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DESER and LAURENT (1) found recent ly  a l inear ,  nonlocal  t heo ry  of g r a v i t a t i o n  
which satisfies the  expe r imen ta l  tests  of genera l  r e l a t iv i ty .  The i r  t heo ry  leads to a tensor  
field for the  s ta t ic  po in t  part icle ,  iden t ica l  to the  l inear ized  Sehwarzschi ld  solution,  
namely  (~) : 

(1) 

s m s m~6i x1 s 

'9oo r ' '~iJ - -  ra , ~'o~ = 0 

g~,~ = ~,~ + 2 ~ , ~  , 

~ m =  ( - -1 ,  1, 1, 1) .  

In  this  pape r  we present  an a l t e rna t ive  t heo ry  which  we t h ink  s impler  and more  
t r anspa ren t  t han  D.L . ' s  theory ,  and, fur ther ,  i t  leads to t he  same results .  (Both  theories  
coincide when  the  e n e r g y - m o m e n t u m  tensor  is conserved. )  

(*) Suppor t ed  i n  p a r t  by :  Conselho Nae iona l  de Pesqu i sa s ,  B raz i l ;  Consejo Nac iona l  de I n v e s t i -  
gaciones,  A r g e n t i n a ;  F u n d a e a o  de A m p a r o  a Pesqu i sa ,  S~o P a u l o ;  Centro  Bras i le i ro  de Pesqu i sas  
Fis icas .  

(~) S. DESER and  B. E.  LAURENT: Ann.  of Phys . ,  50, 76 (1968). Herea f t e r  referred to  as  D-L. 
(2) See, for e x a m p l e :  P. (~. BER@I~[AI~N: Introduction to the Theory o/Relat iv i ty  (EnglewoodCl i f f s . ,  

N. J.) ,  p. 203. 
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In  order  to s impli fy  nota t ions  we in t roduce  the  following project ion operators :  

(2) 

where  

(3) P ~  = ~ - -  ~ and ~ -- []  

These pro jec tors  are all s y m m e t r i c  in #, v and in O, a independen t ly  and also sym- 
me t r i c  under  the  in te rchange  #v~_ Ca. 

2m is traceless and divergeneeless,  P~ is traceless and has zero double divergence,  
po is divergenccless  and po satisfies 

Final ly ,  t hey  also sat isfy 

- o  F o  
O ~,lj Pfl~;oa = o,#:oa • 

P~ P J  = d i 1 P  ~ , X P i  = 1 . 

In  the  case of free mass ive  fields they  are respect ive ly  spin-two, spin-one and 
spin-zero pro jec t ion  operators .  Thus we shall use this nomenc la tu re  a l though it  is no t  
correct  for massless fields. 

I t  should be no ted  t h a t  the  subspace of <( zero spin }> is doubly  degenera te  ~ l d  so 
i t  is possible to choose in genera l  two projectors  Q and Q, depending  on a cont inuous  
paramete r ,  

where  

Q#.;ea = Qm q~. ,  Q#.,e. = Q..Qe., 

cos 0 
O~,t~ = - - ~  P~t~ - -  sin 00~ a , 

sin 0 
q ~  = -~-~ P ~  + cos 0 ~ .  

For  0 = 0, we get  Q = P ,  ~) = F °. Ano the r  choice which will p rove  to be convenient  
is for 

(4) 

wi th  

2yg 
0 = - - ,  Q = P ' ,  q = v ' ,  
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I t  is easily shown that ,  for the  solut ion (1), wc have  
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4 ~b 

(5) p2 y~s = ~(2) m [ (5i~ xi  x~'~ 

o, 

(6) p1 ~o" = 0 ,  

t s  m 

~°°° = 3r ' 

(7) p ,  y js= ~Pta =3- r  - - ($ i~+ r ~  ] ,  

= o ,  

P" y~ = 0 .  

I t  is in te res t ing  to note  t h a t  the  l inear ized Schwarzschi ld  solut ion belongs to the  
space spanned  by  the  projec tors  P~ and P ' ;  i.e. 

(8) (P~ + P ' )  ~* = ~ .  

We  now consider  to t heo ry  of massless spin-2 part icles.  The  F ie rz -Pau l i  (8) e q u a t i o n  
for this field is 

I t  can be wr i t ten ,  in our nota t ion ,  

(10) 

or s imply 

[ ]  (p2 __ 2po) ¢ = 0 .  

I t  should be  no ted  t h a t  1 )2_  2po is t he  only l inear  combina t ion  of the  p ro jec t ion  
operators  (el. 2), which  is divergenceless,  gauge i n v a r i a n t  (4) and  whose d ' A l e m b e r t i a n  
is nonsingular .  ( I t  does not  conta in  D-x . )  

(3) 1~. FIERZ and W. PAULI: Proc. t~oy. Soc., 173,211 (1939). See also G. WENTZEL: Quantum Theory 
o] Fields, Chap. VI (New York, 1949). 

(9 Invariance relative to the transfomation t/Jr -+ ¢#v + ~/*,~ + ~v,/~- 
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This equation is derived from the Lagrangian 

2 ~" , ~ ¢ , u v ,  - - . 7 7 ~ , a 7 ~ ,  - - q "  .aY~v.t3 T q) ,aq) f l .v  , 

(11) ~ : ½ ¢(p2__ 2p0) D ¢  + divergences.  

If  we impose on ¢~v the Hilbert  gauge 

we obtain, by  the usual procedure, a Hamil tonian densi ty which, for a plane wave, 
takes the form 

(13) J r ° =  ½ ~o2¢g~¢ "~ . 

Using again gauge (12), we obtain (when the th i rd  axis is taken along the direction 
of propagation) 

( 1 4 )  ~ = 2~°~(~blZ¢lS-~- ¢11¢11) ' 

which shows tha t  we are dealing with massless spin-two particles, as we have then only 
two independent  polarizat ion states (in spite of having the projectors P2 and p0 in the 
equation of motion (10)). 

We want  to manta in  Hilber t  condition (12) even in the presence of interaction. We 
shall do tha t  by  using the Lagrangian-mult ipl ier  technique. To simplify notation, 
we introduce the new field variables 

(15) tgv = tg,--½ng~¢2--~ [ ( 1 -  2P") t J g , ,  

( 1 - - 2 P " ) 2 =  1 (cf. (4)) ,  

for which the Hi lber t ' s  gauge goes into the  Lorentz 's  gauge 

(16) a~¢.~ = 0 .  

The Lagrangian (11) expressed in terms of ~gv is 

~ f =  ½~(1 - -  2P") (P  2 -  2P°)(1 - -  2P") D ~ ,  

which, taking into account (16) and adding the interact ion and Lagrange-mult ipl ier  
terms, reads now 

(17) leads to the following equations:  

(18) [ ]  [(1 - -  2P") ¢],~ = - -  ~T,~ + ½ (9, ~. + e~ ~ , ) ( =  [ ]  ¢) ,  

09)  e,~.~ = o .  
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From (18), taking the trace, 

from which, replacing in (18), we obtain 

(20) 

Taking the divergence of this expression 

i.e. 

(21) 
1 v[  1 ) 

which replaced in (20) is easily seen to give 

(22) Wl~ = - -  z(P~--  2po) T .  

For the case of the static point  source, taking 

(23) uToo = 8~m~(r) , T~ = 0 ,  

the solution of (22) is 

(24) ~.~ = ~ :  + ~ ,  

where 

(25) 
o o = ~ 7 ,  ¢ ~ = T \ 7 -  + ~ 1 '  ~ o , =  , 

~oo= 3~ '  < , = Y i ( V  +-~-I '  ~o~=O. 

Comparing with Schwarzschild's eqs. (5) and (7) we see that  

or v ¢  0 ,  

m 8 

r 

i.e. they differ essentially by a scalar field. 
This supports the addition of a scalar field to the Lagrangian (7) 

(26) ~qg= ½ ¢ [ ] ( 1 - - 2 P " ) ¢  + 1 " ~ , ~  + u¢~ T'~ + ¼~oD~o + ½uV,v~0T ~v , 
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which  gives ¢) besides eqs. (18) and (19) for the  tensor  field, the  fol lowing equat ions  
for the  scalar field: 

(27) 

t ak ing  into account  (23), we have  

[~0 = - -uT$  ; 

2m 
(2s)  ¢ = - - - -  

£ 

But  n o w  the  to ta l  met r ic  ( the coefficient of Tz v in (26)) is 

(29) ~,v = ¢,v + ½v,~ ,  

and  now i t  is easy to see tha t ,  f rom (25) and (28), 

(3o) ~ = ¢ ~  + ½ ~ t , ~  = ~,~ • 

So, we have  shown t h a t  in the  s tat ic  poin t  par t ic le  case, our  solution coincides wi th  
t h a t  of D-L  and thus  conta ins  all the  classical tests of genera l  re la t iv i ty .  

This  is not  the  case in general ,  as the  D-L solution has t race  ident ical ly  zero; on 
the  o ther  hand,  t ak ing  the  [ ]  of the  t race  of (29) and using (22) and (27) we obta in  

(31) 

which  cannot  be zero unless 

~ T ~ = 0 .  

(~) A c o m p l e t e l y  e q u i v a l e n t  Lagrang ian ,  w i t h o u t  the  in t roduc t ion  of  a L a g r a n g e  mul t ip l ier  ~ a n d ,  
o f  course ,  w i t h o u t  a g a u g e  cond i t ion ,  can  be  w r i t t e n  in  t h e  fo l lowing  w a y :  

= ½¢D(p~  _ ~p0)# _ ~ ( p 2  _ 2 p 0 ) T  + ~ C J ~  + ½ ~ T ~ .  


