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Abstract

In this paper we give quantitative bounds for the norms of different kinds of singular
integral operators on weighted Hardy spaces H.), where 0 < p < 1 and w is a weight
in the Muckenhoupt A, class. We deal with Fourier multiplier operators, Calderén—
Zygmund operators of homogeneous type which are particular cases of the first ones,
and, more generally, we study singular integrals of convolution type. In order to prove
mixed estimates in the setting of weighted Hardy spaces, we need to introduce several
characterizations of weighted Hardy spaces by means of square functions, Littlewood—
Paley functions and the grand maximal function. We also establish explicit quantitative
bounds depending on the weight w when switching between the HJ-norms defined
by the Littlewood—Paley—Stein square function and its discrete version, and also by
applying the mixed bound A, — A result for the vector-valued extension of the Hardy—
Littlewood maximal operator given in Buckley (Trans Am Math Soc 340(1):253-272,
1993).
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1 Introduction

Boundedness of singular integrals in weighted norms arises in the analysis of PDE’s. It
is a classical result that many operators in harmonic analysis are bounded on L%, (R"),
1 < p < oo, if the weight w belongs to the so-called A, Muckenhoupt class. The
sharp dependence of the corresponding L%, (R") operator norms in terms of the A »
characteristic of w has been studied for different operators in the last few years. We
recall that a weight w, that is, a non-negative locally integrable function, belongs to
the Muckenhoupt A, class for 1 < p < oo if

1 1 i\t
[w]Ap—sZp(@wi) <@/Qw ) < 00

where the supremum is taken over all cubes in R" with sides parallel to the axes. In
the case p = 1 we say that w € A if

Mw <kw a.e.

and we define [w]4, = inf {k > 0: Mw < kw a.e.}.For p = oo, wesaythatw € A
if

1
[wla,, = sup

Tee) /QM(wXQ) < 00,
where w(Q) = f oW We call [w]a » the A, constant or characteristic of the weight
w. It is well-known that there exists a constant that depends on the dimension n such
that [w]a,, < culwla - for p > 1. All the above constants can be defined over balls
instead of cubes, and they are the same up to a dimensional constant.

In [1], Buckley proved that for the Hardy-Littlewood maximal operator M and
l<p<oo

1
1Ml p gy < Clwl} (1.1)

and this result is sharp in the sense that the right-hand side of (1.1) cannot be replaced
by ¢([wla,) for any positive nondecreasing function ¢ growing more slowly than
1

¢t 7=T . In the same article [1], it was shown that for the convolution Calderén—Zygmund
singular integral operators 7 and 1 < p < oo,

)4
ITllp @y < Clwl}

and the best power of [w]AP is at least max {1, ﬁ} .Inthecase p =2and T = H is

the Hilbert transform, Petermichl and Pott improved it to the power % (see [28]) and,
later on, Petermichl in [25] obtained the best possible linear dependence for p > 2.
For the case 1 < p < 2, that dependence of the [w]s , constant is a consequence
of the sharp extrapolation proved in [5]. For the Riesz transforms, in [26], the author
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Mixed estimates for singular integrals on weighted Hardy spaces 747

obtained the same linear bound. From [29], we also know that the linear dependence
on the A, constant is the sharpest for the Ahlfors—Beurling operator.

Then, proving a linear dependence on the A, constant for general Calderén—
Zygmund operators became an important problem in the area that was finally solved
by Hytonen in [15]. This result was improved in [13] by means of what it is now
called mixed A, — A, estimates, as the ones obtained in that paper. Namely, for a
Calder6n—Zygmund operator 7, Hytonen and Pérez showed in [13] that

1 1
bl — 2
I 12 ey < € [w]}, max {[w]Aw [w 1]Aoo}

Afterwards, this was extended for p > 1in [11].

When considering p = 1, it is well-known that the above operators are unbounded
in Lllv, for w € Ay, but a weak type estimate can be stated (see [21] and [13]) with the
following mixed bound for the norm of the Calderén—-Zygmund operator T

171,y g3 < Clwla, (1 +loglwla,.).

Given that the singular integrals we shall be dealing with are not bounded for p = 1,
a natural goal is to define a subspace of L,lﬂ whose image under any singular integral
isin L) . With this purpose in mind, the Hardy space H,) is introduced. Next, one can
extend the definition for any p > 0, obtaining the space H/,, where w € Ag for some
q > 1 (for more details, see the following sections). It is well-known that for p > 1
these spaces coincide with L} Then, the case of interest is, actually, 0 < p < 1.
Hardy spaces give rise to the so-called endpoints estimates for the L} boundedness of
singular integrals, and this fact has motivated us to study the boundedness of singular
integrals in H{) for Muckenhoupt weights.

There are several ways to define Hardy spaces. According to each definition, dif-
ferent norms arise and, in most cases, they are equivalent up to constants that depend
on the weight w. The weighted Hardy spaces were introduced by Garcia-Cuerva in his
Ph.D. dissertation [9]. A complete book about these spaces is [30] where the authors
define the weighted Hardy spaces by using the non-tangential maximal functions. They
introduce these spaces for doubling weights, namely, that there exists a constant C > 0
such that w(2Q) < Cw(Q) for any cube Q. Moreover, they study the boundedness
of Calderén—Zygmund singular integrals on weighted Hardy spaces.

More recently, Lu and Zhu [22] apply a discrete version of Calderén’s reproducing
formula and Littlewood—Paley theory with weights to establish H) (R") — HZ (R")
(0 < p < o0) boundedness results for singular integrals of convolution type when
w € Axo. Several authors have studied this problem requiring stronger hypotheses on
the weight (see, for example, [18,20]).

The authors in [22, Theorem 1.1] show the boundedness of some sort of singular
integrals in HE (R™) for w € Ax. They claim that the bounds obtained in their article
are quantitative but they fail in giving the explicit constant depending on the weight
when switching from one HJ-norm to another (see [22, Proposition 2.1 and Corollary
2.1]); there is actually a dependence on the A, constant of the weight w. Therefore,
a difficulty in obtaining quantitative bounds for norms of operators in this setting is
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748 M. E. Cejas, E. Dalmasso

that one needs to be very careful when interchanging the norms in HJ, (R") since there
will be constants relating them that might depend on the weight. When one is just
concerned about the boundedness of an operator, the constant can be disregarded.

In this article we shall precise the quantitative bounds obtained in [22]. While they
provide bounds for the norm of the singular integral operator, they are not completely
quantitative and accurate. In this sense, we first study multiplier operators 7,, where
m is a Fourier multiplier, and obtain bounds for || 7}, || HP—HP by means of the norm
defined through a square function, where w € Ao. In this case we obtain estimates for
the same range of p for which the boundedness of these operators in H) is well-known
(see [30, Chapter XI, Theorem 6]). As a particular case of multiplier operators, we have
the Calder6n—Zygmund singular integrals of homogeneous type 7 f = K * f, where
Kx) = %, provided that €2 is an homogeneous function of degree zero, infinitely

differentiable on the unit sphere $"=1 and f gn—1 Q = 0. However, in Section 3 we
are able to get quantitative estimates for those operators using the characterization of
HE @R by the grand maximal function. This choice on the definition of the weighted
Hardy space allows us to prove quantitative bounds for every p € (0, 1]. Using
estimates for the grand maximal function given by Lerner and Wilson [19,33,34] we
get mixed bounds for the norm in H/) (R") when w € A;. Next, as a consequence of
an extrapolation result from [3] we can extend this last result for w € A.

Afterwards, we consider singular integrals of convolution type with more general
kernels that include the homogeneous type operators mentioned above. We follow the
ideas by Lu and Zhu [22] and use the mixed bound A; — A for the vector-valued
Hardy-Littlewood maximal operator obtained in [2], which is an improvement of the
bound for this operator used by the authors. Moreover, we take special care of the
equivalence between HE(R") norms in order to get the correct dependence on the
weight w.

2 Quantitative bounds for multiplier operators with A, weights
From now on, for simplicity, we will denote HE and L% instead of HL(R") and

LL (R™), respectively.
Set

Tp(x) = {(y,t) R i x —y| < tﬂ}, B> 0.

Let P(x) = % be the Poisson kernel and, for t > 0, set P;(x) = %,,P(%).
(I+[xH) 2
Let f € % and define f(x,t) = P; * f(x) its Poisson integral. If we consider the

maximal function

Ngf(x)= sup [f(y,0)l,
(r.DETp(x)

the weighted Hardy space H/, can be defined in terms of Ng for w € Ay and any
B > 0. This means, f € H} if and only if Ngf € L% . The norm is defined in the
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Mixed estimates for singular integrals on weighted Hardy spaces 749

natural way || f|| He = INg £ Lh- We may refer to HJ, through the above definition,
so the different equivalent norms used in our results will be related to it.

Let us denote by .7 the Schwartz class of functions and consider the subset Do =
{f € % : supp( f ) is compact and O ¢ supp f }. A bounded function m defined on
R™ \ {0} is called a multiplier. A multiplier operator T is defined by means of the
Fourier transform as

(T =mf

for f € QO(R"), so m is also called a Fourier multiplier. If 7' is bounded on HY,
since 920 is dense in H} for w a doubling weight ([30, Chapter VII]), T admits an
extension as a continuous operator on HY'. We shall denote T = T}, to indicate the
corresponding Fourier multiplier of T'.

In this section, we consider the following functions. We define the square function

L ar 1/2
Sg(fH(x) = / [tV f(y, DI"dy—— )
Tp(x) 4

for § > 0, and the Littlewood—Paley function

* (" ! . 1V £y Py :
gﬂ(f)(x)—</0 /(m) 1V £ ()] ytm)

for u > 1, where V.= (3y,, ..., dx,, &).
Assume that m € C"*!(R" \ {0}) and for any multi-index & = (a1, ..., &) € Ng
with || =) +--- oy, <n +1,

sup Rz‘“'—"/ |DYm(x)|>dx < oo.
R<|x|<2R

O<R<o0

This condition is known in the literature as m € M (2, n + 1). Then, it is well-known
(see [31, p. 233]) that

S1(Tn f)(x) = Cgy 2 (/H(x), x €R", 2.1

forany f € . This inequality will be the key ingredient in order to obtain quantitative
bounds for || T}, ||H£_)H£.

As we said in the introduction, changing the H} -norm for an equivalent one can lead
to a different bound for the operator norm. Therefore, we shall fix a norm according
to the operator we are dealing with. Since the L, norms of N s and Sg are equivalent
by [10, Theorem 1], we can also characterize Hp using Sg, in particular, using Sj.
Thus, in this section, we denote the weighted Hardy space by .7/ and fix the norm
||f||%vp = ||IS; (f)”Lﬁ,’ 0 < p < 1. Note that we choose to present this notation
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750 M. E. Cejas, E. Dalmasso

because it seemed to us that it made the exposition clearer. However, these space are
all equivalent.

To give a quantitative bound for || 7, || AP AP in view of the pointwise inequality
(2.1), it will be enough to prove that gl’j( f) can be estimated by S;(f) in norm Lh
for 0 < p < 1. This result is in the literature, more precisely, it can be found in
[30, Theorem 4], but we shall revisit its proof in order to give the explicit constant
depending on the weight. Our result is the following.

Theorem1 Let0 < p <1, w € A and0 <r < min{%, 1}, where q,, = inf{q >
1:w e Ag}. Then, '

[ @ hwruwds < coporpiuly, [ $iHwremds @2

2
Jor each p > =.

Therefore, we have the following quantitative bound for multiplier operators on
A by combining (2.1) and theorem above. Notice that we can choose r to verify
2+ 2 > 2 thatis, r > -2 Thus, for -2~ < r < min{Z, 1}, both inequalities hold.

n r n+1 n+1 qu

Moreover, if r > % they are valid for any dimension.

Theorem 2 Let nL_qu <p=<lweAoand 0 < r < min{q%, 1}. Then, if
meM.n+1),

1
1 Tonll e < CTwlZ, |

where the constant C does not depend on the weight.

Proof of Theorem 1 Let us introduce some notation and properties that we will use to
prove (2.2).

First, notice that, since w € Aso, from the definition of ¢,, there exists » > n”?
such that w € A L. Therefore, the weight satisfies the following doubling condition:

w(B(x,ar)) < cdagw(B(x,r)), Vr>0,a>1.

cq4 is called the doubling constant of w and B(x, r) denotes the ball centered at x and
radius r. It can be shown that

P
cd: ”M”)E g,oozc(napvr)[w]Aﬁ

Ly, —Ly

which means that this weak type norm of the Hardy-Littlewood maximal operator is
equivalent to the constant of the weight up to a constant that depends on n, r and p (see
[1]). We shall also make use of the Hardy—Littlewood maximal operator associated to
the measure dv(x) = w(x)dx given by

1
My =
(D0 = b B

fB |f () lwx)dx, f e Li(w),
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Mixed estimates for singular integrals on weighted Hardy spaces 751

where the supremum is taken over the balls B containing x. It is known that My, is of
weak type (1, 1) respect to the measure w(x) dx with constant C,,, only depending on
n,noton w.

Let us proceed with the proof of (2.2). It is easy to see that

g ()x) < CQu,n) Y 27 (S5 ()(1))?

k=0

for every u > 1 (c.f. [30, p. 54]).
Since £ < 1, we have

p
0 2
/R (g (N w)dx < C(u, n) fR ) (Z 2"“‘”(Szk(f)(x))2) w(x)dx
k=0
< [ St weods
" k=0

—cy /R (S (NN ().

k=0

We will show that the L, -norm of S,k can be replaced by the L -norm of S; times a
constant that depends on the weight w.
Fix k > 0. Using a similar notation to [30], we define the level sets

Oy ={x eR": $1(f)H(x) > s}, Op = {x e R" : Sy (fH(x) > s}
and
U ={x € R": My(xo)(x) > 2ca@))7").
Given r, s > 0, we can write
w(0l,) < w(%) + w(C NUL).
From the weak type (1, 1) of M,,,
w( %) = w(fx € R" : My(xg,)(x) > Qca)7) 7)) < Ca2ea2 ¥ w(6)).

On the other hand,

w0, NUS) = (rs)_Z/ (rs)zw(x)dx < (rs)_2/ (S2k(f)(.x))2 w(x)dx.
ﬁr{x QQ/Y 4 Q/Y 4
2.3)
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752 M. E. Cejas, E. Dalmasso

From [30, Chapter IV, Lemma 7], we have that I' (%) C ' (0¢), where I'g(E) :=
UxeeT'g(x), and also, from that result,

w(B(y, 20) N%E) < 22 T w(B(, 1) N ES), 1> 0.

These two properties allow us to deduce the following bound for the integral on the
right-hand side of (2.3):

ﬁl (S () (X)) wix)dx
dt
/ / 1V, OPwB (G, 20 N Uy
2/((%8
< 2cd2k'i”/ / 1tV f (v, ) Pw(B(y, 1) N ﬁf)dyn—H
Iy (0°) !
=262 [ ($10H0) wds,
Thus, inserting this into (2.3),
Wl NUE) < (rs)22ca2" " / (10500 w(x)dx
o¢
= 4c 2P (rs) 2 / w({r < S1(f)@) < s)dt
0
< 427 (rs) 2 fs tw(0)dt.
0
Hence,

w(0l,) < 4eg2 7 (rs)” 2/ tw(O)dt + Cy2es2 F w(6,).
0

By [30, Chapter IV, Lemma 9] with ¢| = 4cd2k¥ and co = C, 2cd2k¥,

/Rn (S (HNPw(x)dx < C(n, p, Nea2 ™ /Rn(Sl(f)(X))pw(X)dx

as we claimed.
Then,

/R (LN wdy < €Y 27 /R (SN w)dx
k=0

< C(n, p.rica f (S 3 250

k=0
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Mixed estimates for singular integrals on weighted Hardy spaces 753

< Clnp Il [ SUH@ 0

where the series converges since y© > % The proof is now finished. O

Remark 1 Note that in each step we are using the optimal constant ¢4 for the doubling
condition which give us a good constant in last theorem.

Remark 2 We also observe that the restriction on p, which translates in a restriction
for r, coincides with the sufficient conditions given in [30, Chapter XI, Theorem 6]
for the boundedness of T}, on .77 .

3 Quantitative bounds for singular integrals of homogeneous type

In this section, we first obtain quantitative bounds for the norm of 7 on weighted
Hardy spaces, when w € Ay, for singular integrals of homogeneous type. Next, using
an extrapolation argument, we will extend these bounds for w € A.

We will need to introduce different functions in order to give the definition of the
weighted Hardy spaces and several characterizations (see [35]).

For f € L} (R") and @ > 0, let

Ao f(y,t) = sup |f * @ (¥,

ety

where ¢, (y) = t’”(p(%) and %y is the collection of functions ¢ : R” — R supported
in the unit ball with integral zero, such that |¢(y) — ¢(y")| < |y — y'|¢ for every
v,y e R
First, we define the square function of f € Lloc (R™) by

1/2
y dt
Sy p(f)(x) = (/Fﬂ(x | * 9P prars| )

where ¢ € Cgo (R™) is radial, non trivial, supported in the unit ball with f Y = 0and
such that

- d
/0|w<5r)|27t=1, VE £0.

The intrinsic square function is defined as

1/2
pn dydt>/
,oa, >0,

* o 2 d
ga,u<f>(x>—(/Mlma(f)(y’”) <t+|x—y|> et
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754 M. E. Cejas, E. Dalmasso

and the Littlewood—Paley function is given by

172
N 5 t M dy dt
8¢ (X)) = (/R'fl Lf * ¢ ()] (r yp _y|) prEm ) , u>0,

where ¢ € CJ°(R"), is radial, with support contained in the ball {x : [x| < 1/2} and
[¢=0.

Finally, we define the grand maximal function G y for f € ., the set of tempered
distributions. Given a natural number N, let o/ denote the set of all functions 1 €
C°°(R™) with supp n C {|x| < 1} and

okl <1

IBI=N 00

where £ is a multi-index. Then

Gn(f)(x) :=sup sup |f *n:(x)|.
t>0 nedy

It is well-known that one can define the weighted Hardy space for 0 < p < oo, as
the set
AP ={feS  Gy(f)eLh}. 3.1)

The norm is given by ||f||jpr = ||GN(f)||L5. Note that this definition of HJ is
possible according to [24,36]. We fix the norm given by Gy for the results of the
present section.

We will deal with homogeneous type operators. Let us consider €2 an homogeneous
function of degree 0, infinitely differentiable on the unit sphere with

/ Q(x)do(x) =0.
[x]=1

We consider the following singular integral operator given by

Q
Tf @) = lim / D) e — yyay.

0 |y|>e |Y|”

These type of operators are known as homogeneous singular integrals and they are
particular cases of multiplier operators. More precisely, if 2 is as above, there exists
a multiplier (a bounded function outside the origin) m € C °°(§7=1) which is homo-
geneous of degree 0 (see [31, Chapter III, Theorem 6]). Thus, under some extra
assumptions on €2, one can have m € M(2,n + 1) (see [17] or [30]) and T will
be in the conditions of the previous section. We will show now that with no other
hypotheses on €2 than the given above, we get mixed estimates and reach all the values
of p € (0, 1].
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Mixed estimates for singular integrals on weighted Hardy spaces 755

We state the following pointwise estimate that holds for singular integrals and it
can be found in [33] (see also [19]). It relates the square function of the homogeneous
singular integral applied to f with the Littlewood—Paley function of f.

Theorem 3 [33] Let us consider an homogeneous singular integral operator T as
defined above.

Let ¢ € C*®(R") be radial, supp(¢) C {|x| < 1/2}, satisfying that there exist
positive constants ¢ and & such that

/oo 1p(t,0, ..., 0)|2% >c(l+s5)7¢ (3.2)

N

forevery s > 0, and that [ P(x)¢(x)dx = 0 for every polynomial P of degree < 2n.
Let r = ¢ * ¢. There exists a constant C (B, u, ¢) and u > 3 such that for all B > 0

Syp(Tf) < CB. 1. ), (f). (3.3)
We will use the following result given by Lerner [19] in order to obtain bounds for
the norms on weighted Hardy spaces.

Proposition 1 [19] Let be as in the definition of the square function and also verifying
(3.2). Then there exist N € N depending on & and n, and B depending on n such that
for any weight w and for any f with Gy (f) € L%,

1
IGN(Ollpp < clwly 1Sy.p(Hllp 34

where ¢ does not depend on either f or w.

Remark 3 This result was obtained by Wilson in [33] but in [19] the author showed
the bound in terms of [w]., which was defined in the Introduction. Inequality (3.4)
with f instead of Gy (f) is essentially contained in [33].

We will obtain a mixed A; — Ao estimate for the norm || 7| S AP when 0 <
p < 1. For that, we shall use the following weighted inequality.

Lemma 1 [34] Let O < p < 1. There exists ;i = fi(p) > O such that for any u > &
and any weight w we have

1 1
(/R ng)"w(x)dx)’ <C@. N, p) (/R |GN(f>|"Mw<x)dx>” (3.5)

where the constant does not depend on w.
Remark 4 1f we consider w € Aj, by the lemma above we obtain

1 1
1 1 1

P - P
([R g;,,t(f)pw(X)dx> <C@, N, p)lwly, (/R IGN(f)Ipw(X)dx> (3.6)
where the constant does not depend on w.
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756 M. E. Cejas, E. Dalmasso

Theorem4 [f0 < p <1, w € Ay and T is a singular integral as in Theorem 3, then

1 1
IT W er s e < Clwly [wly_ .

where the constant C does not depend on the weight.

Proof Let ¢ and ¥ be as in Theorem 3. Then, for this choice of v, from Proposition
1 there exists N € N such that

1
IGN TPy < CLwll 1Sy (THllp

where the constant C does not depend on w. Now, using the pointwise inequality (3.3)
and last remark, with © > max{3, i1}, for & as in Lemma 1, we have

1

||S§0,/3(Tf)”Lp E C(,B, “, ¢)||g;;,u(f)”Lp E C(ﬂv M, ¢’ n, N? r)[w]il ”GN(f)”Ll‘;}a

so we obtain the desired inequality. O

Now we will extend inequality (3.6) to the case of Ay, weights.

Proposition2 If0 < p <1, w € Ax. Let 0 < r < min{qiw, 1}. Then, there exists
= i(p) > 0 such that for any u > i, we have

L i 11 :
(fR gZ,M(f)Pw(x)dx>p < Cn N, p W}, [w]} (/R |GN<f>|Pw<x>dx) .
3.7)

Proof We will give the proof in order to obtain the explicit constant in the inequality
(3.7). However, the result is an immediate consequence of [3, Theorem 2.2].
We first notice that, since w € Ao, from the definition of » we have that w € Ap.

We denote g = £.
We are going to use Rubio de Francia’s algorithm (see [9]). Define the operator %,

for f € LI (R"), by

loc
o k
MFh(x)
Fh(x) =) —0—,
,; kM,
L

wlfq/

where M¥ is the Hardy-Littlewood maximal operator iterated k times if k > 1 and,
for k = 0 is just the identity operator. It is immediate from the definition of % that

(a) h(x) < Zh(x),
®) IZhl ¢ <2kl .

wl=a wl*‘I,
() M(Zh)(x) <2|M ||L,,/ Zh(x), meaning that Zh € A with constant indepen-
wl_q,
dent of 4.
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Mixed estimates for singular integrals on weighted Hardy spaces 757

We write
g, Oy =1 (5.f) g = sup /R (85.0f ) W,

where the supremum is taken over all non-negative functions 4 € LY, with ||| L= 1.
For any of such functions &, we have that hw € Li} Iy with ||hw ||Lq/

1.
Letus fix h € LY with ||h||Lq/ = 1. Then, from (a) and (c) with ~Aw and (3.6), we
have !

= h ;=
=kl

; h d ; " B(hw)(x)d
/R (.S ) hwdx =< fR (8.0 @) Zw))ax

< C(u, N, NIZhw)la, /R |G £ ()1 2 (hw) (x)dx.

Note that, if F € L and Z(hw) e Lz,,pq" 0 < w < oo almost everywhere in the
set where f"%(hw) > 0. Then, by applying Holder’s inequality with ¢ and ¢’, we
get

[ ipeoraauma = [ 1F@rue @i mew s
R -
< IFIp 12wl o

wl=4'
<IFIp20hwl,y  =21FI,

wl=4'

where we have used (b) and that ||hw ||Lq/ =1.
u:l_q/
Particularly, we can apply the inequality above to F = G (f), which we assume

in LY since, otherwise, there is nothing to prove. Thus, we get

[ (s3.07@) herwas < i, (/R |GNf<x>|”w(x>dx>"

In other words, we have proved that

’ 1 ’
(Ang;,ﬂ<f)”w(x>dx> < ClA(hw)], (An|GN<f>|pw<x>dx> :

Now, we need to estimate [Z(hw)]4, in terms of the weight w. According to (c),

we have that [Z(hw)]a, < 2||M||Lq/ . But, the A,/ — Ay mixed estimate for the
wl—d'
Hardy-Littlewood maximal operatoris known, see [13, Corollary 1.10]. Hence,
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€1
7

_/ Py poo5 o g
[Z(hw)]a, < cagq ([w1 “la, [w]Aw)q = cn7[w]/§q[w];§m = cn;[w]ﬁﬁ[w]Aw”,
where we have used that [w]4 .= [wl_"/]z\jl . Therefore,
q
1 Lopyy . 4 1_1
)y, < e (£)" wij, i "
which completes the proof. O

Remark5 An interesting open problem is to find the optimal value of ¢ such that
w € A, in terms of the constant [w]a . It was proved in [14] that ¢ > enlwla

with [w]a , = e laco , where ¢, is a dimensional constant. These type of embedding
results has been studied in [7,16,23,27,32], and, for the one-dimesional case, they are
sharper.

By reproducing the proof of Theorem 4 with (3.7) instead of (3.6), we obtain the
following quantitative mixed bound for ||T'| AP AP

Theorem5 If0 < p < 1, w € A and T is a singular integral of homogeneous type,
then

1,1 1
2t

1
IT W e < Clwll, wl} " 7.

P
7

where the constant C does not depend on the weight.

Remark 6 Note that in last theorem the quantitative constant is bigger than the one
proved in Theorem 2. However, for the operators of homogeneous type considered in
this section the bounds can be obtained for every p € (0, 1].

4 Quantitative bounds for singular integrals of convolution type

In this section we obtain a quantitative bound for the HP — HE boundedness of
singular integrals of convolution type. The idea is to use a Calderén reproducing
formula and to improve the bound for the vector valued maximal Hardy-Littlewood
operator given in [22, (2.2)]. In fact we use an A; — A mixed estimate obtained in
[2] which is a sharp bound.

Let ¢ be a Schwartz function on R” which satisfies

Y(x)x“dx =0
Rn

for all multi-indexes « and

Y WeUer=1

JEZ
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for all £ # 0.

Definition 1 A function f defined on R” is said to be in .%; (R") where M is a positive
integer, if there exists C > 0 such that f satisfies the following conditions:

(1) For|a| <M — 1,

ID® f(x)] < Cm?

(2) For [x —x'| < 3(1+|x] and |y| = M

lx — x|

|DY f(x) = DY f(x")] < CW;

3) For|a| <M —1

/ f(x)x%dx =0.
Rn

If f € .“u(R") its norm is then defined by

Il fll.#, @ny :=inf {C : (1) and (2) hold}.
To simplify notation we denote .#); (R") by .%);. For f € (#3)’, the dual space of
Zum, define the Littlewood—Paley-Stein square function of f by

1

2

g =Y 1) * f0)l

JEZ
where ¥ (x) = 27/ (27/x), with ¥ as above.

For convenience, in this section we will modify the definition of the weighted Hardy
space introduced in (3.1).

Definition2 Let0 < p < 00, w € Ax. Let M = [(% — 1)n]+ 1, where [-] denotes
the integer function . We define the weighted Hardy spaces as follows

HY = {f € (w) : 8(f) € L}
and the norm of f in HY, is defined by
1l = 18O Lo -
Remark 7 In [6], the authors showed that the spaces H} and HY, coincide (see [6,
Theorem 2.1 and Remark 2.1]). Moreover, they proved (see [6, Proposition 3.2]) that

the space .%) is dense in HY, for any A, weight and 0 < p < oco.
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Let ¢ € C°(R") be supported in the unit ball and satisfying the same conditions
as ¢ for a fixed My > M, where M is the same as in the definition of HE.

For j € Z, we will consider the set Z; of dyadic cubes Q of R" with sides parallel
to the coordinate axes and side-length £(Q) = 27/.

We define the discrete Littlewood—Paley function

ga(HN@ =D D 1% fx)Pxox)

JEL QePDjin
where x¢ is a pointin Q, ¢;(x) = 277" (27 x) and N is some fixed large integer. We
reserve the notation ¢ for g4.

We will consider singular integrals of convolution type Tf = K * f so that the
kernel K satisfies

(1) For all multi-indexes ¢, and x # 0
IDYK (x)| < Colx|™"71; (4.1)

(2) Forany0 <& < N < o0

<C. 4.2)

/ K(x)dx
e<|x|<N

The next two lemmas involving functions on .%); were proved in [22], and will be
useful in the proof of Theorem 7.

Lemma2 [22] If ¥, ¢ € Sy, for any given positive integers a and b, there exists a
constant C depending only on a and b, such that

ivjb

. VxeR"
(i v j+lxphmtd

Wi % 0 (0)] < C (% A ’é)

l

Lemma3 [22]| Let y € Sy, i,j € Z and let Q be a dyadic cube in P; . Set
a, b € N. Then, for any u, u™ € Q and any r satisfying n"ﬁ <r <1, we have

2-li=ilajy2-Unbb
> T B Vi Sl

We%iin

< Cz—\j—iIaz(%—l)n(N+(i—j)+)Mr Z [ % fCew)lxw (u*)’
WeZiin

where (i — j)4+ = max {i — j, 0}, xw is afixed point of the cube W, M,h = M (|h|")'/"
and C is a constant depending on the dimension n.
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We will need the following discrete Calderén’s reproducing formula, proved in [22,
Theorem 2.1] (c.f. [8] or [12]).

Theorem 6 [22] Suppose that r; is as in the definition of g. Then for any M > 1,
we can choose a large N depending on M and  such that the following discrete
Calderon’s reproducing identity

fO =) Y 101 —x)yj * f(x) (4.3)

JELZ QePDjin

holds in .%y; and in the dual space (%)), where 17/](' — xg) € SLu for each Q and
Xg is any fixed point in Q.

Next, we give the aforementioned sharp weighted estimate for the vector-valued
extension of the Hardy—Littlewood maximal operator given in [2].

Lemma4 [2] Let 1 < p,q < oo and let w be a weight in A . We define the vector-
valued Hardy—-Littlewood maximal operator Mq as

q

Myfx)= > Mfjx)

j=1

Then,

=b

o % (L1 1
1My £l < Clwlf, ([w]A‘; +[o] :\m) I lgll e

where

flg@) = DI
j=1

1

and we denote 0 = w ?-T the dual weight of w in Ap.

This result improved Theorem 1.12 from [4] since, as we stated in the introduction,
[wla, < cnlwla 0 for ¢, a dimensional constant.

We will use the following inequality between the norms of Littlewood—Paley square
functions.

Note thatin [22], the authors mention that the norms of gz and g in LY are equivalent,
but this is true up to a constant that depends on the weight. For our purposes, the
equivalence is not needed, so we just write here the inequality that it is useful for us
with the explicit dependence on the weight.

n . L
Lemma5 Let w € Ay and o < <min {qw’ 1}, then

lga(Nllpr < Cuwllg(Hlp
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1
r

1 (5—5)+ A r
where Cy, = [w]A/pl;r <[w]A200 P4 [w P’]:OQ) . In other words, ||gd(f)||L5) <
Coll f g

Proof Let us recall that

ga(H@ =D D ;= fxo) xox)

JEL QE@jJrN

where x ¢ is a fixed pointin Q. According to the Calderdn discrete reproducing formula
(4.3)

FY=" > Wi — xw)¥i * f (xw)

i€Z WePisn

Then,

(@ % x) =D Y IWI@;* Vi) (xg — xw) (Wi * f)(xw)

i€Z WeDitn
Now, due to Lemma 2 we have

2~ ADD

@0t 1xg —myrn “0EN

() % ¥i) (xg — xw)| < €271l

Then, applying Lemma 3 witha = b = M, we get

2-li=ilMy—(jADM

(@ * Hxp) =CY . > Wl oGm0 T g et Vi * S )]

i€ZWeDiwn
.o 1 ..
< CZ2_‘1_"M2(7_1>”(N+(’_’)+)Mr Z Wi * f ew)lxw | ()
i€l WeDiyn

i€l WE.@,‘JrN

sc<N,M)Zz—f—iMz<i—1>"<f—f>+M,( > |‘/fi*f(xw)|XW) (u)

where u € Q. Then, by Holder’s inequality

2
(pj = Hx)P <CY (M( > |wi*f(xw>|xW) (u)) (Zzz-“M“i“"“‘f”).

i€l WeZ N i€l
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Therefore, since ZQE Djin xo(x) = 1foreach j € Z, and the above inequality is
independent of Q,

ga(H@ =Y > g * fFx)xo)

JEL QePDjiN

‘

SN
I~
~j—

IA

CIY M| X Wixfawlhw| @

i€Z We%iyn

% szzufiwﬂ%fl)n(ifm
i,jeZ

It is easy to see that the double-series is convergent since r > and the sum only

vy
depends on M. Then, if we set f; = (ZWG%W [ * f(xW)|XW) , from Lemma 4

P
withg =2 > 1in L}, (2 > 1),

2\ 7
r ( ,) r
lga(H)llp < Clwl}, ([w]; ’ +[a]j§w) YU DD Wi fawlaw
T ieZ \WeZiy »
L}
2\ 2
r E,L) r
=Cluwl}, ([w]ﬁ;”*ﬂo]gm) YU DD Wi fewlaw
T ieZ \WeDiin
Lh

Notice that the above inequality holds for any xy in W, so we can take the infimum
in each cube and then use that the dyadic cubes are disjoint in each level to get

1

2\ 2
lga()llp <C[w],f ([ ](2 e ]A ) Z( > Mivnefww,«*f(xw)bcw)

i€Z \WeZ N
LY
: >
<Clwl}, ([ I WL) <Z|![/i*f|2>
g i€Z L
. G=5)+ .
= Clwl}, ([ Lo’ +[a]/gw) Ig(Hllzp-
The proof is now complete. O

We are now in position to state the main result of this section, which gives us a
precise quantitative bound for the operator norm on HY (c.f. [22, Theorem 1.1]).
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764 M. E. Cejas, E. Dalmasso

Theorem 7 Let T be a singular integral of convolution type with kernel K satisfying
conditions (4.1) and (4.2). Let w € Axo and 0 < p < oo. Then,

£ G5 :
ITf Il < Clwl}, (Iwhio " 4 o] /gw> £ Nz

n
n+M

<r< min{i, 1}.
qu

where r satisfies

Proof Since L> N HY is dense in HJ, by standard density arguments, we assume
f € L> N HY,. The proof is very similar to the proof of Lemma 5. By Calderén’s
reproducing formula (4.3)

12
gTHE® =D Y K= fx)Pxox)

JEL Q€D jiN

B 2 1/2
=D iKY D Wi —xw)vi = fw) || xok)

j.0 icZ WeZiin

- 2 1/2
= [ DD v K sl —xw) WY % few) || xo(x)

_j,Q (R4

From the properties on K, K * % € %M, s0 we can apply the almost orthogonality
property (Lemma 2) to K * IZ,' and ¥; with a = b = M. Then, as in the proof of
Lemma 5, we use Lemma 3, Holder’s inequality, the properties of the dyadic cubes
and the restriction on r to get

2N 2
gTHE =CId (M| D i fFaw)lxwx) :

i€z WeDiin

and now the proof continues in the same way. Thus, from Lemma 4 we obtain the
following quantitative bound

r (K_L)+ r
ITfllgg < Clwl}, ([w]A; " 4 (o) §m> gy = 1 F Nz -
O
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