VilIl. HYPERVIRIAL THEOREMS FOR 1D FINITE SYSTEMS. GENERAL BOUNDARY
CONDITIONS

34, Reformulation of some theorems

The finite BC confront us with a problem no previously found in those
cases studied in Part A. Let us suppose that wi,wj are two functions

that obey the BC of the problem, so that they belong to D If w is an

He
arbitrary linear operator, then in general, wwj does not belong to DH.
This fact makes the equality

]

<y Moy > = <Hypfuy >

no longer valid and it must be replaced by

<vplHop;> = <y oy, +os, (1)
where sij arises from the divergence theorem

3 - £ v
<wi|AwJ.> = <Awi[w\pj> + /g {\p'i‘V(wwj) (wxbj)vwi}.nds . (2)

If the dimensionless Hamiltonian for an N-coordinate system is written

as
Ho= =38 + V(F) 5 F = (X ,e0.,x,)
1 N
we deduce at once
= 4 - Ed ) "
St ‘fs{(wj)vwi in(wa.,}.nds . (3)

When wi,wj are H-eigenfunctions with eigenvalues Ei’Ej respectively,
the HT has the form:

<wi|[H,w]¢j> = wij<wi|w¢j> + Sij . (l’)

I f wwjeD then Sij=0 and the HT has the same expression as for infini-

H )
te systems. The result due to Epstein [1] and given in section 33, is a

particular case of (4) (when wi=wj=¢ and Ei=Ej=E)

<pllH,ely> =5 = 3 s {(wp)vy* - vV (wy) }.Rds . (5)
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Owing to this difference, we have to modify two theorems previously
presented. The first one, given in section 2, is due to Hirschfelder

[2].

Theorem |. The wave function is an H-eigenfunction iff fulfills (5) for

any linear operator w.

Proof: It is immediate because it follows the same scheme as shown in
section 2 (Theorem 1). It is only necessary to rearrange (5) as:

<Hw|mw> - <w|me> = 0.
When necessary, we will impose in addition the condition that y holds

the BC of the problem.

The importance of this theorem rests upon the fact that it shows the
advantage of using HO 1like f(?)v even though there exists finite BC

(see the proof of Theorem I, section 2).

The next theorem [3-6] was previously discussed in depth (section 3 and

section 21) and besides it was applied to problems with infinite BC.

Theorem 1. |If H¢0 = Ewo and  satisfies the NDHR

<¢\[H,wi]¢o> = (E-Eo)<¢|wi¢o> + %fs {(miwo)vwk - w*v(wiwo)}'FdS; i=1,2,... (6)
then
<(H_E)“U|miw0> ;o i=1,2,... (7)

Proof: Once again it is immediate if one takes into account that (6)

can be rearranged as
<lewiwo> - <¢1wHwo> = (E-EO)<w|miwo>

The essential difference between this theorem and that given in section
3 and section 21 is that DH does not include {miwof which, in general,
is not a subspace of the Hilbert space associated to the physical

problem.

Both theorems are totally general and they are valid for any system
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whose potential depends only on the coordinates, because no reference
was made respect the nature of the variables, to the frontier shape nor
the class of BC. They are even valid for non bournd states {(section 6).
When the frontier S is at infinity (so that ,Vy are zero on S), these
theorems reduce to those presented in Part A, so that they can be con-

sidered as a generalization of those given formerly.

35. Hypervirial theorems for 1D systems under general BC

Now we will develop the HT for those quantum 1D systems
H‘pi = Eiwi H H = -3D + V(X) (8)

satisfying the general boundary conditions (GBC)

v(a) Ay' (a)

(9)

v(b) = By’ (b)

with A,B being real numbers and a<b.

First of all, we must prove that H is Hermitian., I[f X12X%, obey (9), then
<xq x> = <t b+ 30 12 - Ixaxg 10) = <ixg x> +

+ 2{Bxj(b)x, (k) - Axi(a)x,(a) - xj(b)Bx,(b) + xj(a)Ax,(a)} =

= <HX1|X2> . (10)

Hereinafter we will consider only real functions and real operators,

so it will be not necessary to add the term c.c.

When wi,w. are H-eigenfunctions with eigenvalues Ei and Ej’ respective-

ly, Eqs. (3)-(5) assure us that

<wi|[H,w]¢J> = wij<wi!w¢j> * S (11)
1 b . 1b
Spp = HlGupvily - Ty Gyt l]) (12)

wlHules = s = #{we)et |2 - Juwn) D) . (13)



191

In order to determine the variation of the eigenvalues with the extre-
me points of the interval (a,b), it is just necessary to differentiate
(8) and then to apply the function <y| (we omit lower indices).

For example, for b we get

apludds = v e o= s : (14)

The use of (2) enables us to transform the last equation in

3 3y b 9y’ b

SEor o= {22 - A2 (15)
Since, in general 3y/3b does not satisfy the same BC as y does, the r.h.s.
in (15) is not zero and 3E/3b # 0. This result is entirely logic because

the eigenvalues depend on a and b.

For the other extreme point it follows a similar expression:

3E » - ¢ 8y b 9p' b
Ja ! §{|¢ aala ]waa la} ' (16)
Since ¢y holds (9), it depends on a and b, i.e. y=y{(a,b,x). When the

GBC (9) are valid for any b value (in general, for any b value within

a given interval)

y(a,b,b) By'(a,b,b) (17)

Ay' (a,b,a) (18)

v(a,b,a)

it is possible to obtain a useful relationship just differentiating
(17)-(18) with respect to b:

2(b) + vt (b) = B{EL(b) + ¢ (b))

(19)

a—g(a) = A a—;’b—l(a)

%)

In what follows, we will assume the existence and continuity of the
derivatives 0E/3b; 3E/%a; 8y/ob; aw/aa;azw/abax = azw/axab; etc., so
that, substituting (19) in (15) we have

SE = 3 {0t 0)®) - w0} = 3{EEb) -BA(0) byt (b) = 3{By(b) - ¥ (B }u (b) =

= ${28{v(b) - E}u(b) - v ()} (b) = {B2[V(b) - E] - 3}y (b)% . (20)
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Analogously, for the other extreme point
R 2 . 2
3E/3a T = {& - A“[v(a) - El}v'(a) . (21)

The same result is obtained when one applies the Gonda and Gray's pro-
cedure [7].

These two last formulas will be useful to deduce the analytical expres-

sions for the HT.

We have used in Part A basically two kinds of HO: w = f(x) and w = f(x)D.
The second HO is really important, as stated in Theorem |, section 2
and Theorem |, this section. The replacement w = f(x) in (13) gives

<ol 1> = #f fuut |2 - [reur |2 - 6?10} -
= 3{-F (b) 4% (b) + F'(a)yZ(a)} =
= 3 {aZfr(a)yr ()% - BZEr(b)yr (B2} . (22)

Substituting (20) and (21) in (22) we get:

2., 2
a 1

<y|H,Fly> = {__Lg_iﬁ___ B_E +__.l%_(_b_)____ % br . (23)

1 - 2A"[v(a)-E] 1 - 2B°[v(b)-E]
Working along the same lines with the other opegator (w = f(x)D) we
obtain

2 b b

<ol eody> = a{1Fe 212 = Jfuut ]2 - ffruyt |} -

]

${F(b)u (b)2 - f(a)y' (a)? = 2F(b)y(b)[V(b)-EJu(b) + 2f(a)y(a)lv(a) -

Ely(a) - Fr(b)y(b)u' (b) + F'(a)u(a)y' (a)} =

]

$1F(b) - 2B2F(b)[V(b)-E] - BF' (b)}u' (b))% + 2{-f(a) + 2A%F(a)[V(a) -

Bf' (b)
282[v(b)-E]-1

E]l + Af'(a)}u' (a)? = -{f(b) + {f(a) +

Af' (a)

5E
—_— .l —= T . (24)
2A2[V(a)-E]-1} 9a

Owing to their general character, Egs. (23)-(24) represent the starting
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point for all the following derivations. Multiplying (23) and (24) by

1 . .
T we normalize the function:

2 2
A%f1 (a) SE B82¢1 (b) oF
<[H,fl> = —/——"—" — + ——— (25)
1-28%[v(a)-€] °° 1-282[v(b)-g] P |
<[H,fD]> = _{f(b) + ____Eflikl___ %% - {f(a) + ____Aflifl___. EE . (26)

EE]

ZBZ[V(b)-E]—l 2A2[V(a)-E]—1

It is interesting to point out that the HT involving operators dependent
only on the coordinates are trivial when fweDH because Eq. (25) shows
a dependence with respect to the potential function as well as regard-

ing the extremes of the interval.

Now we present some important results that follow when f(x) adopts
particular expressions:
1) Substituting f(x) = x in (26) we deduce the VT in a very general

formulation

B A 3E

2<T> = <(wW)> = ={b + ——5————————~—} %E-- {a + 51 a3 (27)
2B°[V(b)-E]-1 2A°[V(a)-E]-1
2) Eq. (26) with f(x) =1 gives
<V'> = 3E/3a + JIE /3b . (28)
Eq. (28) admits a simple and interesting enough interpretation:
Let us suppose that we write the ends of the interval as a = - % + x°;
b = % + x°. The change of variable y = x-x° allows us to express the
energy formula as:
L/2+x° L/2
E = Y(x)H(x)p(x)dx = P {y+x° Y H (y+x°) ¢ (y+x°) dy . (29)
-L72+x° -L/2
Since ¢ (y+x°) satisfies the GBC when y = IL/2 for any x° value, obvious
ly 3y/3x° will satisfy the same BC, so that the HFT holds
3E _ 3E BE o 3V o Ly
ax°  oa T “Ix° v : (30)
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One realizes at once that Eq. (28) is the HFT. The change of variable
used here to demonstrate (30) is a particular case of the more general

transformation proposed by Briliouin [8].

3) Substituting f(x) = x in (25) we obtain an expression for the momen-

tum average value

A2 3E B2 9E
= + ——— ==}
Jda

<p> = -f———
{I-ZAZ[V(a)-E] da 1-282[V(b)-E]

(31)

L) When the problem has a maximum symmetry, i.e. when V(x) is even b=
-a and A=B, then Egs. (25)-(26) are simplified up to a large extent
(it is important to take into account that in this case, (9E/3b)r =
[282[v(b)-El-1}v' (b)?).

82f1 (b)

B W) 2E ) =) (32)
1-2B°[v(b)-E]

<[H, 1> T

<[H,fD]> = -f(b)3E/3ab ; f(-x) = -f(x) . (33)

Eqs. (32)-(33) are identically null when the parity of f(x) is the op-
posed to that indicated there. As a particular case, we can verify the

validity of the VT in its usual form

2<T> - <(vV)> = -b3E/db . (34)
5) When the Hamiltonian operator depends on a parameter X, its eigen-
functions must satisfy (9) for any A-value and 3y/3x has to satisfy (9)
too, so that it assures us the fulfillment of the HFT

9E/31 = <aH/3A> . (35)
6) When a=~, the solutions (8) must meet the condition y(x)=y' (x)=0

(it is understood that we are considering only bound states) and the
solutions (25)-(26) change to (3E/3a=0)

2.,
<[H,f]> = B f'(b)  BE (36)
1-2B2[v(b)-E] °P
<IH, 01> = -{f(p) + —p 2T (B3 2E (37)

282 [V(b)-E]-1
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