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One-body information loss in fermion systems
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We propose an entropic measure of nonclassical correlations in general mixed states of fermion systems, based
on the loss of information due to the unread measurement of the occupancy of single-particle states of a given
basis. When minimized over all possible single-particle bases, the measure reduces to an entanglement entropy
for pure states and vanishes only for states which are diagonal in a Slater determinant basis. The approach
is also suitable for states having definite number parity yet not necessarily a fixed particle number, in which
case the minimization can be extended to all bases related through a Bogoliubov transformation if quasiparticle
mode measurements are also considered. General stationary conditions for determining the optimizing basis are
derived. For a mixture of a general pure state with the maximally mixed state, a general analytic evaluation of the
present measure and optimizing basis is provided, which shows that nonentangled mixed states may nonetheless
exhibit a nonzero information loss.
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I. INTRODUCTION

Quantification of nonclassical correlations in quantum
systems is one of the main topics in quantum information
theory. Quantum entanglement is the most famous and best
studied manifestation of such correlations, mainly because
of its central role as a resource for quantum teleportation
[1] and quantum computation [2–4]. Nevertheless, quantum
entanglement is not the only type of nonclassical correlation.
It is now well known that nonentangled mixed states can
also exhibit nonclassical features, which may be relevant
in mixed-state based algorithms such as that of Knill and
Laflamme [5,6]. A great effort has therefore been devoted
in recent years to understand and quantify the quantumness of
correlations [7]. Various measures of these correlations beyond
entanglement have then been proposed, which start with the
quantum discord [8–11] and the one-way information deficit
[12,13]. The latter has been extended to more general entropic
forms [14], as a measure of the information loss due to a local
measurement. Various other related measures have also been
later introduced [7,15–21].

While these correlation measures have been intensively
investigated in systems of distinguishable components, less
attention has been given to their extension to systems of
identical particles [22], and in particular to fermion systems.
In these systems particles cannot be accessed individually
because of indistinguishability, thus preventing the straight-
forward extension of the correlation measures defined for
systems of distinguishable components, which are based on
the tensor product structure of the state space. This property
no longer holds for indistinguishable components, turning
the characterization of correlations more complex. Various
approaches for describing and quantifying entanglement in
fermion systems have been introduced, based on quantum
correlations and particlelike entanglement [23–31] and also
on mode-type entanglement [32–35].

In a previous work [31] we analyzed the problem of
quantifying entanglement in pure and mixed states of fermion
systems having definite number parity, yet not necessarily
a fixed particle number. The approach is based on a con-
sistent definition of the measurement of the occupancy of a

single-particle (sp) mode, and of the reduced state of such a
mode and its orthogonal complement in the sp Hilbert space S.
It leads to an entanglement entropy which is explicitly invariant
under particle-hole (and also Bogoliubov) transformations,
and which extends previous treatments for states with fixed
particle number [23], providing at the same time a link between
mode-based and particle-based approaches.

In this work we start by considering again the correlations
between an sp mode and its orthogonal complement and define
an entropic measure that quantifies the loss of information
in the state of the system due to the measurement of the
occupancy of that mode. Such loss is directly related to
the entanglement generated between the system and the
measurement device. We then consider the sum over all
states on a given basis of S, minimized over all such
bases, of this quantity as a measure of the minimum loss
of information due to an unread measurement in this basis,
extending the minimization to all bases related through a
Bogoliubov transformation [36] if the occupancy measurement
of quasiparticle modes is also allowed. It is then shown that
this measure is a non-negative quantity which is zero if and
only if the state of the system is a convex combination of Slater
determinants in the same sp basis, reducing for pure states to
the entanglement entropy defined in [31], in analogy with its
counterpart [14] for systems of distinguishable constituents.
General stationary conditions for the optimizing basis are
also derived. An analytic evaluation of this measure for a
mixture of a general pure state with the maximally mixed
state is provided, which shows that in this case the optimizing
quasiparticles are just those diagonalizing the generalized
one-body density matrix, and that the present measure can
be nonzero in nonentangled mixed states. Explicit comparison
with the fermionic entanglement of formation in a specific case
is also made. Two fermion states are as well discussed.

II. FORMALISM

A. Single-mode measurement and entanglement entropy

We first consider a pure state |ψi of a fermion system with
an n-dimensional single-particle (sp) Hilbert space S. The
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system is described by a set of operators {cj ,c
†
j ,} satisfying

the canonical anticommutation relations,

{ci,cj } = 0, {ci,c
†
j } = δij , (1)

such that {|j i = c
†
j |0i, j = 1, . . . ,n} is an orthonormal set of

one-fermion states (|0i denotes the vacuum of the operators
cj ). We will work within a grand canonical context, so the
state |ψi does not necessarily has a definite particle number
N = P

k c
†
kck . Nonetheless, we will always assume that |ψi

has a definite number parity,

P |ψi = ±|ψi, P = exp[iπN ] =
Y
k

(1 − 2c
†
kck), (2)

in agreement with the standard superselection rule [37]. We
will also denote by d the dimension of the Fock space of the
system.

We now consider a partition (A,B) of a particular basis of S
(see appendix), where A denotes the single mode or “level” k

and B its orthogonal complement. Due to the anticommutation
relations, the operators,

5k = c
†
kck, 5k̄ = ckc

†
k, 5k + 5k̄ = 1, (3)

constitute a basic set of orthogonal projectors, defining a
standard projective measurement on the level k. The operator
5k (5k̄) projects the state onto the subspace of states with level
k occupied (empty), so the set describes the measurement of
the occupancy of this level. The ensuing post measurement
states are |ψki = 5k|ψi/√pk and |ψk̄i = 5k̄|ψi/√pk̄ , with

pk = hc†kcki = hψ |c†kck|ψi and pk̄ = hckc
†
ki = 1 − pk , such

that

|ψi = √
pk|ψki + √

pk̄|ψk̄i. (4)

For any operator OA (OB) that depends only on the operators
ck,c

†
k ({cj ,c

†
j ,j 6= k}) we have, using (2),

hψ |OA(B)|ψi = pkhψk|OA(B)|ψki + pk̄hψk̄|OA(B)|ψk̄i
= Tr ρA(B)OA(B), (5)

where

ρA = pkc
†
k|0ih0|ck + pk̄|0ih0|, (6)

ρB = pkck|ψkihψk|c†k + pk̄|ψk̄ihψk̄|, (7)

play the role of reduced states for A and B.
As shown in [31], for pure states the mode measurement

defined above allows one to define an entanglement entropy
that quantifies the entanglement between the measured sp
mode and its orthogonal complement in S. Indeed, the reduced
states (6) and (7) have the same eigenvalues {pk,pk̄}, and hence
the entanglement entropy for such bipartition is the Shannon
entropy of that distribution:

Ek(|ψi) = −pk log2(pk) − pk̄ log2(pk̄). (8)

The sum of (8) over all states on a given basis of S,
minimized over all sp bases, is the one-body entanglement

entropy [31],

Ssp(|ψi) = Min
{ck}

X
k

−pk log2 pk − pk̄ log2 pk̄. (9)

The minimum in Eq. (9) is reached for those operators {ck}
that diagonalize the one-body density matrix ρ

sp
ij = hc†j cii, i.e.,

for those satisfying hc†j cii = λiδij [31]. Hence,

Ssp(|ψi) = tr h(ρsp), (10)

where h(p) = −p log2 p − (1 − p) log2(1 − p) and tr the
trace in the sp space. It is clear then that Ssp(|ψi) = 0 iff
there is an sp basis in which the state is written as a Slater
determinant, for in that case the eigenvalues of ρsp are either
0 or 1 ((ρsp)2 = ρsp). Then Slater determinants are considered
here noncorrelated states, in agreement with [23].

If quasiparticle modes are to be allowed, then the minimiza-
tion extends to all quasiparticle bases, i.e., sets of operators
{ai,a

†
i } related to the original fermion operators {ci,c

†
i } through

a Bogoliubov transformation [36]:

ai =
X

j

Ūjicj + Vjic
†
j . (11)

Equation (11) can be written asµ
a
a†

¶
= W†

µ
c
c†

¶
, W =

µ
U V

V̄ Ū

¶
, (12)

where the 2n × 2n matrix W should be unitary (UU † +
V V † = 1, UV T + V UT = 0) in order that aν,a

†
ν fulfill the

fermionic anticommutation relations (1). It can be shown [31]
that the minimum is reached for those operators {aμ,a†

μ} that
diagonalize the extended 2n × 2n density matrix,

ρqsp = 1 −
¿µ

c
c†

¶
(c† c)

À
=
µ

ρsp κ

−κ̄ 1 − ρ̄sp

¶
, (13)

where κij = hcj cii, −κ̄ij = hc†j c†i i, and (1 − ρ̄sp)ij = hcj c
†
i i.

Equation (13) is an hermitic matrix which can always be
diagonalized by a suitable transformation (12), such that

1 −
¿µ

a
a†

¶
(a a†)

À
= W†ρqspW =

µ
f 0
0 1 − f

¶
,

with fkl = fkδkl and fk , 1 − fk the eigenvalues of ρqsp [which
come in pairs (fk,1 − fk), with fk ∈ [0,1]], entailing ha†

kaki =
δklfk , hakali = 0 . The generalized one-body entanglement
entropy is therefore

Sqsp(|ψi) = −
X

k

fk log2 fk + (1 − fk) log2(1 − fk)

= −tr0 ρqsp log2 ρqsp, (14)

with tr0 the trace in the extended single-particle space. Hence,
Sqsp(|ψi) = 0 iff all eigenvalues fk are 0 or 1, i.e., (ρqsp)2 =
ρqsp, which implies that ρ is a vacuum or in general a
quasiparticle Slater determinant.

B. Information loss due to a single-mode measurement

Let us now consider a single-mode measurement on a
general mixed state ρ of a fermion system (assumed to
satisfy [ρ,P ] = 0). The state after finding that sp state |ki is
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occupied or empty is ρ 0
k = 5k ρ 5k/pk , or ρ 0̄

k
= 5k̄ ρ 5k̄/pk̄ ,

respectively, with pk = hc†kcki = Tr ρ c
†
kck and pk̄ = 1 − pk .

Therefore, after an unread measurement of that level the state
of the system is

ρ 0(k) = pk ρ 0
k + pk̄ ρ 0̄

k
= 5k ρ 5k + 5k̄ ρ 5k̄. (15)

For instance, if ρ is a pure state |ψihψ | [Eq. (4)],

ρ 0(k) = pk|ψkihψk| + pk̄|ψk̄ihψk̄|. (16)

The ensuing reduced state of A is given by (6) while ρB =
pk ckρ

0
kc

†
k + pk̄ ρ 0̄

k
. Since ρ = ρ 0(k) + 5kρ5k̄ + 5k̄ρ5k , the

last two terms are lost after such measurement.
The entropy S(ρ 0(k)) = −Tr ρ 0(k) log2 ρ 0(k) of the post-

measurement state (15) then cannot be lower than the entropy
S(ρ) of the original state, due to the information contained
in the lost elements. In fact, the eigenvalues of ρ 0(k) are just
the diagonal elements of ρ in a basis different from that of its
eigenvectors, and it is well known that any such diagonal is
always majorized by the eigenvalues of ρ [38]. We have then

S(ρ 0(k)) > S(ρ), (17)

with equality if and only if ρ 0(k) = ρ. This last condition is
obviously equivalent to

[ρ,c
†
kck] = 0, (18)

since if ρ = ρ 0(k), Eq. (18) holds, while if (18) is valid, there
is common basis of eigenvectors of ρ and c

†
kck and hence

ρ = ρ 0(k). The difference,

I ck (ρ) = S(ρ 0(k)) − S(ρ), (19)

quantifies then this loss of information. It clearly satisfies
I ck (ρ) > 0, with I ck (ρ) = 0 iff (18) applies. It is a fermionic
version of the information deficit 1→(ρ) = S(ρ 0) − S(ρ) [12],
defined for systems of distinguishable constituents (there is
here no minimization involved because the occupation of mode
|ki is a classical variable). Furthermore, it is worth noting from
(15) that

S(ρ 0(k)) = S(k) + S(ρ|k), (20)

where

S(k) = −pk log2 pk − pk̄ log2 pk̄ = h(pk) (21)

is the entropy of mode k and

S(ρ|k) = pkS(ρ 0
k) + pk̄S(ρ 0̄

k
) (22)

is the conditional entropy of the set of remaining modes,
given that the state of mode k (occupied or empty) is known.
Therefore, the deficit (19) can be written as

S(ρ 0(k)) − S(ρ) = S(ρ|k) − (S(ρ) − S(k)), (23)

which is a difference of classical-like and quantum conditional
entropies with respect to mode k and represents the quantum
discord [8] with respect to this mode. Hence, for single-mode
measurements the extension of quantum deficit coincides with
that of the quantum discord. For a pure state ρ = |ψihψ |, ρ 0

k

and ρ 0̄
k

are both pure [Eq. (16)], implying that I ck becomes
coincident with the entanglement entropy (8) of mode k:

I ck (|ψi) = S(k) = Ek(|ψi). (24)

The conditional entropy (22) can be interpreted, following
the general results of [39], as an entanglement of formation be-
tween the set of remaining modes k0 6= k and a complementary
system (which can also be a set of new fermionic modes) which
purifies the whole system [see appendix, Eq. (A9)]. Besides,
the arguments of [13,16] imply that the information deficit
(19) is an indicator of the entanglement generated between
the measurement device and the system after a measurement
of mode k. In fact, by adding a qubit ancilla C in an initial
state |0i to the fermionic system and performing the unitary
transformation U = e−i π

2 (ckc
†
k)⊗σy , we obtain

U (|ψi|0i) = √
pk|ψki|0i + √

pk̄|ψk̄i|1i. (25)

Hence, for a general mixed fermion state ρ,

TrC[U (ρ ⊗ |0ih0|)U †] = ρ 0(k). (26)

Therefore I ck (ρ) is the difference between the entropy of
the fermionic subsystem ρF = TrC ρFC = ρ 0(k) in ρFC =
U (ρ ⊗ |0ih0|)U † and that of the whole system, S(ρFC) =
S(ρ). Such difference [the negative of the conditional entropy
S(ρFC) − S(ρF )] can be positive only if ρFC is entangled,
according to the entropic separability criterion [40–42], and
is a lower bound to the one-way distillable entanglement
[13,16,43]. On the other hand, if ρ 0(k) = ρ, such that pk = 0
or 1 for any eigenstate of ρ, then ρFC is clearly separable and
no entanglement is created.

C. One-body information loss

We now take the sum, over all the states of a given basis of
S, of I ck in (19),

I c(ρ) =
X

k

I ck (ρ) =
X

k

S(ρ 0(k)) − S(ρ), (27)

as a measure of the loss of information due to an unread
measurement in this basis. The minimum over all sp bases of
this difference,

I sp(ρ) = Min
c

I c(ρ) = Min
{ck}

X
k

I ck (ρ), (28)

measures then the minimum loss of information due to such
type of measurement. This one-body information loss clearly
satisfies I sp(ρ) > 0, since it is a sum of non-negative terms,
with I sp(ρ) = 0 iff fermion operators ck exist such that ρ 0(k) =
ρ ∀ k, i.e., iff

[ρ,c
†
kck] = 0, k = 1, . . . ,n, (29)

which occurs iff ρ is diagonal in a set of Slater determinants
{Qk(c†k)nk |0i} in the same sp basis (the common eigenvectors
of all c

†
kck). Such states include the typical uncorrelated

thermal-like states ρ ∝ exp[−βH ], with H = P
k εkc

†
kck , but

also any convex combination of Slater determinants in the same
basis. These combinations play here the role of “classically”
correlated states.

Note that if (29) holds, for k 6= l we have hc†kcli =
h[c†kck,c

†
kcl]i = 0, so that the operators ck diagonalize the

sp density matrix: hc†kcli = λkδkl . Therefore, even though
the operators minimizing I c(ρ) may not diagonalize ρsp in
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general, they will if I sp(ρ) = 0. Thus, I c(ρ) > 0 in all sp bases
diagonalizing ρsp imply I sp(ρ) > 0.

For a pure state ρ = |ψihψ | Eq. (24) implies

I c(|ψi) =
X

k

S(k) =
X

k

h(pk), (30)

which is just a concave function of the diagonal elements
of ρsp. Therefore, in this case its minimum over all bases is
obtained when pk are its eigenvalues, i.e., when the ck’s are
the fermion operators diagonalizing ρsp:

I sp(|ψi) = tr h(ρsp) = Ssp(|ψi). (31)

This result coincides with the entanglement entropy defined in
the previous section, in analogy with the information loss for
the distinguishable case [14], which also coincides with the
entanglement entropy for pure states.

On the other hand, it is seen from (20) that for a general
mixed state ρ, S(ρ 0(k)) > S(k) = h(pk) and hence,

Min
{ck}

X
k

S(ρ 0(k)) > tr h(ρsp). (32)

As in the case of the one-body entanglement entropy, if
quasiparticle mode measurements are to be allowed then the
minimization extends to all quasiparticle bases, i.e., sets of
operators {ak,a

†
k} related to the original fermion operators

{ci,c
†
i } through a Bogoliubov transformation (12). It can

be seen by repeating the argument used above that this
information loss,

I qsp(ρ) = Min
{ak}

X
k

[S(ρ 0(k)) − S(ρ)], (33)

satisfies I qsp(ρ) > 0, with equality iff quasiparticle operators
ak exist such that

[ρ,a
†
kak] = 0, k = 1, . . . ,n, (34)

i.e., iff ρ is diagonal in a set of quasiparticle Slater deter-
minants in the same basis (common eigenvectors of all a

†
kak).

Moreover, as this extended minimization includes the previous
one as a particular case, we have

I qsp(ρ) 6 I sp(ρ). (35)

For pure states, the minimum I qsp is obtained for those a
†
k

diagonalizing the extended density matrix (13), which in
analogy with (31) yields

I qsp(|ψi) = −tr0ρqsp log2 ρqsp = Sqsp(|ψi), (36)

where Sqsp is the generalized entanglement entropy (14). As
in the previous case, if (34) holds, the operators ak diagonalize
ρqsp, implying that even though such operators may not
minimize I a(ρ) in general, they will if I qsp(ρ) = 0.

Let us also remark that I sp(ρ) remains invariant under
standard unitary one-body transformations,

ρ → UρU †, U = exp

⎡
⎣−it

X
i,j

hij c
†
i cj

⎤
⎦, (37)

with hij = h∗
ji , since they just imply a unitary transformation

of the fermion operators c = (c1, . . . ,cn)T :

c → U cU † = exp[ith]c, (38)

with ρsp → exp[ith]ρsp exp[−ith]. These transformations
map Slater determinants onto Slater determinants. Similarly,
I qsp(ρ) remains invariant under general one-body transforma-
tions,

ρ → WρW †, W = exp[−itH ],

H =
X
i,j

hij c
†
i cj + 1

2
1ij (c†i c

†
j + cj ci) (39)

= 1

2
(c† c)H

µ
c
c†

¶
, H =

µ
h 1

−1∗ −h∗

¶
, (40)

where 1T = −1, since they just imply a Bogoliubov trans-
formation of the fermion operators:µ

c
c†

¶
→ exp[itH]

µ
c
c†

¶
,

with ρqsp → exp[itH]ρqsp exp[−itH]. Therefore, evolution
under Hamiltonians H of the previous form will not alter the
value of I qsp(ρ).

Finally, it is worth remarking that

I qsp(ρ) = 0, (41)

for any state ρ with support in a two-dimensional sp space
(n = 2) which commutes with the parity P .

Proof. Let

ρ =
X
ν=1,2

q−
ν |ψν

−ihψν
−| + q+

ν |ψν
+ihψν

+| (42)

be the spectral decomposition of such ρ, with

|ψν
−i = ¡

αν
1c

†
1 + αν

2c
†
2

¢|0i , |ψν
+i = ¡

βν
1 + βν

2 c
†
2c

†
1

¢|0i,
its odd and even parity orthogonal eigenstates [α2

j = (−)j ᾱ1
3−j ,

β2
j = (−)j β̄1

3−j ]. It is easily seen that these states can be
all written as zero-, one- or two-quasiparticle states in a
common basis. In fact, hc†2c1i = (q−

1 − q−
2 )ᾱ1

2α
1
1, hc†2c†1i =

(q+
1 − q+

2 )β̄1
2β1

1 . Hence, in terms of the quasiparticle opera-
tors ak that diagonalize ρqsp (ha†

2a1i = (q−
1 − q−

2 )ᾱ01
2α

01
1 = 0,

ha†
2a

†
1i = (q+

1 − q+
2 )β̄ 01

2β
01
1 = 0), necessarily |ψ1

−i ∝ a
†
1|00i,

|ψ2
−i ∝ a

†
2|00i, |ψ1

+i ∝ |00i and |ψ2
+i ∝ a

†
2a

†
1|00i if q±

1 6= q±
2 ,

with |00i the vacuum of these quasiparticles (of the same parity
as |0i). And in case of degeneracy we may always choose the
eigenstates |ψν

±i of the previous forms. Hence ρ is always
diagonal in a quasiparticle Slater determinant basis, implying
I qsp(ρ) = 0.

Note, however, that I sp(ρ) > 0 unless [ρ,N ] = 0, i.e.,
hc†2c†1i = 0, and that ρ is not necessarily of the uncor-
related form ∝ exp[−P

ν=1,2 ενa
†
νaν] unless ha†

1a1a
†
2a2i =

ha†
1a1iha†

2a2i, i.e., q+
2 = (q−

1 + q+
2 )(q−

2 + q+
2 ). ¥

On the other hand, if the support is a three-dimensional sp
space (n = 3), then I qsp(ρ) = 0 for any ρ of definite parity
(but not for any ρ commuting with P ).

042315-4



ONE-BODY INFORMATION LOSS IN FERMION SYSTEMS PHYSICAL REVIEW A 94, 042315 (2016)

Proof. Let ρ = P4
ν=1 qν |ψνihψν | be the spectral decompo-

sition of ρ. If its eigenstates have all odd parity, i.e.,

|ψνi =
⎛
⎝ 3X

j=1

αν
j c

†
j + αν

4c
†
3c

†
2c

†
1

⎞
⎠|0i, ν = 1, . . . ,4,

then hc†j cki = P
ν qν(ᾱν

j α
ν
k + δjk|αν

4 |2), hc†j c†ki =
−P

ν,l qν²jkl ᾱ
ν
4αν

l , with ²jkl the fully antisymmetric tensor.
Hence, if expressed in terms of the quasiparticle operators
ak that diagonalize ρqsp (c†j → a

†
j , |0i → |00i, αν

j → α0ν
j ,

with ha†
j aki = fj δjk , ha†

j a
†
ki = 0), the previous relations

together with hψν |ψν 0 i = P4
μ=1 ᾱ0ν

μα0ν 0
μ = δνν 0

imply, for
distinct qν’s, α0ν

μ ∝ δν
μ, i.e., |ψνi ∝ a†

ν |00i, ν = 1,2,3, and

|ψ4i ∝ a
†
3a

†
2a

†
1|00i. Hence ρ is diagonal in a quasiparticle

Slater determinant basis and I qsp(ρ) = 0 [but I sp(ρ) 6= 0 if
[ρ,N ] 6= 0]. The same procedure can be applied for an even
parity ρ (which can be recast in the previous odd-parity form
after a particle-hole transformation c

†
i → ci of one of the

operators).
Note, however, that if ρ contains eigenstates of different

parity, I qsp(ρ) can be positive since the fermion quasiparticle
operators of the normal form for each parity will not coincide
in general. ¥

D. General stationary condition

Let us now derive the general stationary equations that
must be satisfied by the set of operators {ak} minimizing
the generalized one-body information loss (33). After a
measurement of the occupancy of a corresponding level k,
the ensuing state ρ 0(k), Eq. (15) has eigenstates |φμ

k(k̄)i with
eigenvalues,

q
μ

k(k̄) = 
φ

μ

k(k̄)

¯̄
ρ(k)

¯̄
φ

μ

k(k̄)

® = 
φ

μ

k(k̄)

¯̄
ρ
¯̄
φ

μ

k(k̄)

®
.

Consider now a small variation of the measurement basis
determined by a general one-body transformation,

W = exp[−i²H ] ≈ 1 − i²H,

with H of the general form (39) and (40). We then have δq
μ

k(k̄) =
−i²hφμ

k(k̄)|[ρ,H ]|φμ

k(k̄)i up to lowest order in ², which implies,
for the information loss (33),

δI qsp(ρ) =
X
k,μ

f 0¡qμ

k

¢
δq

μ

k + f 0¡qμ

k̄

¢
δq

μ

k̄

= −i²Tr

Ã"X
k

f 0(ρ 0(k)),ρ

#
H

!
, (43)

where f 0(ρ) = − log2 ρ. The condition δI qsp(ρ) = 0
for arbitrary H then leads to the stationary
equations Tr [

P
k f 0(ρ 0(k)),ρ]c†i cj = 0, Tr [

P
k f 0(ρ 0(k)),

ρ]c†i c
†
j = 0 ∀ i,j , which reduce to

Tr ρ [f 0(ρ 0(k)) + f 0(ρ 0(l)),a†
kal] = 0, (44)

Tr ρ [f 0(ρ 0(k)) + f 0(ρ 0(l)),a†
ka

†
l ] = 0, (45)

∀ k 6= l when expressed in terms of the quasiparticle operators
determining the measurement basis ([ρ 0(k),a†

kak] = 0 ∀ k),
since Tr [f 0(ρ(k)),ρ]a†

j al = 0 if j 6= k 6= l, and also if j =
l = k. In the case of I sp(ρ), just Eq. (44) is to be considered
(1 = 0 in H ).

For a pure state ρ = |ψihψ |, Eqs. (44) and (45) become

[g(pk) − g(pk̄) − g(pl) + g(pl̄)]hψ |a†
kal|ψi = 0, (46)

[g(pk) − g(pk̄) + g(pl) − g(pl̄)]hψ |a†
ka

†
l |ψi = 0, (47)

for k 6= l, where g(p) = f 0(p) and pk(k̄) are the probabilities
of finding state k occupied (empty) in |ψi. It is then verified
that they are fulfilled by those ak diagonalizing the extended
density matrix (13) (ha†

kali = ha†
ka

†
l i = 0).

E. Generalized one-body information loss

We may directly extend all previous considerations to more
general entropic forms. We first consider the generalized trace
form entropies [42,44],

Sf (ρ) = Tr f (ρ), (48)

where f : [0,1] → R is a smooth strictly concave real function
satisfying f (0) = f (1) = 0. For f (ρ) = −ρ log2 ρ, Sf (ρ)
becomes the von Neumann entropy S(ρ), whereas for f (ρ) =
2ρ(1 − ρ), it becomes the quadratic entropy S2(ρ), which is
just a decreasing function of the purity Tr ρ2 and corresponds
to the linear approximation −ρ ln ρ ≈ ρ(1 − ρ). It does not
require the explicit knowledge of the eigenvalues of ρ,
being then easier to determine than S(ρ) [45,46]. Moreover,
the associated generalization of the one-body entanglement
entropy (14), S

qsp
f (|ψi) = tr0f (ρ 0qsp) [31], becomes

S
qsp
2 (|ψi) = 2 tr0ρqsp(1 − ρqsp) = 4

X
k

fk(1 − fk), (49)

which is just the sum of the fluctuations of the occupancies
of all single quasiparticle levels. More generally, these en-
tropies include the family of Tsallis entropies [47], obtained
for f (ρ) = (ρ − ρq)/(1 − 21−q ) with q > 0, q 6= 1, which
become proportional to the von Neumann and quadratic
entropies for q → 1 and q = 2, respectively. We use here the
normalization Trf (ρ) = 1 for a maximally mixed single qubit
state ρ.

A function f defined with the properties stated above en-
sures that all entropies Sf (ρ) satisfy [42,44] (i) Sf (ρ) > 0 ∀ρ,
with Sf (ρ) = 0 iff ρ2 = ρ, (ii) Sf (

P
i qiρi) >

P
i qiSf (ρi)

for qi > 0,
P

i qi = 1 (concavity), and (iii)

ρ 0 ≺ ρ ⇒ Sf (ρ 0) > Sf (ρ), (50)

where ρ 0 ≺ ρ indicates that the sorted set {q 0
i} of eigenvalues

of ρ 0 (q 0
i > q 0

j if i < j ) is majorized [14,38,42] by the sorted
set {qi} of eigenvalues of ρ:

ρ 0 ≺ ρ ⇔
kX

i=1

q 0
i 6

kX
i=1

qi, k = 1, . . . ,d,

with
Pd

i=1 q 0
i = Pd

i=1 qi . Therefore, Sf (ρ) increases with
increasing mixedness of ρ.
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This last property allows the straightforward extension of
the results of the previous section to the present more general
entropic forms. Indeed, ρ 0(k) in (15) is majorized by the
original state ρ, ρ 0(k) ≺ ρ, implying Sf (ρ 0(k)) > Sf (ρ) and
hence

I
ck

f (ρ) ≡ Sf (ρ 0(k)) − Sf (ρ) > 0, (51)

with I
ck

f (ρ) = 0 iff ρ 0(k) = ρ. Equation (51) is a measure of
the information loss due to the unread measurement of the
occupation of the sp state k, and is also an indicator of the
entanglement generated between the system and measurement
device, according to the generalized entropic separability
criterion [42]. By summing over all states in a basis and
minimizing over all possible bases of S we obtain

I
sp
f (ρ) = Min

{ck}

X
k

I
ck

f = Min
{ck}

X
k

Sf (ρ 0(k)) − Sf (ρ), (52)

which satisfies I
sp
f (ρ) > 0, with I

sp
f (ρ) = 0 iff ρ is diagonal in

a set of Slater determinants in the same sp basis ([ρ,c
†
kck] =

0 ∀ k). The minimization may again be extended to all
quasiparticle bases through a Bogoliubov transformation,
leading to the quantity,

I
qsp
f (ρ) = Min

{ak}

X
k

Sf (ρ 0(k)) − Sf (ρ), (53)

which satisfies 0 6 I
qsp
f (ρ) 6 I

sp
f (ρ), with I

qsp
f (ρ) = 0 iff ρ

is diagonal in a basis of quasiparticle Slater determinants
([ρ,a

†
kak] = 0 ∀ k). For pure states ρ2 = ρ, I qsp

f (ρ) = Sf (ρqsp)
becomes the generalized entropy of the extended one-body
density matrix. Let us remark that the general stationary con-
ditions (44)–(47) remain valid for the present generalization,
with f 0 denoting now the derivative of the entropic function f .

Equation (50) remains also valid for Schur-concave func-
tions of ρ [38], which include, in particular, increasing
functions of the previous entropies Sf (ρ). An example is
provided by the quantum version of the Renyi entropies [48],

SR
q (ρ) = log2(Tr ρq)

1 − q
= log2[1 − (1 − 21−q )Sq(ρ)]

1 − q
, (54)

where q > 0, q 6= 1, which are just increasing functions of
the Tsallis entropies Sq(ρ) and approach the von Neumann
entropy for q → 1. The definition of information loss straight-
forwardly extends to these entropies. The logarithm in (54)
implies additivity, i.e., SR

q (ρ ⊗ σ ) = SR
q (ρ) + SR

q (σ ), which
ensures that the addition of an uncorrelated ancilla to the sys-
tem (ρ → ρ ⊗ σ ) has no effect on the associated information
deficit [49] IRq

(ρ) = P
k SR

q (ρ 0(k)) − SR
q (ρ). Nonetheless, the

optimization problem for IRq
(ρ) is the same as that for

Iq(ρ) = P
k Sq(ρ 0(k)) − Sq(ρ).

We finally mention that for fermions we may consider yet
another way of adding an ancilla to our system S, by expanding
its sp Hilbert space S → S ⊕ A. A noncorrelated state of
the system S + A will then have the form ρSρA, where ρA

and ρB involve creation and annihilation operators of single-
particle states inS andA, respectively (see appendix). We have
Tr ρSρA = Tr ρS TrρA if traces are taken in a grand canonical
ensemble (as we are here assuming), and hence SR

q (ρSρA) =
SR

q (ρS) + SR
q (ρA).

III. APPLICATION

A. Mixture of pure state plus maximally mixed state

Let us now consider the mixture,

ρ = w|ψihψ | + 1 − w

d
Id, (55)

with 0 6 w 6 1 and d the dimension of the state space. After
an unread measurement of mode |ki the state reads

ρ 0(k) = w(pk|ψkihψk| + pk̄|ψk̄ihψk̄|) + 1 − w

d
Id, (56)

with pk(k̄) = hc†kcki (hckc
†
ki) the probability of finding mode k

occupied (empty) in |ψi. Its eigenvalues are qk(k̄) = wpk(k̄) +
1−w

d
and 1−w

d
, so that

Sf (ρ 0(k)) = f (qk) + f (qk̄) + (d − 2)f

µ
1 − w

d

¶
, (57)

I c
f (ρ)=

X
k

[S(ρ 0(k)) − S(ρ)]

=
X

k

·
f (qk) + f (qk̄)− f

µ
w + 1 − w

d

¶
− f

µ
1 − w

d

¶̧
.

(58)

We now show that the minimum of I c
f (ρ) over all sp basis of

S is reached for the operators {c0
k} that diagonalize the one-

body density matrix ρ
sp
ij = hc†j cii, while the minimum over all

quasiparticle basis is attained for those {ak} diagonalizing the
corresponding extended one-body density matrix ρqsp.

Proof. Denoting with {λk = hc0†
kc

0
ki} the set of eigenvalues

of the one-body density matrix ρsp, such that hc0†
kc

0
j i = λkδkj ,

this distribution majorizes any other diagonal of the matrix,
implying {pk = hc†kcki} ≺ {λk} for the sorted sets. Hence,
{qk} ≺ {q 0

k} if q 0
k = wλk + 1−w

d
and 0 6 w 6 1, and also

{qk̄} ≺ {q 0̄
k
} if q 0̄

k
= wλk̄ + 1−w

d
, since {pk} ≺ {λk} implies

{pk̄ = 1 − pk} ≺ {λk̄ = 1 − λk}. Therefore, Eq. (50) leads toX
k

f (qk) + f (qk̄) >
X

k

f (q 0
k) + f (q 0

k̄), (59)

implying I
sp
f (ρ) = Minc I c

f (ρ) = I c0
f (ρ). This result also fol-

lows directly from the concavity of f and the relation qk(k̄) =P
k0 |Ukk0 |2q 0

k0(k̄0), with U the unitary matrix diagonalizing ρsp.
When quasiparticles are also considered, we note that both

pk and pk̄ = 1 − pk are diagonal elements of ρqsp, so that the
enlarged sorted set {pk,pk̄} is majorized by the whole sorted
set {fk = ha†

kaki,fk̄ = 1 − fk} of eigenvalues of ρqsp (ha†
kali =

δklfk , ha†
ka

†
l i = 0). Therefore, {qk,qk̄} ≺ {q 0

k,q
0
k̄} for q 0

k(k̄) =
wfk(k̄) + 1−w

d
, implying Eq. (59) and hence I

qsp
f (ρ) = I a

f (ρ).
This result also follows from the relation qk = P

k0 |Wkk0 |2q 0
k0

between the elements of the enlarged sets, with W the matrix
diagonalizing ρqsp. ¥

These results are valid for the von Neumann entropy
as well as for the generalized entropic forms Sf , and are
evidently in agreement with the stationary conditions (44)
and (45), since for the state (55) they become proportional to
Eqs. (46) and (47). They also hold if ρ has a definite parity P ,
i.e., if Id stands for the projector onto the same parity as that

042315-6



ONE-BODY INFORMATION LOSS IN FERMION SYSTEMS PHYSICAL REVIEW A 94, 042315 (2016)

of |ψi, in which case d → d/2 in (55)–(59). And if |ψi has
definite fermion number N , they are also valid in a canonical
ensemble, with d → ( n

N ).
The previous arguments also imply that if |ψ 0i is a state

whose one-body density matrix is majorized by that of |ψi,
ρ 0qsp ≺ ρqsp, and ρ 0 = w|ψ 0ihψ 0| + (1 − w)Id/d, then

I
qsp
f (ρ 0) > I

qsp
f (ρ), (60)

∀ w ∈ [0,1], and ∀ Sf . This general inequality reflects
the rigorously stronger entanglement of |ψ 0i, in the sense
that S

qsp
f (|ψ 0i) = Sf (ρ 0qsp) > Sf (ρqsp) for all entropies Sf if

ρ 0qsp ≺ ρqsp, and indicates that the value of I
qsp
f in the mixture

(55) is indeed driven by the entanglement of the pure state.
The same relation holds for I

sp
f if ρ 0sp ≺ ρsp.

Let us point out that I
qsp
f (ρ) is a strictly increasing function

of w for any concave f , with I
qsp
f (ρ) > 0 for any w > 0. From

Eq. (58) it is seen that it exhibits for small w a universal initial
quadratic increase, given by

I
qsp
f (ρ) ≈ w2|f 00(d−1)|

X
k

fk(1 − fk), (61)

with fk the eigenvalues of the ρqsp determined by |ψi,
which is just proportional to the quadratic entanglement of
|ψi, Eq. (49). For I

sp
f (ρ) we should just replace fk by the

eigenvalues λk of ρsp. In the case of the quadratic entropy S2,
Eq. (61) is of course exact ∀ w ∈ [0,1] and independent of
d (|f 00(d−1)| = 4).

Previous results are then similar to those obtained for
distinguishable bipartite quantum systems [14], where the role
played here by the basis diagonalizing ρqsp corresponds there
to the local part of the Schmidt basis of the pertinent pure state.

B. The case of four single-particle levels

We now focus on the special case of a fermion system
with n = dim(S) = 4, where the entanglement of formation
for general states can be analytically evaluated [23,31]. For
simplicity we will consider mixed states with definite parity,
which will be chosen as odd. A general pure state will be then
a linear combination of single fermion states and three fermion
states. Therefore, it can be written as

|ψi =
4X
i

(αic
†
i |0i + β̄ici |0̄i), (62)

where |0̄i = c
†
1c

†
2c

†
3c

†
4|0i is the fully occupied state and α,β are

four-dimensional complex vectors satisfying |α|2 + |β|2 = 1.
It can be shown [31] that the eigenvalues of the generalized
one-body density matrix ρqsp of such state are fourfold
degenerate and given by

f± = 1 ±
p

1 − C2(|ψi)
2

, (63)

where C(|ψi) = 2|β†α| is the generalized Slater correlation
measure, satisfying 0 6 C 6 1. This result implies that there
is always a quasiparticle basis in which the state (62) takes the
normal form,

|ψi = (
p

f+ a
†
1 +

p
1 − f+ a

†
2a

†
3a

†
4)|0i, (64)

FIG. 1. Quadratic (dashed line) and von Neumann (solid line)
information loss I qsp(ρ) and entanglement of formation Sqsp(ρ)
(normalized to their maximum values), as a function of w for the
mixture (55) with n = 4 and definite odd parity, for a maximally
entangled state |ψi.

with |0i denoting now the vacuum of the operators ai . In terms
of C the entanglement entropy (14) becomes then

Sqsp(|ψi) = 4h

Ã
1 +

p
1 − C2(|ψi)

2

!
, (65)

so C(|ψi) plays the role of a fermionic concurrence. As in the
two-qubit case, for a mixed state ρ the convex roof extension
of Sqsp can be similarly evaluated as

Sqsp(ρ) = 4h

Ã
1 +

p
1 − C2(ρ)

2

!
, (66)

where C(ρ) is the convex roof extension of the pure state
concurrence defined above [31]. This quantity vanishes iff
ρ can be written as a convex combination of particle or
quasiparticle Slater determinants.

Let us now consider the state (55) with a maximally en-
tangled state |ψi = 1√

2
(a†

1 + a
†
2a

†
3a

†
4)|0i, which leads to f± =

1/2. The fermionic concurrence is then C(ρ) = Max[(7w −
3)/4,0] [46] and therefore, Eq. (66) leads to

Sqsp(ρ) =
(

0 w 6 3/7

4h
³

4+√
7[1+w(6−7w)]

8

´
w > 3/7

. (67)

The information loss I
qsp
f (ρ) can be easily evaluated from

Eq. (58), since all single-particle levels have probability 1/2
of being occupied:

I
qsp
f (ρ) = 4

·
2f

µ
3w + 1

8

¶
− f

µ
7w + 1

8

¶
− f

µ
1 − w

8

¶¸
.

(68)

Figure 1 depicts this information loss in the von Neumann
case (f (p) = −p log2 p) and in the quadratic case (f (p) =
2p(1 − p)), together with the corresponding entanglement of
formations Sqsp(ρ) and S

qsp
2 (ρ) = 4C2(ρ), as a function of w.

While there is a threshold value, w = 3/7, below which the
state remains separable, I qsp

f (ρ) > 0 as soon as ρ departs from
the maximally mixed state, as given by Eq. (61), implying
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that the information loss detects “nonclassical” correlations
beyond entanglement. In addition, it is worth noting that while
I

qsp
2 (ρ) is an upper bound to S

qsp
2 (ρ) for the present states ∀w ∈

(0,1), this is not strictly the case for the von Neumann–based
quantities, as I qsp(ρ) < Sqsp(ρ) for w below but very close
to 1.

C. Two fermion states

We now assume |ψi in (55) is a two-fermion state. These
states are of the form,

|ψi = 1

2

X
i,j

Mij c
†
i c

†
j |0i, (69)

where M is a n × n complex antisymmetric matrix satisfying
1
2 TrMM† = 1. As shown by Zumino in [50], for any such ma-
trix there is a unitary matrix U such that U †MŪ = D, where
D is a block diagonal matrix with 2 × 2 blocks of the form,

Dk =
p

λk

µ
0 1

−1 0

¶
, (70)

with λk a real number. With the corresponding unitary
transformation c = Ua of the fermion operators, we can then
split the sp space as S = SA ⊕ SB and rewrite the state (69)
in the normal form,

|ψi =
X

k

p
λka

†
k(A)a

†
k(B)|0i . (71)

Equation (71) is the Slater decomposition [23] of |ψi, a
fermionic analog (for two-fermion states) of the Schmidt
decomposition for distinguishable bipartite systems. The
associated one-body density matrix is

ρsp = MM† = UDDT U †, (72)

which entails that the numbers λk are its eigenvalues
(twofold degenerate), as is also evident from Eq. (71).
The Slater basis then diagonalizes ρsp (and hence ρqsp,
as there are here no pairing contractions). We then obtain
Sqsp(|ψi) = Ssp(|ψi) = 2

P
k h(λk), which is the sum of the

entanglement entropies of all sp modes of the Slater basis. We
also have S

sp
f (|ψi) = 2

P
k f (λk) + f (1 − λk).

Let us now consider the one-body information loss I
sp
f (ρ)

for the ensuing mixture (55). Since the operators ak(A),
ak(B) are the fermion operators where the one-body density
matrix is diagonal, the measurement minimizing I

sp
f (ρ) [which

coincides here with I qsp(ρ)] is that on the Slater basis of |ψi
and is then a function of the eigenvalues λk:

I
sp
f (ρ) = 2

X
k

·
f

µ
wλk + 1 − w

d

¶

+ f

µ
w(1 − λk) + 1 − w

d

¶

− f

µ
w + 1 − w

d

¶
− f

µ
1 − w

d

¶¸
, (73)

with d = 2n in a grand canonical ensemble, d = 2n−1 in an
even parity ensemble, and d = n(n−1)

2 in a canonical ensemble.
Present results are then formally similar to those obtained for

similar mixtures in bipartite distinguishable systems [14], with
the Slater basis replacing the local Schmidt basis.

IV. CONCLUSIONS

We have discussed the problem of quantifying one-body
discordlike correlations in general pure and mixed states
of fermion systems, which may not have a fixed particle
number (but which commute with the number parity). First, the
correlation between a single-particle mode and its orthogonal
complement in the single-particle state space S is considered.
The measurement of the occupancy of a single-particle mode
is properly defined and an entropic measure of the loss of
information due to this projective measurement is introduced.
The sum over all modes in a given basis of S of this quantity,
minimized over all such bases, is defined as the one-body in-
formation loss, a measure of the minimum loss of information
due to an unread measurement. It is a non-negative quantity,
invariant under arbitrary unitary transformations in S, which
vanishes if and only if the state of the system can be written as a
convex combination of Slater determinants in a common basis
of S, i.e., if it remains invariant after the unread measurement
of the occupancy of any sp level of this basis. For pure states it
reduces to the fermionic entanglement entropy defined in [31].
These properties still hold if quasiparticle level occupancy
measurements are allowed, in which case minimization is to
be extended to all bases related through a Bogoliubov trans-
formation. The defined quantities are then extended to more
general entropic forms, including trace form entropies and
quantum Renyi entropies. The general stationary condition to
be satisfied by the minimizing measurement was also derived.

As application, we considered the mixture of a general
pure state with the maximally mixed state for arbitrary space
dimension. The minimum information loss was shown to be
always reached for a measurement on the basis diagonalizing
the generalized one-body density matrix, and to exhibit a
universal quadratic initial increase with the mixing parameter,
proportional to the quadratic entanglement entropy of the
pure state. This fact implies that it can measure nonclassical
correlations beyond entanglement, as explicitly verified for
dim(S) = 4 (first nontrivial dimension for definite parity).

The approach can be applied in both canonical and
grand-canonical ensembles, and for general states such as
mixtures of independent quasiparticle states or vacua, being
then suitable for studying correlations in strongly interacting
fermion systems and requiring just an sp basis optimization. Its
extension to more general partitions of the sp space may yield
further insight into the structure of the state and is currently
under investigation.
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APPENDIX: ENTANGLEMENT OF PARTITIONS OF THE
FERMIONIC SINGLE-PARTICLE SPACE

We discuss here the entanglement associated with a general
partition of a single-particle (sp) spaceS of a fermionic system.
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Let us assume S is of dimension n, and consider a partition
of S in two orthogonal subspaces SA and SB , generated,
respectively, by m and n − m orthogonal sp states of a given
basis of S, such that S = SA ⊕ SB . Any Slater determinant in
this basis can then be written, except for a global phase, as

|ψsdi =
Y
i∈SA

(c†i )ni

Y
j∈SB

(c†j )nj |0i ≡ |μνi,

where ni(j ) = 0,1 is the occupation number of level i (j ) and
μ = {ni,i ∈ SA}, ν = {nj ,j ∈ SB} indicate the collection of
these numbers. The full set of states |μνi, with μ = 1, . . . ,2m,
ν = 1 . . . ,2n−m, form an orthonormal basis of the full (grand
canonical) space of many fermion states in S, of dimension
d = 2n. Any pure fermion state |ψi with definite number parity
can then be written as

|ψi =
X
μ,ν

Cμν |μνi, (A1)

where the sum is restricted to states |μνi of the same number
parity as |ψi (i.e., | + +i or | − −i states for |ψi of even
parity). This implies that the matrix C of elements Cμν is
blocked in two submatrices (C+ and C−). After a singular
value decomposition C = UDV †, with D a “diagonal” 2m ×
2n−m matrix of non-negative elements Dkl = σkδkl , and U,V

unitary matrices, we may rewrite this state as

|ψi =
X

k

σk|kAkBi, (A2)

with |kAkBi = P
μ,ν UμkV

∗
νk|μνi orthonormal states. This is

the Schmidt decomposition associated with this partition. Of
course, U and V are also blocked, so that all states |kAkBi have
the same number parity as |ψi.

The entanglement entropy associated with the previous
partition is then

EAB = S(ρA) = S(ρB) = −
X

k

pk log2 pk, (A3)

with pk = σ 2
k the eigenvalues of CC† (or C†C) and

ρA =
X
μ,μ0

(CC†)μμ0 |μihμ0| =
X

k

pk|kAihkB |, (A4)

ρB =
X
ν,ν 0

(C†C)νν 0 |νihν 0| =
X

k

pk|kBihkB |, (A5)

the reduced states associated with subspaces SA and SB , such
that any observable OA(B) containing operators c

†
i , ci with

i ∈ SA(B) can be obtained as

hOA(B)i = TrρA(B)OA(B).

A Slater determinant in a given sp basis is then completely
separable, in the sense that EAB = 0 for any bipartition
(m,n − m) of S in this basis. On the other hand, if a state
is not a Slater determinant there is no sp basis in which it is

completely separable. Note that ρA(B) commutes with number
parity but will contain in general eigenstates of both parities.

In particular, if SA contains just a single state (say k),
Eq. (A1) becomes

|ψi =
X

ν

C0ν |0νi +
X
ν 0

C1ν 0 |1ν 0i

= √
p0 |0ψ0i + √

p1 |1ψ1i, (A6)

where pi = P
ν |Ciν |2 and |iψii = P

ν Ciν |iνi/√pi for i =
0,1. Equation (A6), equivalent to (4), is the Schmidt decom-
position of |ψi since the states |ψ0i and |ψ1i have opposite
parity and are therefore orthogonal. The ensuing entanglement
(A3) is then given by Eq. (8).

Let us now consider the entanglement of mixed states. If
a partition of SB in two subspaces SB1 and SB2 is made,
we may define the associated entanglement of formation of
ρB , EB1B2 (ρB), as the minimum of the average entanglement
entropies, X

α

pαEB1B2 (|αihα|) =
X

α

pαS
¡
ρα

B1

¢
, (A7)

over all decompositions ρB = P
α pα|αihα|, with pα > 0,P

α pα = 1, ρα
B1

the reduced state of B1 in the state |αi and
|αi normalized many-fermion states in SB , with the restriction
(since [ρB,PB ] = 0) that all states |αi have definite number
parity. This implies that EB1B2 will be the average of the
entanglement of formations for each parity, i.e., EB1B2 (ρB) =
p+EB1B2 (ρ+

B ) + p−EB1B2 (ρ−
B ) if ρB = p+ρ+

B + p−ρ−
B .

In particular, if SA is a single state, Eq. (A6) leads to

ρB = p0|ψ0ihψ0| + p1|ψ1ihψ1|, (A8)

with |ψ0i and |ψ1i of opposite parity. Therefore, in this case
the decomposition is unique and the entanglement of formation
reads

EB1B2 = p0S
¡
ρ0

B1

¢ + p1S
¡
ρ1

B2

¢ = S(B1|A), (A9)

where S(B1|A), equivalent to Eq. (22), denotes the conditional
entropy of subsystem B1 after a measurement of the single level
of A in the mixed state ρAB1 , in agreement with the general
result of [39].

It is worth remarking that a general fermionic mixed state
ρA defined over a given sp space SA (and commuting with P )
can be purified in many ways, but in particular (and efficiently)
by the addition of a complementary fermionic sp space SB , as
is evident from the previous discussion. In a grand canonical
context, if ρA is, say, of rank 2n, with 2n/2 eigenstates of each
parity, it is sufficient to add n orthogonal sp states generating an
orthogonal sp space SB , and then form a pure state like (A2) or
(A1), which should have a definite number parity if physically
realizable. If all eigenstates of ρA are of the same parity then
n + 1 sp states should be added and just many-fermion states
of definite parity should be considered.
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