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We present here a theoretical analysis of the
interaction between an ideal two-level quantum
system and a super-oscillatory pulse, like the
one proposed and successfully synthesized in
Ref.1'2 As a prominent feature, these pulses
present a high efficiency of the central super-
oscillatory region in relation to the unavoidable
side-lobes. Besides, our study shows an increase
of the effective bandwidth of the pulse, in the
super-oscillatory region, and not only the ap-
pearance of a local frequency higher than its
highest Fourier-frequency component, as in the
usual description of the phenomenon of super-
oscillations. Beyond introducing the concept of
effective super-bandwidth, the presented results
could be relevant for experimental applications
and opening new perspectives for laser-matter
interaction.
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The super-oscillatory phenomenon,?® which intrinsi-
cally has an interferometric origin, could be explained
as a consequence of the counterintuitive property of a
band-limited function that, surprisingly, can vary lo-
cally faster than its highest frequency component. It is
said that such a behavior locally breaks the limit im-
posed by the Fourier transform (FT), which is restricted
by the duration-bandwidth product. Although it is
not formally accepted within Fourier’s theory since F'T
is defined in the entire time domain, this paradoxical
fact is not a mere mathematical curiosity of those kind
of functions but it has physical implications with ap-
plications to the design of super-directive antennas,*
quantum weak measurements,®? and super-resolution
microscopy,®? among others. !’

Particularly, in the time domain, numerical simu-

lations predict the transmission of a super-oscillating
optical signal at the absorption resonance of a dielec-
tric medium.!! While the absorption only acts on the
Fourier components, the super-oscillation shows quasi-
periodical revivals. In the same direction, the transmis-
sion of super-oscillating electrical signals at frequencies
above the effective band limit of a commercial low-pass
filter has been proved in Ref.!? This supports the con-
cept of temporal super-resolution introduced in Ref.'3
by analogy to the optical super-resolution imaging tech-
nique. Hence, a proper shape and spectral control of an
ultra-short laser pulse can result in pulses shorter than a
transformed-limited Gaussian pulse with the same spec-
tral width. For instance, in Ref.'* a super-oscillating
pulse envelope has been experimentally synthesized and
used to resolve two consecutive temporal events, show-
ing a temporal super-resolution measurement in com-
parison with a Gaussian signal.

In regard to the response of a physical system to
a super-oscillating perturbation, some previous works
have theoretically showed that the super-oscillatory
characteristics of an electromagnetic field can be ex-
plored through the dynamics of a quantum system
driven by such a field.'> 16 In addition, it is argued that
this particular behavior can be exploited, for instance,
to induce atomic transitions by driving the system with
an optical pulse, whose spectrum is below the transi-
tion line and to study ultrafast physical processes by
means of low frequency signals.

Following these approaches, we present here a study
of the interaction between an ultra-short pulse, as pre-
sented in Ref.,2? and a two-level quantum system
(TLS). In the cited works, a simple way to experi-
mentally obtain Gaussian beams and ultra-shorts laser
pulses, that exhibit super-oscillatory characteristics,
has been discussed and implemented. By using a mod-
ified Michelson interferometer, which adds a quadratic



phase (chirp) in one of its arms, different pulses were
synthesized. In the present letter we show that, for
this kind of pulses, the phenomenon of super-oscillation
can be extended as a global broadening of the effective
bandwidth in the super-oscillatory region, and not only
to the generation of a new frequency, higher than the
highest Fourier component of the pulse, as is usually
presented in the literature.

The state of a TLS is in general a superposition be-
tween the ground (]0)) and the excited (]1)) states,
[¥(t)) = Co(t) |0)+C1(t)e~ ™t |1), where w, is the tran-
sition frequency, and Cy 1(t) are the probability ampli-
tudes to find the system in one of these eigenstates.
The dynamic of this system, when it is driven by an
external classical field, for instance the electric field of
a laser pulse, can be described by the set of differential
equations:

dC (t) _ . —iwet
= Qe (1) (1)
T = e,

assuming that the relaxation times of the system are
longer than the temporal width of the interacting pulse.
The function Q(t) is the well-known Rabi frequency,
Qt) = %E(t), where Xg; represents the dipole ma-
trix element between the states |0) and |1), and E(¢) is
the time-dependent electric field, that can be described
as E(t) = EoE(t)e™0te’® being Ey the peak field am-
plitude, £(t) the field envelope, wy the carrier frequency
and ¢ an arbitrary phase.

We now consider a field E(w) in the frequency do-
main, that can be synthesized in an analogous way
to that followed in Ref.! Schematically, the synthesis
is performed by a Michelson-type interferometer, like
the one sketched in Fig. 1(d). Here, the initial band-
limited pulse, Ej(w), that travels through the inter-
ferometer without being modified, is recombined with
FEs(w), which can be seen as the initial pulse modified
by the chirp parameter (), the amplitude ratio be-
tween the two arms (), and their relative phase (6).
Thus, the resulting field is

w

Ew) = E (e_lo(

X rect (WA:O) = E1(W) + EZ((U);

where the envelope function rect(z) is the so-called rect-
angle function, which limits the frequency content of
the pulse to the spectral range wpmin = wop — Aw/2 <
w < wo+ Aw/2 = Wpasz.t" Besides, the full width at
half maximum (FWHM) of the light intensity profile

|E(w)[?, is FWHM,, = /22 A,

—wp (2 _ w—wp\2 _ 2 .
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As a result of the boundary effects imposed by the
rectangle function in Eq. (2), the FT of E(w) no longer
corresponds to the interference between a Gaussian and
a “broadened” Gaussian pulse (chirped pulse). In fact,
the FT of the function e~ (557)° x rect( =) is given by
By (t) oc e~ HeM* exfi( 1t — i 20) — exfi(2at +
iﬁ—il)], where erfi(t) is the imaginary error function.
The sum of the two erfi functions smoothly modifies the
Gaussian pulse e’%(m“’ly, if Aw is large enough com-
pared to Aw;. In our case, this condition is fulfilled
because Aw > Aw; = Aw/\/ﬁ, where the factor v/10
comes from the argument of the Gaussian functions in
Eq. (2). Therefore, in the time domain, we can consider
the pulse E(t) (the FT of the field E(w)) as the interfer-
ence of two “quasi-Gaussian pulses”, E;(t) and Es(t).
The ratio between the temporal widths of the pulses
E1(t) and Fs(t) is, approximately, (1 + (%)452)1/2.1

In Figs. 1(a)-(c), we show a schematic representation
of the initial band-limited pulse, the broadened pulse,
and the synthesized super-oscillatory pulse, for the set
of parameters Aw =1, § = 10, « = 0.9 and § = 0,
respectively. The carrier frequency wy was fixed to 2.
Figure 1(a) shows the amplitude of the pulses spec-
tral content, in the frequency domain, which is shared
by both E;(t) and F5(t). In Fig. 1(b), these pulses
are represented in the time domain. Although both
pulses have the same spectral content (in amplitude),
the chirped pulse is temporarily broadened, relative to
the primitive one. Finally, the Fig. 1(c) shows the syn-
thesis obtained by the destructive interference between
E1(t) and E(t), giving origin to a super-oscillation re-
gion in the central part of the pulse, delimited by the
times where the envelope of the wave becomes zero.

In general, the Egs. (1) are solved between an initial
state at ¢; = —oo and a final state at t; = oo, two
stationary points in which the field does not interact
with the system. Using first order perturbation the-
ory (weak interacting fields), the coefficient C4 (¢t — o)
results proportional to the FT of the envelope func-
tion & (we) (see for example Ref.!®), meaning that, af-
ter the pulse, the population of the excited state in an
ideal TLS not vanishes only when the transition fre-
quency w, is within the Fourier spectrum of the field.
However, this is not the best approach to understand

he behavior of the system under a super-oscillatory
pulse, since super-oscillations appear in a finite tem-
poral region. Instead of that, we have evaluated the
Egs. (1) between two other times, #; and #;, where
the field amplitude of our super-oscillatory pulse van-
ishes or, equivalently, F(t) = 0, independently of the
global phase ¢. These times, which correspond to a
pure destructive interference between the fields FEy(¢)
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Figure 1. a) FT amplitude corresponding to the pulses E1(t) and E2(t), both spectrally limited by Aw = 1. b) Temporal

evolution of E1(t) and Es(t).

¢) Pulse resulting from the interference between E(t) and Es(t), for « = 0.9 and 8 = 10.
The super-oscillatory region, enclosed by a dashed line, is delimited by the roots of the field envelope E(¥).
of the setup to experimentally obtain the super-oscillatory pulse E(t) =

d) Schematic
Ei(t) + E2(t). Its shape is tuned by setting the

values o, 8 and ¢ by means of a waveplate (WP), a dispersive media (DM) and a mirror M, respectively.
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Figure 2. Simulations of the time evolution of the excited
state population of an ideal TLS. The system interacts with
an external field with wo = 27 and Aw = 0.5. In panel (a),
the interaction occurs with the original pulse E1(t) (o = 0),
when the transition frequency we is below (red line) and
above (gold line) wmaz, so that, A = 0.22 and 0.30, respec-
tively. In panel (b), the system is driven by a synthesized
pulse with o = 0.6, 8 = 80 and 6 = 0.1, being wWmazr < We
(A =0.30).

and Fs(t) (see Fig. 1(c)), are the ones that delimit

the super-oscillatory region. Furthermore, it follows
dCo(t dCi (¢ :
from Egs. (1) that % = # i, = 0, im-

plying that the coefficients Cy(t) and Ci(t) are con-
stants around these times. Hence, these also constitute
two stationary points where the Rabi oscillations are
momentarily stopped. The subsequent revival of these
oscillations, due to the fact that the field increases, for
example after #;, drives the system from a new initial
state corresponding to C1(f;). We can, thus, say that

the evolution of the TLS in the super-oscillatory region
is independent of the evolution between t = —oco and
t=1,.

In order to extract particular features of the syn-
thesized super-oscillatory pulse, E(t) = E1(t) + Ex(t),
we have numerically analyzed the solution of Egs. (1)
by comparing the effects this particular pulse produces
on the TLS and the ones driven by the original pulse,
Ei(t). As an example, in Fig. 2 it is shown the tempo-
ral evolution of the excited state population, |C1(t)|?,
and the corresponding driving field. For all cases the
system is initially in the ground state (C; = 0), and
interacts with a relatively weak field. The values for
the set of parameters, in units of wg = 27, were chosen
to be Aw = 0.5 and Q¢ = 0.1, being €y the strength of
the Rabi frequency, which is proportional to the elec-
tric field amplitude. More specifically, if we work with
a Ti:sapphire laser with a central period T = 2.7fs
(XA = 800nm), and in the case of Gaussian pulses where
FWHM, x FWHM,, = 270.441, this would correspond
to a pulse with a FWHM,; ~ 15 opt. cycles, that is a
FWHM; = 40fs.

We start by considering, in Fig. 2(a), the effect of
E4(t) on the probability to find the system in the ex-
cited state, when the value of the detuning from reso-
nance, defined by A = w, — wp, is 0.22 (red line). In
this case, the interaction takes place in such a way that
the transition frequency is within the spectral content
of the field. The displayed result corresponds to the so-
lution of Egs. (1) calculated between t = t; — —oo
and t = ty — oo. At t = ty, it is observed that
|C1]? # 0 in agreement with the pulse area theorem.'®
Moreover, when the detuning is A 0.30 (golden
line), so the transition frequency is beyond the high-
est frequency of the pulse spectrum wi,,;, we obtain
|C1(tf)]? = |C1(t;)|* = 0, which indicates that the sys-
tem remains in the ground state once the pulse ceases.
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Figure 3. 2D-density plots of the final population of the excited state as a function of the electric field peak amplitude
(in units of the strength of the Rabi frequency o) and the detuning from resonance, A. The TLS interacts with the

primitive pulse E;(¢) in panel (a), and with a super-oscillatory pulse in panel (b).

The region between the horizontal

dotted lines corresponds to transition frequencies within the spectral range of E;(t). ¢) Cross section of the 2D-density
map displayed in panel (a) (red line) and in panel (b) (black line). Cross sections, corresponding to cuts of the 2D-density
maps at a = 0.3 and a = 0.7, are also plotted. d) FWHM, (red points) and temporally localized spectral FWHM, T’
(green points). Each point corresponds to a different value of o, and both FWHM, and I" are measured relative to their

values for & = 0. The values of I' are obtained from the corresponding cross section of |C(#y)

Finally, Fig. 2(b) shows the temporal evolution of |C}|?
for a detuning parameter value A = 0.30 as used before,
but when the TLS is driven by a synthesized pulse that
exhibits a super-oscillatory behavior. The parameter
values used in the synthesis are § = 80 and a = 0.6.
As we previously discussed, the dynamic of the sys-
tem in the super-oscillatory region will depend on the
characteristics of the pulse in that temporal window,
but not on the whole pulse. Hence, the solution is
calculated between the two roots of £(t), t = #; and
t= th, as indicated in the figure. It can be seen that

7 dC1
Cu(E)? # 0 and €G58

will show that this non-zero population of the excited
state at t = ¢ ¢ can be linked to a global broadening of
the effective bandwidth in the time window where the
super-oscillation occurs.

= 0. In what follows, we

With the purpose of characterizing the effective local
increase in the bandwidth, that we have called super-
bandwidth, we studied the dynamics of the TLS as a
function of the detuning A, and the peak amplitude of
the electric field, Ey, measured in units of 2y. In Fig. 3,
the 2D-density plots display the final value of the ex-
cited state population |C;(t)|?, that is reached by driv-
ing the system with the synthesized field. The calcula-
tions were performed, as previously described, between
the roots of the field envelope, ; and ;. In Fig. 3(a),
the set of the synthesis parameters is « B 0,
which corresponds to the original pulse E;(t). We can
see that, for weak fields, |C(¢)|?> does not vanish in
a region delimited by |A| < 0.25 = Aw/2 (horizon-
tal dotted lines), so that the transition frequency of

| 2

the TLS is within the spectral range of the original
pulse, wmin < We < Wmaz- In Fig. 3(b), the values
of the synthesis parameters were set to « 1, and
B = 80, resulting in a super-oscillatory pulse. In this
case, the area where |C;(f;)[? # 0 is broader than that
in Fig. 3(a) and extends beyond the limit |A| = 0.25,
that is, |we — wo| > Aw/2.

The weak field approximation predicts a slight vari-
ation on the population of the excited state, during
the time the pulse interacts with the system. Quan-
titatively, this means that the period of the Rabi os-
cillations, Ty = 27/, is appreciable longer than the
FWHM;. We have taken as a reference that such vari-
ation is at most 20%. This value is reached (ver-
tical dotted lines) when 5 = 0.04 in the case of
Fig. 3(a), and Q¢ ~ 0.08 in the case of Fig. 3(b),
that implies a Rabi period of Ty = 157 opt. cycles
(FWHM; = 14.9 < 157 = Ty), and Ty = 79 opt. cycles
(FWHM,; = 8.8 < 79 = Tp), respectively. In Fig. 3(c),
it can be seen a vertical cross section, for the value
Qp leading to |C1(t)|> < 0.20, of the 2D-density plots
corresponding to a synthesized pulse with g = 80 and
different values of the parameter « (only the 2D-density
plots for & = 0 and a = 1 are shown here). As a refer-
ence, for these value of § and Aw, the chirped pulse is
V5 &~ 2.2 times wider than the original pulse.

From each cross section, we can obtain the effective
spectral full with at half maximum, I', corresponding
to the super-oscillatory time window At = ff — .
As expected, for & = 0 the bandwidth matches the

value 1/ﬁF = 0.5 = Aw. For higher values of a,



|C1(5)|? # 0 beyond the spectral limit imposed by the
FT, and the cross sections show new frequencies below
Winin and above wy,q.. Along with this, I' also increases.
Finally, in Fig. 3 (d), we plotted both I" and FWHM, as
a function of «, until o = 1, when the super-oscillatory
region has the same amplitude that the side-lobes (see
inset in Fig. 3 (b)). It can be observed a monotonous
decrease of FWHM; with respect to its value at a« = 0
(temporal super-resolution'® %), while I' steadily in-
creases (super-bandwidth).

In conclusion, by studying the evolution of a TLS
in the interval between the zero crossings of the elec-
tric field envelope, we are able to neglect the effects of
the interaction with the side lobes and individualized
those effects purely originated in the super-oscillatory
window. The simulations predict that, in this tempo-
ral region, there is a net final population of the excited
level, even for a transition frequency beyond the Fourier
spectral components of the pulse. We have shown that
this behavior is due to the fact that the synthesized
pulse has a temporally localized “effective bandwidth”,
larger than its FT bandwidth, and not only to the ap-
pearance of a single frequency locally oscillating faster
than its highest Fourier component, as is usually con-
sidered in the literature.

It is worth mentioning that the pulse analyzed in
this work shares similar characteristics, in the time do-
main, with that of Ref.131%19 which also exhibit a
localized fast oscillation and a narrow temporal struc-
ture. Furthermore, from the synthesis method followed
in Ref.,'2 it is possible to obtain dichromatic pulses,
such as those used in Refs.?®2! for exciting a TLS
with no spectral overlap with its optical transition. In
fact, from Eq. (2), if & = 1 and imposing the interfer-
ence condition § = 7 when w = wy, then E(wy) = 0,
independently of 5. Finally, we want to emphasize that
the analysis carried out here is valid for pulses with an
arbitrary FWHMy, i.e. in the multi-cycle regime. For
few-cycles pulses, a deeper analysis is necessary, to take
into account the effect of the carrier envelope phase.!”
These facts are promising for future experimental im-
plementations and can open new ways in coherent con-
trol, as well as in ultra-fast spectroscopy. We can men-
tion that a preliminary analysis in high-harmonic gen-
eration in solids driven by the pulses studied in this
work, shows novel and intriguing results. This ongoing
research will be published elsewhere.??
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