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Abstract. Let u be a weak solution of (—A)”u = f with Dirichlet boundary conditions
in a smooth bounded domain Q C R”. Then, the main goal of this paper is to prove the
following a priori estimate:

lully2nr gy < Cl1flp 0
where @ is a weight in the Muckenhoupt class A,.
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1 Introduction

We will use the standard notation for Sobolev spaces and for derivatives, namely, if « is a
n
multi-index, ot = (04, 0p,...,a,) € Z' we denote |at| = Y o, D¥ = 9% --- 9% and
j=1
WP (Q) = {veL(Q) : D*v e LP(Q), VY|a| <k}

For u € WkP(Q), its norm is given by

lullweo) =Y, ID%ul|rr()-
la| <k
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We consider the homogeneous problem
(=A)"u=f, inQ,

; (1.1)
(aav) u=0, ndQ, 0<;j<m-—1,

0 . ..
where ov is the normal derivative.

In the classic paper [1], the authors obtained a priori estimates for solutions of (1.1) for a

smooth domain Q given by
ullwamr@) < Cllfllr(@)-

A key tool to prove those estimates was the Calderén-Zygmund theory for singular integral
operators.

On the other hand, after the pioneering work of Muckenhoupt 7/, a lot of work on continuity
in weighted norms has been developed. In particular, weighted estimates for a wide class of
singular integral operators have been obtained for weights in the class of Muckenhoupt A,,.
Therefore, it is a natural question whether analogous weighted a priori estimates can be proved
for the derivatives of solutions of elliptic equations.

For the Laplace equation (m = 1), it was proved in! that for a weight @ belonging to the

Muckenhoupt class A,
lully o0 < C 1l
on a bounded domain Q with dQ € C2.

The goal of this paper is to extend the results of [5] for powers of the Laplacian operator

with homogeneous Dirichlet boundary conditions, i.e. it is to prove that

[ullyy2mr ) < Cllf g0 (1.2)
0 Q)

for o € A, where the constant C depends on €, m, n and the weight .
The main ideas for the proof of these estimates are similar to those given in [5]. However,
non trivial technical modifications are needed because, for m > 2, the Green function is not

positive in general and therefore, we cannot apply the maximum principle.

2 Preliminaries

In what follows we consider the problem (1.1) in a bounded domain Q with dQ € COmt+4 for
n=2and dQ € C*+2 for n > 2 (the regularity on the boundary is necessary in order to use the

results of the Green function given in [6]).
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The solution of (1.1) is given by

u(x) = [ Gale) £) . @
where G,,(x,y) is the Green function of the operator (—A)™ in Q which can be written as
G (x,y) =T(x=y) +h(x,y), (2.2)
where I'(x — y) is a fundamental solution and A(x,y) satisfies

(—A)"h(x,y) =0, XEQ,

(aav>jh(x,y):—(3av>jr(x—y), x€dQ, 0<j<m—1

for each fixed y € Q.
Then

m—1 0 J
e ==X [ ke () p-ds 23)

where K(y, P) are the Poisson kernels and dS denotes the surface measure on dQ.

We recall that any fundamental solution associated to (1.1) is smooth away from the origin
and it is homogeneous of degree 2m — n if n is odd or if 2m < n and the logarithmic function
appears if n is even and 2m > n. However, in both cases, under our assumption on the boundary
domain, we have the known estimates of the Green function G,,(x,y) and the Poisson kernels
Kj(x,y). In what follows the letter C will denote a generic constant not necessarily the same at
each occurrence.

The following are known facts:

|IDYG,y(x,y)| <C for || <2m—n, 2.4
IDEGy(x,y)| < Clog (”Ti"_’"ﬁ) for || = 2m—n, 2.5)
ID®G(x,y)| < Clx—y/* "~ 1% for |ot| > 2m —n, (2.6)
DG (x,y)| < C ‘x_ly‘n min{l, ‘j(_y)y‘ }m for |a| =2m, @.7)
IK;(x,y)] < C ’x_;”(nx_)im_l for0< j<m—1, 2.8)

where d(x) := dist(x, dQ) (see [6] for (2.4), (2.5) and (2.6) and [4] for (2.7) and (2.8)).
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3 The Estimates for the Derivatives of «

In this section we state pointwise estimates for the first 2m — 1 derivatives of the function
u and a weak estimate for the 2m derivative. These estimates are needed for proving the main

result of this work.

Lemma 3.1. Let u(x) be the solution of (1.1). Then, for |ot| <2m— 1 we have
IDYu(x)| < CMf(x),

where M f(x) is the usual Hardy- Littlewood maximal function of f.

Proof.

D) < [ ID°Gn(x3)l1 )]y

IN

fO)
c/ O M)

by (2.4), if 2m —n+1<|a| < 2m— 1 and by (2.5) and (2.6), if |ot| < 2m — n.

Proposition 3.1.  Given two measurable functions f and g in Q, for |ot| = 2m we have that

[5G 10l avar < ( [ Mroletiar+ [ et lrolay ).

where D := {(x,y) € QxQ : [x—y| >d(x)}.
Proof. We write D = Dy U D, where

Dy ={(x,y)eD:d(y)<2d(x)} and D;={(x,y)eD:d(y)>2d(x)}.

Then, using (2.7) we have

IN

[ 105Gt i0e@lavar < [ SO 7001 g0) v
D D |x—y|

d(x)™
< Ol dvas

d(y)" -
+/,)2 [ — y|nm |F ()] g(x)|dydx =T +11.  (3.1)
Calling Q;(x) = {z € Q : 2kd(x) < |x—z] < 2 1d(x)},

[ o soiavar < [ [ S0 el

1 |x_y|n+m

= [ A@ s s
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with

d(x) o] L
{lx—y|<2*1d(x)} ’x y’n-&-l ‘f( )’dygz ’; 2ka(X) =2 Mf(x)

Alx) < z;/

In order to estimate the term II in (3.1), we first observe that for (x,y) € D, we have that
1
lx—y| > ) d(y). Then

f o rolsoiavas < e[ 3 [ S eolaro)lay

D, |x _y|n+m

~ [ BOIG)lay
Q

and therefore, by the same arguments used before we have that
B(y) <CMg(y)

and the Proposition is proved.
In order to see how to estimate in Q\ D, we consider separately the function 4 and I" involved
in G,,.

Proposition 3.2. If |a| > 2m —n+ 1, there exists a constant C such that
ID%h(x,y)| < Cd(x)*" "o (3.2)

Sor |x—y| <d(x).

d ..
Proof. In view of (2.3) we must find estimates for D¥( . )/I'(P—x) and K;(y,P).

v

From the general properties of the fundamental solution I'(x — y) we have that

DE(J V(P —x)| < C Pl (33)

for ||+ j >2m —n—+ 1, and for 0 < j <m— 1, by (2.8) we have that

d(y)"
K;(y,P)| < 4 3.4
| J(y’ )|—C’y_P’n7]+m71 G4

forye Qand P € Q.
Then by (3.3), (3.4) and the fact that if |x—y| < d(x) then d(y) < 2d(x), we have for |ot|+ j >
2m—n+1

ID%h(x,y)| < C Z/Q - P’n 1+m P aproneligs

IN

2m n—|a|
Z/Q ‘y P‘” 1+m— ]dS
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In order to see that each integral is finite we write dQ = Fy U F, with
Fi={PcdQ:|Ph—P|>2d(y)} and F,={PcdQ:|Ph—P|<2d(y)},

where Py € dQ is that |y — Py| = d(y). And now, the convergence of these integrals follows in a
standard way.
It follows from the previous Proposition that for each x € Q and |a| > 2m —n+ 1 we have

that D%h(x,y) is bounded uniformly in a neighborhood of x and so is

DY /Q h(x,y) f(y)dy = /Q DY h(x,y) f(v)dy. (3.5)

On the other hand, although DYT" is a singular kernel for |ot| = 2m, taking B such that

|B| =2m — 1, we have

Dy, [ DET(x—=3) £(3) dy = KF(3) + () (), (3.6)
where c is a bounded function and K is a Calderén - Zygmund operator given by
Kf(x)= lirr(l)Kgf(x), with K¢ f(x) = /I . DST(x—y) f(y)dy. (3.7)
— X—y|>€

We will also make use of the maximal operator K f(x) = sup |Ke f(x)|. Here and in what follows
>0
we consider f defined in R” extending the original f by zero.

Now we are in conditions to give the following estimate:
Theorem 3.3. Given g a measurable function and || = 2m. Then there exists a constant

C depending only on n, m and Q such that for any x € Q,

[ psugiar < ¢ ([ Rrwletlors | w7 lscolax

[ M0+ [ 170l lgtolax)

Proof. Using the representation formula for u, by (3.5), (3.6) and (3.7) we have

Du(x) = lim DIT(x—y) f(y)dy+c(x)f(x)

e=0.Je<lr—yl<d(v)

+ DYh(x,y) f(v)dy+ DYG(x,y) f(v)dy
k=l <d(x) fx=yl>d()

= I+ 11+ 111 +1V. (3.8)
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By the results given above, for 1, 11 and /1] we have pointwise estimates, and obtain ( in the

same way as in [5]) that
I+ 1+ < C (Ef(x) + )] +Mf(x)) .

However, for IV we have just a weak estimate. Indeed, from Proposition ?? we have

Limvlilar < ¢ ([ mrelselat | me0lrole)

and the Theorem is proved.

4 Main Result

We can now state and prove our main result. First we recall the definition of the A, class for

1 < p < oo. A non-negative locally integrable function @ belongs to A, if there exists a constant

C such that
1 1 p-l
dx 1/(P1)dx> C
(|Q| Jyow ) (10 et =

for all cubes O C R".
For any weight @, L) (Q) is the space of measurable functions f defined in Q such that

Wigor = ([ e oar) <o

and Wa? (Q) is the space of functions such that
I/p
Fllysoiy = ( Y %, (Q)> <o
Jo|<k
Theorem 4.1. Let Q C R" be a bounded domain such that 0 is of class CO" forn =2
and dQ is of class C>™ 2 forn > 2. If © € A, f € Lip(Q) and u a weak solution of (1.1), then
there exists a constant C depending only on n, m, ® and Q such that

lullyzmr ey < C 1Lz e

Proof.  Since M is a bounded operator in L) (), by Lemma 3.1 it follows that

Z ||D)(CXMHLZ)(Q) SCHfHLZ,(Q)'

lo|<2m—1

Therefore, it only remains to estimate ||DYul|;» ) for [ct| = 2m.
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Let @ € A, and g(x) := (D%u(x))?~! @(x). By Theorem ?? we see that

| Dt o = [ Dt gt

< cC (/QIZf(x)\g(x)\dH/ng(x) |g(x)|dx

[ OO+ [l etola).

4.1)

Since K and M are bounded operators in L}, (Q), applying the Holder inequality, it follows

that

LERr@kela = [Rrelsol ), 00" 7ds

IN

IN

1/q
lizier (O o ) ,

1 1
where + =1.
p

q
In the same way, we obtain that

/QMf(x)|g(x)|dx§ i (/ 12(x) q/p >1/q
Lirwilewler < Ul ([0, 0, >/

For the last term in (4.1), taking into account that w 9P e Ay, we have

/QMg(y)lf(y)ldy < [l @ </Mg 4/pdy>1/q

1/q
iz (1608 o )

Then, by (4.2), (4.3), (4.4) and (4.5)we have

1/q
Dl 0 < Clflhgiay ([l Lpx)

and

IN

(f Frwraw )w (108 )l/q

4.2)

4.3)

(4.4)

(4.5)
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By the definition of g(x),

(1t ) "

y
/’Dau‘(p—l)qw(x)q 1 dx> !
o " o (x)a/P

1/q
= ([ prarawar) = oz,

Then we obtain

IDEu]2, ) < ClF g IDEullfp?, (4.6)

and the Theorem is proved for u € Wg"™”(Q).

Finally, we will show that the weak solutio u of (1.1) belongs to W™ (Q).

We have (—A)™u = f, with f € LL,(Q), then there exists a sequence f; € C*(R") such that
lim fi = £ in L(Q) [3].

For each k, there exists u; € C*(Q) satisfying

(—A)’"uk = fk, in .Q.,

((;’v)Juk:O, indQ 0<;j<m-—1.

wam—te (Q), and obviously u; € Wolrd (Q).

It is easy to see, from Lemma 3.1 that u; € ©.loc

Moreover, for all compact sets K C €, we have
ity < COK),

where C(K) is a constant depending on the measure of K. Indeed, taking vy = uz@ with @ €
C5 (K), it follows that vy € W2™P(Q), satisfies (1.1) with f = gi € L%, (), and we can use (4.6).

Then, it follows from the dominated convergence theorem that uy € Waz,m’p (Q) and applying
(4.6), we have

luellyzmo ey < € I felig 0.

Therefore, {u} is a Cauchy sequence in W™ (Q) and there exists v € W2™ (Q) such that
I}glolc g = v in WP (Q). Let us see now that v solves (1.1).

Obviously, f = l}grolc fi = ]}1330 (—A)"u = (—A)"v in LE)(Q) and by the classical trace theo-
rems in Sobolev spaces and the definition of @ € A, it follows that v satisfies the homogeneous

boundary conditions and by uniqueness of the solution, the Theorem is proved.
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Remark 4.2. The result of Theorem 4.1 is also valid for u a weak solution of

Lu=f, inQ,

Bu=0, indQ 0<j<m—1

when £ := ¥4 <2 @a D* is uniformly elliptic and B; := ¥|q|<m, ba D% 0 < j <m—1 are
the boundary operators defined in [1].

Indeed, we define /; > max;(2m —m;) and Iy = max;(2m —m;). If the coefficients a, €
Ch I (Q), bj o € C'"1(9Q) and dQ € Cl' "1 we have that the Green function G,, and the
Poisson kernels K; for 0 < j < m — 1 exist whenever [} > 2(lp+1) forn=2and I} > ;lo for
n>3.

Moreover, wherever they are defined, the Green function and the Poisson kernels of the
operator L with these boundary conditions satisfy the estimates (2.4), (2.5), (2.6), (2.7) and
(2.8) (see [4] and [6]).

Remark 4.3. Using the fact that d(x)P € A, for —1 < B < p—1 and generalizing the
classical imbedding Theorems for Sobolev spaces to weighted Sobolev spaces (as we have done
in [5], Theorem 3.4) we have as a consequence of the main result: Under the hypotheses of
Theorem ?? with @ =d”, where y=kfB, k€ Nand0< B <1.If0<y<p—land1/p—1/g <
2m/(n+k) (with g < oo when 2mp = n+ k), then there exists a constant C depending only on y
, P> ¢, n and € such that

lullzs, @) < Cllf iz, ()- (4.7)

Finally, as a particular case of (4.7) taking Y = m we have

g, @) < Clf e, @

forp>m+1land 1/p—1/g<2m/(n+1) (with g < e when 2mp = n+m).
This result is proved in [4] using different arguments for the case 1/p—1/g <2m/(n+1).

Our results show that, at least in the case p > m + 1, the estimate remains valid when

11 2m
p g n+m
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