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Abstract

We analyze and describe the weighted multifractal spectrum of V -statistics. The descrip-
tion will be possible when the condition of “weighted saturation” is fulfilled. This means
that the weighted topological entropy of the set of generic points of measure p equals the
measure-theoretic entropy of x. Zhao et al. (J Dyn Differ Equ 30:937-955, 2018) proved
that for any ergodic measure weighted saturation is verified, generalizing a result of Bowen.
Here we prove that under a property of “weighted specification” the saturation holds for any
measure. From this we obtain the description of the spectrum of V -statistics. This general-
izes the variational result that Fan, Schmeling and Wu obtained for the non-weighted case
(arXiv:1206.3214v1, 2012).

Keywords V-statistics - Weighted multifractal spectrum - Weighted saturation - Weighted
specification

Mathematics Subject Classification 37B40, 37C45

1 Introduction

The multiple ergodic averages can be seen as a dynamical version of the Szemeredi theorem
in combinatorial number theory. This kind of interplay was studied by Furstenberg [9]. He
analyzed ergodic averages in a measure-preserving probability space (X, B, u, f) of the
form
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N—-1

Zu(Aﬂf"Aﬁmﬂfk"A), (1.1)

n=

1
N-M

where A € B and j € N. Furstenberg proved that if i (A) > 0 then

N-—1

iM Zu(Aﬁf”Aﬂ---ﬂfj”A)>0.

lim inf
N—o00

From this can be proved, by arguments of Ergodic Theory, the Szemeredi theorem which in
short says that if S is a set of integers with positive upper density then S contains arithmetic
progressions of arbitrary length.

The V -statistics, thus called after the article by Fan et al. [5], are multiergodic averages of
the following form: let (X, f) be a topological dynamical system with X a compact metric
space and f a continuous map, let X" = X x --- x X be the product of r-copies of X with
r>1.1f ® : X" — Ris a continuous map, then we can define

V¢(n,x):nir Yoo (1@ @), (1.2)

1<ty <n

These averages are called the V -statistics of order r with kernel ®.
Ergodic limits of the form
. 1 it ir
o T e ).
1<iy,.ip<n
were studied among others by Furstenberg [9], Bergelson [2] and Bourgain [3].
The multifractal decomposition for the spectra of V-statistics is

Eo (a) = [x L lim Ve (1, %) :oe].

Hereafter (X;, d;, fi),i =1,2,...,k, with k > 2, will denote a finite family of dynamical
systems with each (X;, d;) a compact metric space and f; : X; — X; a continuous map.
The family of dynamical systems are considered such that each (X;11, fij+1) is a factor of
(Xi, fi) . The factor map is defined 77; : X; — X180 fip1om =mio fi,i=1,2,...,k
and allows to define composition maps t; : X1 — Xj41,by i =mwjo---omy.

Leta = (aj,...,ar) € Rfandlet®;, @, ..., € C (X{) , The a-weighted V -statistics
of order r with kernel ®1, ®,..., O, are defined as

1
(s ()

k
Vi, .ty (1.X) = Z Vo, (s;(n). x). (1.3)
j=1

withs;(n) = L(m +---+a j) nJ where |z] denotes the largest integer < z (floor function).
The a-weighted multifractal decomposition can be defined as

Koy 0.0 = ¥ € X111 lim Vi, (n.0) =al. (1.4)

Now we recall the definition of a-weighted measure-theoretic entropy and a-weighted topo-
logical entropy. Let (X;,d;, fi) be a finite family of dynamical systems like above. If
n e M(Xy, f1) (where M (X1, f1)isthesetofall fi-invariant measures) thenlet (t;—1), (@)

be the push-forward of the measure 1, i.e. (t;—1), (1) (E) = (ri:11 (E)) forany E C X;.
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Definition 1 The a-weighted measure-theoretic entropy of u with respect to (X1, f1) is

k
RS (1) = aiha_ ), (fi), (15)

i=1

where h(g;_y), () (fi) is the usual measure-theoretic entropy of (z;—1), (1) with respect to

(Xi, fi)-
In X1 we consider, for ¢ > 0, n € N, the following a-metric:
dy (x,y) = ,max {di vy (Tic1 () T O) ]

where d; () is the metric in X; given by

=U, Ly

with 7;(n) = [(a1 + - + a;) n|; here [z] denotes the smallest integer > z (ceiling func-
tion).

The ball BZ . (x), with centre x and radius ¢ in the d-metric is called the a-weighted
Bowen ball.
Definition 2 Fore > O and n; € N let

Tnf"jye = {Aj CXi:4jC Br?j,s (x), for some x € Xl}

and define
A*(Z,s,s,N) =inf Zexp(—snj)
J

where Z C X, N € N, s > 0 and the infimum is taken over the whole collection of sets
{(nj, Aj) nj > N, Aj [S Tr?j,a}

for which (JA; D Z.
i

The limit

A*(Z,s,e)= lim A*(Z,s,N,¢),
N—o00

does exist since A? (Z, s, N, ¢€) is not increasing with respect to N.
There is a number 5 such that A? (Z, s, €) jumps from 400 to 0. Define

hW(Z,e)=75= sup{s A (Z,s,€) = +oo} =inf {s A*(Z,s,e) = 0} .
The value
h?(Z) = lim h*(Z, ¢),
e—0

which exists since h?(Z, ¢) is not decreasing with respect to ¢, is the a-Bowen weighted
topological entropy of Z.
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Definition 3 Let (X;, d;, fi),i =1,2,...,k, be dynamical systems. By &, (x), x € X we
denote the sequence of measures

n—1

En () = ~ Z‘Sf{()r) e M(X1, fi),
i=0

where 6 is the point mass measure. If V (x) denotes the set of weak limits measures of the
sequence {&, (x)} then the set of generic points of a measure u© € M(X1, f) is the set

G(u)={xeX:Vx)={u}}
Since X is compact then V (x) # @ and if u is ergodic then u (G () = 1.

Definition 4 A finite family of dynamical systems (X;, d;, f;) is a-saturated if h% (f) =
h? (G (w)) for any u € M(X1, f1).

In [17] Zhao, Chen, Zhou and Yin proved that if (X;, d;, f;) is a finite family of dynam-
ical system, then hz (f1) = h* (G (w)) for any ergodic measure u© € M (X1, f1). This
generalizes a Bowen theorem in [4] for the non-weighted case.

The main result to be proved is

Theorem 1.1 Ler (X;,d;, fi),i =1,2,...,k, withk
systems like above, let &1, &5 ..., & € C (Xf) , T
verified then

2, be a finite family of dynamical

>
> 1. If the a-saturation property is

k
B g, 0, ag) = S0P B (7)€ MOt fand Y [ @jau® =a.
j=17%

where W®" means |u X ... X [, r-times.

Fan etal. [5] have obtained this variational principle for saturated dynamical systems in the
non-weighted case i.e. a = (1,0, ...,0). This generalizes in turn the variational principle
established by Takens and Verbitski for » = 1 [14]. Fan et al. [6] proved that saturatedness is
verified for dynamical systems with the specification property. Thus, to have a condition for
fulfilling the hypothesis of the theorem 1.1, we consider a notion of weighted specification.
The definition of weighted specification will be given in the next section. Finally we point
out that a weighed variational principle for r = 1, was presented in [1], the description is for
the dimension spectrum and for shift spaces with specification, the saturatedness is not used
in that article, in which besides is developed a weighted thermodynamic formalism. In [8] is
established a variational principle for a = (a1, a2) € R%.

Theorem 1.2 Let (X;,d;, fi),i = 1,2,...,k, with k > 2, be a finite family of dynamical
systems satisfying a-specification then h%, (f1) = h* (G (1)).

In fact in [17] was proved that hz (f1) = h® (G (n)) for any invariant measure, and that
the reverse is valid for any ergodic measure w. Therefore we must prove that 27 (f1) <
h* (G (w)) for any u € M(X1, f1).

For non-weighted V -statistics we studied [12] the irregular part of the spectrum, or his-
toric set, say the set of points x for which lim,_, » Vo (1, x) does not exist. We also have
analyzed the saturatedness, and consequently the validity of the variational principle, under a
weak form of the specification property, known as non-uniform specification condition. This
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concept was introduced by Varandas [15] and is satisfied, for instance, by non-uniformly
quadratic maps and for the so called Viana maps, which are a robust class of multidimen-
sional non-uniformly hyperbolic functions [15]. So we think that the condition of weighted
specification may be awakened to obtain the weighted versions of saturatedness and of the
variational principle.

2 Proof of the Theorem 1.2

To prove theorem 1.2 we follow a similar scheme that [6], we begin by extending a result of
Katok [10] which gives a formula for the entropy of ergodic measures by mean of a counting
of dynamical balls needed to covering the space. Next we use an argument of box-counting
for the set of generic point like in [6] which is based on ideas of [14].

We have a weighted version of the Shannon-Mcmillan theorem [8]. Before stating it recall
some notation. Let A = {A], A2, ..., Ay} be a measurable partition of a measure space
X, by A" = A" (X, f) is denoted the partition by "names” of length n, the name of a point
x is the string (Lo, ..., €,—1) such that x € Ay, f(x) € Ag,.., f’”l (x) € Ag,_,. The
members of the partition A" is formed are the sets with the same name. By A" (x) is denoted
the member of 4" containing x. The quantity of information of the partition .4 with respect
to the measure w is Hy, (A) = — Z?:l nw (Aj) log v (Aj) . Finally if A, B are elements in a
o-algebraof X then A\/B={ANB:A€ A, BebB}.

Theorem 2.1 (Weighed Shannon-Mcmillan theorem) [8] Let (X, f) be a dynamical system,
and v an ergodic element of M(X, f). Let Ay, Ay, ..., Ay be measurable partition of X
such that Hy, (A;) < oo is finite foreachi = 1,2, ..., k. Ifa= (ai,...,ar) € RF then

k k k

1 nl—

,,in;o_glog“ (\/ Ai((al ..... apnl 1(x)> = Zaihn f, \/Aj . 2.1)
i=1 i=1 j=i

Proposition 2.2 Ler (X;,d;, fi),i = 1,2,...,k, with k > 2, be a finite family of dynam-
ical systems, let | be a probability ergodic f1-invariant measure on X1. For €,8 > 0, let
rd (w, &, 8) be the minimal number of balls Bfl‘,g whose union has p-measure > 1 —§. Then,
for each § > 0, is valid

1
B3 (f1) = lim lim —logr} (1, €,8). (2.2)
e—>0n—oon
The casea = (1,0, ...,0) is a result due to Katok [10].
Proof Let Ap, A, ..., Ax be measurable partitions of X1, X», ..., X respectively, with

He_yy,w (Ai) <o0,i=1,2,...,k.Fore > 0,letus choose partition withdiam A; < ¢/2

,,,,,

,,,,,

g, 8 > 0 let us consider the set
k
i=1
k
>eoxp | —n | Y aih, [ £\ T (A) | | +8 |- 2.3)
i=1 =i
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By the weighted Shannon-Mcmillan theorem (recall that p is ergodic) holds p ( e 5) —
1, asn — oo and for any § > 0. So that for enough large n we have n (CM,(S) >
1 — §. By the election of the partitions, the set Ci’l ¢.6 CONtains at most exp [—n (Zle aihy

(fl \/] —i T I(AJ)) )] elements of the partition \/*_, ; o (Ar(‘” """ “")"1_1) and can

be covered by this number of balls in the metric d; [(4,...,q;)n]- Therefore

.....

k
lim lim flogr (u,,8) <Za,~hu fl,\/r _1 AJ + 48

g—0n—o00

<Zh(n D (fis Ai) +8 <Zh(r, Do (f) +8 =hj, (f1) + 6.

i=1 i=1

Since § is arbitrary small we have

1
lim lim —logry (i, &,8) < hj, (f1).

e—>0n—oon

To prove the opposite inequality we begin considering the symbolic spaces

ZN = {x = (Xi)ieN, Xi € {1,,N}}
and

o X €{1,... N}

.....

Recall the definition of the Hamming metric in X, v,

n—1

1
H b Pl — —
Py ) = =3 (1= 5) (2:4)

i=0

For x € X, y denote by B,H (x) the ball of radius r centered in x in the Hamming metric.
Let B(r, N,n) = card B,H (x), this value depends only on r, n and N, and holds [10]

[nr]
B(r,N.n)= Y (N—1)" (’Z) :
m=0

so by the Stirling formula
1
lim —logB(r, N,n) =rlog(N —1) —rlogr — (1 —r)log(1 —r). 2.5
n—oon

Let Aj, Ay, ..., A be finite partitions of X, X2, ..., Xj respectively, with the notation
Ap = A AL AL with (7 04)) = 0,0 = 1,2,k Letx € X, 50
Ti—1 (x) € X;, the name of 7;_1 (x) with respect to the partition .4; and the map f; of
length £;(n) := [(a1, ..., a;)n] will be the string Lq ; (ti—1 (x)) = (o, ..., €;m—-1) such

that fij (ti—1 (x)) € Aizi, j =0,1,..., tij(n) — 1. Thus we can define an application
X+ La; (ti—1 (x)) and consider the semi-metric in each X; given by
D3y (@it (0, 11 (1) = pf Lai (tie1 (0)) 5 Lai (Tic1 (0)), (2.6)
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and for x, y € X set

Dy =Dy @y = max D}y, (@), N} @27

For any u € M(X1, f1), it may be assumed that (t;_1), () is such that (z;_1), (u) (E) =
nw (‘L’i__ll (E )) > 0 for any non-empty E C X;. For each partition .4; its boundary is defined
as 0A4; = UBA;.Lety > (Oandlet,fori =1,2,...,kand j =1,2,..., N, be

J
Uy, (A’J) = {x € tl:ll (A’j) : thereisay € X1 — rl:]l (A’J) cdi (tim1 (x), Tim1 () < y}

and N
Uy.i (A) = Uy (Af,) . (2.8)
j=1
It holds
(\Uy.i (A) =04
y>0
and

lim g (Uy.i) = 1w (A

Lete > 0, thereisa y € (0, ¢) such that (Uy_,'((.A,-)) < €2/4. Define

1 (n)—1

Iz .
570 ]ZZ% Ty, ;A7) (f,- (Ti1 (x))) <e/2,i=1,2,.. k¢,

Vna.sz x e X

with /g the characteristic function of the set E.
We have pu (X1 — V2 ) < ¢/2. If x,y € X1 with di () (Tic1 (0), 121 () < ¥,

i=1,2,...,kthenforany j =0, 1, .., t;(n) — 1 the points fj (ti—1 (x)) and fJ (ti—1 ()
belong to the same member of A; or are in U, ;((A;). If x € V2 _ and y is such that

n,,e
diyomy (Tic1 (), Tim1 () < vy i = 1,2,...,k then Df v (ti-1 (X)), Tio1 () <
e/2,i = 1,2,...,k. So that if B; ¢ is a ball of radius y in the metric d} then B} .
ﬂVna” ¢ 1s contained in some ball B?:u of radius £/2 in the metric D2,
Let E, be a subset of X such that it is covered by a system B of balls of radius y in
the metric d? , and with 11 (E,) > 1 — 8o u (E, N B2 ) > 1 —&/2 — 3. Let us consider

a system B contalmng a number of r2 (M y, 8) balls, If we consider partitions A; with

B2 _. Thus since Bf:,,a ﬁVa - Ba

n,e Ba . we can consider a set

2 o for some balls B) .,

1—
Fy C E, N BE  with 1 (F,) >

, and for n enough a big a part of F;, can be covered

by elements U/ € \/l 1T (A[(a' “““ i Vﬂ_l). Therefore by the Shannon-Mcmillan theorem
(weighted version) we have

k k
uwU) <exp| —n Zaihu fls\/fj__ll (Aj) | —¢

i=1 Jj=i
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Besides the number of such an elements is equal or greater than

k k

1-46

(452 o (e (V0] ) |
i=1 j=i

(?) exp { (zé;l aihy (fl’ j\k/,. - (A")) ) gﬂ

max;=12,..k B(e/2, N, si(n))

SO

ri(p, y,8) >

We also know that by the Stirling formula

[(e/2)t; (n)] ti(n)
B(e/2,N.ti(n) = ) (N_l)m(lm )

m=0
then,
nl;rrgo P log B(¢/2, N,ti(n)) = ¢/2log(N — 1) —¢/2loge/2 — (1 — ¢/2)log(1 — €/2).

Recall that y € (0, ¢), hence

k k k
.1 .
Jim_ —logri (s 6,8) = Y aihy | f1, \ 77 (A)) | = D0 e, (i AD .-

i=1 j=i i=1

We are considering partitions with the property w (rlzll (8A,-)) = 0, and enough small

diameter, therefore the entropies h(fi—l)*(ﬂf) (fi, Ai) and h(fi—l)*(ﬂ) (fi) are arbitrary closed
foranyi =1, 2,..., k and so we have

1
hf‘L (f1) < lim lim —logrd (u,¢,8).
ge—>0n—oon
O

According to [7] an alternative definition of the set of generic points it can be presented:
let { p;} be a sequence of numbers with Y72, p; = 1 and let {r;} be a sequence in £>°. The
sequence {r i =Tn,j }l. converges to o = (o) € £ in the weak - topology if and only if
lim,, 00 |r,1,~,- —aj | = 0. Let {®, ®,, ...} be a fixed dense subset in unit ball of C(X ) and
X — £, with ¥ = {®, Oy, ...}. Forafixed u € M(X, f), leta = (a1, a2, ...),
with o = [ ®;dp. Thus

5, (0 )
n

o0
G ={xeX: lim Y p;, =0 =por Xu(@), (2.9
n—>o0

Jj=1

— o

with S, (0; () = Y15 (@ (/).
The following metric in M (X1, f1) is compatible with the star weak topology in this

space:
/ijdpL—/CDjdv

[o.¢]
D(u,v)=) pj
j=1
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By a theorem of Young [16], we have the following approximation property, for any p €
M(X1, f1),0 < 8§ < 1,0 < y < 1, there is a measure v such that v = th:l Aiv;, where

each v; is ergodic and 23‘:1 Aj =1, and such that 372 p; |/ pidu — [ @idv| < 6.

Definition 5 A sequence of systems (X1, d1, f1), ..., (Xk, dk, fi) satisfy a-specification
or weighted specification for a = (ay, ..., ax) if for any ¢ > 0 there exists an integer
m = m (&) such that, for any sequence of integer intervals /1 = [ay, b1], ..., Iy = [ay, bs]
with dist (1;, 1;) > m (¢) (i # j) and any points sequence x1, X2, ..., X € X1, there is a
point z € X for which

max s (£ @@ f @) <6

=
forany ¢ =1,....s;r=1,....tand j =0,1,..., [(a1 + - +aj) L]

Examples of systems with a-specification are the full shift systems. More general shifts
satisfy weighted specification if a condition on the dynamics is imposed. In some cases it is
implied by the topological mixing condition. Other examples are Manneville-Pomeau maps
systems [13] and families of logistic maps with an adequate choice of the parameters. The
B-shift maps are also examples. We discuss with more detail these examples later on.

Let§ > 0,0; = [ ®jdp and set

q’/ (x))

Xy(a,6,n):=1x € X : ij "

J

let N? («, €, §) be the, minimal, number of balls Bf,‘”5 needed to cover Xy (e, 8, n), then
define

1
2 (@) := lim sup hrrb hm log N2 (a, &, 8) (2.10)

n—-oo &>

Proposition 2.3 (Weighted entropy distribution principle) Let (X;,d;, fi),i =1,2,...,k,

be a finite sequence of dynamical systems, let © € M(X1, f1) and Z C X1, with u(Z) > 0.

If for any ¢ > 0. for any ball B} , (x) with B} . (x) N Z # @ and for a constant s holds
( ne (x)) < C(e) exp(—ns), for some constant C(e) > 0, then h*(Z) > s.

Proof Let T2, = {A C X : A C B2, (x), forsome x € X1} and
P={(nj,A;)): AjeTd . zc |J 4

(nj,Aj)el"

We may assume that the balls of the covering satisfy B} . (x) N Z # @ . If (nj, Aj) el
then

e ns>_C—)Zu( e ) = g (UBE ) = @) =0

Hence for an integer N and n; > N we have A? (Z,s, N, ¢) and so h*(Z) > s. O

Proposition 2.4 A, () < h? (G (n)).
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Proof As we mentioned earlier we use the constructions of [6] based on techniques from
[14]. Let {W¢},>, be a sequence of finite sets contains in X1, let us consider sequence of
integers {n,} such that for a fixed &¢ > 0 holds

di t;(ng) (Tic1 (), Tic1 () > 5¢, i =1,2,...,kand forany x,y € Wy, x # y.

For ¢ > 0 sufficiently small can be found a sequence {3,}, with §; \( O such that W, C
Xy (a, 8¢, ng). besides, by the definition of A (a), we can choose the sets Wy such that
My = cardW; > exp [ng (A?I,(oz) — y)] , forany y > 0.

Let us consider a sequence of integers {Ny}, with N; = 1. Then, for fixed £, select N,
points x1, x2, ..., Xy, € Wy.so by the weighted specification property we can choose a point
y = y(x1, x2, ..., xy,) such that

di ey (Ti1 (5 ) tic1 (1)) <e/28 s = 1,2,..., N, i = 1,2, k,

and where a;, = (s —1)(ng+my), with my = my (8/26) given by the definition
of a-specification. The if (xi,x2,...,xy,) € WZN‘, (x1.%2,....%N,) € Wév‘Z with
(x1, %2, .., xN,) # (31, %2, ..., XN,) then

diiap) (tim1 (Y1, x2, - xn) i (0 (37 %20 .., X)) > 4e,

with by = ay, +n¢ = Neng+ (N¢ — 1) my. This is seen in the following way: take x; # Xy,
for some s, we have

5e < digng) (Tie1 (), Tim1 (5)) < dig;np) (Tim1 () s Tic1 (f1° ()
+di g (Tic1 (7)1 (F D)) + diiing (i1t (5 D)) it (55))

& & —
<3 + 3 +di ) (Tic1 (3), Tio1 ().

Then are defined the sets D; = Wy,
Dy = {y(X],XQ,...,XNZ) : (x1,x2,...,xNz) e W[M, i = l,2,...,k}.

Let Hi = Dy, h1 = nj, and recursively define sets Hyy; and numbers h £ > 2, as
follows:
Foreach x € Hy, y € D¢ can be choose, by the weighted specification property a point

z =z(x,y) € X1, such that

e+1°

di oy (Tic1 (2) 5 Ty (x) < /2570,

foranyi =1,2,...,kand
h .
o Timt (A" @) riet O < 82 i = 1,2,k

Then set
Hepp ={z(x,y) :x € Hy, y € Dey1}, (2.11)

and
hey1 =he +meyy + beyr. (2.12)

Thus if y,y € Dyy1 with y # 7y then

di 1 (he) (Tio1 (2(x, ¥)), Ti—1 (2(x7Y))) > 3e, £ > 1.
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Besides

di,ti(b/[)(fi—l (Z(.X, y)) » Ti—1 (Z()C, )’))) < 8/2z'di,ti(b@)(ti—l (Z(X, y)) > Ti—1 (Z()C, )’))) < 8/26'

Now define

Fo=J {yidigonG@io 0,11 () < /241, i =1,2,... k). (2.13)
xeHy
and
F=()F. (2.14)
>1

There are two facts about F' :

(i) It can be constructed a measure m concentrated on F, i.e. m(F) = 1.
(i) h* (F) > A ()
The proof of he fact i) his is done following [14]. Let
1

= 8y.
e cardHy Z *

XeH;

The sequence {m,} weakly converges to a limit m, concentrated on F, i.e. m(F) = 1. To
prove this we must see that for any y > 0, there is a L(y) such that for any ¢1, ¢, > L

‘/(pdmg, —/(pdmgl

We may assume that £; > ¢>, so we have

‘/(pdmgl —/godmg2

< ¢ forany ¢ € C(Xy).

1 1
card Hy, Z ¢ (x) = cardHy Z ¢ @

.7C€['Ig1 2 ZEH@Z
1
< — x) — 2],
card Ty D e () — 9
XGHZI
with z = z(x) € Hy,, chosen like in the construction of such a space, i.e.

di,s,-(h@])(fi—l (2),1i.1 (x) < 8/2[1+1, forany i = 1,2, ..., k. Thus by choosing a L and
£1,¢7 > L, we get

‘/(pdmg, —/(pdmgz

therefore for a given y > 0, £1, £, > L can be made | [ pdm,, — [ pdmy,| < y.
The uniqueness of the measure m is given by the Riesz theorem, in fact if we consider
the positive functional / (¢) = lim,_, f @dmy, by the mentioned theorem there exist an

< sup !'(0 (X) - ‘P(Z)| . di,li(h(l)(ti—l (Z) L Til ()C) < 8/2(]+1} )

unique measure m such that 7 (¢) = f odm.

By construction of the fractal set F has m¢y,(Fgyp) = 1, for any p > 0. The F; are
closed, so by the property of the weak convergence we have

m(Fy) > lim SUP 00 Mie+p(Feqp) =1 and therefore m(F;) = 1. Since F = ﬂ@zl Fy
we getm(F) = 1.
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For proving the fact ii) is used the weighted entropy distribution principle to obtain a
bound for 4? (F) . To do this it may be estimated the m-measure of any ball B,‘;‘jy ¢ such that
Bf,‘j,g NF #.

Let n be enough large and x € X; with B,‘;‘j’g (x) N F # @. By the definition of the
sequence of measures {m,} with weak limit m, we have

1
m <Bnaj!6‘ (X)> = 1i£n_1)ir(1)fmg (B”a/**’" (x)) - ]iggi()r(l)f cardHy Z

ZEH@B;‘}I.@(.»-)

8x

= liminf
{—o00 carng

card {z € Hy N Bfl‘j’g (x)] .
Once constructed the sets Hy and the measure m, like in [14], can be proved that

card (Hg nB: . (x)) <1,

and so my (B,? R (x)) < .
7 cardHy
Let ¢ = £¢(n) and 0 < p = p(n) < Ny4; such that
he+p(mepr +ne1) <n <he+ (p+ 1) (megr +net1)

ifz1,2z0 € Hp41 N B,?jyg (x) then

Zl =z ('xv Y(XI,XZ» .. 'st(+])) ’Zl =z (Y!y((ﬂsﬁv ... 7xN[+1))) ’
with (x1, x2, ..., xn,) . (31, %2, ..., XNy, ) € WZNJfl“ . Like in [14], can be proved that x| =
xpand x; = x;,i = 1,2, ..., p. Thus for all the points in Hy1 N B;?j,s (x) the x and the
(x, y(x1, x2, ..., xp)) are the same, and hence there are at most M Zﬁ'_” of these points.
Therefore N
LMt 1

mest (BY. ) = 1l — (2.15)

J cardHy Mz_ﬁl (card Hy) M,

Thus, for p > 1
1

m B? X ) < 2.16
trp ( nje/2 x) (card Hy) Mé’_H ( )

Recall that we chosen the sets Wy, such that My, = card W, > exp [ng (Af‘l, () — y)] , for
any y > 0 and for the sequence of numbers {n¢} given earlier. Let s = AJ, (&) — y, so

L
(cardH) M[',, = M M3 ... M}""M[, | > exp [Z Nin;p + png+1j|

i=1

v

exp[(s —y/2) (Nin1 + -+ + Ne (ng +mg) + p (neg1 +mey1))]
exp [(s — y)n] .

v

Thus, for n large enough, £ — oo get

m (Bfl'j,e/z (X)> <exp[(s—y)n],

therefore, because the estimation of the ball intersecting F', with m(F) = 1, and since y is
arbitrary small, by the weighted entropy distribution principle we obtain

h* (F) > 5 = AY ().
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Now the proof will be completed by proving that F C G (1) = Xy (). So it should be
shown that

S@W) |

o0
Jim 2 :
forany x € F and o; = f ®;d . To establish this fact is used a technique similar to [6],
which consists in splitting the interval [0, n) in small subintervals to bound the statistical
sums 5, (@; (1) = Y120 (@1 (/)
For @ € C(X)) set

Var (®,€e.a) ;= max sup {|1®(x) =D}
J=1.2,.k di(tj-1(x),Tj-1(y)) <¢

Let us consider the sequences {rn¢}. {h,} and {b¢} used for the constructions of the sets
Dy and Hy. Letn, £ > 1and 0 < p < Ny41, such that

he+ p(neyr +mes1) <n < hg+ (p+1) (ngg1 + mes1). Then the interval [0, n) can
be partitioned as

[0, he)U[he, he + pnegr + mepi))U[he, he + p(nesr +me))U[he + p(nes +megr),n).

and in turn the intervals [hg, he + p(ney1 + me41)) are decomposed into intervals alterna-
tively of lengths ny4 and mgy. Let x € F, by [6], the statistical sums S, (®; (x)) are
partitioned in sums over small intervals and is obtained the bound for the “error”

180 (@) ) —noj| < L (N + L)+ G+ 1L (),
with
I () =[S, (@) () — heaj

and

p

Li)=Y

s=1

Syt ( <fhz+cs+mz+1 (x))) —nepiajl,

where ¢; = (s — 1) (ng4+1 + my+1) , and the intervals 1> (), I4 (j) satisfying
1 & 1 &
ngrgogzlpj L(j)=0 and nlgr;o;;pj I4(j) = 0.
j= j=

1
Then to prove that x € Xy («), should be justify that lim,_, o — 2?0:1 pji Ik (j) =0,
n

k=1,2,3,4.
For any x € F, there is ax € Hy such that

di ey (Tiot (0, 11 (X) < /2 i=1,2,...k
and if 1 < < p then there is a point x; € Wy C Xy (e, 8¢+1,n¢+1) such that

di i) (Tiz1 (x5) L Tim1 (1" (0)) < e/2M i =1,2,... k, with vy = hy + ¢y 4 ngy1.
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From this, by [6], I3 (i) can be bounded

p p
BGY <Y [Sut (@7 (£ ))) = Suptt (®5 6) [+ D [Supr (@5 (A" () = nesre

s=1 s=1
< e Var (d),-, 8/2“1,) +ngq18041,

since xg € Wy C Xw (o, 8¢41, ne+1). Therefore

s >
;ij I (j) = Zpi Var (¢j, /2, a) + 8041
j=1 =1

1
and so, since £ — oo as n — o0, we have lim;, o — Ziozl pj 3(j)=0.
n
The idea to bound /7 () is similar, we have
I () < |Sh (@5 ) = Sh (D5 @)| + | Sk (@ @) — hea|
< h¢Var (@j, 8/2@+1’) +max| Shy (@i () — hgotj’ .
YeH,

1
That lim,_ — max, ‘ Shy, (<I>j (y)) —th{j| = 0, can be proved like in [6] and
n
Var (®;, ¢/271,) — 0as £ — oo by the continuity of the maps ®;, we have that
. I o .
limy— o0 ~ Y2 pihi(j)=0.
With this F C G (1) = Xy («) and so
V() <h*(F) < h* (G ().

Proposition 2.5 AY,() > K3 (f1).

Proof For a given y > 0,, can be consider ¢ > 0 and § > 0 such that A, (a) +y >
1

limsup,_, ., —log N? («, €, 55) . Recall that by the approximation theorem of Young, for
n

any measure u € M(X1, f1), here is an invariant measure v such that v = 22= 1 Aeve, with
v; ergodic, th=1 Aj=1land D (u,v) <8.Letl <€ <t, N >1,set

(@) (x))

— o
n J

Yo(N)=1{x e X;: ij <4, forn >N ,withaj:/CIDjdpL.

We have vy (Y¢(N)) > 1—1y, £ =1,...,t. By the proposition 2.2, for any ¢ > 0, there is
an integer N, such that, forn > N,

ri (v, 4e,y) > exp (n (hﬁe (f1) — y)) .

Since vg (Y¢(N)) > 1 — y, the quantity r2 (v, 4¢, y) series to count the minimal num-

ber of balls B}, needed to cover Y¢(N), and so this number is equal of greater than

eXp(}’l( Ve (fl)_ ))7

A set E C X is a,n, e-separated if for any x # y € E holds d3 (x,y) =
max;—1,2,..k {di, (ti—1 (x), Ti—1 (y))} > . By E3 _ is denoted a a,n, e-separated set con-
tained in Y, () and with maximal cardinality . Let ny = [A¢n], £ =1, ..., ¢, and such that
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ng > max {N, Ny . N¢} for N sufficiently large, Forx, € E2 , C Yy/N), £ =1,2,....1,

n;,4e

.....

there exists, by the a-specification property, a m = m () and a point y = y(x1,x2, ..., X;)
such that:
di ;g (tic1 (f1* (x0)) . 1o (0) < &,
=1
where aj = 0, a3 = (s — )m + Y ny;. By the other hand cardEn 1 =

r=1
exXp (” (hﬂ[ (f1) — )/)) , for any n > Nj.
Letn = a; + n;. the following fact are valid:

(1) Foreach xy € En e i =1,2,...,t the corresponding y = y(xy, x2, ..., x;) belongs
to Xy (o, 56, n) for n sufficiently large.

2) If (x1,x2,...,x) # (x1,%2,...,%) € E? £=1,2,...,tthen

nj,4e’
diam (Tie1 (), Tie1 () > 2e.

The proofs of these claims are similar, with slight differences, to that presented in [6], we
display here the main aspects of the proofs.
To prove (1) it must be seen that

Z

q)’(y)) /@jdu < 55,

for n sufficiently large. Letv = Y _)_, A¢vy, with vg ergodic, Y y_; A¢ = land D (i, v) < 6.
Then
S (@ S (@ !
"(f(y))_/qudu‘ - ”(J(y))—Z/@de
" =1
S (@ :
_ n(:(y))_Z/(DidW
" =1

n
Since D (u, v) < § we have that

Z (2 (y 575 0) / idu

®;dvy —/@idu

+’/<I>,~dv—/d>,~d,u’.

o0

=2
j=1

Sy (®; !
” (ﬁ(y))—Zf%dw
=1

and so is needed to prove that

Z

< 44. (2.17)

=1

In [6] this is proved by doing

Si(®; () /
R ®;dvy

=S DF+2G)+S50G)+S40) .

where

t

Sy =) — )»m

=1

S[hen] (@i (£*y))  S[aenl (®; (o))

n n

)
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’

t
A
50 =)

=1

s
y e —M/|‘1’j|dvz
n

=1

S[ren] (@) (xp) /CD-dve
- j

n

S3(j) =

’

and

t ag—1

Sa(j) = Z > e (£y)]

leagm

Thus it must be proved that Z;’il piSk(j) <d,fork=1,2,3,4.
[Aen]

‘We have that n — oo as n — oo and — Ag,asn — 0.

n
By the continuity of the each map ®; we have that Var (CDj, €. a) — OQase — Oand
can be done Z?‘;l pjVar (®;, €. a) < . Hence

i Z wn]

j=1 =1

o0 t
52 Z d>j,eakg<8
=1

j=1

S [en) (9 (£Y) S Lhen] (@i (x0) ‘

n n

This is due to Zfozl pj =1 and that each x satisfies d; ;; ) (1',-_1 ((f]““' (xz))) L Til (y)) <e

For the second sum
A S [ren] (@ !
Z Z[m] [Aen] (®; (x¢)) /Cbidvé ESZM:&
n

j=1 = =1

because x; € Eﬁh% C Y¢/N).
Using || @; < 1is proved, like in [6] that 3", p; S5 (j) < 8 and 352, p;Ss (j) < 8.
For the proof of 2) let x; # X;, we have, fori = 1,2, ...k,

di 1) (Tiz1 (xe) , Tic1 (5p)
<di ;) (Ti—1 o)L i1t (7)) + disinny (=1 (7 D) tim1 (7 D))
+di oy (Tic1 (F7 D) L Tic1 G)-

3 vl a
Then, since x;, x; € En,-,4a we get

diionn (tim1 (F7 ) mim1 (F7 D))
> di iy (im1 (F{ ). tic1 (7)) — 26 > 4e — 26 = 2e.

But
di;n (tic1 (7)) tic1 (7)) < dian(tim1 (9), Tim1 (),
so that

di ) (Tic1 (), Tie1 () > 2e.
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Thus, by the fact (2) the number of points y = y(xy, x2,...,x;), obtained from each
(X1,X2,...,X;) € En1 ge X o0 X Ez de does not exceed the minimal number of balls

Ba needed to cover Xq,(oz 58,n). Therefore

t
[[cardER, 4o < N2 (e..58).
=1
and so

1

N2 (e, &, 58) = [ [ exp (henl (2, (f1) = v)) = exp (

=1

1

(Dren] (M3, (1) — y))) :

=1
for y > 0. Recall that
[Aen]

n— ooand —— — Ay, as n — 00,
n
then, taking lim sup,,_, o, lim,_, lims_.o, get

&) = (f)—y

Since y is arbitrary proposition is proved. O

We have, by Propositions 2.4 and 2.5 that 4§, (f1) < h* (G (w)) , forany u € M(X1, f1),
and as we pointed out the opposite is valid by [17], therefore the proof theorem 1.2 is
completed.

3 Proof of the Theorem 1.1

Firstly we state the following weighted version of Bowen lemma:

Theorem 3.1 [17] Let (X;,d;, fi), i = 1,2,...,k, dynamical systems, let B® (t) =
{x € X1 : thereisap € V (x) such that hz (f) < t} , recall that V (x) denotes the set of

1
weak limits of the sequence of measures {Sn x)=— Z l's 7 (x)}
n

Proof Recall the a-weighted multifractal decomposition, for a finite sequence of dynamical
systems (X;, d;, f;) and maps @1, @5 ..., ®; € C (X]), is defined as

a _— . 3 a —
Koy or 000 = [¥ € XI5 1M Vi o g (1, 0) =a].

where
k
V{a:bl,‘ibzm@k} (n,x) = SJ (n), x)
with s;(n) = |_ aip, .. a])nJ
By the Stone—Welrstrass theorem, for any ®; there exits a map <I> of the form ®; =
th(l) - ® wérj), j=1,2,...k, and such that for any ¢ > 0 holds H D; — d>j ”OO
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Thus

s(n) (x)
oy = ST

t i=1j=1

and by [1] we have

k

- — g ®r

nlggov{q)J P Px} (n, x) X;/q)jdu ’
]:

forany p € V (x).
‘We shall see that

® Kfl@l,@z...@k},a c B® (SupMeM(a,{<1>|,<I>z...,<I>k}) h, (fl)) » where

k
M(a, {1, Py..., D)} = ,LLEM(Xl,fl):Z/CDdeQ@r EX'

(11) G (M) C K{aCI)l,v:DZ,.,,cI)k},a" 1 € M(av {(bls (DQ M} (bk)}
Once these claims be proved, we will have, by the weighted Bowen lemma

ha(K{ad>1.,<I>2....¢k},ot) = sup hz (f). G-
neM(a,{®y,P;...,Dk})

and by the saturation property
h*(G () = hj (f1) < h* (Ko, 0, a.0)

Then the variational principle for weighted V -statistics would be established.
To prove (i) let x € K2 (®). @ D) ,let u € V(x) so that there is a sequence of integers
{ni} such that &,, (x) weakly converges to . We have

k k k k

1 ® — A ® NI SO a
Z]/CDJdM " —a = ZI/<DJd;L r—zlf¢jdu r+z]f¢jdu r_V{@.@...,@}(nk’x)
j= j= j= j=

a
+Vig

~ o~ —ya a _
&) D) T Ve opa) (D) T Vo) 0, ) (D) — @

hence
k

Z/ ®jdu

j=1

k

Z/q’ A1 = Vg, 5,...4) (%)

=l

/<I>jdu®’ 7/&;}‘1“@
1

k
=2
p=

+ ‘V{aﬁfﬁi... i) (ng, x) — V{a:l’l.q’zuuq’k} (nk’x)’ + ‘V(ibl,q’z»-«,%) (g, x) = a‘ :

thus, for ¢ > 0 and n; enough large and since x € K{q>1 ®y... Dy ).0r WE ODLaIN

Z/CDjd;L@’—a <kiet+e+e+t+e,

and since ¢ is arbitrary this leads to u € M(«, {®, D2 ..., D)} . From this we have that if
X € K?<I>1.<l>2...,<1>k},a then there is a i € V (x) and such that

hy, (f1) < sup hy, (f1).
HeM(a (P, Ps..., D))
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Therefore

Kio, 0,00 C B sup hy, (f1)
neM(a,{®1, ..., Pr})

and (i) is proved.
For (ii) let x € G (1) ,with u € M(a, {®1, D2..., Pr)}, as we have seen,

k
. a_ _ g r
nlggo {0, @;.... P} (n, x) = 2}/1 Djdp (3.2)
]:
thus we have, for ¢ > 0,

k
. a . Qr
Jm Vg o, e (1,%) — > 1: /Xr’ djdu
j= 1

- V{a:bud)z...,(bk} (n, x)

lim VA& ~ ~,(n,x)— lim
n— o0 {‘Djﬁ‘bjms(bk}( ) n— 00

n—oo

k
‘ O du®
+1,im V{%Dl,q)z...,fbk} (n, x) _Z/, (bjdﬂ r
j=1 1

Thus

k
H a — . ®r _
nll)nolo Vior oy (1, %) = Z A,’ Pjdu™ =a,
j=174%1

because u € M(a, {®P1, Py ..., Dy)}.
With the proof of (i) and (ii) concludes the demonstration of the theorem 1.2. O

Let us consider as an example the case of Bernoulli schemes, let (X;, 0;, ©2;), j =
1,2, ...k, be a finite family with X; the set of infinite sequences in symbols of the alphabet
Q. le X; = {x(i) = (x(’.))l (x("))2 o, (x(i))j e, j=1,2,.. } ,and oy 5 X; — X;
the shift map. Let ®;, ®;..., ®x € C (X}), we consider the special case of that any ®;
depends on the first m coordinates of each variable. The case k = 1, was presented in [5]

k
Let u € M(a, {®1, ®;..., Dp)}, so Z ! fx{ ®;du®" depends on the values of 1 on
1=
cylinders C,, of length m. In a similar way to [5], can be seen that the supreme is attained on
a Markov measure, which for m = 1 is a Bernoulli measure (1, associated to a probability

vector p. Let xfi), xéi), R x,(i) € X1, and consider the particular of any ®; of the form

o= (8 ) =0 () () () -
1,2, ...k, therefore if 1 is the maximizing Bernoulli measure, for probability vector p ,
then we have

i (0t = (), ) () ) ()
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and so, if

S = Z/ (5 ) i (50
S (), () (6))

(3.4)
then for a probability vector p = (po, p1, ..., pi—1), Witht = cardy, is
k r o t—1 )
s@ =Y []> e . ps. (3.5)
i=1 h=1s=0

Therefore, the entropy must be maximized with respect to probability vectors p and

k
ha(K{a<D1,<l>2....d>k},ot) = p;f?l’(llil))(:a h(T[—l)*(Mp) (oi). 3.6)
i=1

For more general shifts, i.e. symbolic spaces of sequences with not all sequences allowed,
the condition of a-specification is expressed as follows (see for instance Ref. [1]):

Let (X1, 01, 1), ..., (Xk, ok, Q) be shifts on alphabets Q1, ..., Q. The sequences of
length n on X (words) allowed by the system (admissible sequences) is denoted by £,, (X1)
so that the language on X is £ (X1) = |J,;~;£n (X1). The metric considered is

[Ti (x) AT ()] }

da
(x,9) = max k{ A

i=l,..,

where

0, iful;évl
lu Av| = . .
max {n:u; =vjforl < j <n} ifu; =v

We say that the shift X satisfies specification if there exists s < M (for some integer M) such
that, for any two words x and y that are admissible in X, there is a word w of length s such
that

()L (w7 (y)e L(X;) foranyi=1,...,k,

the maximizing measure being Markov.
Lets; € (0,1),i =1,..., k, the so-called Manneville—Pomeau maps, are interval maps

gy [0, 11— [0,1]:x — x + x5 mod 1.

Let f; (x) = g5; (x) (i =1, ..., k) then following Takens and Verbitskiy [14] can be seen
that the sequence ([0, 1], f1), ..., ([0, 1], fx) is conjugate to a sequence of full shifts that
satisfy weighted specification. If f] is expansive and

@ (x) = —log | f{ (0)]

then there exists a unique absolutely continous f]-invariant measure which is an equilibrium
state for the potential ¢ (x).

In a similar way the logistic sequence f;(x) = o;x(1 —x) (i =1, ..., k) stisfy weighted
specification for parameters oy, . . ., ox within a set of positive Lebesgue measures.
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We finish these examples with the called S-shifts, say the sequence f; (x) = fix — [Bix]
(i =1,...,k)with [-]theinteger partof -, §; > 1 and the functions f; (x) defined from [0, 1)
into [0, 1). By the classification of Li and Wu [11], there exist adequate sets of parameters
Bi1, - .., Br such that the sequences ([0, 1), f;) (i =1, ..., k) satisfy weighted specification.
However, since the g;-shifts are not continuous in [0, 1), the variational theorem is not
applicable to this kind of sequences.
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