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Evaluation of ground-state entanglement in spin systems with the random phase approximation
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We discuss a general treatment based on the mean field plus random-phase approximation (RPA) for the
evaluation of subsystem entropies and negativities in ground states of spin systems. The approach leads to a
tractable general method that becomes straightforward in translationally invariant arrays. The method is examined
in arrays of arbitrary spin with XY Z couplings of general range in a uniform transverse field, where the RPA
around both the normal and parity-breaking mean-field state, together with parity-restoration effects, is discussed
in detail. In the case of a uniformly connected XY Z array of arbitrary size, the method is shown to provide simple

analytic expressions for the entanglement entropy of any global bipartition, as well as for the negativity between
any two subsystems, which become exact for large spin. The limit case of a spin s pair is also discussed.
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I. INTRODUCTION

The study of entanglement constitutes one of the most active
and challenging research areas, being of central interest in the
fields of quantum information [1] and many-body physics [2].
The concept of entanglement has provided a new perspective
for analyzing quantum correlations and quantum critical phe-
nomena in many-particle systems and has led to fundamental
results and new insights in the field [2-5]. Nonetheless, the
evaluation of entanglement in general strongly interacting
many-body systems remains a difficult task, particularly in
systems with long-range interactions, high connectivity, and
large dimensionality, where usual treatments such as the
quantum Monte Carlo [6], density-matrix renormalization
group (DMRG) [7], or matrix product states [8] become more
involved or difficult to implement. In previous works [9,10]
we have applied a general mean field plus random-phase
approximation (RPA) treatment to the evaluation of pairwise
entanglement (i.e., that between two elementary components)
in spin systems at zero and finite temperature. The approach
was able to capture the main features of the entanglement
between two spins in arrays with XY and XY Z couplings of
different ranges, including the prediction of full-range pairwise
entanglement in the vicinity of the factorizing field [10-12].
The accuracy of the approach was shown to increase with the
interaction range or connectivity.

The aim of the present work is to examine if the previous
method is capable of predicting, in the ground state of spin
systems, the entanglement properties of general subsystems.
We will focus on the entanglement entropy of arbitrary
bipartitions of the whole system, as well as on the negativity
between any two subsystems, not necessarily complementary,
where the rest of the spins play the role of an environment
and entanglement can no longer be measured through the
subsystem entropy. Other measures, like the negativity (an
entanglement monotone computable for general mixed states
[13,14]), have to be employed. This type of entanglement has
recently received special attention [15—17] since its behavior
can differ from that of global bipartitions. We will show
that the present approximation provides a general tractable
scheme for evaluating these quantities and becomes analytic
in translationally invariant systems.

In Sec. II we present the general RPA formalism and
describe the RPA spin state, the associated bosonic estimation
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of subsystem entropies and negativities, the implementation
in translationally invariant systems, and the application to a
general spin s array with XY Z couplings of arbitrary range
in a transverse magnetic field. Symmetry-restoration effects in
the case of parity-breaking mean fields are also discussed. As
an illustration, we derive in Sec. III results for a spin s pair
and for a fully connected finite spin s array, where RPA is
able to provide simple full analytic expressions for subsystem
entropies and negativities, which represent the exact large-spin
limit at any fixed size. Conclusions are drawn in Sec. IV.
Appendix A discusses the equivalence between the spin and
the bosonic RPA treatments, and Appendix B contains details
of the analytic results of Sec. III.

II. FORMALISM
A. RPA for spin systems at T = 0

We will consider a general finite system of spins §s; =
(Six,Siy,Siz), connected through general quadratic couplings
and immersed in a magnetic field, not necessarily uniform.
The corresponding Hamiltonian is

H = Z B”‘S,’M — % A Z JW’JVS,'MSJ'V, (1)
i i#], 1,
where u = x,y,z, and B* are the field components at site i.
Ising, XY, XY Z (J'¥" = §*"J/), as well as Dzyaloshinskii-
Moriya (Ji*/V = —JJ*) couplings of arbitrary range are
particular cases of Eq. (1).
The first step in the RPA [18] is to determine the mean-field
ground state, i.e., the separable state

10) = ®_,10;) = [0y ---0,),
with the lowest energy (H)o = (0| H|0), given by

i 1 ijv
(H)o = ZB Hido— 3 Z T (sidolsjvos (2)
i i#J,m,v
where (s;)o = (0;|s;|0;). Each local state |0;) can be deter-
mined self-consistently as the lowest eigenstate of the local
mean-field Hamiltonian

_ Ho i
hi - XM: a(Si,U')oSlM = Si, (3)
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being the state with maximum spin s; directed along —A' (a
local coherent state). This leads to the self-consistent equations

M= B = T i, (sido = —siM /AL (@)
J#iv
where A’ = |A/|. Equation (4) can be solved iteratively starting
from an initial guess for |0;) or A;, although other procedures
(such as the gradient method) can be employed. Equation (2)
becomes (H)y = %Zi()f + B - (s;)o.

Since the form (1) is valid for any choice of the local axes,
it is now convenient to choose z; along A’ such that (s; w)o =
—5;8,; and A'* = AI§#% with A' > 0. The second step in the
RPA is the approximate bosonization

siy = V/2s;b!, si_ — /2sibi, si. —> —si +blbi,  (5)

where s;+ =s;, £is;, and b;, bj' are considered standard
boson operators ([b;.b}] = 8;;. [b;.b;] = [b],b]] = 0), with
|0) — |0p) as their vacuum. This bosonization is in agreement
with that implied by the path integral formalism of Refs. [9,10]
for T — 0 and preserves two of the exact spin commutators
exactly ([s} ,sj.[] = 44; jsii); the remaining one is preserved as
vacuum average (([s; ,sj-*])o = 25;8;;). It coincides with the
Holstein-Primakoff and other exact bosonizations [18-21] up
to zeroth order in s;” I

The third step is to replace Eq. (5) in the original
Hamiltonian (1), neglecting all cubic and quartic terms in b;,

b;. This leads to the quadratic boson Hamiltonian:

. . 1
HY = (H)o+ Y A'b[bi =Y Alblb; + E(Aibjbj. +H.c)

i oy

1 P

_ i i
_(H)()—EZ)\ +§ZHZ, 6)
S (P g (AAr A .
=\ot) =0 Al a-x )

AL = o LT £ T — (I ), (8)

where ZT = (bf,b) and AY = A'§. The choice of the mean-
field axes for the bosonization (5) ensures that no linear terms
in b;, b; appear in H”; this reflects the stability of the mean-
field state |0) with respect to one-site excitations.

The last step is the diagonalization of the bosonic quadratic
form (6), which is always possible when the Hermitian matrix
‘H in Eq. (7) is positive definite, i.e., when |0) is a stable
vacuum [18]. H? can then be rewritten as

1
HY = (H)o+ Y o*b'ib, + S @ =), 9)

where A% stands for A’, ©® are the symplectic eigenvalues of
'H, i.e., the positive eigenvalues of the matrix

Mo (A Mol 0
-("3 (0 2)
(10)

—A_
A_ —A+AL)
whose eigenvalues come in pairs of opposite sign (and which
is diagonalizable with real nonzero eigenvalues when H is
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positive definite), and b, b/i are “collective” boson operators
related to the local ones by a Bogoliubov transformation Z =
WZ' ie.,

()-() w0 0)

with (), and (/) being the eigenvectors of MM associ-
ated with the eigenvalues w, and —w,, respectively (such
that W™ MHW = MQ, with Qo = |@0g|84e). In order to
preserve the boson commutation relations, which can be cast
as ZZ1 — [(ZNHTZ"]" = M, W should satisfy

WMW! = M, (12)

which also implies WIMW = M and hence WIHW =
Q. This means that U'V — V"0 =0, UTU — V"V =1,
which are the natural orthogonality relations fulfilled by the
eigenvectors of Eq. (10) with normalization (g)LM(g)a =1.

The RPA matrix (7) is of dimension 2n x 2n, with n being
the number of spins. The RPA then involves an exponential
reduction in the dimension [from (2s + 1)" to 2n for n identical
spins]. Moreover, in a translationally invariant system (see
Sec. IID), it can be further reduced to n 2 x 2 matrices and
become fully analytic.

(an

B. The RPA ground state
The vacuum of the new bosons &’ (b,,10,) = 0) is [18]

1 y _
10,) = Cpexp 5} Zplbt 1 10,), Zz=VvO~", (13)
ij

where Cp, = (0,|0},) = det[(TU )]‘% is a normalization factor,
and Z is a symmetric matrix. The associated RPA spin state
can then be defined as

1
|Ogea) = Coexp | = > sivsiy | 100, (14)

Zi

255 S
The expectation values generated by Eq. (14) will be close to
those obtained with the mapping (5), coinciding exactly up
to second order in V (Appendix A). In contrast with |0), the
state (14) is entangled (unless V = 0).

Let us note the following for the quadratic Hamiltonian (1):

(1) |Orpa) = |0) if and only if |0) is an exact eigenstate of
H, since H” contains the exact matrix elements connecting
|0) with the rest of the Hilbert space:

1 .
HI0) = (H)ol0) — 5 3 A1), (15)
ij

where |1;1;) = ;*ff:} |0), and we have used the mean-field
condition (1;|H|0) = (1;]k;]0;) = 0 [Eqgs. (3) and (4)]. Thus,
if |Ogrpa) = |0), Z = 0 and hence V = 0 in W, which implies
that A_ = 0. Hence, |0) is an exact eigenstate by Eq. (15).
Conversely, if |0) is an exact eigenstate, it is a solution of the
mean-field equations leading to A_ = 0, which implies that
|Orpa) = |0) (although A, may be nonzero and w* # A%). In
particular, when H has an exactly separable ground state |0)
(i.e., at the factorizing field [12,22,23]), |Ogpa) = |0).
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(i) |Orpa) is always exact for sufficiently strong fields
(|B| > J). In this limit |0) is the state with all spins s; fully
aligned along —B' plus small corrections (A’ ~ B’ +sJ -
B'/|B|"). Up to first order in A /A, Egs. (10)=(13) lead to

i

ij AY
~ s N —
Zi =V, ~ A

which means that

AY
0 ~ |0 —|1;1;), 16
|Orea) '>+i§xi+x," ) (16)
which, by Eq. (15), is just the first-order expansion (in A_/A)
of the exact ground state.

In the case of a symmetry-breaking mean field, the RPA
spin state allows us to implement the necessary rotations for
symmetry restoration: The exact ground state will actually
be close to the superposition with the correct symmetry of
the degenerate RPA ground states (rather than to a particular
RPA state), as will be discussed in Sec. IIE in the context
of parity breaking. This restoration enlarges considerably the
capabilities of the RPA.

C. Bosonic evaluation of subsystem entropy and negativity

The direct evaluation of many-body correlations and en-
tanglement measures from the RPA spin state (14) is, in
general, difficult. However, the values of these quantities in
the associated bosonic vacuum (13), which will be close
to those obtained from Eq. (14), can be straightforwardly
evaluated using the general Gaussian state formalism [24,25].
The reduced density matrix of any subsystem is just a
Gaussian state, i.e., a canonical thermal state of an effective
quadratic bosonic Hamiltonian, since Wick’s theorem holds
for the evaluation of the mean value of any observable and in
particular those of the subsystem. We may then evaluate its
entropy and other invariants through standard expressions for
independent boson systems.

Let us formalize the previous scheme. We will use a
generalized contraction matrix formalism, equivalent to that
based on covariance matrices [24,25], which is more natural
for the present RPA formulation. In the new vacuum |0}),

b'Lb)e = (BB, = 0, which implies that

Fy = (bjbi)o = (VV);,
G,‘j = (bjbi>0’ = (VUlr)ij'

(17a)
(17b)

Equations (5)—(17) determine the basic RPA spin averages and
correlations, i.e., (s;,.)o = 8,:(Fi; — ;) and, for i # j,

(sivsj—do =2/5i8;Fji,  (si—sj-)o =2./si5;G i,  (18)

with (s;+5;.)o = 0, which coincide exactly with the averages
derived from Eq. (14) up to second order in V, i.e., first order
in the average occupation V V' (which is normally very small
outside critical regions). Through the use of Wick’s theorem,
we also obtain (s;.s;:)0 = (siz)o (sjz)o + | Fij|* + |Gij|* for
i#j.

We may now define the generalized contraction matrix

D=(ZZT)f—M=<F N ) (19)
- 0 G I+F)°
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which exhibits the correct transformation rule under Bogoli-
ubov transformations: If Z = WZ’, then

D = WDW', (20)

withD’ = (Z’Z/T)Of — M. Equation (17) can in fact be written
in the form (20) if W is the diagonalizing Bogoliubov
matrix (11) and D’ is the vacuum density (F' = G’ = 0).
We may also obtain VW and D’ through the symplectic
diagonalization of D, i.e., through the diagonalization of

pm=(F 7© 21
_<G —1—F> @D

such that W'D MW = D' M, with D’ diagonal.
Let us consider now a subsystem A of m < n sites. It will
be characterized by a truncated contraction matrix

: Fr Gy
Dy =(ZaZ))0 — My = Gy I4+F) (22)

where Z4 contains just the bosons of sites in A. A symplectic
diagonalization of D4 will lead to

fa )
0 I+ fa)’

where f/‘;‘“/ = f98° with f¢ = <b/izAbfo)0’ >0 (where
DM 4 has eigenvalues ff and —1 — f§) and WAMAWL =
My, with Z A= Wa Z/,. The entanglement between A and its

complement A is then given by the associated bosonic entropy:

S(p%) = —Trp} log, o) (24)
== filog, £ — (1+ f3)log, (1+ £5). (29

Dy = WiD' W, D, = ( (23)

Here Pfx = Tr;10,)(0,| is the bosonic reduced density of
subsystem A, which can be explicitly written as

1
ph = Cexp <—§ZLHAZA> = C'exp (— ijb’LAb;A> ,
(26)

where C' = Ce™2«/2 = [T, (14 £)7", and Hy, Dy are
related by

DaMy = [exp(MaHa) — 117" 27)

Here H4 represents an effective “Hamiltonian” matrix for
subsystem A with symplectic eigenvalues @9 such that f§ =
(e“s — 1)~ [and hence —1 — fi= (e — D71. Equa-
tion (26) leads to the contraction matrix (22) and hence to
the same expectation values as the full vacuum |0;,)(0;| for
any operator of subsystem A.

Equation (25) provides a tractable RPA estimation of
the entanglement entropy of any subsystem. It is shown in
Appendix A that a direct spin evaluation of the subsystem
entropy based on the RPA state (14) coincides with Eq. (25)
up to second order in V.

On the other hand, the internal entanglement of subsystem
A withrespectto a partition (B, C) of A (where the complement
A plays the role of an environment) can be measured through
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the corresponding negativity [13], defined as minus the sum
of the negative eigenvalues of the partial transpose pﬁf of pu:

Npc = 3(Tr|p | - 1). (28)

Expectation values with respect to (o A)’C of an observable Oﬁ
correspond to those of the partial transpose (O g)’c with respect
to ,ofr This implies the replacements F;; <> G;;, Fj; < Fjjr,
and Gj; < Gjrj, in the contraction matrix for j,j € C,i €
B, leading to a matrix D, with symplectic eigenvalues f/‘{‘
The latter can now be negative. We may still write (,oz )c as
in Eq. (26) in terms of an effective matrix 7{4 with symplectic
eigenvalues @9 such that fA"‘ = (e — 1)~

Since the trace remains unchanged [Tr(pg)’c =1],
le=®4| < 1, which implies that f¢ 1> —l A negative f¢ > 4

é corresponds to e~ < 0 and hence to anonpositive (p A)’C
which indicates an entangled p’ 1 with respect to this bipartition.
Noting that (1 +e~%%)~! = (1 4+ f%)/(1 4+ 2f%), we obtain
the final result [13,24,25]:

1

(02| = [ =57 (29)

o 12T

which allows the evaluation of the negativity (28). Negativities
obtained from the spin density matrices coincide with this
result up to first order in V (Appendix A).

In the case of a global bipartition (A,A), N,z becomes a
function of the reduced density p4, namely [17],

) = 3[(Try/pa)* = 11 (30)

In a boson system, this implies that N, 4, a limit case of
Egs. (28) and (29), can also be expressed just in terms of
the symplectic eigenvalues f7 of the contraction matrix D,:

1
NAg=§|:l—[( 1o+ 1+fj{‘)2—1:|. (31)

Nai = 3(Tr||0)(0['*] —

D. Translationally invariant systems

The only quantities required in the bosonic RPA scheme
are, therefore, the basic contractions (17). Their evaluation be-
comes remarkably simple in translationally invariant systems,
in either one or d dimensions, i.e., systems with a common spin
s; = s inauniform field B’ = B with couplings dependent just
on separation:

JUHY = JRV (i — ), (32)

where J*V(I) = J"*(=I),and J*'(—I) = J*'(n — [)in afinite
cyclic chain or system (in d dimensions, i,j,/,n stand for
d-dimensional vectors). We will also assume a uniform mean
field ' = A, which should then satisfy

F=B =Y R s, ST =000, (B3
v i

with (s)o = —sA /A [Eq. (4)]. The uniform mean field is thus
determined just by the total strengths J;".

By choosing again the z axis in the direction of A, such
that (s;,) = —s8,; and B* + sJ}"° = A8"%, with A > 0, the
bosonized Hamiltonian will have the form (6) with couplings
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AZ = A4 (i — j). By means of a discrete Fourier transform of
the boson operators, we can rewrite it as

o+2<x AR )bl — —(Ak_bib*_k+H.c.),

(34)
n—1
AL =) AL, (35)
=0
where k =0,...,n — l and b, = \/Lﬁ P e!?kilnp ; are bo-

son operators in momentum space, with b_; = b,_;. Diago-
nalization of (34) is straightforward and leads to

H)y+ Z a)kb/T

Hb

1
E(w" — A+ A%, (36)

where o* = & — (A% — A7), b} = wib] — by, and

= Jo.— &by —jatp, (37)

A — Ak 4@y A= AR — @y
S — Vv, = s
20k T AR 20k

(38)

Uup =

with Ak = (Ak + AT, Wi —wl?=1, and u; =u_y,
U = V_g. All " should be real and positive for a stable mean
field, which implies the stability conditions A% < 1 and

Ak < Jo— ARG = A, k=0,..n—1 (39

We can now obtain the basic contractions explicitly:

k
(b/];bk/)O’ = S (brb_p)o = Sk urvy = 2_6)_" (40)

which lead finally to [see Eq. (17)]:

. . 1 —i27k(i—j)/n|, 2
Fij=F(l—])=;;e =i/ |vk|, (41a)
1 R

Glu =G — )= — —i2mk(i—j)/n ) 41b
j=Gli—j==3 e W (41b)

For strong fields | B| such that A > |AL|, ugvy = %A’j/)» and

[vZ| ~ ] A% |?/A%. The RPA vacuum (13) becomes

10;) = Cj exp Zzo—nbw 0,),  (42)

where Cp, = [, u;  and Z() = Ly ekt

Thus, these systems allow an analytic evaluatlon of the
contractions (17). Both the mean-field equations (33) and the
RPA Hamiltonian (34) become independent of the common
spin s after a rescaling J*"() — J*'(I)/s, which we will
adopt in what follows and which indicates that the RPA is
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describing the large-spin limit of the system, as is apparent
from Eq. (5).

E. XY Z systems

Let us now examine in more detail the previous formalism
in a translationally invariant spin s array with XY Z couplings
of arbitrary range in a uniform transverse field:

H=B8B ZS,‘Z - %Z Z Ju(l - j)siusjpt' (43)

i#j u=x.y.2

Equation (43) commutes with the S, spin-parity,

[H,P,] =0, P, =exp |:i7r Z(Siz + s):| ,

l

for any value of its parameters, such that the exact ground
state in a finite array will always have a definite parity outside
degeneracy points. We will focus here on the ferromagnetic-
type case where J,(I) > 0V [ with

IO < Jx(D), (44)

which exhibits a normal and a parity-breaking phase at the
mean-field level.

1. RPA around the normal state

For the Hamiltonian (43), the state |0) with all spins fully
aligned along the —z axis is always a solution of the mean-field
equation (33), being the lowest solution for a sufficiently strong
field B. It leads to A’ = A8, with

A=|B|+J)>0, J0=>" 1. (45)
1
All previous equations can then be directly applied. Now

As(l) = 22O — A (—1), which implies that A% = AT*
and

of = (k= TE) (1~ 1), (46)
. k k
where Ji =, &M, (AL = #) This solution is
therefore stable provided that Jl’j <AVkand u =ux,y,ie.,
for |B| above a certain critical field B.. In the case (44), the
strongest condition is obtained for k = 0, i.e.,

|B| > B, =J? - J°. 47)

2. RPA around the parity-breaking state

For |B| < B, the normal state becomes unstable: The
lowest normal RPA frequency «° vanishes for |B| — B, and
becomes imaginary for |B| < B.. The lowest mean field for
|B| < B, corresponds instead to a parity-breaking state with
all spins aligned along an axis in the xz plane forming an angle
6 with the z axis:

0) = [®) =161 ---6,), 16;) =exp(—ifs;,)|0;). (48)
This leads to (s ;)0 = —s(sin6,0, cos 8) = —sA /A, with

B
A=JY, cosf = R (49)

c
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as determined by Eq. (33). We should now express the original
spin operators in terms of the rotated operators, i.e.,

Six = Six €086 + 5, 8inH, i, = §;y cOSH — §;, Sin6,

(50)

with s;, = s;,». The RPA around this state therefore amounts
to the replacements
o IO JE s gt = JRcos? 0 4 JEsin?e,  (51)

in Eq. (46), with Jyk unchanged and A% = %(J”; + J}’,‘).

Correlations (s;,s,/)rpa 0f rotated spin operators have the
same previous expressions (17), whereas those of the original
operators must be obtained using Eq. (50). It should be noted,
however, that in a finite system, the associated RPA spin state
will no longer be a good approximation to the actual ground
state because of parity breaking. Parity restoration, at least
approximately, must be implemented before obtaining final
results. We will not discuss here the case of a continuous
broken symmetry (arising, for instance, in the XXZ case),
which can be treated through the RPA formalism of Ref. [9].

3. Definite parity RPA ground states
Since [H, P,] = 0, the parity-breaking mean-field state |®)
is degenerate: Both |®) and | — ®) = P,|®) are mean-field
ground states. In order to describe the definite parity ground
states, the correct RPA ground state should be taken as the
definite parity combinations

+ |Orpa) £ | — Orpa)
|®RPA> = ,
+/2(1 £ (—Ogrpa|Orpa))

(52)

where | + Ogpa) are the RPA states around each mean field.
The overlap (—Ogrpa|Orpa) = (Orpa|P;|Orpa) is propor-
tional to the overlap between the two mean-field states,

B 2ns
(—O|®) = cos¥™ § = (B—) , (53)
which is small except for B — B, or small ns.
By neglecting the previous overlap, Eq. (52) will lead to
reduced densities:

P~ 5[0a(0) + pa(=0)] (54)

provided that the complementary overlap (—®gp, |@ap,)
(B/B.)*™ "4 can also be neglected. Here p4(+0) are the
reduced spin densities determined by each RPA state, given up
to O(V?) by the expressions of Appendix A.

The restoration (54) is essential to achieving a good
description of the actual subsystem entropy, although its main
effect for a subsystem A that is not too small is actually quite
simple: If the product p4(®)pa(—0) x (B/BL.)Z"A“ can be
neglected, then Eq. (54) can be considered as the sum of two
densities with orthogonal support and identical distributions,
leading to

S(py) ~ Slpa(®)] + 1, (55)

where S[p4(®)] can be evaluated through the boson approx-
imation (25). Under the same assumptions, the effect on the
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global negativity (30) is just
Nai(py) = 2Nazlpa(®)] + 3, (56)

as Tr\/E ~ /2Tr/pA (@), while the subsystem negativity
Npc of a bipartition (B,C) of A remains approximately
unchanged: NBc(p;f) ~ Npclpa(9)].

When the product p4(®)p4(—®) cannot be neglected (as in
a subsystem of two spins), we should in principle construct the
spin density (54). This can be done by rotating p4(0) [Eq. (A2)
in the mean-field frame] to the original z axis and removing all
parity-breaking elements [which is the final effect of Eq. (54)].
For instance, the reduced two-spin density for s = % has the
blocked form (A2) in the standard basis of s;.s;, eigenstates
in the normal phase as well as in the parity-breaking phase
after parity restoration [12]. The final effect on S(pa) is
the replacement of the term +1 in Eq. (55) by the entropy
of the reduced mean-field mixture —)  _. g,log,q.,
with q+ = %[1 + (B/B.)**], plus smaller = RPA
corrections.

Although oE ", are both identical in the approximation (54),
the actual pT - derived from (52) will depend on parity. The
correct parity in such a case should be chosen as that leading
to the lowest energy ERPA = (@RiPA|H|®RPA)

4. Factorizing field

The explicit value of the basic RPA couplings AX in the

parity-breaking phase are, using Eqgs. (49)-(51),
AL = 3[(FE = I B/B)* + (JE£ )] 5D

In the case of a common anisotropy, such that the ratio

Jy () — J.(
_ 5D =J0 (58)
Je() = J(D)
is independent of the separation /, we have J} — J¥ = x(Jf —

J¥)andhence A* = 1(J¥ — J[(B/B,)* — x].1tis thenseen
that if x € [0,1], then A¥ = 0V k when

|B| = By = Be/X (59)

with all A* changing sign at |B| = B,. Here B is the fac-
torizing field [2,12,22,23,26]: At B = B, the parity-breaking
mean-field state becomes an exact ground state, since the RPA
corrections vanish (see Sec. II B). This effect is independent
of the number of spins n (as long as x is constant) and
spin s (with the present scaling). Nonetheless, the actual
side limits at B = B, will be given by the definite parity
states (52), which are still entangled. As a consequence,
the subsystem entropy S(p4) and the negativity N,z will
actually approach a finite value for B — By [l and 1,
respectively, in the approximations given by (55) and (56)],
while the entanglement between two spins will reach an infinite
range [10-12]. Note finally that at B = B, A’i = J}'f and,
hence,

ot =) - Ty (60)
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III. APPLICATION
A. Spin s pair

As a first example, let us consider a system of two spins
s coupled through the Hamiltonian (43). We can obviously
always set J, > |J,| (44), since the sign of J, can be changed
by a r rotation around the z axis of one of the spins (and we can
always set | J,| > |J,| by a proper choice of axes). The Fourier
transform of J,, (/) = &1 J,, reduces here to J;If = (=1 Ju k=
0,1, leading to an attractive and a repulsive normal mode:

wo = 4/ A =TI — Jy)a = A+ T+ J})
The contractions (41) become Fj; = A;wAO* — %(1 —
28ij) = 581> Gij = 4oz + 5 (1 = 28;), where As = §(J, £
Jy) and replacements (51) are to be applied for |B| < B..
The ensuing entanglement entropy of the pair in the bosonic
approximation (25) is just

S(p1) = —=flog, f + (1 4 f)logy(1 + f) + 6, (61)

1 22—
Fet 14222 ) st (g
2 wow1 2
where f = \/(F” + %)2 — (G11)? —% is the positive sym-

plectic eigenvalue of the 2 x 2 contraction matrix for one spin
and § = 0 (1) for |B| > B. (< B.) in the approximation (55),
which is valid for (B/B.)* <« 1. For small f, we may just use
S(p1) = f(log, e —log, f), with f ~ Fj;, in agreement with
the results of Appendix A.

Thus, at the RPA level entanglement is determined by the
average local occupation f and driven by the ratio =" which
is small away from B, and vanishes at B = B; [where o=
A = J0 by Eq. (60), and hence f = 0]. For |B| > B., f ~
( 15 )2 while in the vicinity of By, f o« (B — By )2.For B —
B, f ~ -,/ o= | B — Be|” /4 with S(p;) ~ log, fe.

The bosonic RPA negativity [Egs. (28), (29), and (31)]
becomes

Nip = = =f+vrff+D (63)
1+2f

where f = f — /F(f + D) is the negative symplectic eigen-
value of the 4 x 4 contraction matrix. The correction of
Eq. (56) (N1 — 2N, + %) should be applied for |B| < B..
For small f, we have simply Ni, ~ — f & \/f. This will lead
to a slope discontinuity of Ny, at the factorizing field B; (see
Fig. 1), as f vanishes there quadratically (N, — %  |B — Bs|
for B &~ B;). On the other hand, for f — oo (|B| = B.),
f— =3, with f~ —1 + ¢ and N, 2 f. Both S(p1) and
Ny, are concave increasing functions of f and measure the
entanglement of the pair.

Comparison with exact numerical results, obtained through
the diagonalization of H [a (25 + 1)? x (2s + 1)* matrix], is
shown in Fig. 1 for the XY case (J, = 0) with anisotropy
x = Jy/J = 0.5. Exact results are seen to rapidly approach
the RPA values [Egs. (61)—(63)] as the spin s increases, the
discrepancy for finite s arising just in the vicinity of B, or
for very small s, i.e., where tunneling effects arising from the
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FIG. 1. (Color online) Entanglement between two spins s as a
function of the transverse field B for an XY coupling with J,/J, =
0.5. The exact entanglement entropy Sg = S(p;) (top) and negativity
(bottom) for different values of the spin s and the bosonic RPA results
[(61) and (63)] are depicted. The exact results approach those of RPA
as s increases, with differences for not-too-small s arising just for B
close to B, = J,. At the factorizing field B; =~ B,/ V2, 8p = 1 while
N 12 =— %

nonzero overlap (53) between the degenerate parity-breaking
states become appreciable.

Nonetheless, this overlap can be taken into account using
the full definite parity RPA spin state (52) with lowest energy,

PHYSICAL REVIEW A 82, 052332 (2010)

which for finite s improves results for B close to B. (but
otherwise yields results almost coincident with those of the
corrected bosonic RPA), as seen in Fig. 2. Equation (52)
also yields the exact side limits at the factorizing field [12]
for any s, although for x = 0.5 these limits rapidly approach
the high spin values S(p;) = 1 and Ny, = % predicted by the
approximations of Egs. (55) and (56).

Figure 2 also depicts the behavior of the average occupa-
tions f and f. The former is seen to be quite small (f < 0.05)
except in the vicinity of B,, which implies that, away from B,,
all bosonic RPA results can be reproduced by the spin densities
of Appendix A, with f ~ ,/f. In the bottom panels we
depict the RPA energies wj,w; and the RPA state coefficients
Zi = v /uy used in Eq. (42). Although @, vanishes at B,
the difference A — @, which is responsible for entanglement,
remains quite small everywhere. Both Z; vanish and change
sign at the factorizing field By, which indicates a qualitative
change in the type of correlations at this point: It is well
known that entanglement between two spins % changes from
antiparallel to parallel (in the original frame) at B, [11,12], an
effect that arises within the RPA from this sign change.

B. Fully connected spin system

Let us now consider a fully and uniformly connected XY Z
array of n spins, where

Ju) = (1 = 8i0)Jp/(n = 1), (64)

in Eq. (43). This scaling ensures a finite intensive energy

(H)/n for large n and finite J,. Entanglement properties
of this well-known model [18,27] for s = % in the large-n

limit have been previously analyzed [28], including recently

Z/
7
,
>,

/

FIG. 2. (Color online) Top left: The entanglement entropy obtained from the definite parity RPA spin state (52) (dashed-dotted line),
compared with the bosonic RPA result (61) and the exact value, for s = 10 at the same parameters as in Fig. 1. The result from the RPA spin
state improves the bosonic RPA for B just below B... Top right: The average local boson occupation f (62), which is small away from B,, and
the negative eigenvalue f of the partial transpose of the contraction matrix (f & /F for small f). Bottom left: RPA energies wy, w,, together
with the mean-field energy A and the mean RPA energy @ in Eq. (62). Bottom right: The quantities Z; = vy /u; for k = 0,1, which determine

the RPA state (42) and vanish at the factorizing field B;.
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Holstein-Primakoff-based bosonization [16,21,29,30]. Direct
application of the present RPA formalism will be shown to
yield full analytic expressions for any size n and spin s.
The Fourier transform of Eq. (64) is J) =J, and J}! =
—Ju/(n—1)fork =1,...,n — 1, which leads again to two
distinct RPA energies: one associated with a fundamental
attractive mode (wp) and n — 1 degenerate weak repulsive
modes wy, = w;, k # 0, which add a small repulsive correction,
nonzero for finite n, accounting for the absence of self-energy
terms o s in H:

wy = /(A = J)A = Jy),

(e 2) (o 52)

where the replacements (51) are to be used for B < B,.. The
ensuing contractions (41) here become obviously independent
of separation for i # j:

P L A_A]*a 50| = 28, (650
Y on o | 1o 27 a
Gii = 174 A (1 1) 65b)

ij = E —0 0)_1 n l]) (

and imply that, for any bipartition (L,n — L), the entanglement
entropy S(p.) will depend just on L. Moreover, there is again
a single nonzero eigenvalue f; of the reduced matrix Dy of
L spins for any L (see Appendix B), such that, in the bosonic
approximation (25)—(55),

S(pr) = —frlog, fr + (1 + fr)log,(1 + f1) + 4,

(66)
fo=SVT+H2a8 =11, o = Lin = L)/n?,
where § = 0 (1) for |B| < B, [(B/B.)*"* « 1] and
LA Gt IR e VT P
2(n — Dwow n

For n = 2 we recover Egs. (61) and (62), while for large =,

—_ 0 . . . .
AR % — 1. Entanglement is then driven again by the ratio
0

—2 . . .
A;;w“: , which is small away from B, and Vamshes at B,. For

small A, fr ~ ar A, with A ~ J[ 2= 2201 for | B > B,
and A o (B — By)? in the vicinity of By. For B — B,, f;
Jor(B — B.) 4 and S(p,) ~ log, fre.

The bosonic negativity of a bipartition (m,L —m) of
a subsystem of L < n spins can again be explicitly ob-
tained, since there is also a single negative eigenvalue
fim of the partial transpose of the contraction matrix
(see Appendix B):

N = —— It (68)
14+ 2fim

1 / 1
fLm = \/1+yLWLA_ S,BLmA+VL2mA2_§v (69)

Bim = m(L —m)/n*.  (70)

Yim =0op +4Brm,

PHYSICAL REVIEW A 82, 052332 (2010)

For a global partition (L = n), «,, = 0 while §,,, = o, and

fur = fr = Fi(fr + D, with N,p = fo +/Fo(fL + 1),
as in Eq. (63). In general, for small A,

fLm ~ — %ﬂLmA ~ - (,BLm/OlL)fLa (71)

such that for strong fields, fy,, ~ — Brm i 1*4 5> while for

B close to By, fim & /Bim|B — By|. On the other hand
for B — B, fim — —3(1 — a45—) + O(B — B.|> ) if

ap # 0, which implies that subsystem negativities Ny, 1
with L < n remain finite at B, (in agreement with the results
of Ref. [16]), as f,, remains above —1.

In the parity-breaking phase, the replacement (56) (N —
2N + %) should be used for global negativities N, p_p,
whereas subsystem negativities N,, ;_,, remain unchanged
after parity restoration if (B/B.)*"~% and (B/B.)** can
both be neglected.

Equations (66)—(69) represent essentially the exact expres-
sions for the subsystem entropy and negativity for large spin
at finite n, as well as for large n at finite spin, as verified
by exact numerical calculations. For instance, exact (obtained
through diagonalization of H) and RPA results for a spin %
XY array of n = 100 spins are shown in Figs. 3 and 4. RPA
results for the entanglement entropy are quite accurate except
in the vicinity of B., where differences decrease as n or s
increases. For large L they were obtained with the previous
expression (66), whereas for small L (like the L = 2 case),
we have used the proper spin state (54), whose main effect
is to take into account the correct overlap for B below but
close to B, (roughly, é replaced by the entropy of the reduced
mean-field superposition).

The variation of S(p;) with L at fixed field (bottom left
panel in Fig. 3) is also correctly predicted, being quite accurate
in both the normal and parity-breaking phase for fields not too
close to B.. The bottom right panel shows that f; remains
small except for B around B., while fLm also becomes small
as L decreases, in full agreement with Eq. (71). RPA results
for global (N, r_,) and in particular subsystem negativities
(Np,L—m for L < n), which are much smaller and vanish
at By, are also very accurate, as seen in Fig. 4. Subsystem
negativities were directly obtained with Eq. (68), whereas
global negativities were corrected with Eq. (56) for B < B,
and large L and using Eq. (54) for L = 2.

IV. DISCUSSION

We have shown that the mean field plus RPA method is
able to provide, through the bosonic representation, a general
tractable method for estimating, in the ground state of general
spin arrays, the entanglement entropy of any bipartition of
the whole system as well as the negativity associated with
any bipartition of any subsystem. The approach becomes fully
analytic in systems with translational invariance, where no
numerical diagonalization is required for obtaining the basic
contraction matrices.

The bosonic treatment provides essentially the exact behav-
ior of the system in the large-spin limit. Finite spin corrections
can be taken into account through the corresponding RPA
spin state, which allows us in particular to implement the
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FIG. 3. (Color online) Results for a fully connected spin % XY array of n = 100 spins with J,/J, = 0.5. Top left: Exact entanglement
entropies Sg(L) = S(p.) of subsystems with L < n/2 spins as a function of the magnetic field. Top right: Comparison between exact and RPA
results for S(p). Bottom left: Exact and RPA results for S(p. ) as a function of the subsystem size L at four different field ratios B/B... Bottom
right: Magnetic behavior of the average boson occupation number (66) for L = 25 and the negative symplectic eigenvalue (69) of the partial

transposed contraction matrix for different L, m.

nonnegligible symmetry-restoration effects in the case of the
parity-breaking mean field, but which otherwise yields results
that are in full agreement with the bosonic treatment at first
order in the average local boson occupation. The latter is
normally very low away from critical regions.

Through direct application of the present method, simple
analytic expressions for the entanglement entropy and negativ-
ities for a spin s pair and for a fully connected array of n spins
s in a uniform field have been straightforwardly obtained, and

these depend explicitly on the RPA energies. The agreement
with exact numerical results is confirmed to improve as the
spin s increases at fixed size and in the fully connected case
as well as when n increases at fixed s. Differences in fact are
negligible away from the critical region if the spin s or the size
n are not too small.

An important general prediction that arises from the present
treatment is that entanglement from elementary excitations
approaches a nonvanishing spin-independent limit as the spin

FIG. 4. (Color online) Top left:
Exact global negativities N(L) =
Np -1 between L and n — L spins
in the fully connected array of Fig. 3
(n = 100 spins). Top right: Compari-

son between exact and RPA results for
N (L) for two values of L. Bottom left:
Exact subsystem negativities N, 1,
between m and L —m spins in a
subsystem of L =20 spins. Bottom
right: Comparison between exact and
RPA results for N, 1.
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increases. An RPA quantum regime, characterized by weak
entanglement, then emerges between strictly classical and
strongly quantum regimes.
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APPENDIX A: RPA SPIN DENSITIES

Here we will construct the spin density matrices compatible
with the RPA spin state (14) and the contractions (17) up to
second order in V, i.e., first order in the average occupation
V VT (implying zero or one boson per site). At this order,
F ~ GGT [Egs. (17)], and the support of p = |Orpa){Orpa| is
just the subspace spanned by the mean-field state |0) plus the
two-site excitations |1;1;) [Eq. (15)], leading to

GG' G
P~ B , ,
G\ 1-G'G

where G denotes a column matrix of elements G;;, i < j.
At this order, p> = p. The ensuing reduced density matrix
pa = Trzp of a subsystem A of L spins becomes

(AL)

GAG', 0 G,
pa~| 0  Fy—GsGl 0 ,
G/, 0 | —TrFs + G',G4

(A2)

where F4, G 4 arethe L x L contraction matrices of subsystem
A, and G 4 is the concomitant column vector [of length L(L —
1)/2]. The central block contains the one-site elements |1;) (1]
arising from the partial trace of GG'. Here we have used the
approximate identity ", _z G,-kG,tj ~Fij— Y iea GikG,tj for
i,j € A (and neglected diagonal elements G;;, of higher order
due to the absence of self-energy terms), which allows us
to write p, entirely in terms of local contractions. Equa-
tion (A2) is then in agreement with direct state tomography
at this order [for i,j.k.l € A, (blb; [T (1 — blb))y ~

(Fa = GaGlyij. (bbibibi)o ~ GuGijl. Up to O(V2), pa is
a positive matrix with Trp4 = 1 but is no longer pure.

Its entropy S(pa) = —Trpa log, pa is determined, at this
order, by the central block ,0/14 =Fys—Gyu GL,

S(pa) = Trpy (log, e —log, p}), (A3)

which coincides with Eq. (25) up to second order in V [at this
order f§ coincides with the eigenvalues of ,0/1‘, and Eq. (25)
becomes ~ ), fi(log, e —log, 1.

On the other hand, the leading term in the negativity arising
from abipartition (B, C) of A is of first order in V and is just the
sum of the singular values of the submatrix G ¢ (of elements
Gij, i € B, j € C), whence Ngc ~ Tr[GpcGlyel?. At this
order, the negative symplectic eigenvalues f§ in Eq. (29)
are again minus the singular values of Gpc, while Eq. (28)
becomes Npc ~ —3)_, f%, leading again to the previous
result.

PHYSICAL REVIEW A 82, 052332 (2010)

Let us finally note that Eq. (A2) always commutes with
the S, parity (along the mean-field axis) of subsystem A4, i.e.,
[pa,P.al =0, P;a = explim ), 4(si; + 5;)]. In the case of
two spins i,j, G4 has length 1 and Eq. (A2) is just a 4 x 4
blocked matrix, while in the case of a single spin i, G4 has
length 0 and Eq. (A2) becomes just p; & Fj;|1;)(1;| + (1 —
Fii)10:){0;].

APPENDIX B: FULLY CONNECTED SYSTEM

In the fully connected XY Z spin system, the contractions
(65) are of the form F;; = Fyd;; + Fi, Gij = God;; + G, with
Fy,Fy, Go,G real. The ensuing contraction matrix D, for a
subsystem of L spins will then have symplectic eigenvalues
(see also Ref. [25])

fi=J(Fo+ LFy + 1) = Go+ LG 2 -}, (B

fo=\(Fo+ 1)’ - G3— 1, (B2)

plus their partners 1 4+ f7, 1 + fo, where f; is nondegenerate
while fphas L — 1 degeneracy. Equations (B1) and (B2) can be
obtained either by a Fourier transform of the local operators
or by noticing that the L x L contraction matrix F; can be
written as F; = Fol;, + Fi1, I’L (and similarly for G ), with
I; the L x L identity and 1, a column L x 1 vector with unit
elements. F; and G, will then be diagonal in the same local
basis with eigenvalues Fy + LF; and Fy (L — 1 degenerate)
and similarly for G, which leads to Egs. (B1) and (B2). In
the case of a global vacuum, fy =0 (since for L = n, we
should have f;_, = fo = 0), which implies a single positive
eigenvalue f; for any L < n. Equation (B1) leads then to
Eq. (66).

For evaluating the negativity N, of a bipartition (m, p) of a
subsystem of L spins (m + p = L), we may first note that F
will be composed of blocks F = Fol,, + Fil,1,,, Fy), =
Fllmltp =F;,,and Fp, = Fol, + Flll,l'p, and similarly for
Gr. A local transformation allows us to write F; as a
direct sum of a (L —2) x (L —2) diagonal block Fyl;_»

plus the block Fyl, + F; (%), and similarly for G;. The

ensuing partially transposed contraction matrix will then have
symplectic eigenvalues fo = fo [Eq. (B2)], L — 2 degenerate
(with fo = 0 for a global vacuum), and

fE = %\/Tr/P + /(TrA%)? — 16detA — 1, (B3)

together with their partners 14 fy, 1+ fLim, where A =
(47 24" )is a4 x 4 matrix with blocks Apg = (1 + Fo)lr +

Agr —Arc

\/'%f‘cl J’;T‘;IG‘) and similarly for Agp. Here f;' >0 but

S < 0. The latter is the single negative symplectic eigen-
value given in Eq. (69).
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