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A variational method for the self-consistent solution of the nuclear many body problem
with the inclusion of correlations is formulated. The trial function in this multi-
configuration-Hartree-Fock (MCHF) theory is a linear combination of unrestricted
Slater determinants. The MCHF equations are given and a simple procedure for
solving them is outlined. A great advantage of this method is that it also yields the
excited states. It is shown that the trial function is stable against particle-hole ex-
citations. Therefore the Slater determinants differ from each other at least by two
particle — two hole excitations. This method is applied to the Lipkin model. In the
MCHF method the difference to the exact solution is reduced by a factor three to
ten compared with the corresponding value in the HF approach.

1. Introduction

Within the last few years it became more and more obvious that
even the doubly closed shell nuclei are not correctly described by the
independent particle picture of the Hartree-Fock (HF) approach. This
was established! notably for *°Ca by transfer reactions like (4, p),
(®He, d), (3He, a), (d, t), (¢, o). Hartree-Fock-Bogolyubov (HFB) calcu-
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lations 2 showed that pairing alone can not explain the large correlations
detected in the ground states of 10 and specially of “°Ca. Two different
methods have been tried to find these correlations in the ground state:

CeLENZA, DrEIZLER, KLEIN and DREiss® performed HF calculations
in 10 for the ground state, the states with two holes, and the states
with four holes in the 1p-shell. Afterwards, they diagonalized the
neglected residual interaction H,, in the basis of the HF ground state,
the lowest 2p—2Fh state, and the lowest 4p—4h state. On the other
hand Acassi, GILLET, and LuMBRoso* performed an RPA calculation
on an oscillator basis and calculated the correlated ground state ac-
cording to SANDERSON >,

Neither method is completely self-consistent. The procedure of
CELENZA et al.? finds the single particle states by minimizing the energies
of the uncorrelated ground state, the 2p—2#h states, and the 4p—4h
states. AGASSI et al.* do not try at all to be self-consistent.

In this paper we want to propose a method to find the correlated
ground state in a self-consistent way and which in addition yields also
the excited states. We utilize a variational procedure, choosing as the
trial function a linear combination of unrestricted Slater determinants.
A similar ansatz but restricted to only two Slater determinants was
proposed by BREMOND ®. VEILLARD’ formulated this two-configuration
Hartree-Fock theory and HiNze and RooTHAN® generalized it to a
multi-configuration Hartree-Fock (MCHF) theory for atomic physics.
But they imposed some limitations on the form of the allowed configura-
tions (Slater determinants), which result in important mathematical
simplifications. Here we are extending the MCHF theory to unrestricted
configurations and adapting it to nuclear physics.

In Section 2 the general MCHF equations are derived and it is
proved that the MCHF-function is stable against one particle-one hole
excitations, while in Section 3 a simple procedure for solving the MCHF
equations is outlined. Section 4 deals with the application of the theory
to a simple model and, finally, conclusions are discussed in Section 5.
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2. Theory

For the multi-configuration Hartree-Fock (MCHF). ‘met]-lovd we
choose the trial-function )

¥)=FCiID. - )

The Slater determinants |I) represent different configurations of self-
consistent single particle states |i), kD, [ID, [m), ...

1>=Taf10>
with: . ,
liy=al|0). @

“jI" indicates that the product goes over all 4 states belonging to the
configuration [I). If one takes all possible configurations [I) the
variation of the C; alone already leads to the exact solution within this
space. The number of configurations in a space with N single particle

functions and A4 particles is (Z) Since this is a very large number for a

reasonable Hilbert space, the sum in Eq. (1) is restricted to the confi-
gurations, which lie lowest in energy. We vary the single particle states
|i> to compensate by part for this restriction. The coefficients C; and
the states |i>, | k) ... in the trial function (1) are determined in the usual
way by variation of the expectation value of the total Hamiltonian:

H Ztlka ak+(1/4) Z I/lk mna azanam o :' (3)

ikmn

The expressions ¢;;, and Vi, ,, represent the matrix elements of the
kinetic energy and the antisymmetrized matrix elements of the nucleon-
nucleon interaction respectively. In Eq. (3) one can subtract the operator
for the total kinetic energy of the nucleus

TCM=*2—%‘ZZ<i|P2|k>a§ak -
€
ta A Y ikl p(1)p(2) |mn)a aka,,a Y

ikmn

to correct for the centre-of-mass motion. We assume that this correction
is already included in the one- and two-body matrix elements of the
Hamiltonian (3).
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The expectation value of the total Hamiltonian (3) with the trial
function (1) yields:

<W|H|lp)'—‘zczalH|J>CJ'—‘ZCI{éI;JZtii“f‘l/zéI;J
i i

"kZ‘,IVik; ik VickresOqun-annirsikOr5ik0sors) Cr - ©)
The single particle states are assumed to be ordered, so that the notation
i<k is meaningful. Symbols of the theory of sets are utilized to simplify
the notation. “i/<J” indicates that the sum (or product) runs only over
single particle states which are occupied in the configuration 7. The
Kronecker Delta symbol 8, ;, is zero if one of the states [i> or |k) is
not occupied in the configuration |I) and it has the value 1 when both
states are occupied. The symbol 8.;.,5y— i) ixrs has the value 1 if the
non-common states of the configurations [I¥ and |J) are [i), [k, |,
and [s), being zero otherwise.

If one restricts the trial function (1) to only one Slater determinant
(one coefficient C; equals unity and all other zero), expression (5) gives
the total energy of the Hartree-Fock (HF) approximation.

In Eq. (5) we have employed a property of the wave function |¥)
which is well known in the HF case. We justify this procedure by for-
mulating the following theorem:

Theorem. The MCHF wave function |¥) is stable against one
particle-one hole excitations.

This theorem will be proved by assuming that the trial function | ¥
is a linear combination of configurations which are distinguished from
each other by at least two particle-two hole excitations. The variation
of the expectation value (5) is requested to be zero with respect to single
particle states |i), |k}, ... . We are thus lead to the following equation.

0= <'P;(chq ala) H|¥)= ZCAIIZCme

6
: {51';1|I>+auCJau§JarCIasCIII>} C,. ©

The configuration |J) =+ [I)
|J>=a£CJa$CJarCIGSCIII> . I (7)

can be written in this way because a two-body operator connects at
most a 2p— 24 state with its reference state.

- After introducing quasi-particles with [I) as the vacuum, the appli-
cation of Wick’s theorem and the independent variation of the coeffi-
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cients {,, results in the equation:

st((quz +2Vpk;qk Z )51-1=pC?+ Z Vpr;uv Z
eE SE N S

®)

" 5p<|:l CI CJ 5(IUJ)—(InJ);rsuv)=0 .

The single particle states are assumed to be ordered so that the notation
u>v is meaningful. This restriction prevents double counting of a
configuration.

Eqg. (8) says that the wave function | ¥) is stable against a particle-
hole excitation (from ¢ to p in the diagonal part and from s to p in the
off-diagonal part).

Thus one can assume that the sum in the trial function (1) runs over
configurations which are distinguished among themselves by a least a
2p—2h excitation. The variation

(5?’!H|Y’>—Zk:eki<6i|k>—E;5C,C,=0 (9)

leads to two sets of equations:
One for the determination of the coefficient C;
Y KI[H|J)C;=EC, (10)
J
with:
<II H1J>=6I;J{.thii+l/z.kzIVik; ik}+ Vi<k; r<s
: 5([uJ)—(InJ); ikrs 513ik 5.I=rs

and a second for the determination of the single particle states |i).
We expand the states |i) '

li>=3 A,:la)

|ay=Y 42,11 (1

into a complete basis system |a}, |b), | ¢, |d), ... to formulate the second
set of equations.

;tub X(@) Abi+b Ed:kVac;bd X(ik)Ap; A%y Agy

+ ZS(”_C,Z'§) I/ac;bd X(lk; rs)AbrAkads_ZskiAak=0'
bed k

(12)
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The configuration density matrices X(ik; rs) are defined by the following
expressions:

X@ksrs)= Y CrCyduon—ann;ikrs

Joik; I2rs
X(ik;ik)y=X(ik)= Y C} (13)
Ioik
X()=X(@i)=Y C}.
I=>i

In the symbol
S(ik; TS)=5i<k Opast 015k Ops

the bars in the Eq. (12) indicate a summation over the underlined single
particle states. The Kronecker Delta §;., is unity for i<k and zero
otherwise. This avoids double counting of configurations in the off-
diagonal term of Eq. (5). g, ; are the Lagrange multipliers for the ortho-
gonality of the single particle states.

ilky=06;,. (14)

In the HF-approximation ¢ ; can be diagonalized, since a Slater deter-
minant is invariant under a unitary transformation between the occupied
states. The MCHF wave function is a linear combination of different
Slater determinants, so that a diagonalisation of the g, ; is impossible.
The physical interpretation of this result is obvious: Since | ¥) contains
correlations between the particles, the concept of single particle energies
£, =0, & is lost.

The MCHF problem is now given by the coupled system of Egs. (10),
(12), and (14). A possible procedure for the solution of this problem will
be suggested in the following section.

3. Solution of the Multi-Configuration-Hartree-Fock-Equations

In order to solve the multi-configuration Hartree-Fock equations
(MCHF) (10), (12), and (14) we shall follow closely a quadratically
convergent method proposed by HiNze and RooTHANS®, The procedure
can be summerized in the following steps.

o) A Hartree-Fock (HF) calculation allows one to find a zero order
set for the coefficients 4=A,; defined in Eq. (11).

B) The single particle states

Ii>=ZszziIa>
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defined by the A" corresponding to the v® iteration are utilized to build
the configurations | I') and to calculate the elements (/| H|J) of Eq. (10).
A diagonalisation of this matrix (10) yields the coefficients C}*® (6=1
for the ground state and o'>1 for excited states). ’

y) The orthogonality relation of the A4;; allows one to eliminate &f;
out of Eq. (12) as a function of the 4”’s and the coefficients C}*.

0) Ome corrects now the coefficients A” by introducing into Eq. (12)
and into the &}; the expression A'*! =A’+8A4. Linearizing the resulting
expression a linear inhomogeneous equation for the 4 obtained:

¢) The improved coefficients 4'*? are orthogonalized by the Schmidt-
method. The steps f§ to ¢ are repeated until convergence is attained
(6A4-0).

The Hartree-Fock method (HF), which is utlhzed to find the zero
order approximation for the coefficients -4, is well described in the
literature (see for example the Ref.®~!!). The selection of the different
Slater determinants |/ is a straightforward procedure. In step y one
has to take into account, that the matrlx &;; 18 hermitian, If the hermitian
conjugate of the equation

5(T1H|T>=Zk:a,.k5(kli>+E;5C,C, : (15)

is subtracted from Eq. (15) one finds the equations: ‘
Y Gi—e) 3CkIi>=0, &p=ef;. (e
ik : - : :

It is well known, that the phases of the basis states |a), |b), ... can be
chosen in such a way that the elements z,, and V,,, ., are real. But it-is
not generally true that real COCfflC]CI]tS A,; will yield the deepest energy
minimum of:

CPIHI\YS. : SRR § 3

But from now on we shall assume as usual that all the matrix elements
and all coefficients A,; are real. Eq. (16) now requires that the matrix
for the Lagrange multipliers ¢;, be symmetric. We guarantee this by
eliminating ¢;, from the Eq. (12) with the help of the orthogonahty
relation

ZAalAak—'-ék;l - (18)
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in the following way:

;1 =1/2(e;+81)
=1/2Z(AaklzgliAal+Aai;Blk A

=1/2Aki[zb toy Agr Ay X (D)

+ Z VaesvaAar Api Acr Agy X(E1)

abcds 1
bZdS(zl rs)VaC ,,dAakAb,Ac,AdsX(ll rs) (19)
+ZtabAa,Abk Xk -
" ”+ab§:1 ZI/ac bdAalAbkAclAle(kZ)
+ Y S(kl; rs)V,,C paAai Ay, A Ags X(k1;75)]
with: e ‘
wefy U

Introducing the symbol 4;, we want to take advantage of the following
degree of freedom: A determinant is unchanged by a orthonormal trans-
formation among a part or all of the occupied states. If an inert core of
states |m,>, |m,>, ... |m,y is occupied in all the configurations |/ )
one can utilize the free orthonormal transformatlons among the [m) ..
[m.) to diagonalize ¢; , for i, k<m,.

In step & we introduce the symmetrized &, of Eq. (19) into Eq.. (12)
and replace A}; by A'F'=A2;+64,;. The linearisation of the resulting
expression yields: v

bZkovii;bkéAbkzDZi' (2n

The superscript v indicates that the matrices M and D are constructed
using the coefficients A4 of the y™ iteration.

The Schmidt orthogonahsatlon required in step ¢ is also a well known
method

- i—-1
Aai=Aai-- ZAivk;Aévab-i’ (22)

AN ___A‘”(ZA )—1/2' . (23)
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For this procedure it is of advantage to order the states |i)> so, that in
the overlap matrix

oik=zAaiAak (24)

the smallest off diagonal elements lie in the upper left corner and the
largest in the lower right one. In this way one gets the least possible
rearrangement of the single particle states. The main difficulty of the
whole procedure is the size of the matrix M,;, ,,. Without making use
of symmetries it exceeds already for 'O (with a basis including all
states up to the 25— 1d shell) the numerical possibilities of standard
calculating facilities. Time reversal and isospin invariances suffice to
reduce already the problem to managable dimensions. The size of the
matrix M can be furthermore reduced, if one requests for additional
symmetries:

Rotational invariance around the intrinsic z-axis and parity invariance
restrict the summation in Eq. (11) to states of the same angular momen-
tum projection X and parity z:

li; Kny=Y Azl |a; K). 2%

These symmetry requirements also allow for reduction of the remaining
matrix M, g, n.; bkk,n int0 smaller unconnected matrices:

— Kimi
MaiK,-m;kakﬂ:k_aKg;Kkani;ﬂ:kMai;bk' (26)

This entails that we neglect in each cycle of the iteration the effect on
the matrices M™X caused by the changes in the coefficients A%F which
belong to different symmetries. Although this slows down the conver-
gence of the iteration, it reduces drastically the size of the irreducible
matrices.

4. Applications to a Simple Model

The above developed multi-configuration Hartree-Fock (MCHF)
theory will now be applied to the LipKiN'? model. This simple model is
suggested by LipkiN and coworkers!?:!3 for testing new approaches to
the solution of the many body problem. The Hamiltonian is of such a
form that it allows for such an exact group theoretical solution.

The model consists of two N-fold degenerate single particle levels
(lpo>; o==x1, p=1, ... N). They are separated by an energy gap e.
The number of nucleons is N. The interaction is a monopole force

12. Lipkin, H. J., N. Msskov, and A. J. GLick: Nuclear Phys. 62, 188 (1965).
13. Aacassi, D., H. J. LirxiN, and N. Mesakov: Nuclear Phys. 86, 321 (1966).
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scattering two particles from one level into the other.

H=(1/2)e Y ocl et 2V Y el el G o (2T)

e=+1,p=1,...N rgqo

With the help of the quasi-spin operators
L@=12Ycc},c,,
po

28
Jo@=JX@©@=Y cl.c,-, (28)
14
which fulfill the angular momentum commutation rules, one writes the
Hamiltonian into the form*?:

H=J,(c)+1/20[J2(c)+JI2(0)]. (29)

The energy is now given in units of the single particle energy & (v=0/e).
The unperturbed ground state [n=0,c¢) (an n=0 particle-n=0 hole
state in the basis or “c” representation) is the member with the lowest
quasi-spin projection in the following representation:

[ J=(1/2)N; J;=n—J;c>=[n;c). 30)

Since the Hamiltonian (29) is not changing the total quasi-spin the
finding of the exact solution implies that one has to diagonalize a
2J+1=N+1 matrix. These solutions have been tabulated by LIPKIN
et al.'?,

The HF approach looks for the 0p—04 wave function |n=0, a) in
the self-consistent or “a” representation. The basis and the single particle
states are connected by the unitary transformation:

aj- cos b —isin b\ [el
2 2 »
N ot O R B | B 3
ap+ —18m —i' COs -2— Cp+

In quasi-spin space this corresponds to'3:
1©=12[J ©)+I-(©]=J.(@)
J(Q)=if2[-J.(0)+JI-(c)]=cos B J,(a)—~sinfJ (a) (32)
J,(c)=cos B J,(a)+sin f J,(a)
or:
[e>=R(—P)la>
la>=R(B)|c).
B is the second Euler angle representing a rotation around the x-axis.

7 Z.Physik, Bd. 220
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The HF-solution
540, a| H(a) [0, a>=0 (33)
can easily be found!?:
For: 1zv(2J-1)
B=0

For: 1<v(2J-1)
cos f=[v(2J~1)] " *=b""
- (34)
Eyp=—J[b—1/2Jb(1—b"%).
Although it is not explicitly stated in Ref.'® one can easily show that
the HF ground state has the form:
Ioa a)z}], _Ja Ll>

=§ |n, ) (n, ¢| R(— )10, a) (35)

N
= ;Odil;n—.l(—ﬁ) ] n, C>.

The function djyr, »(p) is defined by Epmonps'* in Eq. (4.1.15). But

our phase convention (31) requires the replacement of sm—ﬁ— by zsmg
The expressions needed in Eq. (35) are:

a3y 128;n-128(B)=(=)" (n‘(]i]\f’ n)‘)llz (COS —g)N—n (i sin g)n (36)

The absolut squares of these amplitudes represent a binomial distribu-
tion as found by Acassi et al.'3.

The MCHF approach takes
|¥>= % b,In,a)

n=0,2.,.n(max)

as the trial wave function. We restrict ourselves to the two configurations
[0, @) and |2, o).

|¥>=cos¢|0,a>+sin¢d|2,a)
P|H|¥)=cos® $(0,a| H|0,a) 37
+2cos¢sin <2, al H|0, a)+sin’ ¢ <2, a| H|2, a).

14. EpmonDs, A. R.: Angular momentum in quantum mechanics. Princeton: Uni-
versity Press 1960.
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Table. Total binding energies of the exact, the HF, and the MCHF solution in the
Lipkin2 model

The first column gives the number of nucleons, the second the coupling constant
v in energy units of . The next column lists the exact total binding energy. The two
last columns represent the difference between the HF and the exact energy and be-
tween the HF and the exact energy and between the MCHF and the exact energy,
respectively. All the energies are in units of the level splitting e.

N NXv E (exact) AEHF) 4E(MCHF)
14 0.4 -~ 7.038 0.038 0.002
0.6 — 7.088 0.088 0.007
0.8 — 7.163 0.163 0.024
1.0 — 7.270 0.270 0.060
2.0 — 8.636 0.251 0.087
5.0 —17.268 0.264 0.017
30 0.4 —15.040 0.040 0.002
0.6 —15.094 0.094 0.008
0.8 —15.179 0.179 0.035
1.0 —15.314 0.314 0.096
2.0 —18.547 0.168 0.019
5.0 —38.049 0.247 0.013
50 0.4 —25.041 0.041 0.003
0.6 —25.096 0.096 0.011
0.8 —25.186 0.186 0.040
1.0 —25.340 0.340 0.119
2.0 —31.039 0.161 0.017
5.0 —64.043 0.242 0.012

The matrix elements are easily calculated with the help of angular
momentum algebra. The total energy is minimized as a function of the
two angles f and ¢.

The table shows the exact total binding energy of the model nucleus'?.
Furthermore the difference between the HF and the exact binding
energy and the difference between the MCHF and the exact binding
energy are listed. The last numbers are by a factor three to ten smaller
than those corresponding to the HF case.

5. Conclusion

A linear combination of Slater determinants has been used as a trial
function in the nuclear many body problem. Both the single particle
states and the coefficients of the different configurations are varied at
the same time. One thus obtains the energy minimum of the expectation
value of the total Hamiltonian. This multi-configuration Hartree-Fock

T*
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(MCHF) approach yields a relatively simple system of equations for
the determination of the coefficients and single particle states, The
method not only gives self-consistently the ground state with the in-
clusion of correlations of any type but also the excited states. Due to
the inclusion of correlations it is impossible to speak in this approach
of single particle energies: The matrix of the Lagrange multipliers for
the orthogonality of the single particle states vield the single particle
energies as eigenvalues in the HF-approach. In the MCHF-approach
such a diagonalisation is impossible. This is the price one has to pay to
include correlations.

We would like to thank Prof. S. A. Moszkowski, Dr. P. U. SAUER, and Mr, H. H.
‘WoLTeR for helpful discussions. One of us (A. F.) is indebted to the “Consejo Nacional
de Investigaciones Cientificas y Técnicas de Argentina”, to the Universidad Nacional
de La Plata, Argentina, and to the “Deutscher Akademischer Austauschdienst™ for
their support and to Dr. H. BoscH for his hospitality during his stay at the “Labo-
ratorio de Radiaciones del ITAE”’, Buenos Aires, where part of this work was done.

Prof. Dr. AMAND FAESSLER

Prof. Dr. A. PLASTINO

Institut fiir Theoretische Physik

der Universitit

4400 Miinster (Westf.), Kreuzstralle



