecewise
smooth curve in P. Then there exists a geodesic polygon v such that v(0) = v(0),
v(l) =~(1) and

L(v) < L(7).
Proof. Clearly we can suppose that v is smooth. Consider a partition 0 = ¢y <

tp < .. < tp, = 1 such that Ly oo (V| ,t,,,]) < €/M. We use Proposition 3.7
to find geodesics §; with the same endpoints as ~y jfori=0,....,n—1

[ti,titr
satisfying
L((Sl) < L(Py [ti ,ti+1]>'
Then the curve v obtained by gluing the geodesics J; is a geodesic polygon shorter
than ~. O

In the next result we shall take R := min{r, ¢/2M }.

Theorem 3.8. Let P be an orthogonal homogeneous reductive space and p € P.
Given any p1 € Vg(p), there exists a unique geodesic inside Vgr(p) which has
minimal length among all the piecewise smooth curves inside Vg(p), joining the
points p and py.

Proof. Let v be a piecewise smooth curve inside Vgr(p). We can take a partition of
the unit interval 0 = to < t1 < ... <t, = 1 such that Ly oo(Vl[4,,¢,,11) < €/2M.
Therefore,

LQ700(7|[t0,t2]> = Lq700(7|[t0,t1]> +LQ:°®(’Y|[t1,t2]) < 6/2]\44_6/2]\4: 6/]\4
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By Lemma 3.6 there is a unique zo € B,(0) C H, such that Le=2p = 7(t2).
Applying Proposition 3.7, the geodesic d3(t) = Ltz p satisfies L(d2) < L(’y| (to 2 ]).
On the other hand, since we have v(t2) € Vr(p), by Remark 3.4 there exists a
unique zZ3 € Bg(0) such that L zzp = v(t2). Using our assumption that R < r, we
have zo = Z3, and then Jy is the unique geodesic in Vg(p) joining p and v(t2). An
easy computation shows that Lq oo (d2) = ||22]|. Therefore, if we use the symbol #
to denote a path obtained by adjoining two consecutive paths, we get

LQyOO(52#’y|[t2,t3]) = LQyOO(52> +L‘1y00(7|[t2’t3]> < H22H +€/2M < 6/]\4

Thus by the same argument as before, there exists a unique geodesic d3 in Vg(p)
such that L(d3) < L(52#'y{[t2 tg])' Moreover, we can also estimate

L(53) S L(52#7|[t2 )tS]) = L(52) + L(7|[t27t3])
S L(’y{[to,tg]) + L(7|[t2 ,t3]> = L(’}/‘[tg,t;;])'

It is clear that we can finish the proof by an inductive argument. O

Remark 3.9. Our choice of R > 0 works for any p € P. To show this, first observe
that R depends only on r, M and e.

1. r is independent of the point because the action is isometric.

2. The independence of M was shown before the Lemma 3.2.

3. If we considerer the map F" : Hy,, ® Lie(Gr,,) — U, it is straightfor-
ward to verify that F* = F o Ad(u). Then, using that Ad(u) is an isometric
isomorphism we obtain that F'* is a local diffeomorphism if and only if F' is
also a local diffeomorphism.

Remark 3.10. All the work of this section could be carried out in C*-algebra with
a faithful trace. However, as we shall see, in the following examples we need to
work in a finite von Neumann algebra to prove the orthogonality condition.

4. Examples

We give several examples of orthogonal homogeneous reductive spaces. In these
examples, the fundamental step to ensure that Theorem 3.8 holds, consists in
proving the orthogonal condition. The following situation frequently arises: we
have an algebraic subgroup G (in the sense of [6], [11]) of the Banach-Lie group
Uam and we want to check that G is actually a Banach-Lie subgroup to give a
smooth manifold structure in the quotient Upq/G. In view of Theorem 4.18 of [6]
we only have to prove that Lie(G) is complemented in M,j. On the other hand,
to obtain the minimality of geodesics, we must prove the orthogonality condition.
So we can obtain both properties if we check that the orthogonal projection

2

P: L*(Map,7) — Lie(G)



Vol. 62 (2008) Local Minimal Curves in Homogeneous Reductive Spaces 375

satisfies P(M,p,) C Lie(G). Moreover, as we observe in Remark 2.1, this gives
invariant supplements under the inner action of Ux4, and therefore, a reductive
structure in Upq/G.

4.1. Unitary orbit of a state
This first example is concerned with the unitary orbit of a state. Let Sxq be the
set of normal faithful states of M. Consider the action
L:Up % SM — SM
given by
Lyp=poAd(u™), u€Upm, ¢ € Sm.
For ¢ € Spq, we denote by U, the unitary orbit of ¢, i.e.
U, ={poAd(u") : ue Un}.
The isotropy group under this action

Gy ={ueUpm : p(uy) = p(yu), Yye M}
is an algebraic subgroup of order < 1 of the Lie-Banach group Ua. Actually this
is verified by taking the polynomials

py: MxM—C, py((a,b)) = p(ay) — p(ya), y € M.
The Lie algebra
Lie(Gy) = {x € Man : p(zy) = p(yz), Yy € M},

consists in the antihermitic elements of the centralizer of ¢, which is a von Neu-
mann subalgebra of M. It is a well known fact that in a finite algebra there exists
a unique trace invariant conditional expectation onto any von Neumann subal-
gebra (see for instance [16]). This gives that Lie(G,) is complemented in Mgy,
and therefore, the set Upq/Gy has a smooth manifold structure. Then we endow
U, with the manifold structure such that the bijection [u] — ¢ o Ad(u*) is a
diffeomorphism.

Observe that the hypothesis of Theorem 3.8 is verified because this condi-
tional expectation extends to the orthogonal projection over the respective comple-
tions with the 2-norm. Thus, we can conclude that the curve v(t) = po Ad(e~*u*)
has minimal length among all the curves contained in a neighborhood of o Ad(u*)
that start at this point.

4.2. Unitary orbit of a normal element
Let a be a normal element of M. We can study the unitary orbit of a, that is the
set
U(a) = {uau™ : u € Upy }.
The isotropy group at a of the natural action of Up, is given by
Go={ueUp : ua=au}.

Clearly, it is an algebraic subgroup of Uaq of order < 1. The polynomials are
defined by p: M x M — M, p((¢,d)) = ca — ac. As in the previously example,
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the Lie algebra of the isotropy group is the antihermitic elements of a von Neumann
subalgebra

Lie(Gy) ={x € My, : za=ax, } ={a} N Map.
tz

Thus U(a) = Up /G, is a smooth manifold, and the geodesics v(t) = e'ae™'* are
locally minimizing.

4.3. Unitary orbit of a spectral measure

Let ¥ be a o-algebra of subsets of some set. Let F : ¥ — M be a spectral
measure whose values are selfadjoint projections in M. The unitary orbit of F is

UE)={uE(.)u" : u €U}

We take as subgroup of order < 1 the isotropy group under the natural action of
Unq as in the preceding examples, i.e.

Geg={ueUpn : uE(S)=E(S)u, VS e X}
The polynomials are
ps i M X M — M, ps((a,b)) = aE(S) — E(5)a.
The Lie algebra of this group is
Lie(Gg) ={x € Mg : zE(S)=E(S)z, VS € X},

which consists of the antihermitic elements of a von Neumann subalgebra. Then
we can use Theorem 3.8 to show that in the orthogonal homogeneous reductive
space U(E) =2 Up/GE the geodesics v(t) = e*E(.)e™* are locally minimizing.

4.4. Unitary orbit of a x-homomorphism

Consider ¢ : M — M a x-homomorphism. Again we take the unitary orbit of 1,
ie.

UW) ={u()u* : ue U}

The algebraic subgroup of order < 1 is the isotropy at ¥ under the natural action
of the unitary group

Gy ={ueUy : up(y) =v(yu, VyeM}.
The polynomials used to prove this fact are
py : M X M — M7 py((avb)) = C“/’(y) - 1/’(9)@

The Lie algebra consists in the antihermitic elements of the von Neumann algebra
given by the commutant of ¢(M). Therefore, U()) = Urr/Gy is an orthogonal
homogeneous reductive space where the Theorem 3.8 holds.
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4.5. Partial isometries

This example is concerned with partial isometries in M. The set of partial isome-
tries is
I={veM: v is a projection }.

We can give an action of the unitary group Uaq X Upaq of M x M on Z by acting
both on the initial and the final spaces. The action is given by

L:(UM XUM)XI—>I, L(u’w)v:uvw*.

This action is locally transitive, i.e. if two partial isometries lie closer than 1/2
in the operator norm, then they are conjugate by a pair of unitaries. In [2] was
proved that each connected component, which as a consequence of local transitivity
coincides with an orbit, is a homogeneous space of Uy xUpq and a C*° submanifold
of M. Hence, by Remark 2.1, to give a reductive structure we just have to prove
the orthogonality condition.

Fix v € Z, we shall study its orbit O(v). The isotropy group at v is
Gy ={ (u,w) € Upg x Upq = uv = vw }.

Note that if (u,w) € G,, then u commutes with the final projection vv* and w
commutes with the initial projection v*v. One can compute the Lie algebra of this

group
Lie(Gy) = { (z,y) € Man X Map : zv =0y}

T11 0 v*xllv 0 . oL
= , 1 T11,T22 , Yoo antihermitic },
{(< 0 xzz) ( 0 y22>) 122, Y22 }
where the matrix decomposition is respect to vv* in the first coordinate and to v*v
in the second coordinate. Note that in this case the Lie algebra does not consist
of the antihermitic elements of a von Neumann algebra. In a finite von Neumann
algebra, the orbits have the following particular property.

Claim: Let M be a finite von Neumann algebra, then O(v) = O(v*v). In particular,
there is a projection in each orbit.

To prove our claim, consider the set of partial isometries with fixed initial space.
In other words, if p is a projection, we look at the set

I, ={veM :vv=p}

First let us demonstrate that {up : u € Upq } = Zp. One inclusion is trivial, for
the other take v € 7,, and let ¢ = vv*, which is a projection that is equivalent
with p. Since M is finite, there exists u € Upq such that uqu® = p. Note that the
element 1 — p+ wv is unitary, and therefore, the element w = u*(1 — p) + v is also
unitary. Finally, we obtain wp = vp = v.

Then our claim follows easily. Indeed, since v € T+, = {uv*v : u € Upq },
there is u € Upq such that v = u(v*v) = u(v*v)1. Thus, we obtain O(v) = O(v*v).
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As a corollary of the above claim, it suffices to study the isotropy at a projection
p. In this case, the expression of the Lie algebra reduces to

) 0 0 . .
Lie(Gp) ={ (( xél o ) , ( xél Yoo ) ) : T11, %22, Y22 antihermitic },

where the matrix decompositions are both respect to the projection p. Let us define
a real bounded projection onto Lie(G)) by

P : Mgy x Mo, — Lie(Gy),

( Ti1  T12 Y11 Y12 )'_)( 06112& 0 11142—1111 0 )
—xly @22 )\ —Vl2 Y22 0 T2 )’ 0 Y22

Observe that the kernel of this projection is
ker(P) = { ( ( ’UJ* 12 ) , < _Ilf di ) ) D w, 12, dig antihermitic}.
—cip 0 —diz 0
Using the trace 7 of M, we can define a finite trace in M x M by
- 7(z) +7(y)
T(($7y)) = f?
This gives an inner product on M x M such that ker(P) is orthogonal to Lie(G)).
Indeed, for (z,y) € Lie(Gp), (¢, d) € ker(P), one obtains

27((, y)(¢,d)) = —7(xc) — 7(yd)
(3 ) (5 )
(v ) (G )

- _T(( o ))+T(< s )):o.

By the orthogonality of ker(P) with its range, P extends to the real orthogonal

projection onto Lie(Gp)“ I, Thus, we obtain that O(v) = O(v*v) is an orthogonal
homogeneous reductive space. Therefore the geodesics v(t) = et* uvw*e**2 have
minimal length among all the curves inside a neighborhood of uvw*.

T,y € M.

4.6. Unitary orbit of a conditional expectation

Let A/ be a von Neumann subalgebra of M and E : M — A the unique trace
invariant conditional expectation. Our next example is about the unitary orbit
of E. For a treatment of geometric properties of this example in a more general
setting than finite algebras, we refer the reader to [4] and [5].

Let us define an action of Upq on the algebra B(M) of bounded operators on M
by
L:Upm x BIM) — B(M), L,T = Ad(u)oT o Ad(u").
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Consider the unitary orbit of E with this action
UE)={L,E : ue M}.
The isotropy group at E is usually called the normalizer of E,
Ng ={ueUpr : E(uyu) =uE(y)u*, y € M }.

Let us show that Mg is an algebraic subgroup of Unq of order < 2. For each y € M
define the following bilinear maps

Yyt (M x M) x (M x M) — M, 1y((a,b),(a',V))) = E(aybd’) — aE(y)b".
Then take the polynomials

py((a7 b)) = wy((a’? b), (a,b)) = E(ayb> - G'E(y>b'

In [5] was proved that for any faithful normal conditional expectation, its unitary
orbit is a homogeneous reductive space of Uas. In the finite algebra case we shall
prove the orthogonality condition restricting to the unique trace invariant condi-
tional expectation E. The arguments involved are adapted from Proposition 4.5
in [5], to this easier case.

The Lie algebra of N is the kernel of the differential of the natural fibration

g :Upm — U(E), g(u)=L,E.
In [5] was pointed out that
Lie(Ng) = ker((dllg)1) = (N + Mg) N Mgy,
where Mg is the von Neumann subalgebra of M given by
Mp={zeN'NM : E(zy) = E(yz), YVye M}

Let us call F': M — Mg the unique conditional expectation such that 7o F' = 7.
Denote by Z(M) the center of M. Note that E(Mg) = Z(N), then we have a
conditional expectation F o F : M — Z(N) satisfying To (Eo F) =70 F = .
Therefore there exist three orthogonal projections e, f, g in L?(M, 7), respectively
associated with F, F', E o F' such that ef = g. Thus we obtain ef = fe. Let us
call

A=E+F-EF

which a projection onto Mg+ satisfying A(M,p) € Mgy, Then Alpy,, projects
onto (Mg +N) N Mg, = Lie(Ng) and extends to the orthogonal projection

Al : LA(Man, 7) — Lie(Ng) ",

since e commutes with f. Thus Theorem 3.8 applies.
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4.7. An homogeneous space related to C*-dynamical systems

This example justifies in part Remark 3.10. Let A be a C*-algebra with a faithful
trace 7 and (A4, G,a) a C*-dynamical system. This means that G is a locally
compact group and « is a continuous homomorphism of G into the group Aut(A)
of x-automorphisms of A equipped with the pointwise convergence topology. Let
us assume that G is compact and « is trace invariant, in the sense that

T(au(z)) = 7(z)
for all t € G and = € A. Consider the C*-subalgebra of A given by
A ={zecA: az)=x,VteG}.

Denoting by p the left Haar normalized measure on G, we can define
E:A— A% E(z)= / ay(x) du(t).
G

It is apparent that F is a norm one projection, and therefore a conditional expec-
tation. We can easily show that F is trace invariant:

T(E(x)) = /GT(Oét(x)) dp(t) = /Gr(x) dp(t) = 7(x).

Then, the Lie algebra of the unitary group U 4¢ which identifies with AaGh is closed
and complemented. In proving that U 4c is actually a Lie-Banach subgroup of U 4,
it remains to show that U,ce is endowed with a structure of Banach-Lie group
whose underlying topology is the norm topology of U4. By Proposition 4.4 of [6]
it suffices to find an open neighborhood V of 0 € A, and an open neighborhood
W of 1 € U4 such that the exponential map exp |y : V — W is a diffeomorphism
and

exp(VNAS) =W NUye. (4.1)

Since the exponential map is the usual exponentiation of operators to prove the
equation (4.1) we only have to note that if u = e* € Uye with u close to 1,
x € Aan, then x € A%, . This follows since

o0

v =tog(u) = Y (- =
n=1

then

n

aule) = Yoy =

Thus U 4¢ is a Lie-Banach subgroup of U4, so we can consider the homogeneous
space U /U gc. Moreover, this is an orthogonal homogeneous reductive space since
FE is trace invariant.
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