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In this work we shall show that  the transversal magnetic (TM) or transversal elec- 
tric (TE) electromagnetic evanescent waves have not independent existence: under 
Lorentz transformations an original TM or TE mode is transformed in a mixture 
of TM and TE modes out of phase in 7:/2. Through the well-known TORALDO DI FRAI~CIA 
expansion of the field of an uniformly moving charge in evanescent waves (1), we axe 
able to give a physical reason for this result. An interesting feature of these transforma- 
tions is that  there exist two linear combinations of TM and TE modes (the left- and 
right-handed circularly polarized modes) which remain the same in all systems. These 
modes, which propagates with a mean velocity of energy transport equal to c (2), have 
an interesting property concerning their  helicities which has been recently discussed 
in the l i terature (3). 

Let  us begin by discussing polarization in the case of evanescent waves. Besides 
the direction of phase propagation (---- real part  of the wave voctor/e),  evanescent waves 
have another distinctive direction which is the direction of attenuation. These both 
directions define a plane which enables us to classify the evanescent solutions of Maxwell's 
equations in vacuum into two types according their polarization, the general case of 
arbitrary polarization being obtained by an appropriate linear combination of these 
two modes. Tak ing /c  = (k~, k~ , iK)  = (]Rek]eos 0, ]nelelsinO, i K  ), with k~+ k~- -K ~ 2__ 
= o~2/c 2, we have 

(*) Fe l low of t h e  Conse jo  N a c i o n a l  de  I n v e s t i g a c i o n e s  Cient i f icas  y T ~ c n i c a s  de  l a  Rep~ibl ica  
A r g e n t i n a .  
(**) P o s t a l  a d d r e s s :  A S T R A ,  Gc ia .  de  E x p . ,  ] ) to .  de  I n v . ,  L e a n d r o  N.  A l e m  651, B u e n o s  Aires j  
A r g e n t i n a .  
(1) Go TORALDO DI FRANCIA: NUOVO Cimento, 16,  61 (1960).  
(a) The  m e a n  v e l o c i t y  of energY t r a n s p o r t  ( M V E T ) ,  de f ined  a s  t h e  r a t i o  of t h e  t i m e  a v e r a g e  of t h e  
P o y n t i n g  v e c t o r  to  t h a t  of t h e  e n e r g y  d e n s i t y ,  h a s  b e e n  i n t r o d u c e d  b y  SOMMERFELD a n d  BRILLOUIN 
i n  t h e i r  f a m o u s  w o r k  o n  e l e c t r o m a g n e t i c  w a v e  p r o p a g a t i o n  i n  t h e  r e g i o n  of a n o m a l o u s  d i s p e r s i o n  
(see fo r  e x a m p l e  W .  K .  t I .  PAI~OFSKY a n d  2r PHILLIPS: Classical Electricity and Magnetism, S e c o n d  
E d i t i o n  ( R e a d i n g ,  Mass . ,  1962) ,  p .  413).  T h e  f a c t  t h a t  fo r  a c i r c u l a r l y  p o l a r i z e d  e v a n e s c e n t  w a v e  
t h e  M V E T  r e a c h e s  c, h a s  been  g i v e n  i n d e p e n d e n t l y  b y  J .  RICARD (Compt. Rend., 270,  381 B (1970)) 
a n d  b y  J .  L .  AGUDIN ( I C T P ,  Tr ies te ,  I n t .  R e p .  IC]70 /64  a n d  Phys. Left., 35  A,  107 (1971)) .  
(*) J .  L.  AGUDIN, A.  M. PLATZECK a n d  J .  R .  ALBANO: Phys. Lett., 6 5 A ,  77 (1978).  
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i) the transversal 
normal to this plane 

magnetic 
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(TM) solution, with the magnetic field polarized 

O) 

E,  = i [k ,K/ (k  2 _ + k~)] Aa~, exp [--Kz] exp [i(k,x + k~y- -  wt)], 

Ev = i[k~K/(lc~ q- k~)] ArM exp [--Kz] exp [i(k~x + k~y- -wt ) ] ,  

E~ = - - A ~  exp [--Kz] exp [i(]~,x + k~y - -  cot)], 

H,  = --[o~k~/c(k~ q- k~)]Aa~ exp [-- Kz] exp [i(k~x + k ~ y -  cot)], 

H~ = [wk,/c(k~ -F /~)] AT~ exp [--Kz] exp [i(k,x q- ] ~ y -  wt)], 

H~--0.  

ii) The transversal electric (TE) solution, with the electric field polarized normal 
to this plane 

(2) 

E~ = - -  [cokv/c(k~ -q- /~)] ATe. exp [-- Kz] exp [i(k~x q- k~y--o)t)] , 

Ey = [(okdc(k~ + k~)] ATE exp [-- Kz] exp [i(k,x q- l%y--  cot)], 

E~ = 0 ,  

= k~)]ATE exp [--Kz] exp [i(k~x + k~y--o~t)] , 

H~ = - -  i [k~K/(k~ + k~)]ATE exp [-- Kz] exp [i(k~x + k~y - -  o~t)], 

H~ = ATE exp [--Kz] exp [i(k~x -F k~y--cot)],  

where Aa, M and ATE are arbi trary complex constants. 
We shall now consider in one co-ordinate frame S a TM solution as given by eq. (1). 

Let us imagine another system 8'  which moves relative to S with velocity v = (v, 0, 0). 
The transformed wave vector and frequency are 

(3) 

where ? =  (1--f12)-�89 and f i=v /e .  
The transformed fields are 

(4) 

E;  = i [GKt(k~ + k~)] A ~  exp [-- Kz'] exp [ i ( k ' j  + 4 Y ' - -  ~ ' t ' ) ] ,  

E'~ = iy[k~Kl(k~+ k~)]2 Aa.~ exp [--Kz']  exp " ' '[r q- k~y'--  co't')] 

E z' = y[ - -  1 + {flcok~lc(k~ + k~)}]ATM exp [--Kz']  exp [~(k~x" ' ' Jr k~y'--  ~o't')], 

H I x  = - -  [cok~lc(k~ -b /~)] A~v~ exp [-- Kz,] exp [i(klxx ' + k~y'--  w' t ' )] ,  

Hr~ = y [ {wk~lc(k~ + k~)}-- fl] A~,  exp [-- Kz'] exp [ i(k '~x' q- kvy ' - -  co't')], 

H: = --  iyfl [k~K/(k~ q- k~)] A~.~r exp [-- Kz'] exp [i(k'~x' + k~y'--  ~' V)]. 
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Since H : r  0, i t  follows at  once t h a t  these fields do not  be long to a pure TM 
evanescent  wave in  S' (cf. eq. (1)). We shall  show tha t  these fields can be wr i t ten  as a 
l inear  combina t ion  of T ~  and  TE evanescent  waves of wave vector  k ' .  

The most  general  l inear  combina t ion  of TM and  TE modes in  S '  can be wri t ten  as 
(cf. eqs. (1) and  (2)) 

E,x= (i [kxK/(k~, ,2 + k~)]2 AT M, __ [w,k~/c(k,2 + kv)]ATE} . 2  , 

�9 exp [--  Kz'J exp [i(k'~ x '  + k~ y '  - -  co' t') ] , 

! ! 12 2 l E,j = (i[k,,K/(k'~ ~ + k~)] A ~  + [co'kJc(k~ + kv)]AxE ). 

�9 exp [--Kz'] exp [ i (k 'x '+ k~y ' - -o;  t')] , 

E :  = ( - -  A ~ }  .exp [--  Kz'] exp [ i (k 'x '+ k~y'-- co' t ' ) ] ,  

(5) 
2 I �9 ! 12 $ t H~ = (-- [(o'kJc(k~ 2 ~- /~)]ATM-- ,[]~xK/(k~ -~ k~)]ATE }. 

�9 exp [--Kz'] exp [i(k:x '+ k,,y'-- co't ' )] ,  

! ? t2  2 I 2 ! H~ = {[~' k~/c(k~ + ~)] A m - -  i [ k ~ K / ( k ~  ~ + k,) ]A~} .  

�9 exp [--Kz'] exp [i(k~x'~- k,~y'-- o't~)] , 

H '  = (A~E }- exp [ - -  Kz'] exp [i(k'x' -~ k , y ' - -  o' t ' ) ] ,  

where A~M and  A~E are a rb i t ra ry  complex constants .  Thus  what  we mus t  do now is 
to equate  the  fields given by  eq. (4) to those g iven by  eq. (5) and  to determine A~M 

! 
and  ATE. E q u a t i n g  the  z-components  of the  electric field i t  resul ts  

(6) A ~  : y (1 - -  [fleokx/c(k ~ -~ ~ 

E q u a t i n g  the  z-component  of the  magnet ic  field i t  results 

(7) ATE= iyfl[k~,K/(k~ + 2 ' __ /~)] Aa~ �9 

W i t h  a ra ther  tedious algebra i t  can be shown tha t  wi th  these values  of A ~  and  ' ATE, 
the  other field's components  coincide. 

To stress the  fact  t ha t  the  ampl i tudes  A , ~  and  A ~  in  the  ~ '  sys tem stems from 
an  original TM mode  in  S, i t  is convenien t  to wri te  eqs. (6) and  (7) as 

A,~ = O ' ~ , ~ A ~ ,  

! 
ATE---- O~,T~ Aa~ , 

(8) 

where 

(9) 
{ C~,~---- ~ {1"  [flwkx/c(]~ + k~)]} ---- Y {1-  [flw/c[Re kl] cos 0}, 

C T E , ~  = - -  i f l r k .g / (~  + k~) = - -  i3r [g/IRe kl] sin 0. 
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I n  a s imi la r  way  i t  can  be  s h o w n  t h a t  a n  o r ig ina l  T E  m o d e  in  S as g iven  b y  eq. (2), 
g ives  r i se  to  a l i nea r  c o m b i n a t i o n  of TE a n d  TI~I m o d e s  in  S ' ,  w i t h  a m p l i t u d e s  ATe. 
a n d  A ~  g iven  b y  

(10) 

w h e r e  

(H) 

! 

ATE = CTE,~ATE , 

A ~  = ( 7 ~ , ~ A ~ . ,  

r  = ~, { 1 -  [ f l ~ / e ( k ~  + k:,)]} = ~ { 1 -  [~ / e lRe  kl] cos 0}, 

C~,TE = ifl~k~K/(k~ + ]c~) = ifir [K/IRe k]] sin 0.  

E x p r e s s i o n s  (8) a n d  (9) (or  (10) a n d  (11)) g ives  us  t h e  w a y  in  w h i c h  an  o r ig ina l  TM 
(or T E )  e v a n e s c e n t  mode  in  S is t r a n s f o r m e d  in a l i n e a r  c o m b i n a t i o n  of TM a n d  T E  
e v a n e s c e n t  modes  in  S'. 

L e t  us  discuss  these  resul t s .  F o r  K = 0 (plane waves) ,  we h a v e  CTE,T M = CrM,T ~ = 0 
a n d  t h u s  po l a r i z a t i on  is c o n s e r v e d  (4). F o r  0 = 0 we also o b t a i n  CTE,T ~ = CTM,TE ~ 0, 
w h i c h  shows t h a t  po l a r i z a t i on  is conse rved  w h e n  m o v i n g  a long  t he  phase  p r o p a g a t i o n  
d i rec t ion .  F o r  a n y  o the r  v a l u e  of 0, t h e  o r ig ina l  TM (TE) e v a n e s c e n t  wave  in  S g ives  
r ise  to  a m i x t u r e  of T ~  a n d  T E  e v a n e s c e n t  waves  in  S',  ou t  of p h a s e  in  z /2 .  

T h i s  is  a good  p lace  to  d iscuss  ou r  work  in  r e l a t i on  to  a p r ev ious  one b y  G. TORALDO 
DI FRANCIA (i): t h i s  will  g ive  us  some  i n s i gh t  i n to  t h e  p h y s i c a l  reasons  b y  w h i c h  a TM 
m o d e  in  S g ives  r ise  to  a m i x t u r e  of TM a n d  TE m o d e s  in 8 ' .  TORALDO DI FRA~CIA 
h a v e  s h o w n  t h a t  t h e  field g e n e r a t e d  b y  a cha r ged  pa r t i c l e  m o v i n g  f ree ly  in  e m p t y  space  
w i t h  ve loc i ty  v = (v, 0, 0) c a n  b e  exac t l y  e x p a n d e d  i n to  a set  of TM a n d  TE e v a n e s c e n t  
waves ,  t h e  r e p r e s e n t a t i o n  b e i n g  v a l i d  in  a whole  ha l f - space  h a v i n g  no  p o i n t s  in  c o m m o n  
w i t h  t h e  pa r t i c l e ' s  t r ack .  S ince  t h i s  e x p a n s i o n  is exac t ,  i t  is possible  to  t a k e  t h e  l im i t  
w h e n  t h e  p a r t i c l e ' s  ve loc i ty  goes  to  zero. I t  can  be  seen  t h a t  in  t h i s  l im i t  t h e  c o n t r i b u -  
t i o n  of e a c h  T E  m o d e  van i shes ,  a n d  each  T ~  m o d e  degene ra t e s  i n to  a TM e v a n e s c e n t  
w a v e  of zero f r e q u e n c y  (for w h i c h  t h e  m a g n e t i c  field van i shes ) .  Thus ,  w h a t  we o b t a i n  
in  t h e  S s y s t e m  b y  t a k i n g  t h e  l i m i t  fl--~ 0 in  t h e  TORALDO I)I FnANClA e x p a n s i o n  is 
a representation o] the Coulomb electrostatic/ield in TM evanescent waves o/zero ]requency (5). 
L e t  us  n o w  pe r fo r m  a L o r c n t z  t r a n s f o r m a t i o n  to  a s y s t e m  S' w h i c h  is m o v i n g  w i t h  
ve loc i ty  V =  ( - -v ,  0, 0) w i t h  r e spec t  to  t h e  sys t em S in  w h i c h  t h e  cha rge  is n o w  a t  res t .  
I n  t h i s  s y s t e m  S '  i t  is e v i d e n t  t h a t  t h e  or ig ina l  TORALDO DI FRA~CIA expans ion  in  TlYl 
and T E  e v a n e s c e n t  waves  r e m a i n s  va l id .  Thus ,  i t  is  a p h y s i c a l  r e q u i r e m e n t  t h a t  e ach  
TM m o d e  of t h e  expans ion  of t h e  Cou lomb  e l ec t ros t a t i c  field in  S m u s t  be  t r a n s f o r m e d  
in  a m i x t u r e  of TM and T E  m o d e s  in  S'. 

W e  sha l l  give now  w h a t  we t h i n k  i t  is  an  i n t e r e s t i n g  p r o p e r t y  of t h e  t r a n s f o r m a t i o n s  
g i v e n  b y  eqs. (8) to  (11). L e t  us  cons ider  in  t h e  S s y s t e m  a l i nea r  c o m b i n a t i o n  of TM a n d  
T E  m o d e s  of equa l  wave  v e c t o r  k = (k~, k~, i K )  a n d  a m p l i t u d e s  A ~  and  AT~ = a A r ~ .  
Th i s  g ives  r ise  in  t h e  S '  s y s t e m  to  a n o t h e r  l inea r  c o m b i n a t i o n  of TM a n d  T E  m o d e s  

(4) For the case of plane waves (K = 0), the definition of polarization given early for evanescent 
waves losses its meaning. What we mean by * conservation of polarization ~ in this case is tha t  by 
performing a Lorcntz transformation in the plane determined by the direction of propagation and 
the magnetic (electric) field, the magnetic (electric) field remains parallel to this plane, and the 
electric (magnetic) field remains normal to it. 
(s) J . L .  AGUDiN and k. M. PLATZECK: O~ the limit ]or fl----~Oo] the Toraldo di Franc~a expansion, 
Lett. Nuovo Cimento, 22, 13 (1978). 
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of a m p l i t u d e s  A ~  a n d  ATE g iven  b y  

A ~  = C ~ , T M A ~  + G~,T~AT~, = A ~ ( C ~ , ~  + ~C~,TE ) , 

A~v, = CT~,~,~A~ + CTE,wzATE = A ~ ( C T E , ~  + aCT~,T~.) �9 

IS t h e r e  a n y  l i n e a r  c o m b i n a t i o n  in  S w h i c h  r e m a i n s  t h e  s ame  in  S '  u n d e r  any Loren t z  

AT1 ~ = a A ~  t r a n s f o r m a t i o n s  Clear ly  we m u s t  h a v e  i ' w h i c h  impl ies  

B y  t a k i n g  i n t o  a c c o u n t  eqs. (9) a n d  (11), t h i s  cond i t ion  reduces  to  

(12) f lK s in  0 a s = - -  f lK s in  0 . 

I n  t h e  m o s t  gene ra l  ease ( f l~  0, 0 ~  0, K ~  0), eq. (12) impl ies  a ~  q- i .  These  axe 
j u s t  t h e  left-  a n d  r i g h t - h a n d e d  c i rcu la r ly  po la r i zed  modes  w h i c h  h a s  been  discussed 
in  ref. (a). W h a t  h a s  been  p r o v e d  t h e r e  is  t h a t  t h e  p ro jec t ion  of t h e  angu l a r  m o m e n t u m  
of a c i rcu lar ly  po la r i zed  e l ec t r om agne t i c  e v a n e s c e n t  wave  a long  t h e  m e a n  ve loc i ty  of 
ene rgy  t r a n s p o r t  ( =  hel ic i ty)  can  be  r eve r sed  b y  a L o r e u t z  t r a n s f o r m a t i o n ,  in  spi te  
of t h e  fac t  t h a t  t h i s  ve loc i ty  is c (e). 

(*) The fact tha t  a circularly polarized electromagnetic homogeneous ~alane wave carries angular 
momentum (which results proportional to its energy), stems from the model discussed, among others, 
by R. FEYNMAN (The Feynman Lectures on Physics, Vol. 3, Chap. 17 (Reading, Mass., 1965), p. 10) 
and by B. RossI (Optics (Reading, Mass., 1957), p. 411). In ref. (s) it has been tacitly assumed that  
this model remains valid for circularly polarized evanescent waves. 


