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Abstract

We study the Heil-Ramanathan—Topiwala conjecture in L” spaces by reformulating
it as a fixed point problem. This reformulation shows that a function with linearly
dependent time—frequency translates has a very rigid structure, which is encoded in a
family of linear operators. This is used to give an elementary proof thatif f € L?(R),
p €[1,2],and A € R x R is contained in a lattice then the set of time frequency
translates ( f(4,5))(,p)ea is linearly independent. Our proof also works for the case
2 < p < oo if A is contained in a lattice of the form aZ x BZ.
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1 Notations

Given f € S(R), fdenote the Fourier transform normalized as
flw) = / F@e™>m dr.
R

By f we denote the inverse Fourier transform of f. The same notation is used for the
extension of the Fourier transform to the L? (R) spaces, 1 < p < 2.
If (a, b) € R?, then f(a,b) denotes the time frequency translation of f given by

fap@) = f (x —a).

If A = {(ay, bk)},i\’:1 is a finite family of points of the plane, the set { f(ak,hk)}]](vzl is
shortened as S (f, A).

Given an interval I C R, the space L”(I) will be naturally identified with the
subspace of L?(R) consisting of those elements f such that f x;c = 0, where if E is
a measurable set, then xg denotes the characteristic function associated to E. On the
other hand, Cy(R) is the space of continuous functions vanishing at infinity.

Finally, given x € R, | x| will denote the integer part of x, and {x} = x — [x] the
fractional part of x.

2 Introduction
2.1 Statement of the Problem and Main Results
By the standard windowed Fourier transform theory, for arbitrary non-zero f € L>(R),

the f(a.») are a sort of basic building atoms in the following sense: for any & € L?(R)
one has (in an appropriate sense) that

1 f 12 = / /b h, Fan) fiay dadb,

where (-, -) denotes the inner product in L (R). In this context, the following conjecture
raised by Heil, Ramanathan and Topiwala in [10] is completely natural:

Conjecture2.1 If f € LP(R),1 < p < +o0 is nonzero and A = {(ay, bk)},I(v:l is
any set of finitely many distinct points in R?, then S (f, A) is a linearly independent
set of functions, that is, if

D e (x —ap) =0, ey
k

and the constants cy are not all zero, then f = 0.
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A function f with linearly dependent time—frequency translations has a very rigid
structure. In Sect. 3 we will show that this rigidity can be encoded in a family of linear
operators that allow to recover the function from its values in a compact set. This new
way to approach the problem allows us to provide a simple proof of the following
result, which as far as we know, is new for p # 2:

Theorem 2.2 Given a finite set of points A belonging to a lattice, the family S (f, A)
is linearly independent for any non-zero f € LP(R), for1 < p < 2.

Using symplectic transformations (see Sect.3.1 for more details), we can restrict
our attention to sets of time—frequency translation A of the form

{(a,n1),..., (Na,ny)}

where n; € Z.. The price to pay for this reduction is to consider functions in any
LI(R), 1 < g < oo orin Cy(R). So, Theorem 2.2 is a consequence of the following
result:

Theorem 2.3 Given a set of points A = {(a,ny),...,(@N,ny)} for some a €
(0, 400), the family S (f, A) is linearly independent for any non-zero f belonging
either to Co(R) orin L1(R), for 1 < q < oo.

We provide the proof of this theorem in Sect.3.3. Notice that each translation
parameter has a unique integer frequency associated. As we have already mentioned,
we reduce the problem to this special situation by using symplectic transformations.
However, a careful reading of the proof in Sect. 3.3 shows that the same arguments can
be used to prove the case where for each translation there are more than one modulation.
Moreover, the following more general result can be proved mutatis mutandis.

Theorem 2.4 Let o > O and let hy, ..., hy : R = C U {00} be 1-periodic functions
that are finite and different from zero almost everywhere. Then, the equation

N
fO) =" hi(x) f(x —ak), ©)
k=1

only admits the trivial solution in Co(R) and in any LY (R) with 1 < g < o0.

For a sake of simplicity in Sect. 3.3 we only prove Theorem 2.3, and we leave to the
reader the minor changes that are necessary to adapt that proof to the general version
stated in Theorem 2.4. The proof in both cases is close to the original idea of [10],
referred as conjugates trick by Demeter (see also [5,6,13]).

2.2 Previous Related Results

In case all modulation parameters by are zero, Eq. (1) is a convolution equation (con-
volving with a finite sum of delta masses) and the result is essentially trivial. Applying
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Fourier transform we obtain

&) e =0,
k

1mply1ng that f is supported in a discrete set. Incase | < p < 2, f is a function
in L (R), p’ being the conjugate exponent, and hence f and so f, is zero almost
everywhere. If p > 2 an extra regularization argument is needed (see [7]). If the
dimension is greater than one, then Rosenblatt found a function, which simultaneously
belongs to Co(R") and all the L? (R") spaces for p > nZT”l, and ithas linearly dependent
translates (see [14]).

We deal only with the case n = 1, where a positive answer is known in the following

cases:

(1) If f has the form f = q(x)e_xz, where ¢ is a nonzero polynomial (see [10] and
[9D).

(2) If f satisfies a one sided decay condition

lim | f (x)|e* 8" = 0.
X—> 00

for every ¢ > 0 (see [2]).

(3) If the points of A are collinear (see [7,9]),

(4) If the points of A are collinear, except for one exceptional point (see [9,10]).

(5) If p = 2 and A is contained in a lattice. This result was originally proved by
Linnell using an argument involving operator algebras (see [12] and also [11]).
Although Linnell’s proof is also valid in higher dimensions, it can not be extended
to other L” (R) spaces. Later on, Bownik and Speegle in [ 1] obtained an important
simplification of Linnell’s result. It is interesting that their argument is specific
for dimension one. As in the case of Linnell’s approach, their approach can not
be extended to other L? (R) spaces. A

The next stability results are also known for any p and any dimension (see [10]):

(1) If the independence conclusion holds for a particular f and a particular choice of
points {(ax, bk)},]c\’:1 , then there exists an ¢ > 0 such that it also holds for any g
satisfying ||g — fl, < € using the same set of points.

(2) If the independence conclusion holds for one particular f and a particular choice
of points {(a, bk)}llc\’: |» then there exists an ¢ > 0 such that it also holds for that
f and any set of N points in R? within & of the original ones.

3 A Reformulation
In this section we will explain a reformulation of the problem. This reformulation
requires some elementary facts about symplectic transforms already pointed out in

[10].
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3.1 Invariance by Symplectic Transformations

Let S (f, A) be a family of time—frequency translates. Note that this family is linearly
dependent if and only if

S (fa,—p), A+ (@, b))

is linearly dependent. Therefore, the points of A can be shifted vertically or horizon-
tally by paying the price of replacing f by a convenient time—frequency translation of
f.

The same idea can be done with other transformations of the set A. These transfor-
mations correspond to the so called symplectic group Sp(d). In our case, d = 1, this
group coincides with the special linear group SL(2, R) (see [3], [4] or [8] for more
details). In particular, any lattice A in R? has the form « GZ? for some G € Sp(1) and
a > 0. This will allow us to reduce Theorems 2.2 to 2.3.

The symplectic group is generated by three different kind of matrices

_(1/r 0O _ (1 O _ (0 1
Ar_<0 r)’ Br_<r 1), and ]_<1 0).

As in the case of the horizontal and vertical translations aforementioned, the linear
dependence of family S (f, A) is equivalent to the linear dependence of the system

S(Drf, Ar(N), S(Crf,B-(A), or S(f,J(A)).

Note that, as before, if we modify the set A we have to modify the function too. In
the first case, f is replaced by the D, f(x) = f(rx). In the second case it is replace
by Cr f(x) = €™ irx? f (x). Finally, in the the third case , f is replaced by the Fourier
transform of f.

The equivalence between the linear dependence of these systems is not difficult to
check. Indeed, applying the dilation operator D, f (x) = f(rx) to Eq.(1) we see that
S (f, A)is alinearly dependent if and only if S (D, f, A,(A)) is a linearly dependent.
Similarly, if we consider the Chirp operator C, f (x) = ™" x? f(x), then straightfor-
ward computations show that for each j

—wia? i(b: . irx2 ib:
Pl (62n1(b_/+raj)x Crf(x _ aj)) — Tirx (eZJTlhIXf(x _ aj))~

Therefore, S (f, A) is linearly dependent if and only if S (C, f, B,(A)) is a linearly
dependent. Finally, fsatisﬁes a similar equation as f where the modulation parame-
ters and the translation parameters interchange their roles, and the constants changed
only their argument. In consequence, S (f, A) is linearly dependent if and only if
S( f , J(A)) is linearly dependent. It is very important to note that this transformation
is available only if fis again a function either in L? (R) for some g < oo orin Cp(R).
This holds only if 1 < p < 2. For this reason, from now on we will assume that p
belongs to this range.
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Now, let us show how the symplectic transfoms can be used to simplify the problem.
Letg € LP(R) forsome p € [1,2],and let ' = {(oy, 5k)};1(\’:0 be a finite set of points
in the plane such that

N

> e g (x — ) =0,
k=0

where the scalars y; satisfy that ypyy # 0. Using the aforementioned symplectic
transforms, the set of points I' can be changed by a set of points A = {(ax, bk)},’(\’: 1
such that

O=ap<---<ay and bg=0.

Indeed, suppose that the original points do not satisfy these conditions. Note that we
can always assume that «p = Bp = 0 and the rest of o and B are non-negative.
Otherwise, changing g by a convenient time—frequency shift of it, we set the problem
in this situation. If the new points still do not satisfy the above mentioned conditions,
we proceed in two steps. Firstly we use the transformation B,, for » > 0 big enough,
in order to get a new set of time—frequency shifts such that their projection onto the
frequency component is injective. Secondly, we use the J transform to interchange
the roles of translations and modulations. The new set of points satisfies the afore-
mentioned properties.
For this new set of points there exists a function f such that

N
D eI f(x —ap) =0, 3)

k=0

where cocy # 0. Moreover, f = 0 if and only if g = 0, where g is the original
function in L? (R). The function f belongs to L”(R) provided we did not use J to
transform I into A. Indeed, if we use J for the set of points, then we need to use the
Fourier transform for the function, and the Fourier transform maps L? (R) into L7 (R)
and L'(R) into Co(R). So, in that case the function f will belong either to L4(R) or
to Co(R).

3.2 The Reformulation
As we have mentioned in Sect.3.1, the Conjecture 2.1 for p € [1, 2] has positive
answer if we prove that given a finite set of points in the plane A = {(ax, bk)},](\/:1 such

that

O=aqay<---<ay.
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then the equation

N

Y f(x —ar) =0,

k=0

only admits the trivial solution in Co(R) or LI7(R) (1 < g < 00), provided the
coefficients are not all equal to zero. Without loss of generality we can assume that
co = —1 and by = 0. Hence, f satisfies the following identity

N

) =) e fx —ap). “)

k=1

Equation (4) has a dual version, obtained by the change of variable u = x —ay and
some simple algebraic manipulations:

N o~
f)y =T futa). )

k=1

Hence, a measurable function f in the real line satisfies (4) if and only if it satisfies
(5). The coefficients in (5) are related with the coefficients in (4) in the following way:

~ -~ ~ CN— L~
a = aN — aN—f, bk = bN—k — bN, and Ck = — Nk eXp(ZTL’l bk aN), (6)
CN
where ag = by =0,c9 = —1. Note that, 0 <a} < --- <dy = ay.

Note that the solutions of (4) and (5) have a very rigid structure. Indeed, let f be
one of such solutions, and suppose that we only know the values of f for almost every
point of some interval [a, b) of length ay . By Eq. (4), these values give the values of f
in [b, b+ay). Thenthe values of f in[a+aj, b+a1] give the valuesin [b+aj, b+2a]
and so on. Analogously, by Eq. (5), the values of f in the interval [a — a1, a) can be
obtained a.e. from the values of f in [a, ). By the same observation, there is no
restriction on the values of f in [a, b]: starting from an arbitrary measurable function
in [a, b], this “deploying” procedure provides a measurable function on the real line
satisfying (4) and (5). Hence we can state

Proposition 3.1 If I is an interval of length ay, the mapping f — g = f|; is one-
to-one between the space of measurable solutions of (4) and the space of measurable
functions in 1. In particular, if f|; = 0 (almost everywhere), then f = 0.

Proving the conjecture amounts to prove that no nontrivial g can be deployed in
an L”(R) function. Equations (4) and (5) motivate the introduction of the following
operators.

Definition 3.2 For any x € R and 0 < ¢ < min{ay, a;} we define the operator
Re(x) : LP([x, x +an)) — LP([x, x +an) + £)
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by

gy ifye[x+4£,x+ay)

. .
Z/y:leez"“’”g(y—ak) ifyelx+ay,x+an+90) @

Re(x)g(y) = {

Straightforward computations show that L, (x) = Ry (x)~! is defined by

Li)g(y) = 150 ~ ify € [x+¢x+an)
sy = Z,]y:lacezmhkyg(y +ay) ifyelx,x+140)

For ¢ = min{ay, a1}, and n € Z, let f, denote the restriction of f to the interval
[nl,ay +nt), and R, = Ry(nt), L, = R;'. Then, f satisfies (4) if and only if
Rn(fn) = fn+1 or, iterating,

[1Ress | fe = frvnsr, ®)
j=0
[]Lenr-) | fi = fin- ©)
j=0

The operator products here, as well as in the rest of this note, should be understood
as an ordered product from the left to the right. Now note that || R, ||, ||L,|| < M for
some constant M, whence

I fianllp = M1 ficllp, ko n € Z.

With this reformulation, one can recover previously known results regarding suf-
ficient conditions on the decay of f at infinity (see [2]). Suppose that f € L?(R)
satisfies (4) and one of the following two decay conditions hold

an+ke ay—ke
lim M* |fIPdx =0 or lim Mk/ [fIPdx =0.  (10)
k— o0 kt k—00 —kt

Then, f = 0. Indeed, assume that f satisfies the second condition. With the above
notations, this second condition can be written as

li Mk — =0.
p m Il f k”p
SO, if we fix any n € 7 then

k
I folly < M|l f-ill —— 0.
k— 00
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This proves that fy = 0 almost everywhere, and by Proposition 3.1, f = 0 almost
everywhere. The same argument, using the operators L(x) can be done if f satisfies
the first decay condition. In particular if

lim ¢*|f(x)|=0 or lim e f@)|=0,c>0,
X—>400 X—>—00

then f = 0. This improves the results of [2] provided (4) holds. The general case
requires other techniques and a slightly faster decay (see [2] for more details).

3.3 Proof of Theorem 2.3

Now, we will use the aforementioned reformulation to prove Theorem 2.3. Suppose
that there exists function f in Co(R) or in some L7 (R) for some g € [1, c0), which
satisfies

N
fx) = ch 2T HOX £ (x — k), ny € N. (11)
k=1
Then it also satisfies the symmetric formula
N .~
fy = G N fu + ak), (12)

k=1

where the coefficients ¢ and 71y are computed using (6). Note that in particular for
every k

ﬁk =nNN_k —NN E 7.

Motivated by these two formulas, for each x € R, we define the linear operator
M(x) : CN — CV whose matrix in the canonical basis is

0 1 .0 0

0 0 .0 0

0 0 1 o |

0 0 0 1
Bnx) By—1(x) ... Bax) Pix)
2mi(ng)x

where Br(x) = cre
define

. Note that M (x) is 1-periodic. If for every x € R we

F(x) ::(f(x—Noz),f(x—(N—l)ot)...,f(x—a)), (13)

Birkhauser



63 Page100f15 Journal of Fourier Analysis and Applications (2020) 26:63

then Eq.(11) reads!

Foo) 2 Fix +a).

The matrix of the inverse operator M )L, mapping F(x + «) to F(x), is

_Bn-t _ By _B 1
BN By T BN BN
1 0 ... 0 o0
0 1 ... 0 O
0 0 ... 1 0

By induction, for any £ > 0 we get that

k—1 k
F(x+ak)=[[M@+je)F(x) and F(x—ak)=]][Mx - jo) ' Fx).
Jj=0 j=1

(14)
If f € L9(R), then for any integer m

Nmll f1 = /0 Y|P+ ak ] dx.

keZ

Choosing m = (le~ '] 4+ 1), the minimal number of intervals of size « needed to
cover the interval [0, 1] we get

1 1 %@ 1 o0
mN| fI4 2/0 ||F(x)||de+/0 Z||F(x+ak)||gdx+/0 Z”F(x—ak)”de,

k=1 k=1
and we obtain that

bz

k=0

q
dx < 0. (15)

q

k
[TMG—joy ' Fx)

k
[TMG+ jorF@)
j=1

j=0

q | o
dx < oo and / Z
0

q k=1

In particular

k k
[[Ma+joFw| +|[[Me—jo " F) —— 0, ae. (16)
J=0 g 1= q -

I Since the translation parameters belong to a lattice, roughly speaking, the value of f at the point x depends
only on the fiber x + «Z. This symmetry is inherited by the operators R (-), which can be decomposed in
operators acting on the 22 space associated to these fibers. The matrices M (x) are related, in some sense,

to those operators acting on the fibers.
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On the other hand, if f € Co(R) then (16) also holds by (14). Actually, in this case
it holds not only almost everywhere, but it holds for every x € R. From now on, the
strategy is different depending on whether « is rational or not.

The Rational Case If o = % € Q, then n — M (x + an) is b-periodic. Thus, if we
define

Mx)=M@x+ (B —Da)-Mx+ b —2a) ... M(x +a) - M(x),

then M~ (x) = M) " M(x+a)! ... MGx+G—Da)™ =[]/ M(x — jo)~!
and so

1 oo 1 oo || kb 4
/ Z”M"(@F@)H%:f ST M@+ HF@)| dx <oo and
0 =0 4 0 %o | =0 .
(17
1 o q 1 o kb q
/ ZHAZ—"()C)F(;C)H dx:/ ST Me - ' Feo| dx <co.  (18)
0 o a 0 o | =1 .

In conclusion, if f € L9(R) satisfies (11) and F is defined by (13) then

1 . q
fo ;%Z: HM (x)F(x)Hq dx < 400,

which implies that

HJVI"(x)F(x)” —0, ae.
q |k|—>oc0

On the other hand, if f € Co(R), then same should hold as a consequence of (14). The
following simple lemma shows that this is possible only if F(x) = 0, which proves
Theorem 2.3 in the case @ € Q.

Lemma 3.3 Let T be an invertible operator on CV. Given v € CV, if

IT"v]l, —> O, (19)

|n]—o00
then v = 0.

Proof Suppose that (19) holds for some non zero vector v € CV. Then, it does for
every element of the subspace S generated by {T"v : n € Z}. Since this subspace is
T -invariant, T induces an invertible operator on S, which we denote by T's. Note that

175wl m 0 forevery weS. (20)
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Let A be an eigenvalue of T's. Note that A # 0 because T is invertible. Now, take a
unitary vector v, € S such that Tsv; = Av,. Then

ITgvall = 2",
which clearly does not satisfies (20). O

The Irrational Case Now, we assume that « ¢ Q. There are two key facts in the
argument for the irrational case. Firstly, the matrix valued function M is 1-periodic,
ie., M(x + 1) = M(x). Secondly, for almost every x € R, the matrix M(x) is
invertible. The periodicity of M reduces the problem to the torus, which we will
identify with the interval [0, 1). Consider the map 7, : [0, 1) — [0, 1) defined by
14 (x) = {x + o}, where {-} denotes the fractional part function. This map is ergodic.
The main idea of the proof is that in (16) the products inside the norms are in some
sense inverse one to each other, so that they cannot be small simultaneously.
For every x € [0, 1), we define the following subspace of CV:

k k
Li={veCV: l_[M(x+ja)v + l_[M(x—ja)flv k—>0
—00
Jj=0 j=1

q q

Using the fact that 7, is ergodic and the operators M (x) are invertible we get the
following result.

Lemma 3.4 Suppose that there exists a non-zero function f satisfying (11), which
belongs either to Co(R) or to L1(R). Then, there is a positive integer d, and a full
measure ty-invariant subset 2 of [0, 1] such that for every x € Q

dim £, =d.

Proof For d = 0,1,..., N, define Q; = {x € [0,1) : dimL, = d}. Since
M(x)Ly € L, (x) and each operator M (x) is invertible, one has 7, (24) = Q4.
Because of the ergodicity of t,, this shows that |24] = 0 or |Q24] = 1. Since the sets
4 are disjoint, and their union is the full measure subset of [0, 1], there exists only
one d such that |24] = 1. Our assumption on the existence of a non-zero f satisfying
(11) implies that (16) holds (at least) almost everywhere. So, for almost every x the
dimension of L, is positive, which concludes the proof of the lemma. O

Before going on, we will introduce some notation. For each x € 2, we will identify
L, with C? and S? will denote the unit sphere of C¢ with respect to the p-norm, i.e.

S'={veC: v, =1}
We denote by S the (measurable) vector bundle Q x C¢, and by S| = Q x S%. In
S1 we will consider the probability measure given by the product of the Lebesgue

measure in € and the rotational invariant measure in S¢.
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Finally, we define the function 7,, : S — [0, +00) by

To(x,v) = | [[ MG+ jev| +|[[MG—jor v

=0 j=1

q q

By definition of the subspaces £, we have that 7, —— 0 pointwise in S;. So, by
n—oo
Egorov’s theorem, given € (0, 1) there is a set S{") C &) such that |Sl(”)| =1-—1

and

lim 7, =0 uniformly on S\
n—>oo

Lemma 3.5 There exists Qo € Q2 such that || > % and lim T, = 0 uniformly on
n—oQ

Qo X s4.

Proof Let ey, ..., e; be the elements of the canonical basis of C4. For each Jj €

{1,...,d} let C;S) be the spherical cap centered in e; of measure §. If § is small
enough, there exists a universal constant ¢ € (0, 1) such that for any choice of vectors

w; € Cﬁ.‘s), 1 < j <d, one can write for every u € s
d d
w=Yy cjw; with Y |e;[9 < (1+e). Q21
j=1 j=1
Let S be the section of S\’ corresponding to x € £, that is:
Sf"; = Iv eC?: (x,v) € £§’7)].

and Qp = {x € Q1 S}")| = B}, so that

1
1—n=|81(”)|=/0 1p1dB < B+ (1—B)IQl, 0<p<l.

Choosing n = % and B = 1 —4n = 1 — § we see that there exists a subset ¢ of €2
such that [2o] > 3 and |S{")] > 1 — 8, x € Q.

Fix x € Q. Then, for every j € {l,....d} it holds that |S{") N C}"| > 0.
Therefore, for each u € S¢ we can take Wy, j € Sf"; N Cﬁ.‘s) for each j for which (21)
holds. Then, since

d
T w) =< ( max le;1) ;Tn(x, we))

Birkhauser
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d
< (48 Y Tulx, wy ),

j=1
we conclude that 7;,(x, u) —— 0 uniformly in ¢ X S4. O

n—0o0

Consider a set 2¢ as in the previous lemma. Then, there exists n > 1 so that
1 d
Tn(x,v)<§, V(x,v) € Qp x S“.
Fix this n > 1. Since 7 is measure preserving, |t} (20)] > %. Therefore

|7 (S20) N ] > 0.

So, there exists x € ¢ so that 7/} (x) also belongs to €2¢. In consequence we have that
for every v, w € s4

n
and l_[ M(t) (x) — joy tw|| <
j=0

| =

‘ 1
HM(x—}—ja)v <§

j=0

q q

Howeyver, since
—1

[[MEZ @ —jo™ =] M&+jn |

J=0 J=0

taking v € S¢ and combining the above inequalities we get

-1

n n
1
1= M ' M j -
H (x+j) 1_[ (x+]v <3
J=0 Jj=0
q

This contradiction completes the proof of Theorem 2.3.

Acknowledgements The first author would like to thanks to the Centre de Recerca Matematica of Barcelona
(CRM), and the Institute of Mathematics of the University of Barcelona (IMUB) for their hospitality. Part
of this work was made when the first author was visiting the CRM with the support of a Santal¢ fellowship.
The first and second authors would also like to thank Professor Mark Melnikov for fruitful discussions about
this problem. Finally, the authors would like to thank Professor Feichtinger and the anonymous referees for
several comments and suggestions that help us to improve the manuscript.

Birkhauser



Journal of Fourier Analysis and Applications (2020) 26:63 Page 150f 15 63

References
1. Bownik, M., Speegle, D.: Linear independence of Parseval wavelets. I11. J. Math. 54(2), 771-785 (2010)
2. Bownik, M., Speegle, D.: Linear independence of time-frequency translates of functions with faster

11.

12.

13.

14.

than exponential decay. Bull. Lond. Math. Soc. 45(3), 554-566 (2013)

de Gosson, M.: Symplectic Geometry and Quantum Mechanics. Birkhiuser, Basel (2006)

de Gosson, M., Luef, F.: Metaplectic group, symplectic Cayley transform, and fractional Fourier
transforms. J. Math. Anal. Appl. 416, 947-968 (2014)

Demeter, C.: Linear independence of time frequency translates for special configurations. Math. Res.
Lett. 17(4), 761-779 (2010)

Demeter, C., Zaharescu, A.: Proof of the HRT conjecture for (2,2) configurations. J. Math. Anal. Appl.
388(1), 151-159 (2012)

Edgar, G.A., Rosenblatt, J.M.: Difference equations over locally compact Abelian groups. TAMS 253,
273-289 (1979)

Grochenig, K.: Foundations of Time-frequency Analysis. Springer, Berlin (2013)

Heil, C.: Linear Independence of Finite Gabor Systems, Harmonic analysis and Applications. Applied
and Numerical Harmonic Analysis, pp. 171-206. Birkhduser, Boston (2006)

Heil, C., Ramanathan, J., Topiwala, P.: Linear independence of time-frequency translates. Proc. Am.
Math. Soc. 124, 2787-2795 (1996)

Heil, C., Speegle, D.: The HRT conjecture and the zero divisor conjecture for the Heisenberg group.
In: Balan, R., et al. (eds.) Excursions in Harmonic Analysis, vol. 3, pp. 159-176. Birkhduser, Boston
(2015)

Linnell, P.A.: von Neumann algebras and linear independence of translates. Proc. Am. Math. Soc. 127,
3269-3277 (1999)

Liu, W.: Letter to the Editor: Proof of the HRT conjecture for almost every (1,3) configuration. J.
Fourier Anal. Appl. 25(4), 1350-1360 (2019)

Rosenblatt, J.M.: Linear independence of translations. J. Aust. Math. Soc. A 59, 131-133 (1995)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

) Birkhduser



	Linear Independence of Time–Frequency Translates in Lp Spaces
	Abstract
	1 Notations
	2 Introduction
	2.1 Statement of the Problem and Main Results
	2.2 Previous Related Results

	3 A Reformulation
	3.1 Invariance by Symplectic Transformations
	3.2 The Reformulation
	3.3 Proof of Theorem 2.3

	Acknowledgements
	References




