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Summary. — We give for D = 6 the general gauge transformations that keep the
superfield within the Wess-Zumino gauge (any component with less than two indices
of each type «,a is absent). We built the gauge-invariant components and write
down all the partial Lagrangians. Finally we briefly discuss a dimensional reduction
to D=4.

PACS 11.10 — Field theory.
PACS 11.30.Pb - Supersymmetry.

1. - Introduction.

This work is complementary and a continuation of a previous one[1] in which we
discussed the gauge superfield in six dimensions.

The choice D =6 has for us two main reasons, namely:

In the first place, in that number of dimensions, the equations of motion
resulting from the natural application of supersymmetry are of fourth order[2]
for the lowest component of the gauge superfield and this is the simplest example
of a higher-order equation resulting from supersymmetry. In the second place,
among the physical components of the gauge superfields we noted the presence
of several interesting fields, which we called[1]: graviton, gravitino, photon,
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photino and also a complex vector field and a real three-vector, with the additional
property that we have them all unified in a single superfield.

D =6 has not only the appeal of the possibility of extended supersymmetric
theory [3] and a realistic supersymmetric GUT [4], but for us it provides the simplest
example of higher-order equations of motion for physical fields[2]. In this sense, we
noted previously that in higher-order equations the potentials, i.e. the couplings of
the different orders of derivatives, should be related so as to obtain equations with
physical significance[5]. We think that perhaps sypersymmetry is the only
relativistic symmetry that can relate the couplings in such a way that these
conditions are fulfilled.

With that motivating ideas in mind we are developing the theory with the hope
that it can provide us with a guidance to get a treatment fit for higher-order
equations. In particular one hopes that by coming down to fourth dimensions with
«Kaluza-Klein procedures» one can obtain here fourth-order differential equations
which have physical content.

With regard to this last point it is worth taking into account that by using the
D — « method in a higher-order invariant equation, one obtains a second-order
equation as an approximation to the exact wave equation of the theory. So in this
sense an invariant higher-order equation has a second-order equation as an
approximation. (A note on this point will be published elsewhere.)

2. - Notations and definitions.

For the sake of clarity we repeat here some definitions we have used in ref. [1]
which are based on Elie Cartan’s book[6].
Dirac matrices in d = 6 are defined by

0
@.1) r={_ ™ @,r)y=2m.,
% 0

where y/ =y, =7, for « = 1, ..., 5 are five Hermitian four-dimensional Dirac matrices
and ?’0=”‘}~’o=1'- o
The transposition matrix is

@ c=(5 ) Ce=nm C'=-1 Cr=yTc, Op=iTC.
The scalar product of two Weyl spinors of different types is defined by

(2.3) ¢, Ci¢* = ¢C¢ = scalar.

The conjugate spinor is defined by

(2.4) ¢=C¢*, $=¢"C.

Note that, while the transposition matrix C = I';I; T, the conjugation matrix (in 6D)
is

cC 0

R "'=T Iy = .

(2.5) c o L5 (0 C)
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In order to construct a chiral field with Weyl spinors of the first type we take the
Grassmann variables as spinors of the second type 6, and 4,.

3. — Gauge transformations.

As we pointed out in ref.[1], the real superfield has the general form

4
3.1) V=2 0, BAS B0 0, (AR 2)*=A0 0
s,t=0
The Abelian gauge transformation is given by
(3.2) V' =V+ig-4),
where
(3.3) D,D,4=0 and D,D,{=0;

D;,D, are the usual covariant derivatives.
By means of the transformation (3.2) we can go to the Wess-Zumino gauge where
the components of V with less than two indices of each kind are zero. In that

gauge

4
3.4) V=2 6, .0, Al 2gn g

-7
8,t=2

We can still remain in this gauge, as can be verified, by a transformation induced by
the following general double chiral superfield:

(3.5) ¢ = exp (16361 + 0° A, + 228, + 6°6, (A5 — 183 1) + 2i6% 6°26, 3712, ],

where 2, A,, ¢ are arbitrary up to the restrictions

(3.6) A= 2%, 2= (H*,

The corresponding gauge transformation is

BT ilY —¢) = 6710720, 6,05 Az + 1071 072, 6,6, 341 322 k% + i1 672 6°50, 6, 821932 A, +

67 672 675, 0, B, 0% 9% AT A + %o«*xeﬂzoﬂsé&l. B, 0% 8% 2k 4% +

ay Jag CtYay Tay Tag Ttag

1 BT T Ak ke 1 BT Ak Ak s gk
g 0,0, 0, 05 05 gr 00Dy, B, 02 B

Using (3.2) and (3.4) it is easy to see that the components of V transform in the
following way:

i A p
(3.8) A'niie=AM% 492102,
(3.9) Aldiii = Addda g jaigleyte;  Arhd = AR 4ighgi

(3.10) A'jisi = A Sy ghgiegh),

axp23 a) xp X3 3
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1 1

ray...ag — &) .. &) Qap Q&3 %4 . rayagag @y Qap A&
(3° 11) A 1111223‘ - Aallazfx; + g aall aa: aa:A ¢ ’ A all...za48 - A:ll.i'.z;:s + —3_ aall 8122 aa: qu ’
1Ay Rp a3 %y — %) Xp AZ &, Xy A& A3 Y X
(3- 12) A allazzz;a: - Aaqlazzfzséq‘ + 3' aall aagz aa: )‘a: .
.

In the right-hand members of these equalities it must be understood that the
terms containing the gauge parameters are to be antisymmetrized for both types of
indices « and a.

It is easy to see that A% % A%%% and 4.5%%% can be replaced (or redefined) by

linear combinations which are gauge invariants

A Ao X3 Ry X} X2 &3 &, = a Xp A3 X,
Ba,&xzisa ‘= Aallazzaga ‘+ 3 aall Aazzags ‘ y
(3.13)
X &2 X, — xX] A9 &; "4
B“llﬂzzlgﬂt - Adllzzﬂgﬂu + § a“llA:Z::au
Xy agdAgdy — ) & &3 Q — &) ap a3 & 2] & aga
(3.14(1) Dﬂltlziait‘ = Deroecas Exiagagay — Aa1lazzata§l44 + a:: ad: Aasaa: ’

where again the terms with derivatives must be antisymmetrized in both types of
indices.

According to Cartan [6] we can express the multispinor field components into its
tensor components

(3.14b) A=A +A,,,.. G y;.

A is a completely antisymmetric self-dual tensor.

vivevs

(3.15) Al = (y0),,, (Cy)=A4,,,

(8.16) Adiada = rébd AL (v, 0),,,,
3.17) Ajiatan = gaiaisi B (< C), .,
(3.18) Ajiiiad = ghmdoitg, o na A%

Also, in particular, for A%, we have

(3.19) 2= A7+ A, (P Y);

Using these formula, together with (3.8) to (3.12) we find

(3.20) Al = Ayt 3, +0,4,— 7, 0%2,,

3.21) Al =Apat+Fr,, 3*Aq,, = gauge invariant,
where (uv) means symmetric part and [uv] antisymmetric one.
(3.22) A" = A2+ (C3y,3)% ),

(3.23) Al =A,+3,0x, A,,, =gauge invariant,

(8.24) B* = gauge invariant, D = gauge invariant, B, = gauge invariant,



GAUGE TRANSFORMATIONS FOR SIX-DIMENSIONAL SUPERFIELDS 163

from (3.22)
(3.25)  (1O)gALlf = (y*C) AL + (140)ys(Cy, )% A, = (y*C)y AZ + 401,
So, one can adjust A, so as to have a zero «gamma trace» gauge

(3.26) (1*C)s AP =0.

4. - Lagrangian.

The redefinitions we have introduced in (3.13), (3.14) to obtain gauge-invariant
tensors induce modifications in the partial Lagrangians for the corresponding field
components. In particular this is so for A% and Aj122% . Instead there are no changes
for the Lagrangians corresponding to the rest of the fields.

Let us recall the construction of our Lagrangian
4.1 L=ennsW, W,.[ +he

ay X2 X324

(see form (24) of ref.[1]), where the chiral superfield strength is given by[1]

4
W...=DD,D,V.
Let us start with the «diagonal» component terms. The Lagrangian is built from
the following part of W, :

142 °

{00) 8u Ay + 203 O, AT, + 95 95 AL — 310, ALY, + 605 ALSR + 12400000,

[ay

but according to (3.14) we must add and subtract to the last term the quantity
“.2) 1265 9 A

azay I
properly antisymmetrized, then Dji ¢ appears in the Lagrangian explicitly, and at
the same time, the Lagrangian of A2 is now

& az

(4.3) L= (30102 A5+ 20502 Akg + 951 0 ARd)-

a18p ayag

2. o PR (aﬂl aﬁz Agasf: + 2851 aﬂz Arésr;ﬂ + agl 852 A:31134) &, 4y

€ x) ...y a3~ ay B3 Y agf taghy 3 Bt tagay
using now (3.15) we obtain

(44) f2,2 = 88“8“A(W) SPG’A(FU) + 6 DA(W) DA(“V) -0d A: DA: -
—-120A4,,,0*9,A” +40A: & T A, + 128,08 A,,, & 3, A1,

The last term is the only contribution of the antisymmetric part of A,,, which
appears through its gauge-invariant divergence 9“A,,). For the symmetric part we
can then choose «De Donder gauge» 3,A; = 23"A,, for which the Lagrangian takes

the simplest form:

(45) f2’2 =0 A(;Av) DA(’“); / é,,2 = a.oa!‘A[#vJ & acA[n] .
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It is easy to see that one can still remain in this gauge if we make transformations
generated by 2, such that 00, = 0, 3*4, = 0. A similar procedure can be followed for
the component A%, for which we find (taking into account (3.13))

4.6) Lps=~(0803kARi, +205 3R Aki Ve, . . . ghmnn.

ayapag/ Eayagaga &

(AL + O AL

L BiBBs
4 )€ﬂ132ﬁ3ﬁ4 e,

And with the use of (3.16) and the «gamma gauge» (3.26)
4.7 o3 =40 AZ3:0,A; +1AZ5F AL .
The Lagrangian for A222%% is easily written down

A BiBoBsf &) A&y A a3d &y Q&g A &3 a1 32 A Ggé .
4.8) o= AQEPH {001 0 Aftista,s, + 835 05t Als s, + 635 O AT Ca, )

aazf3Ba
e s e
which, with (8.17), takes the form
4.9) fgy4=2§"a,‘ &B,—B*0B,.

For AX1%% we have

aapag

(4.10) f3’3 ~ {a:4A:11[;1%:3 + aalaA“laz“a}{aig:AQé@szé‘ia + ag;Aﬁnﬁzﬂs} C g% €4y iy i €5, -

2 ay xz8y agayBy

Using (3.14), we obtain
4.11) L33=F"F,, with F,=03,A,—3,A

v ® I

4.12) £is=G"G, with G,=&FA

uve *

For Aji2%% taking into account (3.13):

(4.13) Fya= Bt if i, e, Aty

o308
And using (3.18) we obtain

4.14) L34=1B*3B,.
Finally, with the definition (3.14)

4.15) Pas=D".

5. ~ Discussion.

The gauge superfield has the following tensor content: a second-rank tensor, 4,,,
a real vector A, and a real self-dual antisymmetric three-vector 4, ,.,, a vector spinor
A?, a complex vector B,, a spinor B* and an auxiliary scalar field D.

It is perhaps interesting to perform a naive-dimensional reduction to four
dimensions (fields independent of x,,x;). We shall do that together with a brief
comment on each of them.
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A,,: the symmetric part when reduced to four dimensions (independence of
x4, %s), gives rise to a symmetric tensor A;, two vectors A;, A and three scalars:
Ay, Ass, Ay, all of them obeying OO A,, = 0. The antisymmetric part appears (see
comment below (4.4)) only through its gauge-invariant divergence which generates a
four-vector and two scalars satisfying the usual wave equation.

A reduces to a four vector-spinor A and two Dirac spinors A{AgZ. The
Lagrangian is

(.1) L =4AAGAL+TAGAI+ DAFAL+ DA AL + DAL AL,
with the corresponding third-order equations of motion:

(5.2) 03:A7—48;8'0:Af =0 («gravitino» equation),

(5.3) 08:Ay =0.

Ag, is not really independent as the «gamma gauge» condition (y* C),;A? = 0 can be
used to eliminate it.

A, leads to a four-vector and two scalars, one of which can be eliminated with
the gauge condition.
It is easy to see that the Lagrangian (4.11) reduces to the usual Maxwell
Lagrangian for the four-vector A; together with the wave Lagrangian for the
scalar.

A, st 1t reduces to a pseudovector A':A, = eijklA’, and an antisymmetric
tensor A;,. Due to self-duality Ay; is not independent of Ay and Ays is not
independent of A .

It is perhaps amusing to see that the Lagrangian (4.12) implies
(5.4) Ly =34,,3A%

Tvp

and splitting the pseudovector part
(55) ,f)glg' = ai EijkmA‘u al EljknAn = ﬁ’lnﬁ‘m , where ﬁ’ln = 8“21” - a,, Al .

This Lagrangian gives Maxwell equations for the pseudovector /All who should be

generated by pseudoscalar charges (of the type of magnetic monopoles), while A,

corresponds to an electromagnetism generated by charges of the electric type.
The other part of the Lagrangian

L85 = aiAij4 dAM
generates as equations of motion

3;0' Ay = 8;08' Ay,
which means that
(5.6) Ay =03;¢ with O¢=0.

B,: It gives rise to a four-vector B; and two complex scalars obeying the
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equations of motion

28i8iBj=E]Bi and DB4=D35=O.

B*® 8%B,: when reduced to four dimensions it gives Dirac massless equations for
B,
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