
CHAPTER X 

APPLICATION OF THE VFM TO THE ZEE1~N EFFECT IN HYDROGEN 

§.33. Derivation of the variational functional 

Let us consider a hydrogen atom of nuclear charge Z, placed in an 

external uniform magnetic field along the x3=z direction. The 

Hamiltonian operator describing this system in the non-relativistic 

approximation, and with suitable units (Appendix H), is: 

1 a2 1 a a2 2 >-2 2 + ~ H - "2 (- + - - + -2) + m + 
8 p (L + gs S ) e ap2 p ap aX3 2;;2 2 X3 x3 

Z (33.1.) - -r 

where 

(33.2) 

Let E(Z,>-) denote the set of eigenvalues of that portion of H ex

cluding the paramagnetic field terms (Eq. (31.1», i.e.: 

E(Z,>-) <H(Z,>-» 

m =:!: 1/2 s (33.3) 

The importance of this problem was already widely discussed in 

§.30. As pOinted out, the eigenvalue problem has no analytic solution 

due to the coupling of the two coulornbic degrees of freedom (p and x3 ). 

Our purpose is to apply the VFM to derive valid approximate expressions 

for E(Z,A), V>-;:O /1,2/. 
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From the Heisenberg inequalities (in cartesian coordinates), we 

found in §.22 an appropriate form of the VF, which here reduces to 

F (33.4) 

q (33.5) 

with {Ai} constants not depending on \. The parameters {qi} are pro

portional to the uncertainties in each cartesian coordinate (see 

Chapter VI). In accordance with the BC defining the problem, such pa

rameters satisfy the following proportionality relation: 

(33.6) 

The functional ~(q) is the expectation value of the potential V 

- ~ + \2p2/8 in terms of {qi}' 

In order to construct this functional we follow the procedure de

picted in Chapter VI. Thus, the simplest choice is suggested at once 

by the expression of the potential function: 

~(q) q=; IICjII (33.7) 

Keeping ourselves within the simplified scheme employed up to now, 

we will assume that Band C are constants depending just on the quantum 

numbers. It must be noted that the two constants introduced in V(q) 

are not redundant, unlike the models studied in Chapter VII. This is 

due to the fact that these last models were reducible to lD systems, 

while the present one demands a multidimensional functional. Up to 

certain point, the present state of affairs is qUite similar to that 

found in Chapter VIII, where the finite BC made it necessary to modify 

the VF, with the introduction of an additional constant. It is well 

known that the exact eigenvalue E(Z,\) fulfils two fundamental Theorems, 
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determining the dependence on the parameters contained within H: VT 

and HFT 

aE 
az 

<~ + 1. 2 2 
r 4" p > 

From Theorem 19.1 , the F extreme condition 

(aF ) (q; 
aqi L 

o i 1,2,3 

allows the fulfilment of VT and HFT-like equations, 

3 A. 
CZ 1. 2 

( *2 *2) 2 l: ~ + B + -;2 q* 4 qi qi 
i=1 qi 

(dF) 
aA (qi q!) ~ B 

4 
( *2 q1 + *2) q2 

(a F ) (qi q!) 
C 

aZ q* 

(33.8) 

(33.9a) 

(33.9b) 

(33.10) 

viz. 

(33.11a) 

(33.11b) 

(33.11c) 

The extreme values of variables q and {qi} are determined from 

(33.10), which immediately allow one to obtain the couple of relation

ships 

o i 1,2 (33.12a) 
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o (33.12b) 

The Hamiltonian's cylindrical symmetry for A10 does not permit the 

separate determination of qi and qi. Thus, it is natural to compute 

just qi 2 + qi 2 and q3' since they are enough to describe completely the 

system. We start from Eqs. (33.12) to determine such coordinates, and 

we are led to 

q* 
3 

The calculation is completed with Eq. (33.5) 

(33.13a) 

(33.13b) 

(33.13c) 

Once the constants A3 , C, B and (A 1/2 + A 1/2) are known, Eqs. 
1 2 

(33.13) are solved iteratively. 

As discussed in Chapter VI, the VFM allows one to approach the 

eigenvalue E(Z,A) through the functional extreme. Using Eqs. (33.11a) 

(VT for F) and (33.13a) in F, such extreme can be expressed at once 

in terms of q* and the aforesaid constants: 

2 
-ZC + ~\A 1/2+A 1/2\ 

2q* 4 1 2 (33.14) 

Finally, to complete the F construction it remains to determine the 

involved constants. Before discussing this problem, it is convenient 

to analyse some relations that will be useful later on. 
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From the HFT for F (Eqs.(33.11b, c» and HFT for E (EqS.(33.9», we 
obtain the expectation values 

(33.1Sa) 

(33.1Sb) 

for the state under consideration. 

Applying the sarne procedure as in Chapters VII and VIII, we gather 

the constants involved within the functional from the knowledrye of the 
system propertie.s at zero field ()'=O) and infinite field (which is 
equivalent to make Z=O). From Ec:!. (33.14) we get: 

lim F Cq*) 
),+0 

_ ¥ lim <;1* .. 1 
),+0 

and, on the other hand, Egs. (33.13) allow one to deduce 

-1 lim q* 
),+0 

ZC 
2A 

so that E~. (33.16) takes the form: 

lim F(q*) 
),+0 

3 
I'A = I: 

i=l 

(33.16) 

(33.171 

(33.18) 

Imposinry the correlation between the VF and the correct eigenvalue 
at zero field: 

ECZ,Q) = lin F(q*) 
),+0 

we derive a first relation to be satisfied by the constants 

(33.19) 
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n = n +£+1 r n £>0 
r -

(33.20) 

where, as usual, n is the principal quantum nu~er of the hydrogen

like atom. Since {g.} satisfy the proportionality relationship (33.6) 
1 

it could be concluded that 

(33.21) 

But this relation, unlike (33.15) is not an equality for all A, be

cause now we have not any theorem relating derivatives of the VF with 
<r2>. However, we can determine, without any loss of generality, the 

constant C so that (33.21} is obeyed at zero-field 

(33.22) 

Substi tution of C33. 22} into C33.I5bl permits the determination of 

the constant C: 

C 

since the involved expectation values are well-known in the hydrogen

like eigenfunctions basis set /3,4/. Notice that C-constant is Z inde

pendent. 

Eqs. (33.20) and (33.23) allow us to fix the correct E and <r2> 

values when A~O. There is an additional relation for the correct be-
2 havior of <p > when A~O. 

The hydrogen atom fulfils /3/ 

2 <p > (A=O) (33.24a) 



where 

f 

Inserting Eqs. 

f(m,n 

260 

3:n2 -- R, (H1) 
1 + 

(2£+3) (2£-1) 

(33.15a) and (33.22) in (33.24a), we obtain 

2f lim q*2 
"3 1.-+0 

(33.24b) 

(33.25) 

and together with Egs. (33.17) and (33.20) yields other relationship 

among the constants: 

(33.26) 

In order to complete the functional's construction, we have to de

termine the constant Ai/2 + A~/2 . Since such a constant appears in the 

purely cylindrical symmetry term of F, it seems appropriate to deter

mine it from the knowledge of the energy at infinite field strength, 

where the term containing the constant is dominant. For 1.-+00 (equivalent 

to Z-+O), the functional extreme (Eq. (33.14» follows 

lim F (q*) 
Z-+O 

(33.27) 

This behavior can be matched with the Landau svectrum by way of 

E(O,A) lim F (Ci*) 
Z-+O 

and finally the desired result follows: 

(33.23) 
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N+l (33.29) 
(2B)1/2 

where N=O,l, ..• is the Landau quantum number (Appendix H), labelling 

the problem states with Z40. In order to perform any computation, it 

is necessary to know the correlation among the quantum numbers (n,~,m) 

and N /4-6/. It must be pOinted out. that only m is a good quantum num

ber, since the angular momentum L in the axis x3 is conserved. Notwith

standing, it is possible to correlate properly the Coulombic regime 

states with the Landau ones through the constants contained within F. 

The substitution of (33.29) in (33.26) and using (33.23), we get the 

B constant in closed form: 

B 2 f2 (Sn2 + 1 - 3~(~+1» 
9(N+1)2 

(33.30) 

Constant A3 is computed with the aid of Eqs. (33.17) and (33.20) 

(33.31) 

and it concludes the calculation procedure. 

Su~~ing up, the constructed fUDctional allows one to obtain a func

tion satisfying HFT and VT and, furthermore, having the same behavior 

as the exact eigenvalue for A40 and A400. In addition, the insertion of 

an extra constant permits one to get the correct <p2> ()=O) and <r2> 

(A=O) values. 

Since the functional obeys the first aforesaid expectation value, 

it is implied that the VFM yields the RSPT up to the first order. We 

will see that, on spite of its Simplicity, the functional gives an 

excellent approximation to the exact eigenvalue E(Z,A). 

It is appropriate to analyse some scaling vroperties fulfilled by 

F, through the extreme condition (33.10) I before performing any actual 
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calculation. 

To this end, let us denote with F(q* ; Z,A) the minimum F value (Eq. 

(33.14)), representing the hydrogen-like atom energy with Z nuclear 

charge, in a field IAI. Scaling the parameter q* (see Appendix A) 

through Eq. (33.14), and re-writing the formula in an unitary equi

valence form, we obtain 

F(q*;Z,A) 

The choice 

a = 

transforms Eq. (33.32) into 

A-1/ 2 

1/2 
} 

and it yields the following equivalence relationship 

AF(q*; ZA-1/ 2 ,1) 

(33.32) 

(33.33) 

(33.34) 

(33.35) 

Eq. (33.35) is the same as that satisfied by the exact eigenvalue 

E(Z,A). This property assures us that the VF will have an approximately 

correct dependence upon A wit~in the whole range of field intensities. 

Moreover, relationship (33.35) simplifies at a large extent the compu

tation scheme, since they must only be done for Z=l. 
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§.34. Results for several functions of physical interest. 

Equations deduced in §.33 allow one to compute the eigenvalue E 

(l,A) (Z=l in our calculations), within a reasonable accuracy, when

ever the correlation among quantum numbers (n,m,~) and N is provided 

/4-6/. Besides, HFT makes up the way to obtain <p2> and <r-1> plausible 

approximate values. 

The computational scheme is as follows: After selecting the state 

under study (i.e. fix (n,m,~) and N values), the constants appearing 

in the functional are computed via Eqs. (33.23) and (33.29)-(33.31). 

Then q* is determined through an iterative solution of the coupled 

equations (33.13), and energy as well as expectation values are ob

tained from Eqs. (33.14) and (33.15), respectively. 

We can add another calculation based on the fact that (33.21) turns 

into a equality when A+O (Eq. (33.22». For A~O one could rigorous 

guess that it might still be a reasonable approximation to <r2>. The 

goodness of this result is discussed in this paragraph. Let us remark 

that E,<r2> and <p2> are the most significant quantities from the 

physical viewpoint, because the first one stands for the atomic energy, 

and the two remaining ones describe the approximate atomic "shape". 

Some results are I3hown in Figs. 10.1 and 10.2 for a large range of 

field intensitiel3. 
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FiQ. 10.1: Ground state energy of the Zeeman effect in the Hydrogen 

atom for low and middle field strengths. 

Results obtained from the VF!-1 (nr=~=r:I=O) 

Results obtained from the VFH (n ... oo,~=rn=O) 

o "Exact" results /7/. 
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Fig. 10.2: Approxi~ate average values of 0 2 and r2 for the Zeeman 

effect in Hydro~en atom states by way of the VFM.-

Is state 

2p_2 state 

a "Exact" results for the Is state /7/ 

~ "Exact" results for the 2p_1 state /7/ 
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For the sake of simplicity, we have chosen the first two Landau 

states (N+m=O), which the two most studied tight-bound states (see 

Chapter IX). For A~O, these states correlate with the hydrogen atom 

states 1s and 2p_1' The quantum n~~ers assignments are 

(n,m,R-;N) (1,0,0; 1) ~ ., 1s" state (34.1a) 

(n,m,R-;N) (2,-1,1;1) ~ "2p_1" state (34.1b) 

The broken line in Fig. 10.1 shows the ground state energy change 

(34.1a) for low and intermediate field intensities. The results reveal 

some noteworthy features: 

i) For A~l results agree satisfactorily with the exact ones obtained 

with the most accurate numerical, - variational techniques available 

/7/. This is not surprising since the greatest information introduced 

within the functional corresponds to A~O. Nevertheless, the agreement 

is remarkable, since we have only used the RSPT first-order information. 

It is well known that RSPT is asymptotically divergent, and this pro

perty hinders its practical application for A~O /8/. Consequently, the 

extension performed through the VFM is quite meaningful. 

ii) For larger field intensities (A~l) present results lack accuracy 

and yield an upper bound to the eigenvalue E(l,A) (Eq. (34.1a». How

ever, it is worth noting that the curve shape obtained from the VFl4 is 

quite similar to the exact one. This result shows that the main depen

dence of E on A may be guaranteed through the VT and liFT obeyed by the 

VF. The remaining differences could be removed by including higher 

orders of RSPT within the VF. This pOint will be discussed later on. 

Fig. 10.2 

range 1_03 ~ 
Results show 

displays 

A < 10 2 , 
th~t q*2 

the results for < p 2> and < r2> wi thin the field 

for those states described by Eqs. (34.1). 

is an excellent approximation to <r2> /7/, in 

the whole field intensity range. A similar conclusion can be reached 

for the present approximation to <p2> (in principle more accurate than 

that obtained for <r 2», although there are not exact data available 

to make the necessary comparisons. 
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In closing this paragraph, we can remark that VFM makes up a quite 

simple formalism to describe up to a satisfactory degree the more im

portant physical properties of the Zeeman effect in the hydrogen-like 

atoms. Present conclusions about the atomic "shape" for the two con

sidered states are correct /9/: the atom distorts turning to be a 

"needle" oriented along the field direction. That is to say, the elec

tronic density tends to concentrate on the nucleus, and in less pro

portion across the directions normal to the field. Additional results 

on the application of the VFM to this system can be seen in Refs. 

/1,2/. 

§. 35. Scaling laws and semiclassical behavior of the Variational 

functional. 

Eq. (33.35) represents a scaling relationship in the magnetic field 

and it is fulfilled by the VF made an extreme in the configuration 

space. 

As shown in Appendix H, this relationship can be expressed as a 
scaling law in the nuclear charge Z. There exists an additional rela

tion satisfied by the exact eigenvalues at the semiclassical limit, 

i.e. for large nand N quantum numbers. This law is represented in an 

approximate fashion by Eg. (30.6) (it was discussed in Chapter IX re

garding Rydberg atoms placed in magnetic fields). As analysed in §.31, 

and elementary semiclassical model allows one to account for such a 
law (cf.Eq. 31.25). 

Let us discuss the VF behavior regarding the scaling in quantum 

numbers. Let us consider those states obeying the relation 

n = N+1 

redefining the functional constants and variables as follows 

A! 
~ 

A' 

(35.1) 

(35.2a) 

(35.2b) 
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F'* 

2 
q*/n 
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q' * I I q' * I I, (35. 2c) 

2 -n F(q*; Z,A) (35.2d) 

From Eqs. (35.1) and (35.2a) together with Eqs. (33.29), (33.31) 

and (33.23), we have 

'1/2 + A'l/2 
A1 2 

1 
(;;)1/2 

qi* values are derived from Eqs. (33.13), (35,1) and (35.2): 

1112 
+ zcJ 

(35.3) 

(35.4) 

(35.5a) 

(35.5b) 

Finally, Eqs. (35.2a) and (33.14) yield the extreme functional ex

pression F'*: 

F' * zc + A,2 B1/2 

2q'* 4 

,*3 1/2 
{ q } 

ZC+A,2Bq ,*3 
(35.6) 

4 

Eq. (35.6) is the desired result: F'* depends exclusively on n 3 A, 

such as it is required by the scaling law (30.6). Then, the VF!-1 obeys 

the relation (30.6) as well as other semiclassical approximations li~e 

(3~.25) do. F'* depends on A' and its only explicit dependence on the 

quantum numbers is through C and B. This function F'* behaves similarly 

to the ground state (n = N+1 = 1), since it satisfies the same asymp-
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totic relationships: 

(35.7) 

F'* (Z 0) ,,'/2 (35.8) 

Accordingly, there is an infinite family of curves F'* with the 

same asymptotic behavior as the ground state. ~le can obtain a sole 

function not depending on n taking the limit n~oo. This is possible due 

to the fact that C and B have finite limits: 

lim C 
n~oo 

(~) 1/2 
2 

(35.9) 

lim B 10 f2 
n~oo 

9 
(35.10) 

Substitution of (35.9) and (35.10) into (35.6), after taking the 

limit n~oo, allow one to express F'* as a function depending on ,,', m 

and 9,. 

This last result is especially interesting, since it leads to a sim

ilar result to that obtained through semiclassical approximations in 

l/n power series expansions /10,11/. In such a approximation, the 

ground state is obtained with the limit n~oo; accordingly, it seems 

plausible to use the limit n~oo in F'* with m~9,=O to approximate this 

particular state. 

Fig.10.1 displays in broken line, the results for the lowest eigen

value (N=m=9,=O} obtained via Eq. (35.6) at the limit n~oo (nr~oo) (Eqs. 

(35.9) and (35.10) with f=l). 

These results reveal the following characteristics: 

i) For ,,«1 they are worse than those discussed in §.34. This behavior 

is quite understandable considering that (3F'*/3,,)(,,'=0) differs from 

the correct value (3F*/3,,) ("=0) = (3E/aA) ",=0). That if, F' scaled 
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with nr~oo does not satisfy the perturbative expansion up to the first 

order. 

ii) Within the interval 1<A<5 results are extremely accurate. We can 

assume that in this range the dilatation effects on quantum numbers 

have the largest importance. 

In §.30 we made a thorough discussion on recent physical applica

tions of the Zeeman effect in hydrogen-like atoms for magnetic fields 

of arbitrary intensity, and it was commented that quasi-Landau re

sonances at the ionization threshold at zero field for Rydberg atoms 

possessed a deep interest /4,12-14, and Refs. Chapter IX/. Recently, 

Feneuille /15/ has developed an empirical law to join the Landau and 

Coulomb regimes from the quasi-Landau spectrum experimental data. This 

law fulfils the dependence on the quantum numbers (30.6), and on this 

basis the author conjectured that there should be a theoretical justi

fication for his successful empirical law. We have proved in §.31 that 

an elemental semiclassical model predicts such a law, and recently it 

has been proved that the quantization method J\'lKB (for a plane normal 

to the magnetic field direction) explains quite well such dependence 

on the quantum numbers /16/. These authors have presented another dif

ferent explanation of the Feneuille law through the employment of the 

variational method discussed in §.20 /16/. Then, the VFM, as presented 

in this section, is an alternative formulation to rationalize empirical 

laws like that of Ref. /15/. Precisely, Fig. 10.1 (broken line) shows 

that VFM describes very well the ionization limit zone (E=O) to zero

field, which is that of greater interest for quasi-Landau resonances. 
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