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Abstract. We investigate several entanglement-related quantities at finite-
temperature criticality in the three-dimensional quantum spherical model,
both as a function of temperature T and of the quantum parameter g, which
measures the strength of quantum fluctuations. While the von Neumann and the
Rényi entropies exhibit a volume-law for any g and 7, the mutual information
obeys an area law. The prefactors of the volume-law and of the area-law are
regular across the transition, reflecting that universal singular terms vanish
at the transition. This implies that the mutual information is dominated by
nonuniversal contributions. This hampers its use as a witness of criticality,
at least in the spherical model. We also study the logarithmic negativity.
For any value of g, T, the negativity exhibits an area-law. The negativity
vanishes deep in the paramagnetic phase, it is larger at small temperature,
and it decreases upon increasing the temperature. For any g, it exhibits the
so-called sudden death, i.e. it is exactly zero for large enough 7. The vanishing
of the negativity defines a ‘death line’, which we characterise analytically at
small g. Importantly, for any finite T the area-law prefactor is regular across
the transition, whereas it develops a cusp-like singularity in the limit 7" — 0.
Finally, we consider the single-particle entanglement and negativity spectra.
The vast majority of the levels are regular across the transition. Only the larger
ones exhibit singularities. These are related to the presence of a zero mode,
which reflects the symmetry breaking. This implies the presence of sub-leading
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singular terms in the entanglement entropies. Interestingly, since the larger
levels do not contribute to the negativity, sub-leading singular corrections are
expected to be suppressed for the negativity.

Keywords: entanglement entropies, entanglement in extended quantum
systems, classical phase transitions, phase diagrams
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1. Introduction

Understanding the interplay between entanglement and classical fluctuations in quantum
many-body systems is a challenging task. Several entanglement-related quantities have
been investigated [1-4]. Arguably, the most popular ones are the Rényi entropies and
the von Neumann entropy. Given a partition of the system in subsystems A and its
complement B = A (see figure 1(a) for a three-dimensional (3D) setup), the Rényi
entropies 9, are defined as

1
1—n

S, = InTrp'y, (1)
with pa the reduced density matrix of part A. In the limit n — 1 one obtains the so-
called von Neumann entropy S = —TrpsInp4. If the total system AU A is in a pure
state, S, are good measures of the entanglement between A and B. At zero temperature
the famous area-law behaviour S, oc L4~! holds true, with L being the linear size of
the system, and d the dimensionality. Logarithmic corrections are present for gapless
fermionic systems [5-7]. This is strikingly different at finite temperature, where S,, can-
not distinguish genuine quantum correlations from thermal ones. At finite temperature
the volume-law behaviour S, oc L¢ holds, reflecting, for instance, the transformation
between entanglement and standard thermodynamic entropy. In this situation, the
mutual information I, 4.z (see section 2 for its definition) can be used to measure the
total correlation, i.e. both classical and quantum, between A and A. The mutual infor-
mation exhibits the area-law behaviour I, oc L¢~1. Still, I, is not a proper measure of
the mutual entanglement between A and A. This reflects A U A being in a mixed state.
The so-called logarithmic negativity [8-10] is the most popular entanglement measure
for mixed states. For systems described by Conformal Field Theory, its behaviour has
been fully characterised, both at zero temperature [11], and at finite temperature [12].
Similar to the mutual information, for any temperature the negativity exhibits the
area-law scaling, which has been checked in several systems [13—-17].

An important question, which is key in this paper, is how quantum and classi-
cal fluctuations are intertwined at a finite temperature critical point. An important
remark is that typical local one dimensional models do not exhibit finite-temperature
or mid-spectrum criticality, with the notable exception of models that exhibit the
many-body localisation transition [18]. It has been argued that entanglement-related
quantities can be used to detect this transition [4, 19-21], although no conclusion has
been reached, due to the severe finite-size effects. On the other hand, although stan-
dard finite-temperature phase transitions are possible in higher dimensions, the inter-
play between classical and quantum fluctuations at finite-temperature criticality has
been scarcely studied, despite growing interest [22-24]. Much effort has focused on the
behaviour of the mutual information. For instance, it has been suggested [25-30] that
the mutual information exhibits a crossing for different sizes at a finite-temperature
critical point, similar to more traditional tools in critical phenomena, such as the
Binder cumulant [31].

Importantly, there is growing interest to understand the behaviour of the logarith-
mic negativity at finite-temperature criticality. An important question is whether the
logarithmic negativity exhibits signatures of criticality. Since finite-temperature phase
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Figure 1. Geometry used in this work. The QSM lives on a 3D cubic lattice of
linear size L (see (a)). Periodic boundary conditions are used in all directions.
In (b) the total system is divided into two parts as AU B, and B is traced over.
Here ¢, x {, x , is the volume of A. In (c) subsystem A is further divided as
A = A; U A,. Here we consider the entanglement between the two adjacent cubic
blocks A; and As. We consider both the case of finite B, as well as the limit of B
infinite.

transitions are driven by classical fluctuations, and the negativity is only sensitive to
true quantum correlations, one should expect the negativity to be smooth across a finite-
temperature critical point. Surprisingly, it has been observed that the negativity can
exhibit ‘weak’ singularities, such as cusp-like features, at the critical point [16, 17, 32].
On the other hand, similar singularities have been also observed in the area-law prefac-
tor of the Rényi entropies at quantum phase transitions [33, 34].

In this paper we investigate the behaviour of several entanglement-related observ-
ables at finite-temperature criticality. Specifically, we consider the Rényi entropies (and
the von Neumann entropy), the mutual information, and the logarithmic negativity.
We also discuss the so-called single-particle entanglement spectrum and the negativity
spectrum. To be specific, here we focus on the paradigmatic quantum spherical model
(QSM) in three dimensions. Spherical models have a venerable history, as they served
as test ground for the theory of critical phenomena and the theory of finite-size scaling
[35, 36]. The phase diagram of the model (see figure 2) is spanned by the temperature 7'
and the so-called quantum coupling g. The latter measures the strength of the quantum
fluctuations. In three dimensions, the model exhibits a line of finite-temperature sec-
ond-order phase transitions between a paramagnetic phase and a ferromagnetically
ordered phase. The universality class of the transition has been characterised analyti-
cally, since the model is exactly solvable, and it is that of the N-vector model [31] in the
limit N — oo limit [37]. Surprisingly, the entanglement properties of spherical models
have not been explored much.

First, we verify that the entanglement entropy and the Rényi entropies exhibit
the expected volume-law in the whole phase diagram. In the thermodynamic limit,
the prefactor of the volume-law and its first derivative with respect to the model
parameters and the temperature are continuous across the transition. We refer to this
behaviour as regular. Conversely, we refer to non-analytic behaviour as singular. This
means that, although the entanglement entropies contain singular contributions, these
vanish at the transition as |g — g.|" (or as |T — T,|") with x > 1, and T, and g. marking
the critical point. The mutual information between two regions exhibits the expected
area-law behaviour for any value of g and T. Moreover, although the prefactor of the
area law contains both regular and singular contributions at criticality, again, we
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observe regular behaviour across the transition, suggesting that the singular terms van-
ish. Interestingly, for finite-size systems we observe that the mutual information does
not exhibit a universal crossing at the transition. This reflects that the singular terms,
which contain universal information, are vanishing at the critical point, and the mutual
information is dominated by non-universal contributions. We find a similar behaviour
for the logarithmic negativity. The negativity exhibits the expected area-law in the
whole phase diagram. The area-law prefactor has a maximum at the phase transition.
In the paramagnetic phase the negativity vanishes as 1/g in the limit g — co. In the
ordered phase it depends mildly on the system parameters for low enough temperature
and large enough values of ¢g. For any fixed value of g, the negativity exhibits a ‘sudden
death’ upon increasing the temperature. Specifically, there is a negativity ‘death line’,
above which the negativity is exactly zero. Interestingly, in the limit g — 0, i.e. when
the model becomes classical, the death line exhibits the behaviour o ¢/2. Importantly,
at finite temperature the prefactor of the area-law is regular across the para-ferro trans-
ition, whereas it develops a cusp-like feature upon lowering the temperature.

Finally, we discuss the single-particle entanglement spectrum [4] and the negativ-
ity spectrum [38]. For two nearest-neighbour sites in an infinite system, the spectrum
contains only two levels. One of the levels is regular across the transition, whereas
the other exhibits a cusp singularity. This is different for the negativity between two
extended subsystems. Specifically, we observe that the majority of the single-particle
entanglement spectrum levels show regular behaviour at the transition. Only the larger
levels exhibit a cusp-like behaviour. Interestingly, the corresponding eigenvectors show
a flat-in-space structure, suggesting that the singular levels originate from the zero
mode, which is associated with the symmetry breaking. As it is well known, this zero
mode leads to sub-leading logarithmic terms [39, 40] in the entropies. This also means
that, although the prefactor of the volume law behaviour of the entropies is regular
across the transition, the sub-leading corrections exhibit signatures of the criticality.
We observe a similar structure for the negativity spectrum. However, since the larger
negativity spectrum levels do not contribute to the logarithmic negativity, this suggests
that the sub-leading singular terms are suppressed.

The manuscript is organised as follows. In section 2 we introduce the entanglement-
related quantities that we consider in the paper. In section 3 we review the QSM.
Specifically, in section 3.1 we provide the results for the two-point correlation func-
tions, discussing their behaviour in the paramagnetic phase, and in the ordered phase
(in section 3.2 and section 3.3, respectively). In section 4 we address the critical behav-
iour of the model. Criticality is encoded in the so-called spherical parameter that we
discuss in section 4.1. In section 4.2 we focus on the correlators near the para-ferro
transition. In order to compare entanglement-related quantities with standard ther-
modynamic ones, in sections 4.3 and 4.4 we discuss the singular behaviour of the free
energy, and of the universal ratio Re. In section 5 we focus on the interplay between
entanglement and finite-temperature criticality. In sections 5.2 and 5.3 we study the
entanglement entropy, and the mutual information. In section 6 we present our results
for the logarithmic negativity. In section 6.1 we focus on the negativity between two
sites embedded in an infinite system, whereas in section 6.2 we discuss the negativity
between two extended regions. In section 7 we investigate the single-particle entangle-
ment spectrum and the negativity spectrum. Finally, we conclude in section 8.
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Figure 2. Phase diagram of the 3D QSM. T is the temperature and g measures
the strength of quantum fluctuations (quantum coupling). At low temperature
and small ¢g the model is in a ferromagnetic ordered phase. This is destroyed upon
increasing T and ¢, and the model becomes paramagnetic. The continuous line
marks a second-order phase transition. At 7'= 0 the system undergoes a quantum
phase transition. At any 7" # 0 the critical behaviour of the system is in the same
universality class as that of the classical spherical model at g = 0.

2. Entanglement entropies, mutual information & logarithmic negativity:
definitions

In this section we introduce the definitions of the entanglement and Rényi entropies,
the mutual information, and the so-called logarithmic negativity. Here, we always
consider a system on a 3D cubic lattice of linear size L (see figure 1(a)), prepared in a
thermal state at temperature 7= 1/p.

In order to define the entanglement entropy (von Neumann entropy) and the
Rényi entropies, we consider a bipartition of the system into two parts A and B (see
figure 1(b)). From the reduced density matrix for A, po = Trgp, with p being the den-
sity matrix of the full system, we define the Rényi entropies S, 4 as [1-4]

1
SpA = 7 Trp"y, withn € R. (2)

-n
In the limit n — 1 one obtains the von Neumann entropy as
Syn = —Trpalnpa. 3)

Both, the von Neumann and the Rényi entropies, are good entanglement measures
for pure systems, for instance bipartite systems at zero temperature. This is not the
case anymore if AU A, with A the complement of A, is in a mixed state, for instance a
thermal one. In a thermal state, S, 4 exhibits a volume-law behaviour S, 4 oc L%. For
SyN, the prefactor of the volume-law is the same as that of the thermal entropy, i.e.
the von Neumann entanglement entropy becomes the thermodynamic entropy at finite
temperature [41-43].

The mutual information between two subsystems is defined for the typical geometry
depicted in figure 1(c). The subsystem A is divided into two complementary parts viz

https://doi.org/10.1088/1742-5468 /ab6b19 6
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Ay U Ay = A, with A in general not empty. The mutual information I, 4,:4, is defined
as

In,AleQ - STL,Al + Sn,Az - STL,AlUAT (4)

Here S, x is the Rényi entropy of subsystem X. It is important to note that the mutual
information is only a measure of the total correlation shared between the two subsys-
tems, and not of the shared entanglement. This is because I, 4,.4, is sensitive to both,
quantum and classical correlations, which is reflected in the fact that A is in a mixed
state. Importantly, this is also the case at T'= 0 if A; U A, is not the full system, i.e. if
A1 and A, are not complementary intervals. In this case the classical correlation origi-
nates from the trace over the environment, i.e. A in (4). It can be shown, however, that
the mutual information provides a bound to the mutual entanglement [9].

Both the entanglement entropy and the mutual information have been studied
intensely as possible witnesses of critical behaviour in several systems (see [4] for a
review), both at finite-temperature phase transitions [25, 26, 28, 29, 44-46], or at T=0
phase transitions [27, 30, 33, 34, 47]. Specifically, in [25] (see also [26]) it has been sug-
gested that the mutual information densities I, 4.4,/ L4~ exhibit a crossing at T'= T,
and T'= nT,. On the other hand, at zero temperature, it has been shown that the area-
law coefficient of the entanglement entropy displays a cusp-like singularity across a
second order phase transition (see for instance [33]).

Here we also consider the so-called logarithmic negativity [8-10, 48-50]. Unlike
the mutual information, the negativity is a good entanglement measure for mixed
states. The negativity allows, for instance, to quantify the entanglement in a bipartite
system at finite temperature (see figure 1(b)), or the entanglement between two non-
complementary subsystems (as in figure 1(c)) at zero temperature. The negativity is
defined from the so-called partial transpose. Given the partition of A as A = A; U Ay
(see figure 1(c)), the matrix elements of the partial transpose p% with respect to the
degrees of freedom of A, are defined as

(pralpit lvren) = (pr1n]palorpe). )
Here {1} and {¢,} are two orthonormal bases for A; and As, respectively. Interestingly,
the eigenvalues (; of p?f can be both positive and negative. This is in contrast with
the eigenvalues of p4, which can be only positive. The logarithmic negativity €a,.4, is
defined as

8A11A2 =1In Tr|p£2 . (6)

Recently, the negativity has become a useful tool to characterise universal aspects of
quantum many-body systems [11, 12, 32, 38, 51-78], also because it can be computed
with matrix product states (MPS) methods [51, 55, 57]. The negativity (6) can be
obtained for free-bosonic models in arbitrary dimension by correlation matrix tech-
niques [13, 14, 79]. This is not possible for free-fermion models [80-87]. An alternative
entanglement measure, which is effectively calculable using free-fermion techniques,
has been introduced [15, 85, 86, 88-90], and it is also an upper bound for the negativity
[87]. Very recently, much attention has been focused to study the behaviour of the neg-
ativity at a finite-temperature phase transition. It has been suggested in [16] and [17]
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that in some cases the logarithmic negativity exhibits a cusp-like singularity, i.e. it is
sensitive to the classical criticality, although it is a measure of quantum entanglement.

3. Quantum spherical model

The QSM [91, 92] is defined on a 3D cubic lattice of volume V = L3, with L the lattice
linear size (see figure 1). The Hamiltonian reads

H:g;pz—;)snww—:s@si- @)

In equation (7), n = (ng, ny, n,) denotes a generic lattice site, and (n,m) a lattice bond
joining two nearest-neighbour sites. Here s, and p,, are canonically conjugated variables
satisfying the commutation relations

[pn»pm] = [Sna Sm] = 07 [S'rupm] = Z(Snm (8)

In equation (7), p and g are real parameters. The first term in equation (7) is a kinetic
term, which makes the model quantum. The parameter g is the quantum coupling. For
g = 0 the model becomes classical and it reduces to the famous spherical model [93, 94].
The spherical parameter p is fixed by imposing the spherical constraint as

Zn:<s,3> =V, 9)

where (-) denotes the average over the thermal ensemble. The additive shift by 3 in the
definition of the spherical parameter in (7) is solely for later convenience and routinely
not performed in literature. Critical properties (for instance, critical exponents) of the
QSM are determined by the behaviour of .

In order to diagonalise H, one exploits the translational invariance of the system by
defining the Fourier transformed operators 7, and ¢ as

1 —ink 1 ink
Pn=—= Y € "y, Sp=—= Y e™q.
72 72 (10)
Here the sum over k = (k;,ky,k,) runs in the first Brillouin zone k; = 7/Lj, with

j € [-L, L] integer. In terms of g, 7 the Fourier representation of the Hamiltonian
becomes

g
H= Z o5k T—k + AFqrq—r. (11)
2

The single-particle dispersion Ay reads

A =Vp+w, with wg = Z (1 —cosk;). (12)

j:‘,I/l?y?Z

https://doi.org/10.1088/1742-5468 /ab6b19 8
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To completely diagonalise (11) we introduce ladder operators b; and bL as

b + b1y Qb by

:a )] Tr - )
gk k \/5 k o \@

with af = +/g/ 2A,:1. The operators b obey standard bosonic commutation relations.
By using (13), the Hamiltonian (11) becomes diagonal, and it is given as

H =Y Epbbp+1/2), with  Ep = /2gA,. (14)
k

(13)

In an equilibrium thermal ensemble, the modes k are occupied according to the Bose—
Einstein distribution

Okk

(bibe) = (OfBL) =0 (bfbw) = T

(15)
where § = 1/T is the inverse temperature.

The QSM has been studied extensively in any dimension. In three dimensions,
the model exhibits a finite-temperature second-order phase transition between a high-
temperature paramagnetic phase and a low-temperature ferromagnetic (ordered) phase.
The universality class of the transition is the same as that of the classical spherical
model, and it has been fully characterised [35] (see also [36]). The universality class
is the same as that of the N-vector model at N — oco. At T'=0 the model undergoes
a second-order quantum phase transition at a critical g.. The universality class of the
transition is the same as that of the classical spherical model in 3 + 1 dimensions [95],
as expected from renormalisation group arguments. Critical properties of the model are
determined by the behaviour of . For any temperature, p > 0 for ¢ > g.. On the other
hand, one has ¢ =0 for g < g., i.e. in the ordered phase, which signals non-analytic
behaviour. The phase diagram of the model is reported in figure 2. The continuous line
is the critical line marking the second-order phase transition between the ferromagnetic
phase at small g and low temperature, and the standard paramagnetic phase.

3.1. Two-point correlation functions

The key ingredients to study entanglement-related quantities in the QSM are the two-
point correlators of the operators s, and p, (see (7)) at equilibrium. They can be read-
ily obtained by first expressing s, p, in terms of by, bL that diagonalise the model, and
using (15). One obtains [96]

1

(SnSm) = Y ; =M1k a2 coth(BE,/2) (16)
1 .
(Prpm) = W Z =Mk o2 coth(BEy /2) a7
k
<Snpm> = %5nm (18)

Here we defined k = (k;, ky, k.). Note that in the thermodynamic limit, at the critical
point one has that u = 0, and the contribution of the zero mode with k, =k, =k, =0

https://doi.org/10.1088/1742-5468 /ab6b19 9
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diverges. This is not the case at finite L, because for a finite system u is nonzero for any
g and [ (see section 4.1). Clearly, one can rewrite (16) as

1
SnSm) = —=F; (a2 coth(BE)/2)) (n —m),
{ >Wd(k (BEk/2)) (n —m) (19)
where F;'(x) denotes the inverse Fourier transform of z in d dimensions. Equation (19)
is more suitable than (16) for numerical computations because there are very efficient
methods for evaluating the Fourier transform.

From (16), the constraint (9) for the spherical parameter p reads

2 1 Z coth(SEy/2)
—5 (20)

g V=

The free energy F of the QSM reads as

L-1 1
. 1 /g 2k \\ 2
F=TL*In2+T E lnsmh[f\/g<u+3— E cos( LJ)> ] (21)
kw,ky,kz:() j:z,y,z

The expressions for (16)—(18) and (21) in the thermodynamic limit L — oo are obtained,
as usual, by replacing
27T]€j
L

— K, (22)

1 ™ dk’
m > 1l /27] (23)

kgg,ky,k?z j:xayyz -

In the following sections we discuss the behaviour of the correlators (16)—(18) in the
paramagnetic phase at large g, and in the low-temperature ordered phase.

3.2. Paramagnetic phase: large g expansion

Here we discuss the large g expansion of the correlators in the paramagnetic phase, in
the thermodynamic limit. To this purpose, one has to first determine the behaviour of
the spherical parameter p, which is obtained by solving equation (30), in the large g
limit. We numerically verified that pu — oo for ¢ — co. Moreover, by taking the limit
g — o0 in (30), and using the definition of Ej (see (11)), one obtains that the leading
behaviour of pis p+3 = g/8 4 o(g). To derive the higher order corrections, it is natu-
ral to conjecture that i has the following expansion

C C

p+3=94 =

8 g ¢

The coefficients C; and (5 can be determined by substituting the ansatz (24) in (30),

expanding for g — 0o, and equating the terms with the same power of g. After doing
that, and after neglecting exponentially suppressed terms, one obtains

Cy =9, (C5=441. (25)

+0(g7°). (24)

https://doi.org/10.1088/1742-5468 /ab6b19 10
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Higher order terms can be obtained in a similar way. The behaviour of the correlation
functions (16) and (17) at large ¢ is easily obtained after substituting (24), and expand-
ing at large g. This yields

V9 / dk  eltnmmk 2
nom/ — :5nm+_6nfm +o(1
(SnSm) 202 @r)P it wr q n-ml,1 +0(1/9) (26)
1 dk . 1 1
_ i(n—m)k — _
{(PnPm) —m/(%)ge Vit we = 10 2g(5|n7m|,1+0(1/9)- (27)

Here 8jp,—pm1 =[] iz On;—m,1- Clearly, longer-range correlations are suppressed with
higher powers of 1/g, as expected because the model is paramagnetic, and correlation
functions decay exponentially at large distances.

3.3. Ferromagnetic phase: low-temperature expansion

We now discuss the behaviour of the model at low temperature in the thermody-
namic limit. In the ordered phase one has = 0. In the limit § — oo one can replace
coth(fz) — 1in (16) and (17). The next-to-the-leading behaviour at large § is obtained
by using the standard saddle point method. One obtains the expansions for the correla-
tors (16) and (17) as

B \/g dk eik(n—m) 1
ondm) = 2\/5/ o v T izirgg TP -

2

1 dk
{Pnpm) = NeT / (%)36”“("*”)\/@ + m +o(1/8%). (29)

As it is clear from (28) and (29), the leading behaviour of (s,s,,) is determined by the
integral of 1//wy. The first sub-leading correction to (s,s,,) is O(1/(8%g*/?)), whereas
for (pnpm) it is O(1/(8*g>/?)). Note that the sub-leading corrections do not depend on
n,m. A similar behaviour occurs at criticality (see section 4), and it has important con-
sequences for the singularity structure of entanglement-related quantities.

4. Critical behaviour of the QSM

Here we are interested in the critical behaviour of the QSM at finite temperature.
The main goal of this section is to derive the behaviour of the two-point correlators
in the vicinity of the para-ferro transition (see figure 2). To do that we first derive the
expansion for the spherical parameter near the critical point (see section 4.1). In sec-
tion 4.2 we present our results for the correlators. In order to compare the behaviour
of entanglement-related quantities at the finite-temperature phase transition with that
of standard quantities, in sections 4.3 and 4.4 we discuss the scaling of the free energy
and the universal ratio R¢ at criticality.
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4.1. Spherical parameter

The critical behaviour of both the classical and the QSM is determined by the spheri-
cal parameter p (see (9)). It is somewhat easier to work in the thermodynamic limit,
although the finite-size behaviour of 1 can be derived using standard techniques [97].
In the thermodynamic limit, equation (9) becomes (see section 3.1)

2 dk coth(ﬁEk/Q)
g / @rp B 30)

To proceed let us first rewrite (30) as

/ dk coth(B+/g/2v/1v + wi)
T2/ ’

Ve 31)
with wy as defined in (12). Near criticality, on the paramagnetic side, one has yu — 0,
whereas it = 0 everywhere in the ordered phase. This reflects the presence of singular
terms in the expansion of u near the transition. To derive these terms at the leading
order in g — g, it is convenient to expand (31) for small p + wy. The reason is that the
singular terms are determined by the singularity at small k of the integrand in (31).

One has

dk_coth(8\/g/2y/i @) _ [ dk
2\[/ coth(f i) L awBel. 32

Vi F wi (2m)3 {2B(u+wk)

Here a(p, 5, ¢g) is an analytic function of its arguments. The first few terms of its series
expansion read
98 g°p° 9°p°
@i, 5:9) = 75 = gao T @)+ 7555
where the dots denote higher order terms. Importantly, at the leading order in pu
one has a; = O(p). The first term in the square brackets in (32) encodes the critical
behaviour of the model. The integral is the celebrated Watson integral [98]. The same
integral appears in the classical spherical model, reflecting that for nonzero 7T the uni-
versality class of the transition is the same as that of the classical model. It is interest-

ing to observe that the integral can be expressed explicitly in terms of hypergeometric
functions [99]. For instance for © = 0 one has

/ﬂi _ V2
(m)P3wr 32373

To proceed, one subtracts from (33) the expansion of the equation for the spherical
parameter (30) at ¢ = g.. One obtains

dk
/ (2m)3 [_ 25%(/54— ) + ag(p, B, 9) — ar(0, 5, 9.)| = 0. 35)

(+we)+..., (33)

[(1/24)1(5/24)T(7/24)T(11/24). (34)
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The leading behaviour in p of the integral in (35) is obtained by expanding wy, for
k — 0. One now has

dk 7 B dk I
| arpvmt oy = | ey oW
1 TVE dy N/ _ V2
B )y @R (L4 W2~ dm

+O(u).  (36)

In the last steps we changed variables to spherical coordinates with y = |k|, performing
the integration on a sphere of radius 7/,/j, instead of the cube [—7/\/ii,7/\/11]. This
introduces a O(u) term. Since the leading order is O(,/x), this is negligible in the limit
g — ge. Note that the term ,/p is singular at g..

Since we are interested in the leading O(,/z) behaviour, and ay(u, 3, g9) = O(n) we
can set 1 = 0 in a3 We also observe that

ax(0,8,9) — ax(0, 5, g.) = 2\\//5§ COth(ﬂ\/—L/sz/Q) B ;/\j]_%coth(ﬁ\/_\w /gl:wk/2).

At the leading order in g — ¢, from (33), (35) and (37) we obtain

pe 2 l/ ak (4 CEOVITD) D o5 fgam2) )] (9 9+ ollg ~ 9°).

(37)

1287 ; V29ewr
(38)
It is also convenient to expand the integrands in (38) at small k, to obtain
”_mm@_%ﬂ + B°9:(B°ge —4))" + ... 39)

In a similar way, one can derive the expression for p if the transition is approached at
fixed g by varying the temperature. One obtains

P ll [ (B IO B wc\/gwk/z))] (5 = B + ol(8 — 5)

22wy
(40)
Again, after expanding for small k, one has
272

Note that the expected behaviours [95] 1 o (g — g.)* and p o< (8 — S3.)? hold. Finally, a
similar calculation [97] should allow, in principle, to extract the finite-size behaviour of p.

The correctness of (38) and (40) is verified in figure 3. The symbols in the figure are
the values of p obtained by solving (30). The dashed-dotted lines are the analytical
results (38) and (40). Note that (38) and (40) hold only in the vicinity of the transition
(in the figure ¢ — g. ~ 1072 and 8 — 8. ~ 1073).

It is also useful to check how the thermodynamic limit is approached. In figure 4
we report numerical results for p for finite-size systems. These are obtained by solving
numerically (20). In the figure we plot 3 4+ p versus g. The data are for fixed temper-
ature T'= 1, although similar results are obtained for different temperatures. The verti-
cal dotted line denotes the critical coupling g.. The dashed-dotted line is the result for
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i in the thermodynamic limit, i.e. obtained by solving (30). Clearly, =0 for g < g,
whereas @ — oo in the limit g — oo.

The different symbols are the finite-size results for p. One obtains a nonzero value
for p for any g. As it is clear from the figure, both in the paramagnetic and in the ferro-
magnetic regions the data quickly converge to the thermodynamic limit (dashed-dotted
line). Around the critical point, large finite-size effects are present. The perturbative
result for p (see (24)) is reported in figure 4 as dashed-dotted line. Although the agree-
ment is not perfect for the values of g reported in the figure, we checked that the result
(24) is recovered upon increasing g.

4.2. Two-point correlators

By using the expansion for p near the critical line that we derived in the previous sec-
tion, it is now straightforward to obtain the two-point correlation functions. Again, the
idea is to expand wy around k£ = 0 in (16) and (17) in the thermodynamic limit. For the
case in which the transition is approached at fixed T, one obtains

(505 = \/9e dk  coth(B+/gews /2 sik(n=m)
9y ) (27 W
e [ (2 , coth(By/g/?)

(27)3\8 44/2g.wy,

coth2 (BN gewr /2 > (n=m) _ ﬁ +0((9 — 9.)%)- (42)

If the critical point is approached at fixed g, one has

B dl{? COth Bc gwk/Q) ik(n—m
(5.5, = oik(n—m)
2f el

95— ) / (1~ coth(8, /D)) 0 — Y2 L o(5 - ).

(2m)? 4rf.

(43)

For the correlators ( pnpm>, a similar calculation yields

pnpm / COth B V gcwk \/ e (n=m)

< \/_

9= Ye dk‘
I / @mp

(44)

h(B+/gewr /2
<§_ cot ;ﬁ%i;ik/ ) fcoth2 (BN gewr /2 ) n=m 4+ O((g — ge)).
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Figure 3. Spherical parameter p near the para-ferro transition on the paramagnetic
side. In (a) and (b) we approach the transition at fixed temperature and fixed g,
respectively. The symbols are exact numerical results in the thermodynamic limit
obtained by solving (30). The lines are the analytical results near the critical point
(see (38) and (40)).

Figure 4. Spherical parameter p in the QSM at finite temperature: 3+ p
plotted versus ¢ at fixed temperature 7= 1. The symbols are the finite-size
results for several lattice sizes L. Results are obtained by solving numerically the
equation for the spherical constraint (20). The dashed-dotted line is the result
in the thermodynamic limit. The dashed line is the analytical result for large g¢.
Note that in the thermodynamic limit ¢ = 0 below the critical point at g. ~ 18.52
(vertical dotted line). Near the critical point it is p o< (g — g.)%
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If one approaches the transition along the temperature direction, one obtains

B T O

(45)
+ % / %wk(l — coth?(Bey/gwi/2))e* "™ (B — B.) + O((B — Be)?).
Clearly, in all cases (see (42)—(45)) the correlation functions are finite at the critical
point, and exhibit a O(g — g.) and O(8 — B.) behaviour. Crucially, in both (42) and (43)
one has the singular contribution oc \/iz. On the other hand, this is not present in the
expansion of { p,p,,). This implies that the correlator (s,s,,) has a cusp-like singularity
across the critical point, whereas ( p,p,,) is regular. Finally, one should observe that the
singular term in (42) and (43) does not depend on the position. This means that the
spatial structure of the correlators appears only in sub-leading contributions in g — g.
that we are neglecting.

4.3. Scaling of the free energy

It is instructive to investigate the singular contributions to the free energy. A similar
qualitative behaviour will be observed for entanglement-related quantities (see sec-
tions 5.2, 5.3 and 6). Let us focus on the situation in which 7 is kept fixed, and let
us study the behaviour around the critical point as a function of g. At a second order
phase transition the free energy density contains both analytic and singular terms. In
general it can be written as [31]

F
= E = fan(g) + fsing(g)' (46)

The term f,, is the smooth part of the free energy, which depends analytically on the
system parameters. The second part fs,, contains the singularities and the universal
properties of the model. fqng Obeys the scaling form (see [31] for a review)

feing (U1, U, ..., upy) = b’dfsing(bylul, urb, ..., b uy,). 47)

Here b > 0 is an arbitrary number, and w, are the scaling fields, which are analytic
functions of the system’s parameters. y, are the scaling dimensions associated with
the fields u,. Here we assume that there are only two relevant scaling fields, u; and
ur. up is associated with changing the coupling ¢, and u; with the finite-size scaling. uy,
has scaling dimension y;, = 1. We define y; = 1/v. In (47), y, < 0 for n > 1, i.e. u, are
irrelevant, which give non-analytic scaling corrections to the free energy. Several scal-
ing laws can be derived from (47). For instance, the finite-size scaling form of the free
energy is obtained by choosing b = 1/u;. We obtain

fsing - u%fsing (ul/u?i1 ) . (48)

Using that u; ~ 1/L, and that close to the phase transition u; =~ g — g., we find the
standard result

foing = L™ fang((9 — ge) L'Y). (49)

For a second-order phase transition, the free energy density is finite everywhere in the
phase diagram. The singular part fsne vanishes at the critical point. Indeed, for g = g,
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one obtains from (49) the contribution fsmg(O)L’S, which is vanishing because fng is
finite. By choosing u1b¥* = 1 in (47) in the thermodynamic limit one obtains the scaling
behaviour

foing = |9 — 9e|™ fring (sign(g — gc)) o< |g — geo|*™. (50)

Note the dependence on the sign of g — g.. In (50) we used the hyperscaling relation
dv = 2 — a, with « the critical exponent of the specific heat. In the limit L — oo one has
to recover (50) from (49). This implies that fung((g — ge) L") = (g — gc) LY feing (£0)
for L — co. We should stress that in the derivations above we neglected all the scaling
corrections.

It is interesting to derive the singular behaviour of the free energy in the QSM. We
work in the thermodynamic limit. The density of free energy of the QSM reads (see

(21))
F
f=lim — =— ﬁ/ lnsmh [ﬁ\/ 2/ p +Wk] (51)

L—oo L3

As for the spherical constraint and for the correlators (see sections 4.1 and 4.2), the idea
is to expand (51) for small k. After expanding (51), one obtains

1 dk 71
=3(1n(6\/ﬁ)+ln(2))+/( ) [%m(uvtwk%rbk(u,ﬁ,g)], (52)

where b, denotes an analytic function of its arguments. At the leading order it is given
as

be ="t )+ 63)
The leading singular behaviour is encoded in the first term in (52).

To extract the singularity one can use the trivial identity

00 —t
In(l1+z2) = / dteT(l —e ). (54)
0
Now, the integration over dk in (52) can be performed exactly to give
1 dk 1 [~ et
— | —1 ——l dt(1 — I3(t —.
55 | el = g5+ + 55 [ =BG T o)

Here I, is the modified Bessel function of the first kind. Now one can split the inte-
gration range as [0, 00) = [0, ¢o] U [tg, 00). For #; large enough, by using the asymptotic
behaviour of the Bessel function Iy(t) o €' /+/27t, one obtains

00 —t to —t
| a =B/ = [ a0 Re/e )
0 0

—t

+ /t " (1 — e ) (2mt) (3 + u)>3/2)67- (56)
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The singularity of the free energy is extracted from the second term in (56). In the limit
1 — 0 this gives

/Oo QH(1 = /5 (2t (3 + 1)) = T(0, 1) — F p V32D V2 e

4o t ’ (mto) 3/2 2(mrtg)3/? “ 3

(57)
Here T'(0, o) is the incomplete Gamma function. Note that both analytic and nonana-
lytic terms are present in (57). The term 1%/ gives the well-known singularity of the
free energy in the QSM [95]
—6—2u3/2 x (g —gc)°, withg > g. (58)
T
From (58) we obtain v = 1. The prefactor of (g — g.)® can be easily extracted from (57)
and (38), (40). Equation (58) can be also derived by observing that the spherical con-
straint (see section 4.1) is obtained as df/0du =V, and by integrating with respect to
1 the singular contribution in (36). From (58), one has that the specific heat exponent
a =2 —dv = —1 is negative. Equation (58) implies that the free energy and its first
derivative with respect to 5 and g are continuous functions at the critical point.

We illustrate the behaviour of the free energy across the finite temperature transition
in figure 5. In the two panels (a) and (b) we consider two different limits. Specifically,
in (a) we calculate the free energy density from the finite-size expression (21), but
using the value of p calculated in the thermodynamic limit, i.e. by solving (30). This
is convenient because it is straightforward to numerically solve (30), whereas solving
(20) is a nontrivial task since the sum over k cannot be performed explicitly. On the
other hand, since in the thermodynamic limit one has p = 0 below the transition, the
contribution of the zero mode in (21) is divergent and it has to be regularized by hand.
The strategy that we use is to introduce a small mass putting x = 107¢. While this
ensures that one has the correct thermodynamic limit results, it affects the sub-leading
contributions. This is clear from figure 5(a). In the figure we show data for 7'= 0.6 and
several system sizes. The data for L = 4 show a jump at g = g. (vertical line). This is an
artifact of the regularization. We checked that the jump becomes sharper and sharper
as the mass term is sent to zero. At fixed mass, upon increasing L, the contribution
of the zero-mode becomes negligible and the data approach the thermodynamic limit
result (dashed-dotted line in the figure). Clearly, in the thermodynamic limit the free
energy and its first derivative are continuous, as expected from (58). In figure 5(b) we
show the free energy calculated by using the finite-size value of i, obtained by solving
numerically (20). Now the contribution of the zero mode is finite because of the finite L.

f sing —

4.4. Universal ratio R;

One important goal of this paper is to investigate the effectiveness of entanglement-
related observables to detect finite-temperature criticality. In this section we briefly
review the behaviour of the universal ratio &onq/L, with 3,4 the second-moment cor-
relation length. This is a standard tool used in numerical simulations to analyse criti-
cality [31]. For instance, it allows to detect second-order phase transitions via the
so-called crossing method, and it can be used to extract the critical exponent v by the
usual data collapse analysis. The ratio R is defined as
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Figure 5. Density of free energy F//L? in the 3D quantum spherical model. (a) Results
obtained by using the thermodynamic value of the spherical parameter p. F/L? is
plotted versus the quantum coupling g. Data are for fixed temperature 7'= 0.6 and
several system sizes L. The singular behaviour at the critical point (vertical dotted
line) is unphysical (see the main text) and vanishes in the thermodynamic limit. The
dashed-dotted line is the result in the thermodynamic limit. (b) The same as in (a)
using the finite-size value of the spherical parameter . Data are now for T'= 1.

Re = &L“d' (59)

The so-called second-moment correlation length £5,4 is extracted from the long-distance
behaviour of the correlation function. Its definition reads

G(0)/G (guin) — 1

ggnd = ) )
4sin®(7/L)

(60)

with é(k‘) the Fourier transform of the spin-spin correlation function (see (16)
for the spherical model). In £60), (min 1S the minimum nonzero lattice momentum
Gmin = (27/L,0,0). Note that G(0) is the spin susceptibility x defined as

1
X =17 2 (snsm)- (61)

n,m

Alternatively, instead of £,q, one can define R¢ by using &gap, which is defined from the
gap between the ground state and the first excited state in the energy spectrum. For
the QSM R can be expressed analytically as a function of . By using (16), one obtains
that the correlation length is given as

@ 1 a%ﬂ/L coth(B8Eax/1/2)
24 4 sin?(n/L) a2 coth(BEy/2)

(62)

We now discuss the finite-size scaling properties of R¢. The finite-size scaling ansatz for
R¢ reads as [31]

Re = K((g9— go)L'). (63)
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Here we neglect both analytic and nonanalytic scaling corrections, that, however, one
can include. The function K(x) is universal apart from a renormalisation of its argu-
ment. Assuming analyticity of K (z) one can expand (63) as

Re = Rz + 01(9 - gc)Ll/V + ... (64)

The value R depends only on the universality class of the transition and on the geom-
etry (for instance, the boundary conditions). Crucially, equation (64) implies that the
curves for R at different finite sizes L exhibit a crossing at the critical point. Moreover,
when plotted against the scaling variable X = (g — g.)L'/”, the data for different Ls
collapse on the same curve, at least in the limit L — oo, when corrections to scaling
can be neglected.

It is important to understand the behaviour of R, especially with the moderately
small system sizes that are available in our simulations. In figure 6 we show numerical
data for R¢ plotted as a function of g. The data are for 7'= 1. The curves for different
L exhibit a crossing at g ~ g., as expected. The value R; ~ 0.5 at the crossing is uni-
versal, and it could be calculated by using the results of [97]. To our knowledge Ry is
not known exactly. Note that scaling corrections are present. Indeed, for the smaller Ls
the crossing is not at g. (vertical line). Upon increasing L, the crossing point exhibits
a systematic drifts towards ¢.. In figure 7 we show the same data as in figure 6, now
plotted versus the scaling variable X = (g — g.)L. As expected, due to the scaling
corrections, the smaller lattice sizes do not show data collapse. However, upon increas-
ing L the quality of the collapse improves significantly. The scaling is satisfactory for
the larger sizes. In the inset we provide data also for 7'= 2.2. We observe that scaling
corrections are smaller as compared with 7'= 1, which is reflected in a better data col-
lapse. Note that the scaling function K (see (63)) depends on the temperature, although
the value at X = 0 is the same for both temperatures, as expected. However, since the
finite-temperature universality class is the same on the whole para-ferro transition line
(see figure 2), the two scaling functions should coincide after an analytic redefinition
of the scaling field u; as u; =~ cr(g — ¢.), where cp depends on the temperature. We
numerically verified that cp—o9/cr—1 &~ 1/2.

5. Entanglement scaling in the critical spherical model

We now discuss the behaviour of entanglement-motivated quantities in the finite-
temperature critical QSM. Specifically, in section 5.1 we briefly review how to calcu-
late entanglement-related observables. In section 5.2 we focus on the von Neumann
entropy. In section 5.3 we discuss the von Neumann and Rényi mutual information.
In section 6 we investigate the logarithmic negativity. We consider both the negativ-
ity between two spins in an infinite system (in section 6.1), as well as the negativity
between two extended adjacent blocks (in section 6.2). Finally, in section 7 we focus on
the single-particle entanglement spectra and negativity spectra.
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Figure 6. Scaling of the second-moment correlation length at a finite-temperature
phase transition in the QSM. Rescaled correlation length £5,q/L, with L the system
size, plotted as a function of g. The data are for fixed T'=1 and several L. The
vertical dotted line marks the critical point at g. ~ 18.52. Note the crossing at
g =~ g. between curves for different system sizes.
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Figure 7. Same data as in figure 6 plotted versus the scaling variable
X = (g — g.)L'", with v = 1. Upon increasing L, the data for different L collapse
on the same curve. Note the large scaling corrections near the critical region at
X = 0. Inset: zoom around X = 0 showing only data for L = 12-16. We now show
results also for T'=2.2. Note for both temperatures the same universal value
&ma/L = 0.5 at the critical point X = 0.
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5.1. Computation of entanglement-related observables in the QSM

The QSM is mappable to a system of free bosons (see section 3). This implies that
entanglement-related quantities are obtained from the two-point correlation func-
tions (see [100] for a review). The key ingredients are the matrices Q. = (sp5n,) and
Prm = (Pnpm) constructed from the two-point correlation functions (see (16) and (17)).

Let us define the matrices Q[A] and P[A], where n, m are now restricted to subsys-
tem A (see figures 1(b) and (c)). The Rényi entropies of A are constructed from the
cigenvalues A? of the matrix Q[A] - P[A]. As it is common in the literature, we refer to
the \; as the single-particle entanglement spectrum levels. In terms of A;, the Rényi
entropies are given as

S”’A:‘1in;1“[(Af+%>n‘ (Aﬂ'_%ﬂ' (65)

The von Neumann entropy is obtained by performing the analytic continuation n — 1,
which yields

D o] (YRR IATCYRE I O (V|

J

The mutual information (see section 2) is obtained by using (65), (66) and (4).
We now discuss the logarithmic negativity for a partition of A as A = A; U A, (see
figure 1(c)). One first defines the transposed matrix P[A”?] as

P[A™] = R[A™]P[AT]R[A™]. (67)

Here the matrix R[AT?] acts as the identity matrix T4, on A; and as —I4, on Ay. The
eigenvalues v? of Q[A] - P[A™2] form the single-particle negativity spectrum. In terms of
V2, the negativity is given as

£ = Z max(0, — In(21;)). 68)
Note that while v? > 0, —In(2y;) can be both positive and negative.

5.2. Von Neumann entropy

Let us start discussing the behaviour of the von Neumann entropy. Numerical data for
the half-system entropy are reported in figure 8, for fixed temperature 7'= 2.2. Similar
to the free energy (see figure 5) and to the thermal entropy, the von Neumann entropy
exhibits a volume law at any g. The figure shows the density of entropy S,x/L?, plot-
ted as a function of ¢. Different symbols are for different system sizes. Finite-size effects
decay very quickly with L. The data for the larger sizes L = 12-16 collapse on the same
curve. The entropy density exhibits regular behaviour around the transition. This is
expected because at finite temperature the density of von Neumann entanglement
entropy becomes the same as the thermal entropy, which is not singular at the trans-
ition. We should stress, however, that sub-leading contributions can be singular, for
instance due to the presence of the zero mode. A natural scaling ansatz for the entropy
density reads as
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Figure 8. Scaling of the entanglement entropy density S,n/L® at a finite-
temperature phase transition in the quantum spherical model. The figure shows
Syn/L? as a function of g for several system sizes L. The vertical line marks the
critical point.
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Here the functions sgue and s,, encode the singular and regular terms. In (69) we
neglect scaling corrections. Equation (69) implies that the singular term vanishes at
the transition when increasing L, and only the regular term survives. We should stress
that in (69) we also neglect logarithmic contributions that can arise because of the pres-
ence of the zero mode [39], which reflects the symmetry breaking. We will investigate
these contributions in section 7 discussing the single-particle entanglement spectrum.
Moreover, in principle, there can be extra logarithmic corrections if the bipartition has
corners (see, for instance [30]). These are not present in our case because the boundary
between A and its complement is smooth (see figure 1).

= L73ssing((g - gC)Ll/V) + San(g)‘ (69)

5.3. Mutual information

We now turn to the mutual information (see (4) for its definition). Here we consider
a bipartite system at finite temperature (as in figure 1(b)). The system is divided into
two equal parts A and B = A. We consider the mutual information between A and
its complement. As it is clear from (4), the volume-law contribution of the entropies
cancels out. This cancellation happens for any value of g and 7. Thus, the mutual
information exhibits an area law. A natural scaling ansatz for the density of the mutual
information is

I

n -2 (n) 1/v n
ﬁ =L qsing((g - gC)L / ) + qgn)(g) (70)
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Equation (70) is compatible with the scaling ansatz proposed in [25]. Here v is the criti-
cal exponent as in (69). Similar to (69), here we are neglecting scaling corrections. In
(70), @an is the analytic contribution.

We present our results for the von Neumann mutual information I,y in figure 9. We
plot the density of mutual information I,x/L? versus g. Data are at fixed T'= 2.2. The
data exhibit a crossing point around g ~ 13.5, which is incompatible with the critical
point at g. ~ 14.77. Moreover, the position of the crossing point does not change upon
increasing system size, in contrast with the behaviour of R (see figure 6). Importantly,
the curves for different Ls do not ‘fan out’ as L increases, in contrast with the behaviour
for the ratio R (see figure 6). As for the von Neumann entropy, the mutual information
is dominated by the regular part (see (70)). More precisely, although the singular term
in (70) gives a universal crossing, this is not visible because it is suppressed as L2 in
the limit L — oo.

Similar behaviour is observed for the Rényi mutual information. This is discussed
in figure 10 focusing on I,. As for Iy, the data in figure 10 collapse on the same curve
upon increasing L. Specifically, in the paramagnetic phase for g > ¢. and close to the
critical point, finite-size effects decay dramatically with L, and the data with L = 10
are already indistinguishable from the thermodynamic limit. Also no universal crossing
is visible within the system sizes presented in the figure.

It is interesting to compare our results with [25] (see also [26]). There is large evi-
dence, based on quantum Monte Carlo simulations, that at a finite-temperature phase
transition the ratio I/ L4=1 exhibits two crossing at 7T, and 27,, with T, the critical
temperature. The scaling ansatz for the mutual information presented in [25] is com-
patible with (70). However, as stressed in [25] the presence of the crossing relies on qéﬁ)

changing sign across the phase transition. Our results suggest that this does not happen
in the QSM.

6. Logarithmic negativity

We now discuss the logarithmic negativity between two complementary subsystems.
This allows us to study the interplay between genuine quantum fluctuations and ther-
mal fluctuations. One of the goals of this section is to map out the role of entanglement
in the different regions of the phase diagram of the QSM.

The generic behaviour of the negativity is illustrated in figure 11. The figure shows
a density plot of £ as a function of g and 7. The dashed-dotted line is the critical line
dividing the paramagnetic phase from the ordered phase (see figure 2). In the figure we
show the half-system negativity for a cube of linear size L = 2. The data are obtained
by using the value of  in the thermodynamic limit and the finite-size formulas for the
correlators (see (16) and (17)). The negativity is large at the quantum critical point and
in the ordered phase, and it quickly decays upon increasing the temperature. The dot-
ted line is the negativity ‘death line’. Above the death line the half-system negativity
is exactly zero. The death line that we report in the figure is obtained by considering
the half-system negativity in the limit L — co. In the figure we also report the death
line calculated from the negativity between two adjacent sites embedded in an infinite
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Figure 9. Scaling of the density of von Neumann mutual information I,x/L? at
a finite-temperature phase transition in the quantum spherical model: I,x/L? as
a function of ¢ for several system sizes L. Data are for fixed T'= 2.2. The vertical
dotted line marks the critical point at g.. Note the spurious crossing at ¢ < g..
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Figure 10. Scaling of the density of Rényi mutual information I,,/L? with n =2 at
a finite-temperature phase transition: I,,/L* as a function of g for several system
sizes L. Data are for fixed T'= 2.2. The vertical dotted line marks the critical point
at g.. Inset: zoom around the critical region. Note that no crossing is present.

system (continuous line), which provides only a bound. Interestingly, the death line
exhibits the behaviour o ¢*/? at small g. For the case of two sites embedded in the
infinite system the precise behaviour can be calculated analytically and it is reported in
the figure (dashed line). Finally, it is interesting to observe that the death line increases
with g, although the negativity decreases as 1/g (see section 6.1.1).

https://doi.org/10.1088/1742-5468 /ab6b19 25


https://doi.org/10.1088/1742-5468/ab6b19

Entanglement and classical fluctuations at finite-temperature critical points

5.04e-01

4.54e-01

4.04e-01

3.53e-01

3.03e-01

2.52e-01

2.02e-01

1.51e-01

1.01e-01

5.04e-02

0

Figure 11. Survey of the behaviour of the logarithmic negativity in the QSM.
On the zaxis g is the quantum coupling. On the y-axis T is the temperature.
The figure shows the density plot of the half-system negativity. The system is
a cube of length L = 2. The dashed-dotted line is the critical line dividing the
paramagnetic phase from the ordered phase at low temperature. The dotted line
is the ‘death line’ of the negativity. Above the death line the negativity is exactly
zero. The continuous line is the death-line calculated from the negativity between
two adjacent spins embedded in an infinite system. The behaviour as oc g'/? at
small g is also reported (dashed line).

6.1. Two-site negativity

Several of the generic features of the negativity discussed in figure 11 can be extracted
by considering two adjacent spins embedded in an infinite system. In this section we
derive analytically the behaviour of the logarithmic negativity in this situation.

6.1.1. Large g expansion. It is straightforward to derive the behaviour of the negativ-
ity between the two sites in the large g regime (see figure 2). The starting point of the
analysis are the correlators (s,s,) and ( p,p,) in the large g limit. These are reported
in (26) and (27). Now the matrices Q[A] and P[A™2] (see section 2 for their definitions)
are two-by-two matrices. The negativity spectrum contains only two levels. These are
the eigenvalues 12 of Q[A] - P[A™], which in the large g limit are given as

_gt2
=g D
Since vy > 1/2, only v_ contributes to the negativity (see (68)), which is given as
g—2
E=—In ( )
J (72)

By expanding in the large ¢ limit, one obtains the behaviour £ o 1/g.

6.1.2. Low-temperature erpansion. It is also interesting to discuss the limit of low-
temperature in the ordered phase of the QSM. To do that, we exploit the expansion of
the correlators (s, s,,) and ( p,pn,) (see (28) and (29)). Let us first consider the negativity
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between site n = (ng, n,,n.) and m = (m,, m,, m,). The eigenvalues v? of Q[A] - P[AT?]
are given as

o (WI =WINV2+3(W, + W,,)B%)

v = 127% : (73)
o (WL =W (V2r? + 15(W) + W) Bg)
Vy = 605492 . (74)

Here we defined the Watson-type integrals as

— dk ikn 1 — dk ikn
W= [ o W= [ e (75)

Here wy is defined in (12). Interestingly, the integral W/ can be calculated analytically
in terms of hypergeometric functions [98]. We now restrict ourselves to the negativ-
ity between two nearest-neighbour spins, i.e. with |n —m| = 1. Specifically, we choose
n = (0,0,0) and m = (1,0,0,). One can numerically check that v < 1/4, implying that
v, does not contribute to the negativity (see (68)). On the other hand, for a given [,
one has that v, contributes to the negativity only for sufficiently large g. Specifically,
we observe that the condition g > ¢*(f) has to hold, with the ‘critical’ value ¢* given as

. 2V /W — W

T VBT (W — W) (W + W7

9

(76)

where W = W(,o,o,o)a Wi = W(’17070), and similarly for W”. For each value of temperature,
the negativity is exactly zero for g < g*(7). Note in (76) the behaviour g* oc 1/3% This
behaviour persists when considering the negativity between two extended systems,
although the prefactor in (76) is different. In particular, for two extended systems one
obtains a larger value of ¢* in (76), as it is clear from figure 11.

Note that for large enough temperature the negativity vanishes even on the critical
line (see figure 2). This is shown explicitly in figure 12. The figure shows £ calculated
on the critical line T,.(g), with T, the critical temperature at the given value of g. The
negativity is exactly zero for g < 14, whereas it is finite nonzero up to g ~ 19, which
corresponds to zero temperature.

The behaviour of the negativity between two nearest-neighbour sites as a function
of both temperature and quantum coupling ¢ is summarized in figure 13. Panel (a)
shows & versus g, at fixed T= 1. In the figure we plot the negativity and not its den-
sity. The vanishing behaviour below ¢* ~ 2, as predicted by equation (76), is clearly
visible, as well as the slow decay as 1/¢ in the paramagnetic phase. Panel (b) shows £
at fixed g = g(T = 1) as a function of T. The negativity exhibits a weak dependence on
temperature in the ordered phase, whereas it suddenly drops to zero in the paramagn-
etic phase (sudden death).

6.1.3. Critical region. An important feature in figure 13(a) is that the negativity

exhibits regular behaviour across the para-ferro transition. On the other hand, recently
it has been observed that the negativity can exhibit a cusp-like singularity at a finite
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Figure 12. Logarithmic negativity between two nearest-neighbour spins embedded
in an infinite system. We show & along the critical T'= T(g) line of the para-ferro
transition. Note the sudden death of the negativity at g ~ 13.6.

temperature phase transition [16, 17]. Moreover, it has been suggested that the singular
part of the negativity obeys the scaling form as

5sing 0.8 |g - gc|1_a7 (77)

with « the specific heat critical exponent. Our results are consistent with [16, 17].
Specifically, for the 3D QSM one has o = —1. Thus, equation (77) predicts that Egng
has a singular term (g — g.)?% i.e. a weaker than a cusp singularity. On the other hand,
for a = 0, which is the case investigated in [17], one has the cusp-like behaviour as
Esing X |g - gc|°

To clarify the behaviour of £ for two nearest-neighbour sites, it is useful to consider
the single-particle negativity spectrum. Using the expansions for the correlators near
the critical point (see (42)—(45)), it is straightforward to obtain the spectrum levels.
These are given as

vi = (S5 = S (P + Pi)
+ [(Sh) = SEDPE + PO + (S5 = SI(PL) = P (9 — o), (78)

vy = (S + S (P — Pin)
+ [(Sh] + St + 2Zang) (PR3] — PI0) + (S10) + SO (P! + P (9 — ge)-

(79)
Here we defined

nm

/ dk  coth( ﬁ\/ Wi /2 sik(n—m)
T 22

(80)

dk /B  coth(By/gwr/2) f N
1) — = = ik(n—m)
50) /(zﬁ):s(g n oI 8c0th2(5«/gcwk/2)>ek 81)
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Figure 13. Logarithmic negativity between two adjacent spins in the quantum
spherical model: negativity &£ plotted as a function of ¢ (in (a)) and of the
temperature T (in (b)). The figure shows results in the thermodynamic limit. The
vertical lines denote the critical point. Data in (a) are for fixed T'= 1. In (b) we
fixed g= g (T.=1) (see figure 2). Note in (a) the slow decay at g — oo and the
‘death’ of £ at g — 0. Note that in (b) the negativity is identically zero for T' 2 3.

dk i
s OB g /2) e 7 (82)

1
P,(L?,)L = —/
V29

1 [ dk th(B\/guon /2 o
== [ gran(1 =2 éﬁrggjf/ ) B ooth(3y/gamn D))o
(83)

_ dk /B | coth(By/gwi/2) B
Zsing:2\/§7rﬁ/(2ﬂ_)3 <§+ NI —gcothQ(B\/gcwk/Q)). (84)

Note that Zg,g contains the singular term /u that we derived in section 4.1.
Interestingly, this affects only 14, whereas 14 is regular.

In figure 14 we show the levels of the single-particle negativity spectrum (see (80)
and (81)). In the figure we plot —In(2v,) versus ¢. In (a) we show the regular eigen-
value vy, whereas 14 is reported in (b). The singularity as |[g — g/ in (b) is clearly visible.
Importantly, one has that —In(215) < 0, implying that v, does not contribute to the
logarithmic negativity. This suggests that in the case of two extended subsystems only
a subset of the single-particle negativity spectrum levels will exhibit singular behav-
iour. These levels, however, do not contribute to the negativity, which is regular at the
finite-temperature transition. This point will be better clarified when we will discuss
the negativity spectrum of two extended regions in section 7.

6.2. Half-system negativity

We now discuss the half-system logarithmic negativity. Our results are reported in
figure 15. The figure provides an overview of £ at fixed temperature 7=1 and 7= 0.2
((a) and (b), respectively) as a function of ¢g. In both panels we plot the negativity
density £/L? of the half system. The different lines are for different sizes L. Similar to
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Figure 14. Single-particle negativity spectrum for two adjacent spins embedded
in an infinite system. We plot — In(21,,), with 2 the eigenvalues of the correlation
matrix, versus ¢. Data are for fixed 7'~ 1.486. The spectrum consists of two
eigenvalues shown in (a) and (b). Note that in (b) —In(2v,) < 0, implying that
the level does not contribute to the negativity. Note the kink at the critical point
(vertical line). In contrast, the eigenvalue in (a) is regular, implying that the
negativity is not singular at the critical point.

section 4.3, we calculate the negativity by using the finite-size result for the correlators
(see (16) and (17)), and the value of the spherical parameter p in the thermodynamic
limit. To regularize the divergent contribution of the zero mode we fix p = 107 for
g < g.. We also checked that the results for the negativity do not depend on the choice
of the regularization.

Clearly, in figure 15 finite-size effects are small, especially for T'=1 (see (a)). In (a)
the data for L = 8 cannot be distinguished from the result in the thermodynamic limit.
In both (a) and (b), the negativity has its maximum value at the critical point. In the
paramagnetic phase the negativity decays as 1/g, similar to the case of two spins (see
section 6.1). Within the ordered phase £ exhibits a mild dependence on g, except at
small g, where it drops dramatically. Specifically, for g < g* ~ 2 the negativity is exactly
zero. Note that ¢* decreases with decreasing the temperature (compare (a) and (b) in
the figure). This behaviour is similar to what observed for the two-site negativity (see
figure 13). Again, this implies that for any value of the temperature there is a ‘critical’
value of the coupling g below which the quantum fluctuations are not strong enough
to give a finite entanglement negativity. An important remark, however, is that since
the negativity gives only a bound on the entanglement, the vanishing of £ below ¢*
does not imply the absence of entanglement. From figure 15(a) it is clear that at T'=1,
the negativity exhibits regular behaviour at g.. On the other hand, upon decreasing
the temperature the negativity develops a cusp. This is clear from figure 15(b). Similar
(weak) singular behaviour was observed in the area-law prefactor of the von Neumann
entropy in ground-state quantum phase transitions [27, 33, 34].

It is interesting to investigate the behaviour of the logarithmic negativity at fixed g,
i.e. approaching criticality by changing the temperature. This is illustrated in figure 16.
We plot £/L? versus T for fixed g = g.(T = 1). Now the negativity exhibits a fast decay
with 7 in the paramagnetic region, and already for T~ 3 it is exactly zero. This is
in contrast with the result at fixed T (see figure 15), where the behaviour as 1/g is
observed. Finite-size effects are larger upon decreasing the temperature in the ordered
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Figure 15. Logarithmic negativity in the finite-temperature quantum spherical
model. (a) and (b) Show the negativity density £/L? plotted versus the quantum
coupling g for T=1 and T = 0.2, respectively. Data are obtained by using the
thermodynamic result for the spherical constraint . The effect of the system size
L is small, especially for T'= 1. The qualitative behaviour is similar to figure 13
(compare (a) and (b)). For T'=1 the negativity exhibits regular behaviour at g,
whereas in the limit 7" — 0 a cusp-like feature appears at g.. In (b) the inset shows
the data for L = 10, zooming around the critical point.

phase. Note that for the smaller system sizes one has a quite large value of £ in the
limit T — 0, although the area-law behaviour £ o< L? is expected to hold also at zero
temperature. Finally, the negativity is not singular at the critical point, as in figure 15.

Finally, we investigate the behaviour of the logarithmic negativity in finite-size sys-
tems. To address this point, we provide results for the half-system negativity obtained
by using the finite-size value of the spherical parameter p, i.e. by numerically solving
(20). Our results are reported in figure 17. The figure plots the negativity density &£/L?
versus g, for several sizes (symbols in the figure). Similar to the mutual informations
(see figures 9 and 10), the data show small finite-size effects both in the paramagnetic
phase and in the ordered phase. At the critical point (vertical line) finite-size effects
are larger. However, the data appear to converge to the thermodynamic limit result
(dashed-dotted line). The latter is obtained from figure 15. Note that the data for
different Ls do not exhibit any crossing at the critical point.

7. Entanglement spectra, negativity spectra, and the zero mode

In section 6.1.3 we showed that the negativity spectrum for two nearest-neighbour
sites contains one regular and one singular levels. The latter exhibits a cusp-like sin-
gularity across the finite temperature transition. The singular level, however, does not
contribute to the logarithmic negativity. Moreover, we observed in section 6.2 that the
negativity between two extended blocks shows regular behaviour across the transition,
similar to the entanglement entropy (see figure 8). It is interesting to investigate how
this is reflected in the negativity spectrum of two extended regions. It is also interesting
to compare the singularity structure of the negativity spectrum and the entanglement
spectrum.
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Figure 16. Density of the logarithmic negativity £/L* in the 3D QSM at fixed
ge ~ 18.52 plotted as a function of temperature T. Data are obtained by using the
value of the spherical parameter p in the thermodynamic limit. The vertical line is
the critical temperature T, =1 at g, (see figure 2). Note that £ =0 for 7' > 3.5. In
the limit 7" — 0 quantum fluctuations are enhanced and £/L? increases, although
area-law € o« L? behaviour should persist even at zero temperature.
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Figure 17. Scaling of the negativity £ at a finite-temperature phase transition in
the QSM. We plot £/L? versus g. The results are at fixed T = 1. Different symbols
are for different sizes L. Data are obtained by solving the finite-size constraint
equation (20). The vertical dotted line marks the critical point at g. ~ 18.52. The
dashed-dotted line is the result in the thermodynamic limit. Note the larger finite-
size effects in the critical region.

7.1. Entanglement spectra

Let us start discussing the entanglement spectrum. Let us consider the two matrices
Qnm = (SnSm) and P, = (pppm) (see section 2). Here we work in the thermodynamic
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limit. Since we are interested in the cusp-like singularity of the entanglement spectrum,
it is convenient to expand Q and P as

Q=Qo+(9—9.)Q7 +... (85)

P=Py+(g—9)P1+..., (86)

where the dots denote higher order terms in powers of ¢ — g., which we neglect. The
matrices Qg and Py are obtained from 57(1% and PT(LQ,)L (see (80) and (82)), whereas Q; and
P, are easily derived from SO and P (see (81) and (83)). The + in Qf is to stress
that the matrix is different on the two sides of the transition, because of the term Zg,q
(see (84)), which is only present for g > ¢g.. We now have at the leading order O(g — g..)

Q- P=Qo-Po+(9—9c)(Qo- P +Qf -Py) +... (87)

By using standard perturbation theory, one obtains that the corrections to the eigen-
values A2 of the matrix Qo - Py are given as

SN2 = (g — 9e){PnlQo - P1 + QF - By|o), (88)

where |¢,) is the eigenvector of Qg - Py corresponding to eigenvalue A\2. Clearly, the
singularity in the negativity is determined by the second term in (88), which depends
on Zsng. Now we observe that Zg,, does not depend on the positions n, m. This has
striking consequences for the single-particle entanglement spectrum. First, the singular
contribution in (88) is given as

[(”‘i]sing = (9 = 9c) Zsing(Pn| (1, 1,... ) ® (1,1,...) - P|y,). (89)

Note that the vector (1,1,...)® (1,1,...) - P|¢,) is flat, i.e. all the elements are equal.
Moreover, we numerically observed that the eigenvector |¢y) is approximately flat, i.e.
all its components are 1/¢%2 which reflects the presence of a zero mode. This implies
that for n =0 the expectation value in (89) is nonzero. On the other hand, the comp-
onents of |¢,) with n >0 are real and are orthogonal to |¢g). This implies that the
expectation value in (89) approximately vanishes for n > 0. This allows us to conclude
that the only few spectrum levels are singular across the transition, i.e. the ones related
to the zero mode. We summarize our results in figure 18. The figure shows the single-
particle entanglement spectrum levels A\2. Here subsystem A is the cube of size ¢ (see
figure 1(c)) embedded in an infinite system. One has that A2 > 1/4 Vn. The eigenvalues
A2 quickly decay with their index n. For most of the eigenvalues, one has A2 ~ 1/4. In
the inset of figure 18 we plot ¢,, defined as

on = (M)} = ()~ (90)

Here (\2)/, are the right and left derivatives with respect to g of A2, calculated at g.. A
nonzero value of §,, signals that the level ), is singular across the transition. The results
in the figure are obtained by using (89). Clearly, one has that ¢,, # 0 only for small n.

7.2. Negativity spectra

We now discuss the negativity spectrum. Subsystem A is now divided into two parts
Ay, Ay of sizes l, =10/2,4,=( L, =1{ (see figure 1(c)). The partial transposition is
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Figure 18. Single-particle entanglement spectrum between two adjacent blocks
embedded in an infinite system. The figure shows the single-particle entanglement
spectrum levels A\2. The results are at the critical point at g. &~ 12.77. Subsystem
A consists of a cube of size ¢. Different symbols are for different ¢. A logarithmic
scale is used on the y-axis. Inset: 6, = (A2), — (A2)", with (A\2)’, the left and right
derivative of A2 with respect to g calculated at g.. Data are for ¢ = 6. Note that
0, # 0 only for a small subset of levels.
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Figure 19. Single-particle negativity spectrum between two adjacent blocks
embedded in an infinite system. The figure shows the single-particle negativity
spectrum levels 2. Subsystem A is a cube of size (. A; and A, are the two halves
of the cube of linear sizes ¢, = ¢/2,¢, = (,{, = { (see figure 1(c)). The results are
at the critical point at g. ~ 12.77. Note that only the levels v? < 1/4 (horizontal
dashed line) contribute to the logarithmic negativity. Inset: 6, = (v2), — (v2).,
with (2), the left and right derivative of v2 with respect to g at the critical point
g.. Note that ¢, = 0 for large n, i.e. for the levels that contribute to the negativity.
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performed with respect to A,;. Our results for the negativity spectrum are shown in

figure 19. In the main figure we show the eigenvalues 12 of the matrix Qg - Po[AT2]

versus n/¢3. For most of the eigenvalues one has that v2 > 1/4, implying that they do
not contribute to the negativity (see section 5.1). As for the entanglement spectrum,
the flat vector is an approximate eigenvector of Qq - Po[A’2], with eigenvalue v3. For
instance, we numerically checked that for ¢ = 4,6 the eigenvector associated with 12
has components in the interval [—0.15,—0.10], clustering around the expected value
1/03/2 = 0.125. This behaviour is reflected in that of ,,. The definition of 6, is the same
as in (90) after replacing A\, — v,. Clearly, the expansions (85) also hold upon replacing
Py — Po[AT2] and P; — P1[A™2]. For each negativity spectrum level, §, is plotted in the
inset in figure 19. In contrast with the entanglement spectrum (compare with figure 18),
one has d,, # 0 for a larger subset of levels. For instance, for £ = 6 one has §,, = 0 only
for n 2 10. As it is clear from figure 18 all the levels of the negativity spectrum with
dn # 0 do not contribute to the negativity because they correspond to A2 > 1/4. This
suggests a suppression of the logarithmic correction to the boundary-law scaling of the
logarithmic negativity, in contrast with the entanglement entropy (see section 7.1).

8. Conclusions

We investigated the interplay between entanglement and classical fluctuations at
finite-temperature critical points. Specifically, we focused on the three dimensional
QSM, which has a finite-temperature transition between a paramagnetic phase and a
ferromagnetically ordered phase. We considered several entanglement-related observ-
ables, such as the von Neumann and Rényi entropies, the mutual information, and the
logarithmic negativity. In particular, we characterised the behaviour of the logarithmic
negativity in all the different phases and at the transition. We also investigated how
the behaviour of the entropies and of the negativity is reflected in the single-particle
entanglement spectrum and on the negativity spectrum.

We now mention several important directions for future research. First, it would
be important to explore the behaviour of entanglement-related observables in different
dimensions. For instance, in d =4 the para-ferro transition becomes mean field. It
would be interesting to investigate how this is reflected in the singularity structure
of entanglement. An interesting direction is to investigate the logarithmic negativity
at the quantum phase transition in d=3. Our results suggest that the logarithmic
negativity exhibits a cusp-like singularity. It would be useful to understand how this
is reflected in the structure of the negativity spectrum. Another interesting direction
is to study the crossover from quantum to classical criticality. Moreover, it would be
enlightening to generalize the perturbative analysis developed in section 7 including
higher-order corrections. This would allow, in principle, to characterise the full singu-
larity structure of entanglement-related quantities.

It would be also useful to extend our analysis to other entanglement-related quanti-
ties, such as the quantum Fisher information, especially in the light of the results of
[22]. Interestingly, the QSM remains exactly solvable even in the presence of long-range
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interactions. This opens the possibility of studying entanglement-related quantities in
long-range models.

Another important direction is to study the out-of-equilibrium dynamics of entan-
glement-related quantities after a quantum quench. In recent years, it has been shown
[101-104] that for integrable models it is possible to describe quantitatively the entan-
glement dynamics by combining integrability with a quasiparticle picture. It would be
interesting to investigate the validity of this picture for d > 1. In d = 3 this could also
allow to investigate whether the presence of finite-temperature criticality affects the
entanglement dynamics. Finally, it has been suggested in [105] that in the O(N) model
with NV — oo the steady-state arising after a quantum quench is not described by the
so-called Generalized Gibbs Ensemble. The QSM provides an ideal framework to clarify
this issue.
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Appendix. Evaluation of some Watson-type integrals

The numerical evaluation of the 3D integrals appearing in the expression for the corre-
lators in (16) is a demanding task. However, there are well-known tricks to reduce them
to one-dimensional (1D) integrals. To proceed we imagine of expanding the integrand
in (16) in the limit £ — 0. Thus, one obtains that the first term is o< 1/wy. The higher-
order terms yield integrals of the type [dk/(2m)°wg, with a a positive integer. These
integrals can be performed analytically by exploiting the fact that [106]

Todk . o
/_,r(27r)3el (- Z cos kj)

J=my,z

0 ifa=0...,X—-1

5
1)1 el —lze|—lxs] —2p1—2p2—2p3 p1+potps, (a—X)/2 e > -
{( 1)*a!2 Y o1 papss0 2 ST T o sl e Timan @ — X = 0,0 — Xeven.

(A.1)
Here we defined X = |z1| + |x2| + |z3|- Clearly, the integral of wj can be obtained by
using Equation (A.1) and Newton’s binomial formula. We now discuss the integration
of the singular contribution. The resulting integral is of the type

dk ik(n—m), —1
/ 2np° =gt (A.2)
The integral (A.2) can be rewritten as a 1D integral. One can use the identity
1 oo
— dt 7(Z+1)t'
1+ 2 /0 © (A.3)

After using (A.3) in (A.2), the integration over k can be performed explicitly. One
obtains
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dk eik(n—m) 0o L
(277')3 Wi = 0 dte Inr_ma: (t)Iny—my (t)‘[nz_mz (t)a (A4)

where [,(x) are the Bessel functions of the first kind. The integral in (A.4) can be
efficiently evaluated numerically.
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