RESIDUES ON COMPLEX SPACES

M. Herrera

The purpose of this note is to present a theory of residues for
meromorphic differential forms with arbitrary singularities. In this
theory, the residue Res[®] of a meromorphic p-form &, defined on a
complex manifold X of dimension n, is a (2n-p-l)-current on X, with
support on the polar set Y of w.

More generally, we will assume that X¥ is an n-dimensional para-
compact complex analytic space, with structural sheaf OX’ that ¥ is a
closed subspace locally defined by one equation, and that U = X-7Y
is dense in X and has only simple points.

To define Res[w], and the related current Vvx[w]l, the prineipal
value of ®, we suppose that a is representable as a quotient % on an
open set WCX, where w is a holomorphic p-form regular on W, and

¢EI‘(W,0X) is an equation for Y on W. Then
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for all smooth forms o and B with compact supports defined on W, of
degrees 2n-p-1 and 2n-p, respectively, and where the domains
{|¢] =8} and {|¢]| >6} are properly oriented.

These local definitions do not depend on the particular repre-
sentation % of w, and can be patched to globally defined currents

vx[w] and Res[w].
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The proof of the existence of the above limits, and of their in-
dependence on the local representations of meromorphic forms, uses
Hironaka's resolution of singularities, to reduce the general problem
to the case where ¢ has only normal crossings.

This proof will be given in a forthcoming paper by David Lieber-
man and myself, that will also relate our notion of residue with the
theory of Leray, Norguet and Dolbeault, and will include applications
to Serre's duality and to the classical duality of a manifold.

In this note we only describe the relationship of V& and Res
with the classical cohomology and homology sequences associated with
the couple (Y,X).

To this purpose, we consider the exact sequence

0 - Qi - 9;(*y) - Q; + 0,

where Q; and Q%(*Y) are the complexes of holomorphic forms on X and
of meromorphic forms on X with poles on Y, respectively, and Qé is

the quotient complex, and the exact sequence

o > 'D > 'n - D w * 0,
Y X ‘X/Y

where ,D-X is the complex of currents on X, "D « the subcomplex of
Y
the currents on X with support on ¥, and 'D o 18 the quotient com-

X/Y
plex.

One can prove that V& and Res define homomorphisms of complexes

V& QZ(*Y) -+ D

2n-p, X/Yw

Res: 4, =~ D ’
X 2n-p-1, ¥~

which, together with the standard map

t
x 7 Ponp,x
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constructed by integration, provide a commutative diagram of hyper-

cohomology
> HPusep » HPmapGamd - HP (e -
L 1V lV* Res
] ) o
> HZn_pr(x, D.y) = HZn-pr(X’ 4 o) H2n-p-lr(x’ (20 T

-X/Y Y

The hyperhomologies of the bottom line have been replaced by homol-
ogies of global sections; they are isomorphic, since the different
sheaves of currents involved are acyclic.

Consider now the commutative diagram

— P — P00 — 2l —s

4
o |

—_— HZn_p(X;C) E— H2n_p(U;C) —>H r;€@) — ,

2n-p-1
where the top line is the classical sequence of cohomology with
closed supports (and supports in Y) associated with the couple (Y,X),
and where the bottom line is the exact sequence of Borel-Moore ho-
mology (closed supports) associated with (Y,X). The vertical homo-
morphisms are constructed by cap-product with the fundamental class
of x.

The relationship between these diagrams is summarized in the

following

Theorem. There is a canonical homomorphism from diagram (1)

to diagram (2).

a) At the V-level, we have a commutative diagram
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2 (x;© ¢ HPwey —A s Awo

S

. I* - o’ en »
H2n_p(x,03>—>H2n_pr(x, D.X)——>H2n_p(X,C) ,

where e 18 an edge homomorphism, I i8 given by integration, and e®
and I* are (essentially) their duals. No assumptions on the para-
compact 8pace X are needed at this level. I oe and e¥ o I* agre iso-

morphisms.,

b) Suppose X is reduced and U = X-Y 1ig regular and dense

in X. At the Vi-level, we have the diagram

H P(X;Q}-{(*y)) —L 5 BP0
Ve n
’f;

oI X e O s
£{2n_p({f,€)——> Hyp_pT (X5 D-X/.Ym)—) H:,n“p(&,ﬂ:) ;

I 78 an isomorphism (by Grothendieck's theorem), as are N (Poincard
duality) and e* oI¥,

c) With the same hypothesis ae in b), we have at the Res-level

a diagram

Hi(x;C) = H p(x;q;{) S Hi(x;a;‘)
Res
B (1;0 —Ls 1 r(x;'s )—% g (7;0)
2n-p=-1""7 2n-p-1 i P 2n-p-1""2

&

where wuoe and e¥o I*

are canonical identifications.

d) In the case X and Y are manifolde, the homomorphism from

(1) to (2) i8 an tsomorphism.
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The relation between this definition of residue and that of

Leray-Norguet is given by the

Theonem. Let 53=d—¢?/\1p, where wéﬂp-l(X), ¢GI'(X,0X) and

X i8 regular. Then

Res[%t/\w] = (-LPT rre 1Ay,

where ¢;1(0) denotes the cycle inverse image of 0 by ¢ (with appro-
priate multiplicities), I[ijO)] ie the integration current on ¢;l(0),

and I[¢;l(0)]/\w ie the current o = I[¢;1(0)](w/\a).
When Y is a manifold, one can follow the map

B0 > (7;0

Hyp-p-1

by the Poincaré duality isomorphism & (r;© + B2 YHy;©. 1In

2n-p-1
the conditions of the last theorem, if @ represents a cohomology
class of H?(X;(D, then § represents the image of this class by the

composed map:

a‘l’,(x;o » P lr0.

We want to remark that the local definitions of Res and V& have
been first proposed by L. Bungart in 1967. Our proof of their exist-
ence is an improvement of a proof also offered by Bungart (unpub-

lished).
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