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S u m m a r y .  - -  The Jost functions for the harmonic oscillator (in one and 
three dimensions) are computed explicitly. They are entire analytic 
functions in the complex E plane. Its zeros give the well-known bound 
states of the system. An integral representation is given for the Jost 
functions of the perturbed harmonic oscillator. 

1.  - I n t r o d u c t i o n .  

I t  is a well-known fact  tha t  the functions introduced by JosT (1) in the 

nonrelativistie theory of the scattering of a particle by a spherically sym- 

metr ic  potential ,  when calculated, solve completely the problem. The phase 

of such functions ]z(k), are the phase shifts ~(k) of the /-partial wave, and it 

can be shown tha t  the zeros associated with the bound states are located on 

the negative imaginary axis of the k-complex plane. However,  these results 

are valid only for short-range potentials  tha t  have finite first and second 

moments  with respect to the origin; i.e., 

(la) 

(~b) 

co 

f r I V(r) [dr < c o ,  

0 

c o  

f r~ I V(r) [dr < c<). 
O 

(1) R. JOST: Helv. Phys. Aeta, 20, 256 (1947). 

8 6  - I1 Nuovo  Cimento.  
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Given the importance of these functions for this kind of problems, i t  is 
of interest  to extend the method for potentials  tha t  do not  verify conditions 
(1.a) and (1.b), as, for example, the case of the harmonic oscillator. In  Sec- 
t ion 2 a brief review is given of the most relevant formulas of the theory of 
Jost  functions, in order to compare them with  the following results;  in Sec- 
t ion 3 they  are generalized to the case of the three-dimensionM isotropic oscil- 
lator, and an integral representation of the Jost  functions is given for the 
perturbed oscillator. Finally,  in Section 4 the linear oscillator is discussed. 

2. - The Jost  func t ions .  

For  a spherically symmetric  potential ,  the radial SchrSdinger equation is 

(2.1) d2~vz [ /(l-F1) ] 2 m V  
dr 2 + k~ v(r) q~z(k, r) = 0 ; v(r) - -  r 2 ~2 

I f  the potent ial  fulfills condition (1.a), i t  can be shown (~) t ha t  a regular 
solution q~z(k, r) exists around the origin, defined by the boundary  condition: 

(2.2) l im ~(k,  r) = r t+l -F 0(r t+~) �9 

As this condition does not  depend on k, ~(k,  r) will be an even funct ion 
of such variable. Condition (2.b) implies the existence of two irregular solu- 
tions at  infinity, ]z(-j:k,  r), defined by the boundary  condition: 

(2.3) lira ]z(~ k, r) =- exp [ ~  ikr] 

which are l inearly independent.  
The Jost  fmaction is defined as the Wronskian:  

d ~  d]~ 
(2.4) ]~(k) = W[]~(k, r), ~v~(k, r)] = ]~ dr dr ~ '  

and i t  is independent of r as the Wronskian of two solutions of ~ differential 
equation is a constant  different from zero if they  are linearly independent.  As 
the ]~( • k, r) are linearly independent,  ~z(k, r) can be wri t ten as a linear com- 
bination of them:  

(2.5) ~z(k, r) = ~,(k) ]~(k, r) + fi~(k) t~ ( -  k, r) 

(2) R. 1N]~w~oN: Journ. Math. Phys., 1, 319 (1960). 
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and it  can be easily verified tha t  

(2.6) /~(k) =- W[]z(k, r), ~(k ,  r)] _-- ]z(]c) 
w[/,(k, r), ]~(-k, r)] w[l~(k, r), 1~(- k, r ) ] '  

t~(- k) (2.7) ~(k) = 
W[l~(k, r), I~(-- k, r)]" 

The Wronskian of the denominator  can be calculated in r--> oo. Using 
(2.3), we obtain 

WE]~(k, r), ],(-- k, r)] ---- 2ik 

and the (2.5) goes into 

1 
(2.s) ~,(k, r) = ~ [/~(k)/~(- k, r) - l , ( -  k)t,(k, r)] .  

Using the asympto t ic  behavior  of this expression, i t  can be shown tha t  
the scat ter ing mat r ix  S~(k) can be wr i t t en  

(2.9) S,(k) = ],(k) ]~ ( - -k )  ' 

and the un i ta r i ty  condition implies tha t  

(2.10) l~(-- k*) = It(k). 

Moreover, J~(k)= I]z(k)[exp[ic~(k)]~ where ~(k) is the phase shift of the 
/-partiM wave;  so 

(2.11) tgdz(k) -- ImJ~(k) 
Re ]z(k) " 

I f  fz(ko) = W[/~(ko, r)~ T~(ko, r)] ~ 0 in ko------ iK ;  K >  0; this means tha t  
the two solutions are not  l inear ly  independent ,  i.e. 

(2.12) ],(k0, r) = (7~z(ko, r ) .  

We know tha t  ~(k0, r) is zero at  the origin~ and tha t  ]~(--iK, r) tends to 
zero exponent ia l ly  as r--> oo; then both  sides of (2.12) are square integrable, 

and k~ is a discrete eigenvMue of the Schr6dinger equation. I t  is a bound state  
of the system. 

Eva lua t ing  (2.4) at  r - +  007 and making use of (2.2), one gets 

(2.13) l,(k) = ~Lm (2~ + I )  r ' t , (k ,  r) . 
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3.  - The  t h r e e - d i m e n s i o n a l  h a r m o n i c  osc i l la tor .  

3"1. The unperturbed oscillator. - ~n this  case~ we consider the  po ten t i a l  

V(r) = �89162 so 

2m me) 
(3.1) v(r) ~ -  V(r) =- f12r2 fi -- h 

and wri t ing s = 2mE/]~ 2 the  radial  SchrSdinger eq. (2.1) is 

(3.2) d2q~(s'r) [ l(l-~ l) ] 
dr ~ ~ s r 2 fi~r 2 ~v~(s , r )=O.  

As there  are no free par t ic le  states,  we cannot  wri te  s ~-k  2. 

Making the  subs t i tu t ion  ~t(s, r ) =  r~+~exp [--�89 r), i t  can be shown 

t h a t  O~(s, r) satisfies 

d T  ~- - 2fir dr [ s - - f l (2 l -~  3)]r = 0 ,  

or, wi th  ~ = fir ~, 

(3.4) [( 
which is a confluent hypergeomet r i c  equat ion  

d~Y 7 (3.5) z ~ -~ (c --  z) - -  ay = 0 

of indices a = ((2l+3)/4)  - -  e/4fl and e = / + ~ ;  ~,(e, fir ~) will then  be the  cor- 

responding confluent hypergeomet r i e  functions.  
The two l inear ly  independent  solutions of the  confluent hypergeomet r i e  

eq. (3.5) abou t  the  origin are (see MORSE and FES~BACg, page 604 and fol- 

lowing) 

a ( a + l )  z ~ o I I F(c) ~ F ( a §  ~ _ l §  § .... (3.6) Y l ~ - F ( a ' c ' z ) - - F ( a ) ~ = o F ( c §  e c (c+l )  z! 

The series being convergent  for any  finite I z], 

yO = zl--s ~ ( a  - -  c "~ 1 I2 - -  C I~) 



J O S T  F U N C T I O N S  F O R  T H E  ItAR)~IONIC O S C I L L A T O R  1357 

and the l inearly independent  solutions of (3.5) about  the irregular point  at  
infini ty are 

co 

(3.7) ym= U l ( ~ l c l z ) = r ( c _ ~ i j e ~ p E - u ] u  . . . .  ~ ~ -  d u ,  
0 

co exp[iz~a]z -~ F ( u \~-~-~ 

0 

which are called confluent hypergeometr ic  functions of th i rd  kind. 
The Jos t  funct ion is here defined as before, as 

(3.9) 
2mE 

I , ( E )  = WE/ , ( s ,  r) ,  ~ , ( s ,  r ) ] ,  s - -  

where qh(s, r) is the regular solution at  the origin, and ]~(s, r) is the irregular 
solution at  infinity,  which goes to zero as r - +  oo. 

F i r s t  we analyse the irregular solutions at  r - >  c~. The solutions defined 

by  the boundary  conditions at  infinity are 

[21 + 3 s 3 ) 
(3.10) ],(e, r) = r '+~ exp [--  �89 2] U~ ~ ~ ~fl 1 @ ~ fir 2 , 

(3.11) g~(s ,r)=r~+lexp[-- �89 3 ffl l ~- ~3 ~ . 

Using the integral  representat ions of the U functions given in (3.7) and 
(3.8) i t  can be shown tha t  

(3.12) ) g~(s, r) = r~+l exp [ § �89 V~ ~- ~fl l ~- ~ -- f ir  2 = 

= -~- / ~ + l ] ~ ( - - e ,  ir) . 

So our l inearly independent  solutions about  r -~ c~ are ]~(s, r) and ]~(-- e, i t )  
I t  is necessary to know the asympto t ic  behavior  of these functions. This 

can be obtained by  recalling tha t  the asympto t ic  behavior  of U~(alclz ) is 
given by  

(3.13) U2(a]clz) ~'o~ exp [i~a]z -a , if l arg z l<  z ,  

SO 

(3.~4) ]~(s, r) r~-% (exp [--  i~]fl)(c~I,~)-(n+8)/4) r(~2~)-�89 exp [--  �89 ~] --~ 0 ,  
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and also 

(3.15) 

V. A. A L E S S A I q D R I N I  and a .  a .  G I A h f B I A G I  

(ir)(~12Z)+�89 

Next  we s tudy the regular solution about  the origin. I t  is given by  

(3.16) 

I f  r -~ 0; exp [-- �89 ~] ~_1-- lflr~ and, recalling (3.6), it  can be easily verified 
t ha t  ~(s ,  r) satisfies the boundary  condit ion 

(3.17) lim qJ,(e, r)  ~ r ~+~ + 0 ( r  z+a) . 

I t s  asymptot ic  behavior  as r - +  oo is obta ine4 recalling tha t  (MORSE and 
~FEsI-IBACH, page 607) 

F((~) za-eeZ, (3.18) F(a l e]z) ~c~ F(a) 

and we obtain 

r ( t  + ~) 
(3.19) ~,(e, r) ,~=/5 ((''4~)+(2z+a)'4) _F( (2l + 3)/4 - -  (e/4fl)) 

if arg z ---- 0, 

r((*J2a )~�89 exp [ + �89 

We can now use (3.9) to find the Jos t  funct ion.  
we compute  the Wronskian in r - ~  oo. 

We obtain 

Using (3.14) and (3.19) 

(3.20) [( r ( l + 3 )  exp i~ l + 3 - -  
/ , (E)  = 2~-( ,+-*)r((2z + 3 ) /4  - -  (~/4fl)) ~ " 

As before, the zeros of ],(E) are the bound states of the system. Then only 

zeros of ],(E) are given by  the poles of the F((21+3)/4--(e/4fi)) of the de- 
nominator ;  and recalling tha t  all the singularities of .F(z) are poles when 

Z =  0, - - n ;  n integer,  the  bound states will be located at  

(3.21) 

2 / + 3  e 

or be: 

E e 
= .2-~ = (2k + t + ~), 

h-~ 

k = 0 ~  1,2,  ..., 

E---- ( 2 k + l + ~ ) . h v ,  
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which are the correct energy levels for the three-dimensional harmonic oscil- 
lator. 

ZNext we can verify that  the usual relation 

(3 .22)  /~(E) = l ira  (2~ + 1)r~?~(~, r) 

is also valid in our probIem. This can be done directly, taking power series 
expansions of ]~(e, r) around the origin. Using the relation 

F(1-- e) 
(3.23) U2(alclz) = F ( z - - c §  li exp[i~a]F(a]c]z) 4- 

+ F(c--I_____~) exp[i~a]zl_cF( a - -e+ 1 l z -c lz )  
F(a) 

and rec~lling the power series expansion (3.6) of ~(alc[z), we obtain 

(3.24) U~( 2 / + 3  4~ l + 3 /  ) 

[( i )] --~F(_(21+3)/4_(s/l f l)+l)exp i~ 21_ 3 ~e {l+c~/~r~+...}+ 

where we have written 

a ( 2 / +  3 ) /4  - -  (~ /4#)  ~,  _ a - -  e + 1 (3.25) ~ . . . .  
c l + ~  ' 2 - - e  

l~eplacing (3.24) and (3.25) in (3.10) and omitting the powers of r of higher 
order, we obtain 

(3.26) /~(s,r)~ F((2t+3)/4_(s/4~)) ~ xp ~-fi . 

The limit (3.22) is then 

(3.27) t~(E) = l ira ~ ( 2 / +  1) r ' ] , ( s ,  r) = 

3 8 
((2~ + 3 ) /4  - (~ /4#) )  

Using / ' ( z+ l )  = zF(z); (21 +1) F ( l +  �89 = 21~(1+ ~), it is evident that (3.27) 
agrees with (3.20). 
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Let  us wri te  again 

(3.28) qJt(s, r) = ~t(E) ]~(s, r) ~- fit(E) It(--  z, ir) . 

We get as before 

W[f~ ( s , r ) ,~ ( s , r ) ]  
(3.29) f i t ( E ) =  W[]~(s,r), % ( - - s ,  ir)] = 

(3.30) 

f~(E) 

w[h(s, r), h(- ~, ~r)]' 

W[]t(--  e, it),  q~t(s, r)] 
~t(E) ---- - -  W[]~(e, r), I t (--  e, ir)] " 

The Wronskian of the denominator  can be computed in r - ~  c~; using the 
asymptot ic  formulas (3.14) and (3.15) we obtain 

(3.31) W[fz(e, r), I t(--  e, ir) ] = 2i-(~;~+�89 -(t+�89 exp [ iT~(l ~- ~)]. 

~ e x t  we compute  W[/t(-- s, it),  qJt(s, r)] at  the origin. Using ~t(s, r) ~ r z+l 
and 

]~(--s, i r ) ~ _ F ( ( 2 l §  p i7~ l~-  exp - ~  

We find 

W[]t( ~ s, tr), %(s, r ) ]  = 

= (2l + 1)F(1 + �89 exp [i7~( (2l _L 3)/4 + (s/4fi))] fl_(t+�89 ( _  i )z] t ( - -E) ,  
r((21 + 3)/a + (~/4fi)) 

so F~(s~ r) can be wr i t ten  

(3.32) %(e, r) = �89 t~~ exp [ - - i u i l~ -  ~)] []~(E)]~(--e, i t ) - -  (--i)~]~(--E)]~(s, r)]. 

3"2. The perturbed oscillator. - We now per turb  the harmonic oscillator 

with a potent ia l  v(r), such tha t  

lim v(r) -> 0 .  
r - - >  r r 2 

In  this way, the asymptot ic  behavior  of the solutions of the new SchrS- 

clinger equat ion  

(3.33) d ~ ( s ' r )  [ /(l ~- 1)] dr ~ § e - - f l 2 r 2 - -  r 2 ~f~(s,r) =- v(r)yJ~(s,r) 

is just  the same as the asymptot ic  behavior of the already known solutions 
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of the unper turbed  equation,  i.e., t ha t  corresponding to the harmonic oscil- 

lator.  
We call then ~b~(e, r) the solution of (3.33) which satisfies the boundary  

condit ion 

(3.34) l im q)(~, r) ~ r ~+1 
r-->0 

and Fz(s, r) the solution which tends to zero as r - +  c~. 
usual, the  Jos t  functions as 

(3.35) F,(E) --- W[F,(s, r), qD,(e, r)] 

Next  we define as 

and here again i t  is evident  t ha t  the roots of F , ( E ) =  0 will be the energy 
levels of the system. 

in tegra l  equations can be obtained for the functions ~b~(e, r), F~(s, r). In  
the Appendix I of Bo~'TIsO, Lo~Go~I and I~EGGE (s) it  is shown how to get  

the integral  equations corresponding to equations of the kind of (3.33) with 
the inclusion of boundary  conditions. We recall  tha t  the l inearly independent  
solutions of the homogeneous equations are: 

abou t  r = 0 

~1(1, s, r) ---- ~(s ,  r ) ,  given by  (3.16) 

q~(l, ~, r) = X,(s, r) = 
/ 

---- r -~ exp [--  lflr~Jfl-(~+�89 ( 

and about  r -> c~ 

]~(t, ~, r) = / , ( ~ ,  r) , 

(1),) 

]2(1, e, r )  =- /~ ( - -  e, i r )  . 

The integral  equat ion for ~z(e, r) is 

qs,(e, r) = ~,(e, r) + W[~,,  Z,--] [qJ~(s, r ' )z ,(e,  r ) -  ~,(~, r) 
r 

or, comput ing the Wronskian,  

Zz(e, r') Jv(r') qD~(s, r') dr' 

(3.36) r  r) = ~,(~, r) + 

+ ( 2 ~ - 1  ~,(e, r) 
0 

gz(e, r ') - -  ~o~(s, r') X~(s, r)]v(tr') ~(~,  r') dr', 

(3) A. BOTTINO, A. M. I~ONGONI and T. REGGE: NUOVO Cimento, 23, 954 (1962). 
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und for Fz(s, r) 

(3.37) F,(e, r) = l~(e, r) + 
co 

1 f + tV []1, ]21 [f~(e, r')f~(-- e, ir) - -  ]~(e, r)ft(-- e, ir')] v(r') F~(e, r') dr'. 
r 

I t  is evident that  in this perturbed case the Jost functions will also be 
given by 

(3.38) Fz(E) : lira (2/-F 1)r*F~(e, r ) .  
~'--->0 

Replacing (3.37) in (3.38) we find 

1 
lim (2/§ 1) V. E,(E) = -l'h'~o (2~ JF 1) r~]~(e, r) -F W [i1, ]5] ,--,o 

co 

f [J~te, r') ]~(-- e, ir) - -  L(e, r) ]~(-- e, ir')]v(r') F~(e, r') dr', 

r 

and recalling (3.22) for the Jost function ]dE) of t h e  unperturbed oscillator, 
this expression becomes 

~ , ( E )  = t,(:~) + 
r  

i f  + W [J1, J~] [ ( - i )~f~(-  E)f~(e,r') --]~(E)/~(-- e, ir')]v(r')F~(e, r') dr',  
0 

and finMly, using (3.32) 
co 

(3.39) ] , ( E ) _ f ~ ( e ,  r')v(r') F,(e, r') dr ' .  
0 

This integral representation of the Jost function can be used for pracs 
evaluations, combined with the integral eq. (3.37). 

4. - The  l inear  osci l lator .  

In this case, the potential is V(x)----�89 
Sehr6dinger equation is 

(~.1) d ~ +  (~--~x~)~ = o 
dx ~ 

where, as usual, e = 2mE/~ 2, fl = mo)/h and t3~x2~ 2mV/]~ 2. 

and the one-dimensional 
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With  $ = x ~ / 2 f l ,  eq. (4.1) goes into 

d~ ~ + ~ = 0 .  

This is the  Weber  equation,  whose solutions are ~o=D~(x~/2flfl), where 
D.($) are the  Weber  functions,  and 

n ~ - - - - -  
s 1 E 1 

2fl 2 nv 2 " 

The Weber  funct ions are (see Mo~sE and FES~IBACH, page 1565) 

(4.3) l z2 i2m ] 

They  are not  defined for I~e z ~< 0 because L~ has a b ranch  line along the  

real  negat ive  axis;  and z ~ would cross t h a t  s ingulari ty.  The Weber  equat ion 
satisfied b y  D.~(z) 

dz ~ + m+-~ - - i  z~ D~(z)=O, 

is also satisfied b y  D.,(-- z) and D_.~_~(iz); and among  the three  solutions i t  
exis ts  the  re la t ion  

(4.5) D~(z) = exp [ - -  izmJD.~(-- z) § I"(-- m~) exp [ - -  ix  (m ~- 1)] D_m_~(iz) . 

I t  can be shown (KE~BLE: Quantum Mechanics, Appendix  C), t ha t  for a 
g iven value of the  energy i t  exists  one and only one solution t h a t  goes to zero 

as x - ~ - - c o ,  and diverges exponent ia l ly  as x - ~  ~ - c ~ ;  and  one and  only one 

solution t h a t  goes to zero as x - +  ~ - c o  and diverges as x - + -  cx3. We call 

~p~(E, x) the  solution t h a t  satisfies the first boundary  condition and 7J,(E, x) 
t h a t  which satisfies the  second. 

We define in this case a c( J o s t  funct ion )) as 

(4.~) •(E) = W[~(~,  x), ~(E,  x)]. 

As in general  ~v~, ~ are l inear ly  independent ,  this  expression will be a 

cons tan t  different f rom zero; F(E) will be zero only for the  eigenvalues of the 

sys tem,  because then  ~ ( =  c~v~) will be in tegrable  square. 

We mus t  s tudy  the  a s y m p t o t i c  behavior  of D~(~) in order to ident ify 
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~o~(E, x) and ~pz(E, x). Using (3.13) i t  follows tha t  

(~.;) G ~- ~ L - -~ - J  \71 = ~ 

and the  a sympto t i c  behavior  of D~(z), as Re a - ~  + cx3, is 

(4.s) Din(z) -~ z m exp [ -  z 2 ] - + 0  

In  order to s tudy  the  behav ior  of Din(z) as R c z - + - - o o  we mus t  use t he  

re la t ion  (4.5) (see WITTAKE~ and WAtsoN:  Modern Analysis, page 348) to find 

(4.9) D'~(z)R~-~~ F( - -  m) (-- z) "~+~ 

Finully,  we obtain,  for ~ re~l 

(4.10) ] ~ " ~ e x p [ - - ~  ~] ~ 0 ,  as ~ ~ +  co,  

D.~(~) -~ V2st exp [+ ~ ]  
F ( - -  m) (__ ~)~+1 --~ c ~ ,  as ~ - + - -  c~ .  

I t  is evident  t ha t  Dm(~) verifies the  boundary  conditions imposed on yJ~(E, x)~ 

then  

E ] 
(4.11) ~ . (E ,  x) = p d x V ~ ) ,  m = ~ - - , ~  

As Din(--~) is also a solution of (4.1), i t  follows t h a t  

(4.12) ~L(E, x) = D=(--  x~/fl2) , 

wi th  the  a s y m p t o t i c  behav ior  

[ 

(4.13) ~ (E ,  x) = 9~,(-- ~) -~ ] _ _ _  
/ 

( -  ~)'~ exp [ -  ~p] ~ o,  

~ / ~  exp [+ �88 
F ( - -  m) ~m+l 

We can now calculate the  (( Jo s t  funct ion )) F(E) ,  by  evaluat ing  the Wron-  

skian (4.6) a t  x - ~  + c~. Using (4.10) and (13.ab), the  resul t  is 

(4.14) ~ ( E )  - F ( ~ - - ~ / h , )  ' 
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the  zeros being located a t  the  poles of the  Y ( � 8 9  (E/hv)) 

1 E 
~ - - h - - = - - n ;  n : 0 ,  1, 2, ... so E :  (n+�89 

which is the well-known result .  

5 .  - D i s c u s s i o n .  

We see t ha t  the  J o s t  funct ions for the harmonic  oscillator 

p((21+3)/4_(E/2hv))exp sT~ l+  e x p [  2hv] 

are  analy t ic  ent i re  funct ions in the  complex E-plane.  

The un i t a r i ty  condition (2.10), val id for potent ia ls  sat isfying (1.a) and (1.b), 

when expressed in t e rms  of the energy complex var iable  by  means of the 
t r ans fo rma t ion  E = k s is 

(5.3) I*(E) : h(l'~*). 

The Jos t  functions t h a t  we obta ined (5.1) clearly do not  satisfyes (5.2). 

This is consistent  wi th  the  fact  t ha t  a un i t a ry  S -ma t r ix  can not  be defined 

for this  k ind  of problems because of the absence of dispersion phenomena.  
The Regge t ra jector ies  will be given by  the zeros of fgE). Looking at  

this  expression we notice t ha t  these t ra jector ies  are given by  

9 / + 3  E E 3 
(5.3) 4~ 2hv k , k : 0, 1, 2, ... or 1 : 2hv 2k 2' 

so there  are an infinite n u m b e r  of Regge poles, and~ when the  energy E goes 

f rom --  c~ to + c~ this  poles move  along the  real  axis of t h e / - c o m p l e x  plane 

f rom --  c~ to + oo. 

Wri t ing  

2 / + 3  E 
z = a - - - - T -  + 2 h ~ '  

~he Jos t  funct ion (5.1) can be wr i t t en  

L(z)  = A t  
exp [-- izz] 

f (1 - -  z) 
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and recall ing the  iden t i ty  

7g 

F(z) F ( I  - -  z) sin uz ' 

we obta in  

(5A) ]~(z) = A~ exp [ - -  iz~z] l~(z) s in~z .  
7g 

The a sympto t i c  behav ior  of F(z) for ]z 1 --~ c~, l arg z I ~ ~ is given by  

r(z) -+ x/2~ ~,~-~ exp [z].  

Using this p roper ty ,  we can analyse the  a s y m p t o t i c  behavior  of ]~(z) as  
[z I-+ cx~, l a r g z [ ~  ~ and we find t ha t  ]~(z) tends to zero in the  left  half-plane 

of the  z complex plune, except  on the  negat ive  real  axis;  b u t  becomes s t rongly  

divergent  on the r ight  ha]~-plane, as F(z) is. 
We  conclude t h a t  our Jo s t  funct ion does not  satisfy dispersion re la t ions  

of the  usual  type.  

One of the authors  ( J . J .G . )  is indebted  to Prof.  T. I~E~GE for suggesting 

the  present  work  and  for useful discussions and  suggestions on the  subject .  

R I A S S U N T 0  (*) 

Si coml0ut~no esplicitamente le funzioni di Jost per l'oscill~tore armonico (in una~ 
e tre dimensioni). Ease sono funzioni ~nalitiche intere nel piano E complesso. I lor~ 
zeri d~nno i ben noti stati leg~ti del sistema. Si ds una rappresent~zione integrale delle 
funzioni di Jost dell'oscillgtore armonico perturbato. 

(*) Traduz ione  a cura della Redazione.  


