LETTERE AL NUOVO CIMENTO voLr. 2, N. 19 6 Novembre 1971

On the Regularization of Quantum Electrodynamics Induced by
Nonpolynomial Lagrangians.

H. Fa~carorri, C. A. Garcia CanNarn (*), H. 0. Girortr (*') and H. VUCETICH

Departamento de Fisica, Universidad Nacional de La Plata - La Plata

(ricevuto il 24 Agosto 1971)

Recently many investigations have been carried out in connection with a pos-
sible regularizing mechanism of quantum field theory provided by gravity (}). Al
approaches to this subject agree that the presence in the Lagrangian of the nonpolynomial
multiplicative factor 4/— ¢, which is needed to preserve the invariance of the full action
under generalized co-ordinate transformations, is responsible for the appearance of
an infinity suppression mechanism. So far, it has been considered that the nonpoly-
nomial factor gives origin to supergraphs which in turn provide the regularization of
the usual ultraviolet infinities of the theory.

Our purpose in this paper is to analyse the coupling of a real massless scalar field
with the interacting Dirac-Maxwell fields through a nonpolynomial factor which simu-
lates the presence of v/—g. We give a proof that no such a thing as a superpropagator
appears and, as consequence, the removal of infinities does not follow, at least in a
straightforward manner, from the nonpolynomial character of the Lagrangian. The
implied suggestion is that, if gravity plays a regularizing role in the theory, either its
tensor character is essential for that purpose or the regularization is provided by other
coupling.

We start from the gauge-invariant Lagrangian density (***)

1) L(@) = L) + 3{Fp@), Lup@)} + 306, 1] + 2[4, v] + T, s+ &g,
where

Lol@)=—30,0 09

is the free Lagrangian density of the real scalar field ¢(x),

Puplr) = _%F,quuv“%[u_’?’u'(au‘l‘ ied,)w + my-y] + hee.
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A. SavaM and J. STRATHDEE: I.C.T.P., Trieste, preprint IC/71/13.

1001



1002 H. FANCHIOTTI, C. A. GARCIA CANAL, H. 0. GIROTTI and H. VUCETICH

is the Lagrangian density of the coupled Dirac and Maxwell fields, F(g(x)) is an arbi-
trary nonpolynomial factor, although, in order to simplify the algebra, we will consider
the specific case F(p) = exp [kg], k being the minor coupling constant, n(x), 7(x), Ju(x)
and &(z) are the external sources of the Dirac, Maxwell and secalar field, respectively.
The condition 8,J,= 0 guarantees the gauge invariance of the theory. The Hermitian
character of ¥ (x) follows from the Hermiticity properties of the field operators and
the microcausality relations.

If the analysis of the problem is carried out within the framework of the interaction
picture, we should split the Lagrangian density F(p) Pgp into

oglﬂfree + {[F(<P) - 1] 2”free + ’M?‘F((P)('l/_lj/‘u WA‘LL) :}

and use as interaction Lagrangian the expression between curly brackets. It is true
that if the term [F{(p)— 1] .. is dropped out from the interaction Lagrangian, for
instance on the grounds of being of order k in comparison with ie; F(p)(gy,ypA,) .,
then a superporpagator appears and one obtains a finite value for the physical electron
mass. However, if the interaction Lagrangian is taken in full the computation of the
electron self-mass, up to the order ¢2, involves the sum of an infinite number of terms
each one of them being a n-point supergraph (?) and the result is no longer clear. So
far, a proof of the convergence of this series has not been supplied.

To analyse the proposed problem we adopt the Schwinger formalism (}). Following
along the lines indicated by VISCONTI (*) we obtain Schwinger-type equations for the
normalized propagators (*) Gls|x, 2], F.[s|2] and g[s|y] of the electron, photon and scalar
quantum, respectively. In the limit #{z) = 0, #(x) = 0, these equations read (**)

ik 3
(2a) {y,,a +m+ ey —— 37 + tey, Guls|x] — yﬂ(aﬂ S ))+ — Vu(Bugls|o] }G[s|x x']=

( )

=—i8x—a Z—nl'c-)—g‘"’[s[m o,

n=0

3
(2b) {Dz—ik (8,, —875_(2_)) 0+ k(d,gls|2]) av} Gulsle] =

= —ie Tr {G[s]z, 2] Vu) — z M g‘"’[s]z - &l ue)

n=0

(200 [yglsly] = &) +

k . [k 3 ]j [l 3 1 3 1 3 ]u
xpl- < rEvrat it
T e B T T A

where u,[s] = <0|U[oy, 61, s]|0> is the propagator generating functional.
As is known, at the limit k = 0 egs. (2¢) and (2b) provide a rigorous description
of G[s|w, 2] and ¥,[s|2] ()

b
7=0,7=0
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J(®), &)} by {s}

(**) Our notation is that of ref. (‘) unless otherwise specified.

(%) See ref. (3).



ON THE REGULARIZATION OF QUANTUM ELECTRODYNAMICS INDUCED ETC. 1003

From the system of equations (2) we derived the differential equations satisfied by the
two-point photon and scalar-particle propagators %,,[sl, 2'] and gls|y, y'], respectively.
These two last equations and (2a) are then recast into a clearer form in terms of the
vertex, mass and vacuum polarization functionals. Since we are mainly interested in
the electron self-mass, we let all external sources go to zero. In doing so, we recover
the translational and charge conjugation invariance of the theory. In the wusual ap-
proximation of free propagating scalar particles, we obtain after some lengthy caleula-
tions

{3) {vuBu+ m} Gz — ) +J A’ (e —uw)Gu —2a") =

— 3 4 < <—- k)" 7
=—idlz—2z )w:zo e g™z, ..., z),
4) 0.%u(z—2) +fd4“'{% uple— ) + muple— )} G, (0 — ) =
, R el AR
= 10y, 0(z—2 )ngo o g7z, ..., 2),
together with the gauge condition 8,%,,= 0, and
(5) U,gy—y)=—idly—y) .

The electron and photon mass operators are given, respectively, by
(6a) Mr—u)=— iezfny(x —u) Lp(v, u, u’)_ggﬂ(v — ) —

—Ey’“ om, {(e—u) (v, w, w) glv—=x),

, * 0 — , 0 _
(6b) v//uﬁ(w'_u )= sz (m g}w(Z_ u’)) Fvﬁ(”9 %, u’) (5(/00‘_‘25 g(”~z)) >

and the vacuum polarization functional =,z by
(7) 7,58 —u') = —ie? Trfy”G(z — ) Fg(u’, v, v')G(v' —2) .

In eqs. (6a), (6b) and (7) integration over repeated variables must be understood. The
vertex functionals I, I’ and I'ys are defined as follows:

, 3G~ sz, 2]
I[slz, 2, 2] = WL?T
3G~ [s|z, x']

Iisje, w, 2] = Fogls/

8?;51[8]90, ']

Typlslz, , 1= 90 —.

It can be shown that the vertex operators are related to the mass operators through
relations which, for the electron-photon vertex, read

M@, ) T2, @, 0) = —p, @ —2) Sz —u') +

) i (— k) _z 3. [s|x, u']
o e 8% sle]

5=
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Finally, the n-point functions g and g for the scalar quantum are defined by

_1_ 1 o S"Auro[s] -

" wgls] d&(x,) ... 3&(x,)
1 3n-1g[s|x,]

i1 8E(xy) ... 8E(xy)

gmsley, ..., @] =

s
g(")[s:xl 3 rery xn‘] —

The contribution to the self-mass of the electron from the photon and scalar fields
can be clearly scen from eq. (6a). The zero-mass condition for the photon can be got-

ten through the combined use of the gauge condition @,%,, =0 and eq. (4).

In the approximation in which the scalar quantum propagates freely, the ansatz
of CAIANELLO (%7), together with translational invariance allow us to compute ex-
plicitly the infinite series of scalar-particle tadpoles

9) i (_—k)ﬂg‘"’(x, vy @) = 1,

!
n-o W

This result implies that in the lowest-order approximation I, tends to the bare electro-
magnetic vertex.

It is now an easy task to counstruct the electron mass operator .# by successive
approximations (¢%). This iterative procedure, between eqs. (6a) and (8), yields up
to order e?

(10) M(x— ') — 1e*y, Sp(x - 2) yu Dple’ —x) + O(k?),

where O(k?) stands for all remaining terms coming from eq. (6a). From the fact that
only one scalar quantum is absorbed or emitted at each vertex I', it follows that no
powers of the propagator § appear in the different terms of the series giving .#. There-
fore, we conclude that this series cannot be summed to give a superpropagator. Thus,
the regularizing mechanism, supposedly provided by the nonpolynomial character of
the Lagrangian is doubtful. The modifications to the electron and photon propagators
produced by the scalar field are vertex and self-energy parts analogous to those of
quantum electrodynamics.

On the other hand, it is easy to show that if the nonpolynomial factor only multi-
plies the Dirac-Maxwell interaction Lagrangian, a clearly non-gauge-invariant coupling,
a superpropagator arises and one obtains a finite value for the electron self-mass.

We want to end remarking that our conclusions do not invalidate the arguments
about the possible regularizing effects of quantum gravity. However, what they sug-
gest is that if an inflnity suppression mechanism is induced by gravity it would not
come from the common factor v/~ -g.

* K k
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