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Classical Electromagnetic Field Theory in the Presence of Magnetic Sources *
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Using two new well-defined four-dimensional potential vectors, we formulate the classical Maxwell field theory in
a form which has manifest Lorentz covariance and SO(2) duality symmetry in the presence of magnetic sources.

We set up a consistent Lagrangian for the theory. Then from the action principle we obtain both Maxwell’s

equation and the equation of motion of a dyon moving in the electromagnetic field.
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Recently, there has been an increasing interest in
the study of electromagnetic (EM) duality symme-
try, because it plays a fundamental role in superstring
and brane theory.':2l From Maxwell’s equations we
know that general EM duality implies the existence
of magnetic source [magnetic charge (monopole) and
currents]. However, when considering the quantum
dynamics of particles carrying both electric and mag-
netic charges (dyons), one faces the lack of a naturally
defined classical field theory despite of the fact that a
consistent quantum field theory does exist.[®! This is-
sue was analysed by many researchers.®~?! in recent
contributions. In our previous paper,** we presented
an alternative formulation of electric-magnetic field
theory in the presence of magnetic source. The ad-
vantages of our formulation are as follows. First, we
introduce two new potential vectors that have no sin-
gularities and we do not need to use the concept of
Dirac string. Secondly, from the present paper we can
set up a consistent Lagrangian theory from which we
can obtain all the information of classical electromag-
netic field theory which returns to the usual Maxwell
field theory when only electric source is considered.
Thirdly, it has manifest Lorentz covariant and SO(2)
duality symmetry. Finally, it seems that our formula-
tion can be quantized directly, which will be reported
in a forthcoming article.

In this Letter, we present the details of the con-
struction of a Lagrangian for the EM field theory in
the formulation of Ref. [14]. From the action principle
we expect to obtain the Maxwell equation as well as
the equation of motion of a dyon moving in the elec-
tromagnetic field. We also explain why our formalism
has manifestly SO(2) duality symmetry.

Let us first give a brief review the formulation of
the two four-vector potentials of the electromagnetic
field in the presence of magnetic source.14] Besides the

usual definition of four-dimensional potential which
we called A}L, ie.,

A} = (¢1,—Ay), or A" = (¢1, Ay), (1)
we also introduce
A2 = (¢2,—Asz), or A" = (¢, As), (2)

where ¢1 and A; are the usual electric scalar poten-
tial and magnetic vector potential in electrodynam-
ics, while the newly introduced potential ¢ is the
scalar potential associated with the magnetic field and
As is a vector potential associated with the electric
field. It should be emphasized that these two four-
potentials have no singularities around the magnetic
charges (monopoles). Using these potentials, the elec-
tric field strength E and the magnetic induction B
are then expressed by

HA

E:-V¢1—8—;+V><A2, (3)
HA

B:V¢2+a—;+VXA1~ (4)

In the magnetic source free case, ¢ and A, are ex-
pected to be zero, so the above equation returns to
the usual magnetic source free case.

Now we introduce two field tensors

Fl,=0,Al -0,Al, I=1,2 (5)

Then, choosing Lorentz gauge Q“A{L = 0, Maxwell’s
equation in the case of existing both electric and mag-
netic sources,

OE
VxB=j + 2= 6
X Jet 3 (6)

0B
NG

V'E:pea

V-B=pn, VXxE=-j
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can be recast as

onFL, =g Jr, (8)

o _ (1 0

Jl:JZ:(pea_je)a Jﬁzj,T:(Pm,—Jm)

In this formulation, the currents are manifestly
conserved:

0 J} o 90*F], =0.

We will see that the index I is the SO(2) index, so
our formulation described above has manifestly SO(2)
duality symmetry which is related to the general gauge
transformation Aﬁ — Aﬁ—i—BHXI. The fields E, B, the
field tensors in Eq. (5) and Maxwell’s Egs. (8) are all
invariant under the transformations.

Let us also stress that in the above expressions,
neither F ﬁu nor F 51, has the same matrix form as the
usual electromagnetic tensor. From Eq. (5) together

with Egs. (3) and (4), we can find
E; = Fy; +"Foi’,
B; = *Fy;' — F2..

Thus, it is convenient to define a new field tensor as

Fl"l/ = Fl + *Fp,uv (9)
B = "FL — P2, (10)

where ﬁw is exactly the Hodge star dual of F},,. As
we see in the following, using these new field tensors
we can easily express the duality symmetry in a com-
pact fashion. It is easy to see that F},, is the analogue
to the usual electromagnetic tensor defined in classical
electrodynamics, because they have exactly the same
matrix form in terms of the field strengths. Since the
vector potentials in our formalism have no singulari-
ties, one has 9* *F{w = 0, so Maxwell’s equations can
also be written as

O"F,, = 0"F,, =J,,
O"F,, = —9"F2, = J2. (11)

From F},, or E“, defined above, we can easily build
a Lagrangian such that the Maxwell Eq. (11) can be
derived from the action principle.

The SO(2) duality symmetry of electromagnetic
field theory has been discussed in the literature.[6=8:10]
In our previous paper,**! we explained in detail why
the general duality symmetry is the SO(2) symmetry,
but there still exists something that is not very clear.
For example, under the general dual transformation
for F,, and F},,, i.e.,

(F)-( D) o

why should the same transformation hold simultane-
ously for J*! and J#2? One can make the same ques-
tion concerning the dual transformations of (E, B)
and (q,9),(Je,Jm), etc. Why must all these dual
transformations be the same? In our formulation, we
can shed light on this issue. Thus, we would first like
to give answers to these questions and then explain
in details why our formulation has manifestly SO(2)
duality symmetry, i.e., we can see that the index I is
the SO(2) index.

Let us first solve Maxwell’s equation in our for-
malism. It is easy to check that the potential func-
tions defined in the above section satisfy the differen-

tial equations: 14

82

@ff’l - V2¢1 = Pe>

? .

s A= VAL =],

82

@% — V243 = —pm,

82

5242~ V2A, = . (13)

In the static case, i.e., when the sources do not

depend on time ¢, we can write
PI:PI(a’)a JI:JI(:B)’ I:1727

where I = 1 and 2 represent I = e and m, respectively.

Then, as is exactly performed in the standard clas-

sical electrodynamics (magnetic source free case),[u]
the solution of Eq. (13) is given by

¢1—$g /pl'i ) gy (14)
Arle) = g7 [T e )

where r = |& — 2|, then from Egs. (3) and (4) we find
that the field strengths have the following representa-
tion

4T
+ X (g @)x Late, (16)
47 r3
1 r
B( ):E/pm($')—3d3m'
1 ! T 3
E Je(a: ) X 1"_3d x. (17)

Now we can give the answer to the question men-
tioned above under Eq.(12). = Fu,
B; = F()“ we know that if F},,, and F;w have a trans-
formation given by Eq.(12), which leads to the field

Because E;
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strengths E and B having the same transformation,
and because the field strengths are related to the
sources by Egs. (16) and (17), the sources pe, p, and
J e, J,, must change in the same way. The same trans-
formation must be satisfied by the four-dimensional
currents J*! and J#2. That is why once one chooses
the transformation for F,,, and F},, given by Eq. (12),
then the corresponding field strengths and the sources
must obey the same transformation. If we impose that
Maxwell’s Egs. (6) and (7) are invariant under these
transformations of field strengths and the sources, we
obtain a = d and b = —c. Moreover, if we also impose
that the energy density %(E2 + B2) and the Poynting
vector E X B are invariant under this transformation,
we obtain a? 4+ b? = 1. It is then natural to introduce
an angle a such that a = cosa and b = sina. Hence
the general duality transformation matrix coincides
with the general rotation matrix in two dimensions.
Thus it becomes apparent that the general electromag-
netic duality symmetry is the SO(2) symmetry. Under
the special case, @ = m/2, transformation (12) coin-
cides with the replacement F,, — ﬁw, ﬁ;w — —F,,
and the same replacements must be taken simultane-
ously, ie, E - B,B — —FE, p. = pm, Pm — —Pe
and J. = Jum, J; — —Je, etc. This corresponds to
the usual special electromagnetic duality symmetry.

Now we would like to point out that the index I
is the SO(2) index. Under the general dual trans-
formation, i.e., SO(2) transformation, from the above
discussion we know that the sources p; and J; change
into

_ I
pr = R(a)mrp
J= R(Oé)H'JI”

where R(a) is the SO(2) rotation matrix. Then
from Egs. (14) and (15), we know that the potentials

= (¢r,—Ar) should have the same SO(2) trans-
formation, that is to say, the index I of potential A{L
is the SO(2) index. Therefore, our formulation has
manifestly SO(2) duality symmetry.

Now we would like to give a Lagrangian for
the electromagnetic field which gives right Maxwell’s
equation in the presence of magnetic source. We will
also see that from this Lagrangian, one can deduce the
right Lorentz force formula.

The Lagrangian of the field is given by

1 .
L= —Z(FW)Z — (AL + AL T + (P4, — AZ) T2,
(18)
where *A{L is defined by

1 T
*Al = _Eewaﬂ/P 9 APTdz” . (19)

From a simple calculation we find

2 afl
aF — 8(Fa/8F ) — 4F,u,l/’
9(0,4;)  0(9.A7)
2 B -
OF _ 0(FapF™) _ =
9(0,47)  0(9.A7)

It is noticed that *AfL is related to the derivative
of AL and if we take into account the conservation
conditions of the currents, then the Euler-Lagrange
equation of the Lagrangian defined in Eq.(18) gives
Maxwell’s Eq. (11).

For simplicity, we consider here one dyon with elec-
tric charge ¢ and magnetic charge g, which moves in
the electromagnetic field (the extension to the multi-
dyon system can be easily carried out). From the
action of the system we expect to obtain both field
Eq. (11) and the equation of motion of the dyon. The
action of this system consists of three parts, i.e,

S=5,+S51+ SF, (20)
where
dz# dxv
== RGNy 1)

is the free action of the dyon, and

A
2 d
S :q/ (AL 442 )idA
A

1

A
2 dz#
- A, — AZ)——dA
Q//\l ( ) Y

:/(Al *A)Ju1d4
2

- /Q (*A;, — A2)J"2d's (22)

is the term of interaction between the dyon and the
electromagnetic field around it. J#! in the above equa-
tion are the currents for one particle dyon which have
the form

The last term of the action
1

— / F,,F*™d'z (23)
4/

is nothing but the action of the electromagnetic field.
Let us now vary the potentials as

Sp =

Aft = Ai + eIB{L(ac), B£|Q =0.

We can check that

%|61=62=0 :/ alLFHUBlldelxv
661 o
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oS
! ‘elzezzo = / 8:;FMVB3CI4£E
862 e}

*A I
Noticing that 8—"} =0 and % = 0, we then have
BEI 661
oS
= — | = pr gl 144
0 ey ler=ez=0 /_Q(a”F J )Bud L5 (24)

oS ~
= —|. = puv _ qu2 2 14 )
0 Geghimamo = [ @ B, o

Because B}L and Bi are arbitrary, then from Egs. (24)
and (25), we obtain Maxwell’s Eq. (11) again.

Furthermore, if we change the coordinate of the
dyon in the form

= ot +eoy”, with y*(A1) = y*(A2) =0, (26)

we find
oS 2 dZze de?  ~ daP
— = —-m——+qF§——— FO‘—> odT.
0€g leo=0 /T1<md7'2+qﬁd7' gﬂdTy T
(27)
Since y, is arbitrary, then from g—i leo=0 = 0 we obtain
d2ze dz? ~ da”
=L —gFy—— —gFe——. 28
M are ¥ ar ~ 9y (28)

This is just the equation of motion of a dyon moving
in the electromagnetic field. From this equation we
can find that the Lorentz force the dyon acquires in
the magnetic field can be represented in terms of field
strengths as

F=qE+vxB)+g(B—-vxE). (29)

We would like to stress that the general Lorentz
force has also the SO(2) electromagnetic duality sym-
metry.

In summary, we have used the formulation of
Ref. [14] to explain why the classical electromagnetic
field theory in the presence of a magnetic source has
exactly the SO(2) duality symmetry. Then we find
a proper Lagrangian formulation for the theory, and
lastly we have used the action principle of the system
of dyons to derive both Maxwell’s equation and the
equation of motion for the dyon. From this equation

of motion we have obtained the general Lorentz force
for a dyon moving in the electromagnetic field.

As a consistency check of our formulation we see
that for g = 0 and J#? = 0 (no magnetic sources),
from Eqgs.(14) and (15) we can set A2 = 0, and so
F,, = F;,+*F2, = F,,. This means that our formu-
lation contains standard electrodynamics as a partic-
ular case. For ¢ = 0 and J*! = 0 (no electric sources),
one has A}L =0, and then F),, = Fﬁu +* Fiu =* F?

pvo

and the Lagrangian becomes:
Lffl *F2 2 A2J‘LL2_1F2 2 A2J/,l,2
- Z( ;LV) — - Z( ,ul/) — :

Thus in this case the formulation is completely parallel
to the magnetic source free case.
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