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Abstract Given Hilbert spaces H and K, a (bounded) closed range operator C : H — K
and a vector y € /I, consider the following indefinite least squares problem: find # € H such
that (B(Cu — y), Cu — y) = miny¢ (B(Cx — y), Cx — y), where B : L — K is a bounded

selfadjoint operator.

This work is devoted to give necessary and sufficient conditions for the existence of
solutions of this abstract problem. Although the indefinite least squares problem has been
thoroughly studied in finite dimensional spaces, the geometrical approach presented in this
manuscript is quite different from the analytical techniques used before. As an application
we provide some new sufficient conditions for the existence of solutions of an H*> estima-

tion problem.
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66 J.I. Giribet

1 Introduction

Given Hilbert spaces H and /C, a closed range operator C € L(H, K), a selfadjoint operator
B € L(K) and a vector y € K, we say that a vector u € H is a B-least squares solution
(B-LSS) of the equation Cx = y if it satisfies

(B(Cu—y),Cu—y)=min(B(Cx — y),Cx — y). ey

Observe that, if B is a fundamental symmetry, i.e. B = B* = B~', (1) is an optimization
problem in Krein spaces that may not admit any solution, even in the finite dimensional
case, see [15, 16].

In the last years there has been an increasing interest among engineers in solving practical
problems which involve the minimization of certain linear functionals in indefinite metric
spaces. In particular, the introduction of Krein spaces in H* estimation and control tech-
niques made possible to adapt traditional tools of control theory to H> control problems
(see [17] for a complete exposition on this subject). Moreover, some aspects of the indefi-
nite metric spaces theory have provided an explanation to important issues in adaptive filter
theory, see [14, 16].

A problem related to B-least squares problems is the linear state estimation in H*
spaces. Given the output signal y = {y,},en € £2(CY) it is intended to estimate the state
of the system x = {x, }nen € £2(C™) assuming that it satisfies the following dynamics:

Xn41 = Anxn + Dnuna (2)
Yn = CuXy + vy,

where {An}neN < L(Cma (Cm), {Dn}neN - L(va (Cm) and {Cn}neN - L((Cm’ Cq) are known
sequences of operators and the initial condition xo € C” and the signals u = {u,},en €
£2(CP) and v = {v, }nen € £2(CY) are unknown. A broad class of physical systems can be
described by (2), which are commonly called a state space representation of the system.

The linear state estimation problem consists in finding F € L(¢2(C?), £2(C™)) such that
X := Fy, approximates (in some sense) the state of the system x = {x, },cn. There are several
different techniques to tackle the linear estimation problem, each one depending on the
criterion of approximation selected, for instance the suboptimal estimation in H* problem
focuses on, given y > 0 find, if it is possible, x € £%(C™) such that:

Zn ||£n — Xn ”2
sup 2 2 2
x0€C™ ,uel?(CP),vel2(C1) llxoll* + Zn llze, )I1* + Zn [lvn |l

<V 3

The above equation can be interpreted as trying to estimate a bound y for the ratio between
the estimation error and the unknown parameters in the system, which are represented by the
signals u, v and the initial condition x,. The smaller y is, the better the estimation problem
can be solved. It is not difficult to see that there exists a solution of the suboptimal estimation
in H™ problem if there exists a B-LSS for an appropriate equation Cx =y in some Hilbert
space (see Example 3.2).

This work is devoted to give necessary and sufficient conditions for the existence of
B-LSS of the equation Cx = y. Although the indefinite least squares problem has been
thoroughly studied in finite dimensional spaces [3, 15, 24], the geometrical approach pre-
sented in this manuscript is quite different from the analytical techniques used before.
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A Geometrical Approach to Indefinite Least Squares Problems 67

Given a closed range operator C € L(H, K) and a vector y € K, the classical least squares
problem consists in finding the minimal norm u € H such that

ICu — y| = min||Cx — y]. “
xeH

Observe that min, ¢y |Cx — y|| is the distance between the vector y and the (closed) range
of C (hereafter denoted R(C)) so (4) says that ||y — Cul|> = ||(I — P)y||?, where P is the
orthogonal projection onto R(C). Moreover, (4) holds if and only if Cu = Py. Therefore,
the (unique) solution of the least squares problem is given by u = C'y, where C7 is the
Moore-Penrose inverse of C.

More generally, if A € L(K) is a (semidefinite) positive operator, a weighted least squares
solution of the equation Cx =y is a vector # € H such that

[Cu—ylla =min||Cx — yll4, 5)
xeH

where | || 4 is the seminorm on K defined by ||x| 4 = ||A'/?x| = (Ax, x)'/2. This problem
was studied in [6, 12] and some applications to statistical problems can be found in [4, 5,
21, 23]. Notice that (5) is equivalent to

{A(Cu—y), Cu—y) =min{A(Cx — y), Cx — ),

so it can be seen as a particular case of (1).

Our approach to the B-least squares problem is, essentially, the same presented above
for the classical least squares problem. Using the geometrical properties of the B-selfadjoint
projections (selfadjoint projections with respect to the sesquilinear form we are considering)
we can find the B-LSS of Cx = y provided that a B-selfadjoint projection onto R(C) exists.
However, the existence of these projections is not a trivial fact and it has been studied in
several papers, see [7-9, 13].

It is also worthwhile remarking that this manuscript does not intend to provide algorithms
to estimate the solutions of the B-least squares problem but to relate the existence of such
solutions to some abstract geometrical conditions such as angles between subspaces, oblique
projections and generalized inverses.

The paper is organized as follows. Section 2 contains some preliminary results, mainly
on B-selfadjoint projections. In Sect. 3 we recall that a necessary condition for the existence
of B-LSS is that R(C) is a B-nonnegative subspace (i.e. (x,x)p > 0 for every x € R(C)).
Under this hypothesis, given y € I, the B-LSS of the equation Cx = y coincide with the
solutions of the normal equation associated to the problem:

C*B(Cx —y)=0.

Furthermore, if K = R(C) + R(BC)* and y € K\ R(C), we show that u € H is a B-LSS
of Cx =y if and only if Cu = Qy for some B-selfadjoint projection Q with R(Q) = R(C).
We also prove that, for a fixed vector y € IC, the set of solutions of the normal equation is an
affine manifold, parallel to the nullspace of BC.

Finally, a minimization problem among the B-LSS of the equation Cx =y is presented.
If A € L(H) is a selfadjoint operator, we look for those w € H which are B-LSS of Cx =y
and satisfy

(w,w)s < (u,u)s, forevery B-LSSucHof Cx=y.
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68 J.I. Giribet

A vector w € H satisfying the above conditions is called an A B-least squares solution (A B-
LSS) of the equation Cx = y. It is shown that w € H is an AB-LSS of Cx =y if and
only if w= (I — Q)C' Py, where P and Q are appropriate B-selfadjoint and A-selfadjoint
projections, respectively. In this case, the operator D = (I — Q)CTP € L(K, H) can be seen
as a “weighted inverse” of C because it is a solution of

CXC=C, XCX=X, A(XC)=(XC)*A, B(CX)=(CX)*B.

The solutions of the above equations have been studied by X. Sheng and G. Chen [25] in fi-
nite dimensional spaces. They can also be seen as an extension of the weighted inverses con-
sidered, for positive weights, by Eldén [11] (in finite dimensional spaces) and by G. Corach
et al. [6] (in infinite dimensional Hilbert spaces). See also the book by A. Ben-Israel and
T.N.E. Greville [1] and the paper by X. Mary [20].

Section 4 is devoted to study the solutions of the normal equation without the restriction
of R(C) being B-definite. In this case, there no longer exist B-LSS of the equation Cx = y.
However, the solutions of the normal equation C*B(Cx — y) = 0 can be related, under
certain decomposability condition on R(C), to the solutions of a min-max problem.

2 Preliminaries

Along this work H and /C denote complex (separable) Hilbert spaces, L(H, K) is the algebra
of bounded linear operators from H into K, L(H) = L(H,H) and CR(H, K) is the set of
(bounded linear) closed range operators from H into K. If T € L(H, K) then T* € L(K, H)
denotes the adjoint operator of 7', R(T') stands for the range of T and N (T') for its nullspace.

Consider the following subsets of L(7): let L(H)* be the cone of (semidefinite) positive
operators, L(H)® the (real) vector space of selfadjoint operators and denote by Q the set of
(oblique) projections, i.e. Q={Q € L(H) : 0>= Q}.

If S and T are two closed subspaces of H, denote by S + 7 the direct sum of S and
T,S @ T the (direct) orthogonal sum of themand S8 7T :=SNSNL. IfH=5+ 7T,
the oblique projection onto S along 7, Ps)r, is the projection with R(Pgs)7) =S and
N(Ps)7) = 7. In particular, Ps := Pg)s. is the orthogonal projection onto S. If C €
CR(H, K), CT denotes the Moore-Penrose inverse of C.

Given B € L(H)® consider the sesquilinear form in H x H defined by (x, y)p := (Bx, y),
for x,y € H. If S is a closed subspace of H, the B-orthogonal companion to S is given by

St i={xeH : (x,s)p =0 forevery s € S}.

It holds that S*8 = B~!(S1) = B(S)*. Given two closed subspaces S and 7 of H, we say
that S is B-orthogonal to T if T € S*# and denote it by S 7.

A vector x € H is B-positive if (x,x)p > 0. A subspace S of H is B-positive if
every x € S, x # 0, is a B-positive vector. B-nonnegative, B-neutral, B-negative and B-
nonpositive vectors (and subspaces) are defined analogously.

Also, the B-isotropic part of S is defined by N :={x € S: {x, s)p =0 Vs € S}. Observe
that V' =S N S*# and there exist closed subspaces S of H such that A" # {0}.

Definition 2.1 Given B € L(H)*, a closed subspace S of H is said to be B-decomposable if

it can be represented as the B-orthogonal direct sum of a B-neutral subspace Sy, a B-positive
subspace S, and a B-negative subspace S_, i.e.

S=Sy+8,+s..
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A Geometrical Approach to Indefinite Least Squares Problems 69

It is important to notice that not every subspace S of H is B-decomposable, see [18,
Example 1.33]. Observe that, if S is B-decomposable then Sy = N/, see [18] for a complete
exposition on this subject.

An operator T € L(H) is B-selfadjoint if (Tx,y)p = (x, Ty)p for every x,y € H. Itis
easy to see that 7T satisfies this condition if and only if BT = T*B.

Definition 2.2 Let B € L(H)* and S be a closed subspace of H. The pair (B, S) is compat-
ible if there exists a B-selfadjoint projection with range S, i.e. if the set

P(B,S):={Q€Q: R(Q)=S, BO=Q"B}
is not empty.

Notice that a projection Q is B-selfadjoint if and only if N(Q) € R(Q)*5, see
[7, Lemma 3.2]. Then, (B, S) is compatible if and only if

H=38+B(S)".

In [10], given two closed subspaces S and 7 of H, the minimal angle between S and T
is defined as the angle in [0, /2] whose cosine is

co(S, T) =sup{[(x,y)| :x €S, x| =1, ye T, llyl =1}.

By [9, Theorem 2.15], the compatibility of the pair (B, S) is equivalent to the following
angle condition:

co(SH, B(S)) < 1.

Given a compatible pair (B, S), the B-isotropic part A/ of S coincides with S N N(B)
and the Hilbert space H can be decomposed as H = S + (B(S)* & N), so the following
oblique projection is well defined:

PB'S = PSHB(S)LGN' (6)

Observe that Py s € P(B,S) because R(Pss) =S and N(Ps.s) € B(S)*. In what fol-
lows, we state several results about the set P(B, S) which will be needed later.

Theorem 2.3 Let B € L(H)* and S be a closed subspace of H such that (B, S) is compat-
ible. Then P (B, S) is an affine manifold that can be parametrized as

P(B,S) = Py.s + L(S*, N),

where L(S*, N) is viewed as a subspace of L(H). Moreover, Pg s has minimal norm in
P(B,S).

Proof See [7, Theorem 3.5]. O

Proposition 2.4 Let B € L(H)* and S be a closed subspace of H such that (B, S) is com-
patible. If Q € P(B, S) then

Q = P son + Pnjsonin)- @)
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70 J.I. Giribet

Proof 1t is a particular case of [9, Proposition 3.5]. O

Proposition 2.5 Let B € L(H)* and S be a closed subspace of H such that (B, S) is com-
patible. If x € H then (I — Pg s)x is the unique minimal norm element in the set

{I—-0)x:0eP(B,S)} (®)
Proof 1t is analogous to the proof of [8, Theorem 3.2]. O

Proposition 2.6 Let B € L(H)*® and S be a closed subspace of H. Then, (B, S) is compat-
ible if and only if there exists a (unique) orthogonal decomposition S© N(B) =S, & S_,
where S, is a (closed) B-positive subspace, S_ is a (closed) B-negative subspace, (B, Sy)
is compatible and S, 1 pS_.

Proof See [19, Theorem 5.1 and Proposition 5.2]. O

3 Least Squares Problems

In this section, given C € CR(H, K), y € K and an operator B € L(K)*, we are interested
in characterizing, if there is any, the B-LSS of Cx =y, i.e. those vectors u € H such that

(B(Cu—y),Cu—y)=min(B(Cx —y),Cx — y). (C))

This kind of problems has been previously studied both in finite and infinite dimensional
spaces. The following are some problems that can be translated into B-least squares prob-
lems.

Example 3.1 [24] Given two invertible Hermitian matrices IT € C"*™ and W € C"*", a
column vector y € C", and an arbitrary matrix 7 € C"*, A.H. Sayed et al. studied the
following minimization problem: characterize those vectors zo € C™” such that

20+ (y — Tz0)* W (y — Tz0) = min [Tz + (=T W' (y — T2)].

Observe that the above problem can be restated as: characterize those vectors zo € C" such
that

(B(Czp —w),Czp —w) = wrgér’%(B(Cz —w),Cz—w),

where w = (?) eCr,B= (“(;1 1) €CPPC = (1) €Cr™and p=m +n.
Example 3.2 (Suboptimal linear estimation in H°, [22]) In what follows we show that there
exists a solution of the suboptimal estimation in H> problem (see the Introduction for the
statement of this problem) if there exists a B-LSS for an appropriate equation Cx =y in
some Hilbert space.

Given i > j >0, consider ®; ; € L(C",C™") and I'; ; € L(C?, C™) defined by

A,'_l...Aj lfl—1>]
q)i,j = Aj ifi —1 :] and Fi,j = cbi.i—j-HDi—j’
I ifi=j
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A Geometrical Approach to Indefinite Least Squares Problems 71

respectively. Notice that, for every n > 1, x,, can be calculated as:

n
Xp = (Dn,O-xO + E l—‘n,nfk+l’/lk—l .
k=1

Moreover, if ® € L(C™,£*(C™)) and T' € L(£*(CP), £>(C™)) are defined by &z =
{(bn.OZ}nEN: Z € (Cm, and 'w = {ZZ=1 Fn,nfk+1wk71}neN’ w = {wn}nEN € 62((:[)), respec-
tively, then

x = ®xy+ Tu.

Also, y = v + Hixo + Hyu where H, € L(C", £*(C%)) and H, € L(£*(CP), £2(C?)) are
given by Hiz ={Cy P 0z}ner, 2 € C", and How = {D ;_; CuTp ki1 Wik—1}nen, {Wnlnen €
£2(CP).

Let H=C" @ £2(CP) @ ¢*(C9) and B € L(H)* the operator with block matrix represen-
tation given by

I+HH — ;&0  HiH,— ;T  —Hi+ &F
B=| HiH\— T*® [+H/H,— I'T —Hj+ T*F
—H, + F*® —Hy +  F*T I—JF*F

Then, considering the sesquilinear form induced by B, it is easy to see that
J((x0, u, y)) = ((xo, u, y), (xo,u, ¥)) 5

1
2 2 2 2
= ”xO”Cm + ||u||52((cp) + ”y - Hlxo - HZ””[Z((Eq) - ;”Fy - q)xo - Fu”[Z((:m)'

Thus, in (3) we look for those X = F'y such that J ((xo, u, y)) > 0. Therefore, we are inter-
ested in studying if J(z) = (z, z) 5, 2 € H attains a minimum and if it is positive. Observe
that, given the output of the system y = {y,},en, the minimum of J(z) has to be found
among the vectors z € H such that P51z = (0,0, y), where S* = {0} @ {0} @ ¢>(CY), i.e. a
solution is a vector zyg € H such that Pg1zo = (0,0, y) and (z¢, z0) g = min{(z, z)p : Ps12=
(0,0, y)} or, rewriting the problem, some wy € H such that

(y — Pswo, y — Pswo)p = wmeig(f’ — Psw,y — Psw)g,
where y = (0,0, y) € H.

The next result establishes necessary and sufficient conditions for the existence of B-LSS
of the equation Cx = y. Similar results have been presented in [6, Remark 4.3] for (semi-
definite) positive weights and in [2, Theorem 8.4] for indefinite metric spaces.

Lemma 3.1 Let C € CR(H,K), B€ L(K)* and y € K. Then, u € H is a B-LSS of the
equation Cx =y if and only if R(C) is B-nonnegative and y — Cu € R(BC)*. Hence, if
u,veH aretwo B-LSS of Cx =y then C(u —v) e N = R(C) N R(BC)*.
Proof Letu e Hbea B-LSS of Cx = y. If x € H and « € R, then
(Cu—y,Cu—y)p <{Cu+aCx—y,Cu+aoaCx —y)p
=(Cu—y,Cu—y)p+20Re(Cu—y,Cx)p +a?(Cx, Cx)p.
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72 J.I. Giribet

Therefore, 20 Re(Cu — y, Cx)p + a?(Cx, Cx)p > 0 for every o € R, and a standard ar-
gument shows that Re(Cu — y, Cx)p = 0. In the same way, considering 8 =ia, @ € R, it
follows that Im(Cu — y, Cx)g =0. Then, (Cu — y, Cx)p =0 and (Cx, Cx) g > 0O for every
x eH.

Conversely, suppose that R(C) is B-nonnegative and there exists u €  such that
y — Cu € R(BC)*. Then, for every x € H,

(y=Cx,y=Cx)p=(y—=Cu,y = Cu)p +(Cu — x),C(u — x))p
z(y—=Cu,y—Cu)p.

Therefore, u is a B-LSS of Cx = y.
Observe that, if # and v are B-LSS of Cx =y then y — Cu,y — Cv € R(BC)*. Thus,
Clu—v)y=(y—Cv)—(y—Cu)e R(C)NR(BC): =N. O

Let C € CR(H,K), B € L(K)* and y € K. Given u € H, notice that y — Cu €
R(BC)* = N(C*B) if and only if u is a solution of the normal equation

C*B(Cx —y)=0.
The following propositions characterize the solutions of the above equation.

Proposition 3.2 Let C € CR(H,K) and B € L(K)*. Given y € K, consider the normal
equation

C*B(Cx —y)=0. (10)

1. If u € H is a solution of (10), then the set of solutions of (10) coincides with
u+ N(C*BC).

2. Equation (10) admits a solution for every y € K if and only if the pair (B, R(C)) is
compatible, or equivalently, co(R(C)*, N(C*B)*) < 1.

3. If (B, R(C)) is compatible and y € K\ R(C), then u € H is a solution of (10) if and only
if there exists Q € P(B, R(C)) such that Cu = QY. In this case, the set of solutions of
(10) is u + N(BC).

Proof

1. Itis trivial.

2. Notice that there is a solution of C*B(Cx — y) =0 for every y € K if and only if £ =
R(C) 4+ R(BC)™*, and the last condition is equivalent to co(R(C)*, N(C*B)*) < 1 (see
the Preliminaries).

3. For y € K and u € 'H suppose that there exists Q € P(B, R(C)) such that Cu = Qy.
Then, y — Cu = (I — Q)y € N(Q) € R(BC)* (see Preliminaries), i.e. u is a solution of
C*B(Cx —y)=0.

Conversely, for y € K\ R(C), let u be a solution of C*B(Cx —y) =0. Then, y=Cu +z
withz € R(BC)*,z ¢ R(C).Sincez € R(BC)*\R(C) and K = R(C)+ R(BC)*, itis easy
to see that there exists a closed subspace S of R(BC)* such that z € S and H = R(C) + S.
Therefore, Q = Pr(c)s € P(B, R(C)) and

Qy=0(Cu+z)=Cu.
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A Geometrical Approach to Indefinite Least Squares Problems 73

Finally, notice that N(C*BC) = N(BC) because (B, R(C)) is compatible. Therefore, the
set of solutions of C*B(Cx — y) = 0 coincides with u + N (BC). O

Given C € CR(H,K) and B € L(K)*, suppose that (B, R(C)) is compatible. It fol-
lows from item 3. in the above proposition that, given y € K, if Cu = Qy for some
Q € P(B, R(C)), then u is a solution of the normal equation. But the converse is no longer
true when y € R(C). In this case, Qy = y forevery Q € P(B, R(C)) and the set of solutions
of Cx =y is CTy 4+ N(C) but the set of solutions of the normal equation C*B(Cx — y) =0
can be parametrized as C'y + N (BC).

The next result characterizes the set of solutions of the normal equation by means of a
family of inner inverses of C.

Proposition 3.3 Let C € CR(H, K) and B € L(K)*® such that the pair (B, R(C)) is com-
patible. Given 'y € K\ R(C), u € H is a solution of C*B(Cx — y) =0 if and only if there
exists a solution D € L(K, H) of

CXC=C¢C, BCX =(CX)*B,
such that Dy = u.

Proof Given y € K\ R(C), suppose that u = Dy, with D € L(K, H) satisfying CDC =C
and BCD = (CD)*B. It is easy to see that Q = CD is a B-selfadjoint projection. Fur-
thermore, R(Q) € R(C) = R(CDC) C R(Q) i.e. Q € P(B, R(C)). Then Cu = Qy with
Q € P(B, R(C)) and, by Proposition 3.2, u is a solution of the normal equation.

Conversely, if u € H is a solution of C*B(Cx — y) = 0, there exists Q € P(B, R(C))
such that Cu = Qy. Then, u = C'Qy + z where z € N(C). Consider an operator T €
L(K,H) with R(T) € N(C) such that Ty = z, and define D = CTQ + T. Since CD =
C(CTQ + T) = Q itis easy to see that D is a solution of

CXC=C, BCX=(CX)'B,
and Dy=C'Qy+Ty=u. O

As it was stated in Lemma 3.1, a necessary condition for the existence of B-LSS of the
equation Cx =y is that R(C) is B-nonnegative. Under this hypothesis, and applying the
previous results in this section, the following description of the B-least squares problem is
obtained.

Theorem 3.4 Given B € L(K)*, let C € CR(H, K) such that R(C) is B-nonnegative. Then,
the following conditions hold:

1. Given'y € K, u € H is a B-LSS of the equation Cx =y if and only if u is a solution of
the normal equation C*B(Cx — y) =0.

2. There exists a B-LSS of the equation Cx =y for every y € K if and only if the pair
(B, R(C)) is compatible. In this case, if y e K\ R(C),u e Hisa B-LSS of Cx =y if
and only if there exists Q € P(B, R(C)) such that Cu = Qy.

3. If (B, R(C)) is compatible, the set of B-LSS of the equation Cx =y coincides with the
affine manifold u + N (BC), where u is any fixed B-LSS of Cx = y.
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74 J.I. Giribet

In [15], given B € L(H)*, a (closed) B-nonnegative subspace S of H and y € H, B.
Hassibi et al. studied the problem of finding vectors u € S such that

<u—y,u—y>3=§éi713(Psx—y,Psx—y>B, (11

where Pgs is the orthogonal projection onto S. They were particularly interested in cases
where there is a unique solution of the problem. By Lemma 3.1, u € S satisfies (11) if and
only if y — u € R(BPs)™*. It is easy to see that this condition holds if and only if

PsBPsu = PsBy. (12)

When H is finite dimensional, if there exists a unique solution u € S of (12) for some y, € H,
then the operator PsB Ps|s is injective. Therefore, Ps B Ps|s is invertible, and there exists
a unique solution of (12) for every y € H.

If H is an infinite dimensional Hilbert space this may be not true, since PsB Ps|s may
be injective but not invertible. In fact, if H is an infinite dimensional Hilbert space, there is
a solution of (12) for every y € H if and only if the equation

(PsBPs)X = PsB

admits a solution in L(7{), or equivalently, the pair (B, S) is compatible; see [7, Proposi-
tion 3.3].

3.1 Minimizing in the Set of B-LSS

In the following paragraphs we study a minimization problem in the set of B-LSS of
Cx=y.Givenye K, C e CR(H,K), A€ L(H)* and B € L(K)* suppose that (B, R(C))
is compatible and R(C) is B-nonnegative. Also, recall that if (B, R(C)) is compatible then
N(C*BC)=N(BC).

Definition 3.5 An element w € H is an AB-least squares solution (hereafter A B-LSS) of
Cx=yifwisa B-LSSof Cx =y and

(w,w)s < (u,u)s, forevery B-LSSuof Cx=y.

Before characterizing the set of AB-LSS of Cx =y, assuming that (B, R(C)) is compat-
ible, we define a particular B-LSS of Cx =y based on P g(c), the minimal norm element
of P(B, R(C)).

Definition 3.6 Let C € CR(H, K), B € L(K)® and y € K. Suppose that the pair (B, R(C))
is compatible. Then,

uy :=C"Pp ricyy (13)

is the minimal B-LSS of the equation Cx = y.

Observe that Cuy = P g(c)y, so that u, is a B-LSS of Cx =y (see Theorem 3.4). The
following result characterizes it.
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Proposition 3.7 Given y € IC, u, € H is the unique B-LSS of Cx =y in N(C)* which
satisfies

ly = Cuyll =min{|ly — Cul|| : uisa B-LSS of Cx = y}. 14)

Proof If y € R(C) itis easy to see that u, satisfies (14). Let y € I\ R(C). If up is a B-LSS
of Cx =y then there exists Q € P(B, R(C)) such that Cuy = Qy and, by Proposition 2.5,

Iy = Cuoll =1 = Dyl = I = P.ric) yll = Iy — Cuyl.

Then, u satisfies ||y — Cugp|| = min{||y — Cul| : u isa B-LSS of Cx = y} if and only if
0y = Pg r(c)y,i.e., Cug = Cu,, or equivalently, ugp € u, + N(C). O

Corollary 3.8 Let C € CR(H,K), Be L(K)® and y € K. Suppose that (B, R(C)) is com-
patible and R(C) is B-nonnegative. Then, the following conditions are equivalent:

1. N ={0};
2. R(C) is B-positive;
3. uy is the unique B-LSS in N(O)* of Cx =y.

Proof Since C*BC € L(H)", Cx € N if and only if (Cx, Cx)p = 0. Therefore, item / is
equivalent to item 2. On the other hand, item / is equivalent to item 3 by Theorem 3.4. [

The following proposition provides a parametrization of the set of AB-LSS of Cx =y
under suitable conditions.

Proposition 3.9 If A € L(H)* then, there exists an AB-LSS of the equation Cx =y
for every y € K if and only if (A, N(BC)) is compatible and N(BC) is A-nonnegative.
Moreover, if y € IC\ R(BC)*, w is an AB-LSS of Cx =y if and only if there exists
Q eP(A,N(BC)) and P € P(B, R(C)) such that

w= (I — Q)C'Py.

Proof Suppose that, for every y € K, there exists an AB-LSS w, € H of the equation
Cx=y,ie.

(wy,wy)a= min _ (u,u)4, (15)
u€uy+N(BC)

where u, = CTPB,R(C)y is the minimal B-LSS of the equation Cx = y. Let z, € N(BC)
such that wy =u, + z, = u, + Ez,, where E = Py(pc) is the orthogonal projection onto
N(BC). Then,

(uy + Ezy,uy + Ezy)a = (wy, wy)a = Zer}{}l(igc)(uy +z,uy+2)a

=mi E ,+ Ex)a.
min(uy + Ex, uy + Ex) s

Therefore, z, is an A-LSS of the equation Ex = —u,. Hence, by Lemma 3.1, R(E) =
N(BC) is A-nonnegative.

The compatibility of (B, R(C)) implies that {u, : y € K} = N(C )1, therefore the equa-
tion Ex = z admits an A-LSS for every z € N(C)*. Also, the equation Ex = z admits
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an exact solution (which is also an A-LSS) for every z € N(C) because N(C) C R(E).
Thus, Ex = z admits an A-LSS for every z € K and, applying Theorem 3.4, it follows that
(A, N(BC(C)) is compatible.

Observe that if y ¢ R(BC)* then uy ¢ R(E) = N(BC): In fact, u, € N(BC) if and
only if BPB,R(C)y =0 and N(BPB,R(C)) = R(BPB,R(C))J' = R(BC)J', because PB,R(C)
is B-selfadjoint. Therefore, by Theorem 3.4, if y ¢ R(BC)* then there exists Q €
P(A, N(BC)) such that Ez, = —Qu,. So,

wy=u,+z,=u,+Ez,=— Qu,=— Q)C'Pp ricyy-

Conversely, suppose that (A, N(BC)) is compatible, N(BC) is A-nonnegative and let
Q € P(A,N(BC)). If P € P(B, R(C)), observe that (I — Q)CTP = (I — Q)C' Py rc)-
Indeed, if P € P(B, R(C)), there exists Z € L(R(C)*, N) such that P = Pg g(c) + Z (see
Theorem 2.3). Then, (I — Q)CTP=( — Q)C' Pg r(c) because (I — 0)CTZ =0.

Given y € I, consider w = (I — o)CT Pg rc)y- Then, w € u, + N(BC) and therefore,
itis a B-LSS of Cx =y (see Theorem 3.4).

On the other hand, given any B-LSS u of Cx =y, there exists z € N(BC) such that
u=uy,+z=uy,+ Qzand

(w,uyg = (I = Quy + Quy +2), (I — Quy + Ouy +2))a
= (w, w)a +2Re((/ = Quy, Q(uy +2))a +(Quy +2), Quy +2))a
= (w, w)a +(Quy +2), Quy +2))a = (w, w)a,

because R(Q)LAN(Q) and R(Q) = N(BC) is A-nonnegative. Thus, w is an AB-LSS of
Cx=y. ]

It follows from the proof of Proposition 3.9 that, given y € K \ R(BC)*, the set of AB-
LSS of the equation Cx =y is

{(I = Q)C Py reyy: Q € P(A, N(BC))). (16)

On the other hand, if y € R(BC)* then uy, € N(BC). So, the problem of finding an AB-
LSS of Cx = y translates into finding a vector u € N(BC) such that (u,u), =0, see (15).
Hence, if y € R(BC)™*, the set of AB-LSS is M = N(A) N N(BC) and (16) describes a
proper subset of the set of AB-LSS of Cx = y. However, it contains the minimal norm
AB-LSS of Cx = y.

Proposition 3.10 Let A € L(H)* such that (A, N(BC)) is compatible and N (BC) is an
A-nonnegative subspace of H. If y € K then vy = (I — Pa nicoy)Cl Py ric)y is the unique
minimal norm element of the set of AB-LSS of Cx = y. Moreover, if M = {0} then v, is the
unique AB-LSS of Cx = y.

Proof If y e K\ R(BC)* and v is an AB-LSS of Cx =y, there exists Q € P(A, N(BC))
such that v = (I — Q)u,. By Proposition 2.5,

vl =11 = Q)uyll = 1T = Pa.nseyuyll = llvyll,

and |v|| = |lvy| if and only if v = v,. Therefore, v, = (I — PA,N(BC))CTPB,R(c)y is the
unique minimal norm AB-LSS of Cx = y.

@ Springer



A Geometrical Approach to Indefinite Least Squares Problems 77

On the other hand, if y € R(BC)* then u y € N(BC). Therefore, v, is the minimal norm
AB-LSS of Cx =y because v, =0. O

Proposition 3.3 characterize the B-LSS of Cx = y in terms of a set of inner inverses
of C. The end of this section is devoted to parametrize the set of AB-LSS of Cx =y in
terms of weighted generalized inverses.

Definition 3.11 Given C € CR(H,K) and weights A € L(H)* and B € L(K)*, D €
L(K,H) is a weighted generalized inverse of C if D is a solution of

CXC=C¢C, XCX =X, AXC)=(XO)*A, B(CX)=(CX)*B. (17)

The above equations can be seen as an extension of the previous definitions given for positive
weights by Eldén [11] (in finite dimensional spaces) and by G. Corach et al. [6] (in infinite
dimensional Hilbert spaces).

The following theorem presents conditions for the existence of weighted generalized in-
verses (respect to selfadjoint weights A and B) of a closed range operator C and character-
izes those inverses in terms of the Moore-Penrose inverse of C and the sets of A-selfadjoint
and B-selfadjoint projections. The proof is omitted since it is analogous to the proofs given
in [6, Sect. 3].

Theorem 3.12 Given C € CR(H,K), A € L(H)* and B € L(K)’ there exists D € L(KC, H)
such that D is a solution of (17) if and only if (A, N(C)) and (B, R(C)) are compatible
pairs. In this case,

GI(C,A,B)={(I—-Q)C'P: QeP(A,N(C)) and P € P(B, R(C))}
is the set of all bounded linear solutions of (17).

Finally, if y € K \ R(BC)%, it is possible to parametrize the set of AB-LSS of the equa-
tion Cx = y using a set of weighted generalized inverses.

Proposition 3.13 Let C € CR(H,K), A € L(H)* and B € L(K)* such that (B, R(C)) and
(A, N(BC)) are compatible, R(C) is B-nonnegative and N (BC) is A-nonnegative. Given
y € K\ R(BC)*, the set of AB-LSS of the equation Cx =y is given by

{Ty :T e GI(PR(C)GNC, A, B)}
Proof By Proposition 3.9 we know that given y € K \ R(BC)1, the set of AB-LSS of
Cx=yis
(= Q)C'Py: Q e P(A.N(BC)), P € P(B.R(C))}.

Given P € P(B, R(C)), let E = Py rcyonsn(p)- If C = PricyonC then R(C) = R(C) ©
N and, by Proposition 2.4, it follows that P = Py r@ t+ E. On the other hand, for any
Q € P(A,N(BC)), (I — Q)CTE =0, because R(CTE) € N(BC). Then the set of AB-
LSS of Cx = y can be written as

{(I = Q)C"Py gy Q€P(A, N(BO))}. (18)
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Next, we show that, if Q € P(A, N(BC)) then (I — Q)Ct = (I — Q)C*. 1f C = PricyonC
then it is easy to see that Ct= PN(PR(C)GNC)LC = PN(BC)LC because

N(PricyonC) = C~'(N) = N(BC).

Furthermore, if Q € P(A,N(BC)) then (I — Q)Pypcy = 0. So, (I — Q)C~w+ =
- Q)PN(BC)iC+ = - Q)CT~

Observe that R(C) is a lj-non—degenerated subspace of K (i.e. its B-isotropic part is
trivial). Therefore, P(B, R(C)) = {PB,R@} and it is easy to see that the set given in (18)
coincides with {Ty : T € GI(C, A, B)}. a

4 A Min-Max Solution of the Equation Cx =y

In Sect. 3 we established a relationship between the B-LSS of Cx = y and the solutions
of the normal equation C*B(Cx — y) = 0. More precisely, supposing that R(C) is a B-
nonnegative subspace of K, we proved that u € H is a B-LSS of Cx = y if and only if itis a
solution of the normal equation C*B(Cx — y) = 0. Notice that, if R(C) is a B-nonpositive
subspace of K, vectors u € H satisfying

{(B(Cu—y), Cu—y)=max(B(Cx —y), Cx — y),

can be characterized following the same ideas as in the B-least squares problem. In fact,
similar results to those given in Theorem 3.4 can be established mutatis mutandis.

The purpose of this section is to study the solutions of the normal equation without the
restriction of R(C) being B-definite. We will prove that the solutions of the normal equation
C*B(Cx —y) =0 can be related to the solutions of a min-max problem.

Definition 4.1 Let C € CR(H,K) and B € L(K)* such that R(C) is B-decomposable.
Given y € K, a vector u € H is a B-min-max solution (B-MMS) of the equation Cx =y if

{(y —Cu,y = Cu)p = minmax{y — (s +1), y — (s +1))» 19
€Sy teS
=maxmin{y — (s +1),y — (s + )5 (20)

where R(C) =N + S, + S_ is a decomposition as in Definition 2.1.

Remark 4.2 Given a decomposition R(C) =N + S, + S_ as above, observe that N + S,
is a closed subspace and

max min(y — (s +1),y — (s +1))p=max min (y— (x+1),y—(x+1))p. 21

teS_ seSy teS_ xeS++N

Indeed, for a fixed r € S_,

XeS4+

rmn (y—(X+t) y—(x+1)p <511€1§n<y—(S+t),y—(S+t)>B

because Sy € S, + A On the other hand, if w € S, + N satisfies

(y—(w+1),y—(w+1)s :,vegEEN<y —(x+10),y—(x+0)s,
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then, by Lemma 3.1, y — (w + ¢) is B-orthogonal to S, + N, thatis (y — (w+1),x)p =0
for every x € S; + N. Suppose that w = sy + ng, with sy € S and ng € N. Hence,
((y —t) —w, ng)p =0 and (ng, no) p = 0 because ng € N. Therefore,

(y—(w+t),y—(w+t)p=(y—1)—s0,(y—1)—5s0)s
> ,{L‘Eﬂy‘ (t+s),y—©+s9)s.

So, considering the maximum over the vectors t € S_, (21) follows.

Also, notice that the decomposition R(C) =N + S, + S_ in Definition 2.1 is not nec-
essarily unique. However, the following result shows that the B-MMS definition is inde-
pendent of the selected decomposition. Furthermore, it characterizes the B-MMS of the
equation Cx = y. Along the following paragraphs, Z denotes the set of B-neutral vectors
in K.

Theorem 4.3 Let C € CR(H, K) and B € L(K)* suchthat R(C) is B-decomposable. Given
yeK,uecHisaB-MMS of Cx =y if and only if u € ug + C~'(Z), where uy € H is a
solution of the normal equation C*B(Cx — y) =0.

Proof Suppose that u € H is a B-MMS of Cx =y, Then, by Remark 4.2,

(y—Cu,y—Cu)p=maxmin(y — (s +1),y — (s +1)) s,

teS_ seS4

where R(C) = N + S, + S_ is a decomposition as in Definition 2.1. Fixed ¢t € S_, by
Lemma 3.1, it follows that minges, ((y —¢) — 5, (y —t) — 5) is attained at so(f) € S if
and only if (y —t — so(¢),x)p = 0 for every x € S;. Then, (y — so(t),x)p=(y —t —
so(t), x)p =0 for every x € S, because S_ is B-orthogonal to S;. Therefore, so(t) = s¢ is
the unique vector in S, which satisfies

(=) =50,y =) = o) = min((y = 1) =5, (= 1) = ).

Hence, (y — Cu,y — Cu)p = max,es_{(y — So) —t, (y — so) — ) 5.

Analogously, this maximum is attained at #, € S_ if and only if (y — 59 — #p, ¢) 5 =0 for
every t € S_. Moreover, by Remark 4.2, (y — so — fo, x)p =0 forevery x € S_ + N.

Let ug € H such that Cug = sg + fp. Since R(C) =N + S, + &_, it is easy to see
that (y — Cuy, z)p = 0 for every z € R(C). Hence, u is a solution of the normal equation
C*B(Cx —y)=0and

(y —Cu,y —Cu)p =(y — Cug,y — Cuo)p-.
Since (y — Cuy, z)p = 0 for every z € R(C), then

(y = Cug,y — Cug)p = (y = Cu,y — Cu)p
= {((y — Cugp) + (Cup — Cu), (y — Cug) + (Cug — Cu))p
=(y—Cup,y — Cup)p + (Cup — Cu, Cug — Cu)p,
and the above equation holds if and only if (Cuy — Cu, Cug — Cu)p = 0. Therefore, u €

uo+ C1(2).
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Conversely, consider a solution u( € H of the normal equation C*B(Cx — y) =0 and let
ueuy+C ' (2). Then, (Cu —y,Cu—y)g = (Cug— y, Cuig — y) 5.

Suppose that R(C) =N + S, + S_ is a decomposition as in Definition 2.1, and let x, €
S. + N and 1y € S_ such that Cug = xo + to. Since (y — Cug, x)p = 0 for every x € R(C)
and S, + N is B-orthogonal to S_, it is easy to see that (y —xq—¢, x)p = (y—x—to,1)p =0
for every x € S, + N and r € S_. Then, considering the equation Px =y — ty (where P is
the orthogonal projection onto S;. + N) it follows by Lemma 3.1 that

(y—=Cu,y—Cu)p={y —xo—1to,y —Xo — o) B

=min{y —ty — Px,y —to— Px)p
xeH

= min (y—to—s,y—1t—S)p

SES+N
=min(y —fo—s,y —fo— )3
seSt
= min max(s+t—y,s+1t— .
,se$++N’te$,< + R y)B O

Corollary 4.4 Let C € CR(H, K) and B € L(K)* such that R(C) is B-decomposable. Then,
there exists a B-MMS of Cx =y for every y € K if and only if (B, R(C)) is compatible. In
this case, u is a B-MMS of Cx =y if and only if Cu € P picyy + Z.

Proof Suppose that (B, R(C)) is compatible. If u is a B-MMS of Cx =y then u = ug +
z, where u is a solution of the normal equation C*B(Cx — y) =0 and z € C~'(2). By
Proposition 3.2, up = CTPB.R(C)y +n with n € N(BC) = C~'(W). Hence, Cu = Cug +
Cz=Pgre)y +C(n+2) € Ppreyy + Z. ' '

COHVCI'SGIy, if Cu = PB,R(C)y +zand z € Z then u = CTPB,R(C)y + (CTZ + PN(C)M) €
uy + C~1(2), where uy is the minimal solution of the normal equation C*B(Cx — y) =0.
Then, by Theorem 4.3, u is a B-MMS of the equation Cx = y. O
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