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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN
ORDER WITH HOLDER COEFFICIENTS

MARIA AMELIA MUSCHIETTI! AND FEDERICO TOURNIER

A la memoria de Maria Amelia, con muchisimo carifio.

ABSTRACT. We consider elliptic equations of order 2m with Holder coeffi-
cients. We show local solvability of the Dirichlet problem with m conditions
on the boundary of the upper half space. First we consider local solvability
in free space and then we treat the boundary case. Our method is based on
applying the operator to an approximate solution and iterating in the Holder
spaces. A priori estimates for the approximate solution is the essential part
of the paper.

1. INTRODUCTION

This paper is about local solvability of elliptic equations of order 2m with Holder
coefficients. We consider elliptic operators Lu(z) =}~ <2 @a(®)Du(z), where
the coefficients a,(z) are Holder continuous and complex valued.

The purpose of this paper is to solve in a direct way two types of problems.
First, we treat the local problem in free space and we prove

Theorem. Assume the operator L satisfies (2.3)), (2.1) and (2.2]) Then there exists
€ > 0 depending on Ky, A\ and n so that given f € C°(B,), there exists u €
C?™H(B,) such that Lu = f in Be.

This is Theorem B.8
And secondly, we treat the local problem in half space with m boundary condi-
tions. Specifically, we prove

Theorem. Let the operator L satisfy (2.3), (2.1) and (2.2]). In addition assume
that (2.7) holds. Then there exists ¢ > 0 depending on Ky and A so that given
f € C°(BY), there exists u € C?™*9(B+) such that Lu = f in Bg and u satisfies
ops o ,./’0 avn—l “/70
the m boundary conditions, u(z’,0) = 0, %n) =0,..., W = 0.
This is Theorem [4.19]
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We have proved similar results in [[], where we treated the global problem via
Schauder estimates and the continuity method with restrictions on the lower order
terms.

One advantage of this direct method is that a solution is shown to exist locally
with no restrictions on the lower order terms. Our motivation is that we can use
these results to treat the problem in a bounded domain by localizing via partition
of unity.

There is a very vast literature concerning this problem but our inspiration came
basically from an old and classical paper of Agmon, Douglis and Nirenberg [ in
which they treat the Dirichlet problem in a bounded domain and they impose re-
strictions on the regularity of the lower order terms. Our work differs in the method
of proof and in that our result imposes no restrictions on lower terms. Essential to
their work is a representation formula for the constant coefficient equation. This
representation formula comes in turn as a result of a Radon type transformation
due to F. John []. We have also relied for some of the basic estimates on the

book [G].

In all of the estimates we will use the letter C to denote a constant that depends
only on structure. This means that C' can depend on the ellipticity constant A\, on
the dimension n, and on the fixed constants ¢ and K introduced below.

2. PRELIMINARIES

Let € > 0. All our estimates will take place in B¢(0), from now on B..

Throughout the paper, 1. will be a function in C§°(B,) such that 7. = 1 in Be,
while ¢ will be a function in C§°(Bs) such that ¢ =1 in Bj.

We will frequently consider the truncation w(%) with R — oo.

We fix two real numbers § and 8 such that 0 < §d < g < 1.

We consider operators of the form
Lu(z) = Z aq(x)DYu(x),
ol <2m
where x € R™ and a,(x) € C.

About the coefficients a,, we will assume that

|aa(2) = aa(y)| < Kegle —yl? (2.1)

for all x,y € B.(0) and for any multi-index .

We notice that K5 < e’ 9K, 5. Hence in our estimates we will use |a,(z) —
ao(y)| < K. s|lz —y| for all 2,y € B.(0) and at the end use K. 5 < ¢’ K, 5. This
last constant we can make as small as we need by choosing e small enough.

Define |aq|o,5. = sup{|aa(z)| : © € B.}.
We assume that
Ky := Z |ao¢|0,Be < 0Q. (2.2)
la|<2m
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Let us write the characteristic polynomial of the equation by

pla,i) = Y aa(x)(i)*.

lo|<2m
We will assume the ellipticity condition
[p(x,€)] > A1+ [€])*™ (2:3)

for all x € R™ and for all £ € R™.
A crucial consequence of the ellipticity assumption are the following estimates.

Lemma 2.1. There exists a constant C depending on Kg, A and |7y| such that

1 1
‘ gp(ﬂc,iﬁ)‘ = 0(1 + [€])2m+D] (2.4)

for all x € B, all £ € R™, and all ~.

More generally, we note also that setting a(x,y,&) = we have
p(y,i€)
Doy, < CRos A2 2:5)
catm s 1= R e |

which holds for all x,y € Be, all £ € R™, and all ~.
Proof. Let f(t,£) = 3|0 1<2m Ao () (i€)2t?m= = £2mp(z, %)

We have |f(t, )] > A(#*™ + |¢|*™) for all (¢,£) € R™.

1
Let g(t,§) = ———. Note that g(st,s¢) = s~ 2mg(t,£) for s > 0, and there

f(t,6)
exists a constant C' depending on Ko such that |Dgg(t,€)| < C for all (t,&) € R**!

such that 2 + €2 = 1.

_@mily
It follows that [Dgg(t,&)| < C(¢* +[¢]*) 7 forall (t,€) € R**'. In partic-
1 1
1 t | D} <C .
e ’ € p(e.i€) | = (1 + [emT

The proof of the other inequality is similar. Note that the same proof as above
gives that for |a| < 2m,

Fe\ o 5 §
py (@) —aa W) | _ - p |z —yl < oK.t
‘ ¢ p(y,i€) B S R T RN T LT
and the inequality follows. O

The above estimates suffice to treat the problem in free space.

We now introduce the concepts we need in order to treat the problem in half
space.

We assume that the dimension n > 2.
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We emphasize the last coordinate by writing
2m

pla,ie’i6) = 3 (162" Y aw (@) (i€)

k=0 la/| <K

2m
= a(x)(ign)Qm + Z(ign)Qm_k Z aa (z)(i€)* .
k=1 |/ |<k
Note that
la(x)| = [p(x,0,7)| = A
for all z € B..
Notice that by ellipticity, the polynomial p(x,i¢’, z) as a polynomial in the com-
plex variable z has no pure imaginary roots.
Write p(z,i¢’,2) =0, z = z(x,£’) to denote the roots.
By ellipticity and the Ky bound it follows that each root satisfies

Lemma 2.2. There exists a constant C' depending on Ky and X such that for all
& e R and all x € B, we have

| Re(z(2,¢)| = C(A+[£])
and
|2(z, &) < C(L+ ).
Proof. Fix x € B, and ¢ € R"! and let p(z) := p(x,i&’, 2). Assume p(z) = 0 and
write z = a + b.
We have

1
d
NLHEP™ 4 17) < [p(i8)] = lpla-+ )~ ()| = | [ Totsa+ib)ds

< |a| max{|p/(sa +ib)| : s € [0,1]}.

1
a/ p'(sa + ib) ds
0

Write p(z) = 307, az® and p/(2) = Y277, ka2~ and note that |ax| < C(1+
|12 ).
Hence, |p'(sa+ib)| < CY 3", klag|sa+ib|*=1 < C 2™ (14125 (|al~1 +
[b*~1).
Therefore,
2m
AL+ [EP™ +67) < Clal Y (L4 P F) (jal* + o).
k=1
Suppose that |a| <1+ |£'|. Then,

2m 2m
lal Y A+ 1P (a4 o) < Clal D (14 [P F) A+ 1€+ [plF )
k=1 k=1

S C’\a|(1 4 |£l|2m—1 4 |b|2m—1).
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Hence,
al > >C@+1€),
la| > C(1 + |[¢]Pm—T + [p]2m—T) = (1+1€)
proving the first part.
Next, if p(z) = 0 then ag,, 22" = — 3" " ay,2*. Hence
2m—1
:_a Z sz k 1

Since |z| > |Re(z)| > C(1+1¢']) and |a| < C(1+1€])2™7F, and |agn,| > A, we get
2] < CA+[E]). O

We will need two facts about homogeneous polynomials of degree 2m, for £ € R™
and n > 3.

Let P(z,1§) = 34 —2m @a(®)(i€)* and assume that |P(z,i§) = AE[P™ for all
& e R

Notice that P(x,i¢’,2) # 0 for 2 =i, &, € R, & e R L.

Let {Zy(x,&") : k=1,...,2m} denote the roots of P(x,i{’,Z) = 0.

Noting that Zy(z,{') = —Z;) (v, —£'), it follows that exactly m of the roots
have positive real part for each ¢’. Denote these roots by {Z; (z,€) : k=1,...,m}
and by {Z, (x,§) : k =1,...,m} the m roots with negative real part.

Then, we can factor

P(x,i€, 2 ﬁz—Z+x§ ﬁ

From the homogeneity p(x,szf',sz) = 52 p(a:,z§ ,z), it follows that each root
satisfies Z(x, s&') = sZ(x,&").

Write . .
Pt (z,i¢, 2) := H(z — ZF (2,€)) ZS
k=1 k=0
and . -
P (z,i¢',2) = [[(z = Z (2,€)) = ) S; (w,6)2" 7"
k=1 k=0

Then we have that
SiF~(x,¢') are smooth functions of ¢ for ¢ € R™~'\ {0}

and
S (z,88) = s* S (2, ¢).
These results can be found in reference [J.
Next, we continue with the polynomial p(z,i§) = >, <a,n @a(2)(i€)". Here, we
assume ¢ € R™ and n > 2
Let P(x,i€,it) = Y17 ao () (i€)*t2™~* and note that

|P(x, i€, it)] > A#™ + [¢[*™)
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6 M. A. MUSCHIETTI AND F. TOURNIER

for all (¢,t) € R*! and
P(x, si€, sit) = s*™P(x, i€, it).
Denote the roots of P(x,i£’, z,it) = 0 by Zy(z,£’,t) and the roots of p(z,i¢’,z) =0
by Zk(l'v fl)
Since, for t = 1, we have P(x,i{,i) = p(z,i£), we get
Zk(wvfl) = Zk(xafla 1)

It follows that m of the roots zj(x,i¢’) have positive real part. As above, let
{z5(x,€) : k = 1,...,m} be the m roots with positive real part and {z; (z,&) :
k=1,...,m} the m roots with negative real part.

We can factor

p(z,i€ 2 H zleC z,§)) H(zfz,:(x,ﬁ))
k

3

k=1 =1
Let
pr(z,i¢,2) = [[(z = & (@,9) =D s (@,6)2m "
k=1 k=0
and
p (3,06 2) = [[ (2 — 2 (2,€) = Y _ sy (w, )z F
k=1 k=0

It follows that
7(.’1),5/) = Sk(.’lf,fl, 1)

Hence we can conclude:

Lemma 2.3. s}~ (2,&') are smooth functions of £ for & € R"~', and there exists
a constant C' depending on Ko, A and |y| such that

DYsi (2,6 < c(1+1¢) (2.6)

for all x € B, and for all ¢’ € R*~ 1,

In addition, we need to assume that there exists a constant C' depending on K
such that

DYLst(y,€) = Dysi~(2,6)| < CKs(1+1€) Mo =y, (27)

We believe this hypothesis should be a consequence of a similar estimate for
homogeneous polynomials with Holder coefficients but we could not find a proof.
It holds for all the examples we have at hand.

We give a few examples of operators satisfying our hypothesis.

Let A < aj(x) < A be O real valued functions, j = 1,...,n — 1 and a,, = 1,
and consider the operator

Lu(x) = Z ar(x) Diu(x) — iu(x).
k=1
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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 7

We have p(z,i€) = Sp_ ax(2)é} — i and p(z,i¢’,2) = 24 + Y52} ax(2)éh — i =
2%+ A —i. The roots with positive real part are

2 (x, &) =re't, zf = —ire'?,

and the roots with negative real part are
i

2y (@, &) =ire'T, 25 = —re'T,

1
where 7 = (1 + A%)s and v = arccos >, and s} = 2 + 2z s = 272

V14 A2
The estimates (2.6) and (2.7)) follow by direct computation.

The referee proposed an example with real constant coefficients,

Lu(z) = Diu(z) + 4 i Diu(x)D? Z Diu(x)Diu(z) + 3u(x).
k=1

k,l=1
We have
p(ig'i&) = (i€a)* — 4(i&)1E" 1> + €' + 3
and
p(i€', z) = 2* —4|¢'P22 + ¢']* + 3.

Also, we have

P 2) = 2 = g+ 2T 3+ VETT T3

and

b€ 2) = 2+ U R + 2T 3+ VIET+3,
and again, the estimates can be checked directly, and obviously the estimate
holds since the coefficients do not depend on .

A slight variation of the above is to assume that ax(z) and by (z) are Holder
continuous real valued such that A < ap(z) < A and A < bi(z) < A for all z and
for some positive constants A and A, and let by ;(z) = 2by(z)b(x) for k # | and
br k(x) = (bg(x))?, and consider

Lu(x) = —|—4Zak x) Diu(x Zbkl x)Diu(x) Diu(z) + u(z).
k=1

As above we have

n—1 n—1 2
pla,i€ z) = 2* = 22> ar(@)&E + (Z bk(@fi) +1
k=1 k=1

and

n—1 2
sy (,&) = Z ax ()&} +2 (Z bk(l’)@%) +1,
k=1
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8 M. A. MUSCHIETTI AND F. TOURNIER

n—1 n—1 2
sy (2,8) == | Y ar(x)§} +2 (Z bk($)fi> +1
k=1 k=1

and

n—1 2
s3(2.8) =55 (2,¢) = <Z bk<x>§z> +1,
k=1
and one can check ([2.7)) directly.

3. LOCAL EXISTENCE IN FREE SPACE

We will work on the Hélder spaces defined below.
Given g € C°(Q2), let

lg] = max {|g(x)] : € O},
lg] = max{|g(|9;)__;|§6)| CT, T € Q},
and
lgls:2 = lgl + [g]-
We will apply these definitions to Q = B, or Q2 = B}. We set

|D¥ulg = max{|D%lo : o] =k} and [D*u]s = max{[D%ls : || = k},
and define

2m
lulamis = D [DFulo + [D*™ul,.
k=0
The space C?"+9(Q) = {u : |u|amss < oo} is a Banach space.

Our goal in this section is to solve
Lu=f

in a small ball B..
Given g € C%(B.), we define the approximate solution N(7.g) by the following
formula. For x € B, let

et@—y).£
Nng)(e) = Jim [ atwn) [ @<§> e

We will find a solution to Lu = f of the form u = N(n.g) for an appropriate g.

In fact, if the equation has constant coefficients, then u = N (7. f) already solves
Lu=f.

We call u := N(n.g)(z) and approximate solution to the equation Lu = g in B,
since we will show that the C° norm of Lu — g is small in B..

Before we proceed with the main result we need to prove some auxiliary esti-
mates.
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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 9

3.1. Auxiliary integrals for free space. In this subsection we prove two auxil-
iary results to be used below.

First, let us a emphasize the basic calculations that will be used several times
in the sequel.

Lemma 3.1. Consider, for |a| < 2m, the integral
@
J= /ei(x—y)-ﬁ § : (5) d€.
P i€) " \R

1

We have |J| < CW’

for any |a] < 2m and R > 1. The constant C
depends only on Ky, |a| and n.

Proof. Fix |a| < 2m. We may assume n—2m-+|a| > 0. Note that (—Ag)Fe!@=¥)€ =
|z — y|?*e!®=¥)€ Fix k such that 2k > n + 1 and integrate by parts to get

] (e () o
b [eeay (- (jig)so(g)) (1~ (e~ yle)) dg
— o [ AN eyl o(F) ae
b [eesear (S Y o(§) 1 el - vle) de

e BN y””( (;@)m (*”@)

[y1+18l=2k.[ 81
X (1= (lz = yl§)) de

=Ji+ o+ Js.

We estimate each integral as follows, using the first estimate in Lemma

1 C
Ji| < dé <
| 1| = ~/| R | (1+|£|)2m7\a| 5_ ‘x_y|n72m+|a\7

=Tz

1 1 C
Jo| < —— d¢ < :
= lwyl?’“/| R T e T e P e

1 1 1
Jo| < ———— o d
Bl Ty 2, T /lysmgm T+ gy

[v|+18l=2k,|8>1 B
1
- |l‘ _ y|n—2m+|a\ X|I—y\Z%R’

where X is the indicator function. It is also important to notice that J3s — 0 as
R — oo, for x # y. O
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Next, we prove two important bounds that we need in order to continue. Notice
that for || = 2m the integrand in the integral below is only bounded by ﬁ,
which is not integrable. However, note that the polynomial is evaluated at x and
this allows for a favorable estimate.

Lemma 3.2. Let |a| = 2m and let

Ry

We have |I| < C, where C depends only on Ko and n.

Proof. To prove this, write

= — A, i(r—y)-EL (§>
1= fa- i [ el e
and note that by Lemma

1
<05

Similarly we have

Lemma 3.3. Let |a| = 2m. Let z,& € B, & = *£%, and p = 2|z — Z|, so p < 4e.

Let
1 /B,,(@)”ﬁ(y)/e T ( de dy.

We have |I| < C, where C depends only on Ko and n.

Proof. To prove this, write

Iz/ o ne(y)—m(az)/ei(”*y)f (ig) (§> d¢ dy

+ne(z / I)/ e!=v). g)‘”(zfz) dé dy

— A -|— 77 e
We have, by Lemma

‘ ‘ c 1
|A|<C/ Mdyg—/ — —ay<cl<c
B, (&) lz -yl (%) |z -yl €

and

_ B i(a—y).€ £ f)
B= ), A)/ ¢ (fmﬁ)(1+|£)< e dy
1(r e oo S
/ z)/ :Hf)( TR’ ()dfdy
B e Y S S f) H>
/E,Bpm <V/ (@i &)1 IEP >“”(R w1y —a)) P

= By + Bs.
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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 11

We can estimate again by Lemma [3.1}
1

2
WdySCP

|B1] < C
B, (&) |z —

and

1
|Bg\§/ ——dS, < C. O
0B, |t —yI"

Next we show that N(n.g) has derivatives up to order 2m.

Lemma 3.4. The function u := N(n.g) € C*™(B,). In fact,

&) xet(z—y)-€
D)) = Jim_ [ atwn) [o() EL T ac

for any multi-indezx «, o] < 2m.

Proof. Let |a| = 2m. We show that the above limit exists and is uniform in z.
Write

i aei(zfy).ﬁ
/g(y)ne(y) /w(é) (g)p(m d§dy = Ir + g(x) g + g(x) I g,

where

Ir = /(g(y) —g(w))ne(y)/w(f{) Wdﬁdy,

IIR=/ne(y)/<p<]§) Wdﬁdy,

= [ [o(F) w0 (g - g )

Let k be an integer such that 2k > n + 1 and let

I:/(g(y)—y(x))ne(y)/ei(x_m.g(_AOk (p(lﬁ)a) de dy.

|z —y[* (y,1€)

_ _ 1 ei(w—y).£ _ k (/Lg)a
= fu A)(”f@”u—m%/ _— (<1+|s|2>p<x,i5>>dfdy’

= [ [ ica0 (690 (5o e ) €

First we show that the integrals converge.
We claim that

i(z—y).&(_ k (Zg)a 2 12k—n
‘/e TR (p(ydé))dg‘éqx s
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Write
Jorscs i)

— ei(w—y)f _ k (Zg)a T —
[ e na0r (SEE Y o sle) de
ei(z y).&( k (Zg)a _ T —
+ [eemeagh (S ) (-l - vig)ae

Integration by parts gives that
(i)

— _ k(eil@=y)-&p(lp —
A /Mx B =i s

Next, note that |(—A¢)* (e?@=¥)<n(|z — y|€))| < C|z — y|?*, and hence

/§§2|x—y1 (P((zi);)) “

SCIw—yI%/ d¢ < Cla —y** .
jE1<2lz—y| -1

d¢

Al < Clz — y[**

Using (2.4) we get
B <C (1+ 1) 2" de < Cla —y* "
[€]>|z—y|~?
This proves the claim.
It follows that

The convergence of the integral IT is proved in the same way, this time noting that

[ aot (s ) df‘éclxy%"“,

and similarly for the integral III, this time using ([2.5) to estimate

/ei(wiy)f(_Ag)k ((ig)a (p(y%if) - p(xl,if) )> “

Let us now show that IIlg — III as R — oco. The other two are similar.
First, we write

1= /Iﬂﬁ%“/ei(w_y)f(_Ag)k ((Z{)a (p(y%iﬁ) - p(;ié) )> #llw ~vie) dedy

IxT]i(Z)Qk/ei(my).ﬁ(Ag)k ((z‘f)“ <p(;i§) B p(xl,if) >>
x (1 - p(|a - ylé)) dé dy

< C|1’ o y|2k7n+5'

— A+ B,

Rev. Un. Mat. Argentina, Vol. 61, No. 1 (2020)



LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 13

and note that

k ei(m*y)»f T — Tk 1 _ 1
A= [0 [a0H @ ol )69 (s - ) ded
We have

e = / |z — yl% /ei(x_y).é(_&)k ((Zf)a (p(y;f) - p(xlz§)> (€>> aedy.

and hence we can write

Illr = Ar + Br + Cg,

where

- [ [ a0t ote —sleptior <p<yfz>s> - p(ml,m)
x 90<§> ¢ dy,

B — |x77(?;|)2k /ei(x—y)f(—Ag)k ((z’&)“ (p(;i@ - p(;ig)»

<o) (1= plla = i) de

Cr= Z / Iz _y‘Qk / oo <(i§)a (p(yl,iﬁ) ; p(xl,if))>

[Y[+]B]=2k,| 521
§
<07 (o(5)) (1= elle - vie) dcan
Therefore, |IIl g — III| < |A — Ag| + |B — Bg| + |Cr|. We estimate

A-anl = [l [ 1-o(F) dcdy
= lz—yl

< C/m(y)lsv —y\é/ 1dédy < CR™°,
R<[E1< 520

£
|xy5/ 1’¢(§)
B—Bgrl<C [ n(y) LY — \Y geq
BBl <€ ) = L e e
Iw—yl‘s/ 1
< — gy A€ dy
/u_yg,; o=y ) o T+

z —y|° / 1
+/ L[ dedy
le—y> % 17— YI?* Jrepe) (L+16)%F

< CR™Y,
and
[z —yl” 1

1
B B —dédy < CR™°.
lz—y|> 5 |z — y|?k RIS /R§|§|§2R (1+ [P

ICrl<C
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14 M. A. MUSCHIETTI AND F. TOURNIER

To show that IIr — II, first note that

I = /(1 - A)ne(y)/ei(“’)"5 (méff));(x@) @(é) dé dy

1 (o
= /(1 —A)(Ue(y))w/ez(x_y)'g(_Aﬁ)k

: <1+|§|€>)<5> (g» v

and then we proceed as before. O

3.2. Main results for free space.
Lemma 3.5. The function defined by u = N(gn.) is in C*™T9(B,).

Proof. We have shown that u has derivatives up to order 2m and for |a| < 2m

we have D*u(z) = limg_00 | 9(y)e(y) fgo<§> w dédy. Let |a] =2m
- —00 € . . - 9

et R ply,i€)

and le

i aei(mf ).€
I = /g(y)ne(y) /@(é) W d§ dy.
Let z,z € B..

Write Ir(z) — Ir(Z) = A+ B, where

A= [ [ oo Loy (5)dsdy,

_ i(e—y)& _ Li(@—y).&)(; 1 1 > (E)
p= [otmin [ oo (b - i A dy.
Write A = By + By, where

B = [ (o)~ lomto) [0 e o (L) acay,

st [t [ (8 i,

Write B; = Cy — Cy + C3, where

/| RCOREIY Jeens LR (&) ey
C?Z/B (i)(g(y)g(x))ne(y)/ el@=y) Epif,)zg) ( )dgd

P

_ ol pile—y).6 _ gita—y).6y_(18) (€
Cs /Rn\Bp(i)(g(y) g( ))ne(y)/( )p(j’ig)SD(R) dg dy.

Ch
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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 15

We have, using Lemma | that |Cy| < CfB @ 1V~ z|5 dy < Cp® < Clo—z|°

and Cy = Dy + D5, where
_ — oz iy 8" (€
o= [ RCOREIX0 /e z ( )dad

o, i
Da= (o) o) [ o) [ e (5 deay.

Estimate |D;| < Cp® < Clz — z|° just like C; and

ia-y).c (€)% (§>
/| W [ () dcay
by Lemma [3:3] Next,

Cs = /R"\Bp(JZ) (9(y) —g(sv))ne(y)/i/o1 el S ds(a - f”>-fp2f,);>“”(§z) dy

and we have, by Lemma

1
1
|Cs] §C|xf:i’|/ / \yfx|57n+1 dy ds
0 JR"\B,(2) |zs — vl

|5¥
|z =yt

1
ly—=[™

|Ds| < Cla — 7| < Clz -7,

< Clz -z ly —
R\B,(#)

< Cla— 1" < Clo — 2%,

dy

finishing the estimation of B;. Now,

_ _ pile—y) & _ giz—y).€ (i)~ §
Ba= a2 [ R ()
and by Lemma [3.]

e
|BQ\<C|33—90| / / dsdy<C| x| §—6|x—9’c|‘5.
€

This finishes the estimation of the term A.
Write B = C; — Cy + C3, where

@ = /B,,cf) g(ym(y)/ei(ky).g(i@a <p(yfi§) p(@ @5 ) SDG%) v
2= /Bm) g(y)m(y)/ei(i_y)lf(ig)a (p(;iﬁ) - p(a,if) ) @) ey,
Cs = /Rn\Bp(az) 5(w)ney) /(ei(x_y)'g - (p(y, i€) p(wf))

X <p<§> d€ dy.
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16 M. A. MUSCHIETTI AND F. TOURNIER

Write Cy = Dy + Do, where
o[ o~ en) Jeension (b - s Ye(g) dean
D2 = gl=) /Bp(i) 77E(y)/ e (p(y%iﬁ) - p(xl,if)) g)(é) ey,

and we estimate

1
Dy < C ly = al’ —— dy < Cp* < Cla— 7",

B, (%) |
Write Dy = F| + Fy, where

= /Bp@) 77E(y)/ (i) <p(yTi€) - p(:ﬂl, 2‘5)) 90(;) el

Fas [ [ s G sa) )

and we estimate

1
B0 y-af oy <Cp < Cla-af
B, (&) lz -y

y|"

P

and
_ i(z—y).€ (ZE)Q(g)B (g)
= B;mMB e )||/Bp<f) ng(y)/e P i€)p(@,i€) " ey
S C|l‘ - j|67

by Lemma This finishes the estimation of C7. Now,
1
Cs| gc/ ————dy < Clz —z|°
2 [T =yl

and

Cal<Clo—al [ o dy < Clo— 3l
R™\B,(2) |y — &["T17°

This finishes the estimation of the term B. The lemma is proved. U

‘We notice that
L(N(gn))(@) = lim / ) / eite—v)-£ P21 <§>d dy,
(N(gme)) Y)ne( ORTIMAVE € dy

and also
gne(w) = lim / 9(y)ne(y) / el L (Z) dé dy.
Hence, we define
T(gne)(x) == L(N(gne))(x) — gne(x)

_ }%me g(y)ns(y)/ei(zy)-ip(x,Zizyjilggy,lf)¢<é) dé dy.
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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 17

Remark 3.6. If the coefficients a,, are constant then u := N(gn,.) solves Lu = gn.
in R™.

We can now state the main theorem of this section.

Theorem 3.7. There exists a constant C' depending on Ky, A, and n such that
1T (gne)ls;p. < CKselgls;p. -

Proof. For fixed R > 1, let
IR(a:) _ /g(y)né(y)/ei(m—y).gp(.%',lg) _.p(yﬂzf)sp(;) d€ dy.

p(y, &)
We write
In(a) ~ 1@ = [ gty [(ee0e - el Pz, 5gy ggy”%@ dé dy
+/g(y)ne(y)/ i) ¢ P Zﬁgy zgg ’l§)<p<fz> dédy = A+ B.

Write A = Ay + g(z) Az, where
A =/(g(y) —g(i"))m(y)/(ei(””‘y)'5 eite—u).6 PT ) = p(y’if)<p<£> de dy,

R
A= [ ie—y)é _ ila—y).& P 1) = p(y, i) £ gt d
2 /n (y)/(6 e ) p(y,lﬁ ® £ dy.

Next, write A7 = By — By + Bs, where

o /Bﬂ(ff) (g(y) B g(:f))nf(:l» / ei(’”—y)-fp(x,iﬁ
By = /Bp(i) (Q(y) - g(j))ne(y) / ei(i_y){p(gj,zé‘

_ (@ Cile=u)€ _ ia—v)€
Bo= [ e —e@m) [ )

()

We estimate, using Lemma

B 1
IBi] < K. lg / ly— 2%y — 2’
B, (2) ly — x|

o dy < Ksielglle — 2°,

_ 1 _
1Bal < Kslo] / ly — 2y — 2/’ dy < Kslglle — 2°,
B, (&) ly —

z|m

and
1
- —|8 s 1
|Bs| < Ks:[glle — z| ly —z|°ly — | T dyds
0 JR"\B,(2) ly — @]

< Kselgllz — 7 5 dy < K. [g]lz — 7,
R™\B,(2) |y — &[0
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18 M. A. MUSCHIETTI AND F. TOURNIER

finishing the estimation of A;.
Write As = C7; — Cs + C3, where

and estimate by Lemma [3.1]

C1] < Kl / o — y?

Write Cy = Ey + E5, where

i i [ AL ()

and estimate

‘E1|§ Z |aa(x)—aa(f)|

la|<2m

ia—y)e (1" (5)
/Bp@) niw) [ e () dca
< K5.6|{)3 — .’Z’|6

by Lemma [3.3] and by Lemma [3:1] we have

By| < Kt / 1z — y?
(2)

, |z

dy < Ks.o|lz — z|°.

—y|"

We also have
1
_ 1 _
(& §K6;6|93—$|/ . )/ W\y—$|6d5dy§K6;e\m—x|é7
n i- S

thus finishing the estimation of A and hence of A.
To estimate B write B = Fy + g(z)F», where

P = /(9(@/) *g(f))ne(y)/ itz AL Zﬁg Zz(x ig)w(é) dg dy,

_ i(ZT—y). p(:c 7’5) .73 ZE é
Fa= [ty [ e MR (2 ey,

and we have by Lemma

By < Kdlglla =’ [y =’ dy < Kalgllo -

B. ly —z|™
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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 19

Write Fy = G1 + G4, where
_ i(i—y).&p(x7i€) —p(z,if) é e d
G1 /ne(y)/e p(:ﬁ,zf o\ % Y,

_ i) — o e B PE) (€
G2 = [ o) [ 5 oani€) — i) PRI (5] iy
We have
o (T)—an(Z eT=y)E (ig)® 3 e
wu§£%m4>a<n/my/ () der] < Kado-a

by Lemma [3.2] and by Lemma [B.I] we have
_ _ 1
Gal < Ko —af’ [ =l =
B, ly — 2|
This finishes the estimation of the term B.

So we have shown that [T(gn.)]s.5. < CKs,e
The proof that |T(gne)|o.5. < CKs.c|glo;p, follows similarly and we omit it. O

dy < Ks.o|lx — z|°.

We are now ready to prove local existence of solutions of Lu = f when f €

C(B,).

Theorem 3.8. Assume the operator L satisfies (2.3)), (2.1) and (2.2]). Then there
exists € > 0 depending on Ky, A and n so that given f € C°(B,.), there exists
u € C*™(B,) such that Lu = f in Bs.

Proof. For 0 < ¢ to be chosen, we define a sequence of functions g, in C°(B,) as
follows:

Let go = f and gri1 = f — T(grne).
By Lemma we have g, in C°(B,), and by Theorem we have

\9k+1 — gkls;B. = T (Ne(9rk — gk—1))|5;8. < CKs.e|gr — gr—1ls;B.

< 6575K€ﬁ|9k — Jk—1|6;B.

Choosing € small so that e# 9K, .3 < 1, by the contraction mapping theorem we
can conclude that there exists g € C°(B.) such that g = f — T(gn.), which gives
g = f—L(N(gne)) + gne. In particular, since 7 = 1 in Be, we have L(N(gn.)) = f
in Be. Let u = N(gnc). Sou € C*"*(B,) and Lu = f in Bg. O

4. LOCAL EXISTENCE IN HALF SPACE. BOUNDARY CONDITIONS

In this section we prove local existence of solutions in half space.
We will show that there exists € > 0 such that given f € C%(BZ) there exists
u € C?*™H9(BF) such that Lu = f in B} and such that u satisfies the m boundary
conditions,
OFu(a’,0)
sl
ozk

for k=0,...,m—1.
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20 M. A. MUSCHIETTI AND F. TOURNIER

Given g € C%(B.), we define the approximate solution NT(1.g) by the following
formula. For z € BY let

et(@—y).£

p(y, i)

In order to achieve the boundary conditions, we define for z € B}

H(neg)(x) = / 9(y)ne(y) / € By, 1, ¢') de'dy,

R

§

N*(neg)(z) = lim . 9()ne(y) / w<R> dg dy.

R—o00

n
+

where ®(y, x,&’) is given by

1 e YnZetn
@ a'ra ! :7/ / T N d’lUdZ7
@80 = 20 Lo Lo o a0 i@ 2 (i ) (w — 2)

where yT (£') denotes any piecewise smooth contour on the right half plane enclosing
the roots of pT (y,4€’, 2). And v~ (£’) denotes any piecewise smooth contour on the
left half plane enclosing the roots of p~ (y, ¢, 2).

Defining the function

u:= N (n.g) — H(neg)
we will show in this section that

i(z—y).§ ;
Lu(z) = lim - g(y)ne(y)/w(@ W d€ dy

*/ g(y)ne(y)/ei(””"y')f'f /
R T Jyt(g) Jy= (&)

e” Vet (p(a, i, w) — p(y, i, w))
a(y)pt (y, i€, 2)p~ (y, i, w)(w — 2)
In particular, for constant coefficient operators, we have Lu = 1.g.
We will also show in this section that

oFu(z',0)
Oxk

n
+

dw dz.

=0
fork=0,...,m—1.

4.1. Auxiliary integrals in half space for the operator N*. We proceed to
prove estimates for the auxiliary integrals we need in half space related to the
operator NT.

For z € R", we write z = (2/,z,,) with 2/ € R"~1.

Lemma 4.1. Let

no_ eiontn 7’2Lm71 5/ én
Ag(z,¢) = / M@(R, R) d&p.

We have |Ap(x,&')| < C, forx € R and & € R"~'. The constant C depends only
on Ko, A and n.
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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 21

Proof. Write
p(x,i€) = a(x)(i&,)*™ + Z (i€ )™k Z aq(z
|| <k

Here a is an n — 1 multi-index.
A change of variables s = z,§,, ds = x,d&,, gives

eszQM 1 §/ s
Ap = > .
. /x;ammx,s',;)@(}z’ an> ds

Note that

T2y (x,iﬁ’, ;i) (is 2m—|—2x is)?m—k Z a(z = a(x)(is)*" +q
la| <k

and

> O™ + a2 P + 5.

z"p (x,if’, w)

In
We write |a(z)(is)?™ + ¢|? = |a(z)]?s*™ + Q, where Q = Q(x, 5,&'), and note that
la(@)]s*™ +Q = C(ay™ +a €' + s'™)

and
|Q|<082mzxk 2m— k 1+|§| +CZ$2k 4m— 2k<1+|£l|)2k
k=1 k=1
Hence,
:& / 4’m 1 €/ S S+/ 15 2m 1q él s ds
la(x |254m + Q la(z)|2s*m + Q R’ xz,R
z)A + B.
Write
cos(s)s*m~1 ¢ s ‘ sin(s)s*m~1 & s
A= | ——F——0| =, — | d — " ol —)d
|a(x)|254m+Q<'0<R’ TR s |a(m)|284m+Qcp R z,R) "
= A; + As.

Notice that
4= /2””"3 _cos(s)s Tl (€ s )
—9a,r [a(@)PsT + QT \ Rz R
2z, R /
" am—1 (& s 1 !
_ S — d
_/0 cos(s)s sD(R’ an> (|a(x)|254m +Q(s) la(x)]?st™ + Q(—5)> ’

_ M"RCOS §)gdm—1 g s Q(s) — Q(—s) <
= [ et (R’ an> (@B + Q) (Ja(@) B + Q=)
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22 M. A. MUSCHIETTI AND F. TOURNIER

Hence, we have

* amor_ Q) +1Q(5)
s [ e e

2m o) m—lk— 2m o0 m—2k—
- / sS k 1xﬁ(1+|€/|)k ds_,_Z/ 88 2k 1$%k(1+‘§/|)2k
T =)o S (L[] = Jo a4

2m oo 18m—2k—1

ds

k=170
and
1 : 4m—1 / : 4m—1 ’
sin(s)s & s / sin(s)s & s
Ap= [ SBES (S 5 )y S d
2 /_1 la(z)[2s*m +Q<‘0<R’ an) ot s1>1 la(x)]2stm T\ R z,R)"
= By + Bs.

We have |By| < 1. For By, we assume 2z, R > 1, since otherwise By = 0. Write

+oo ; 4m—1 1 -1 : 4m—1 ’
B, :/ sm(sZ)f1 o {7, s ds+/ Sln(z)i . 57, S\ us
1 Ja@)Pstm+ QTR 2nR oo la(@) Pt + QTR 2n R

=C1+ 0y
We have that
4m—1 5/ s
5(1 Foo d § P\ R’ zn R
C = ;Ofi) +/ cos(s)— 5 4(m ) ds.
la(z)2st™ +Q(1) /4 ds \ a(z)[?s*™ + Q(s)

It follows easily that |C;| < C, and analogously we obtain |C3] < C. Also,

2m ) e pisgdm—1-k g s
B = Z Z ao(z)(&) xfb/ |a(z)]2s%m + Q(s)<p<R’ CUnR> ds.

k=1]a|<k

Change variables, t = , to get

5
(14 1¢')

B=3" 3 au()(€) ek a1 + &)t

k=1|a|<k

) / eitwn,(1+\f’|)t4m—1—kw(%, t(145%|§’|)) dt
|a(z)[Ptrmapm (1 + [E)*™ + Q(tx, (1 + [€']))

A AHEDE S Ja(@)Pm + Q(twn (1 + 1€7) (2 (14 [€1])) 4

k=1 |a|<k
Note that |a(z)[2£47 + Q(tz, (1 + [€']))(zn (1 + €'])~4™ > C(1 + ™). Hence,

+oo ‘t|4m_k_1

2m
BI<Y > |aa($)|/OO T #=0

k=1|a|<k -
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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 23

finishing the proof of the lemma. O
Lemma 4.2. Let

ei(;p’fy/){/ eiwninéﬂm*l é-
I = n S d nd /.
" / L+ (¢ / p(x,€) g)(R) Snd

C
We have |Ig| < m, with the constant C' depending only on Ky, \ and n.
r =y

Proof. Write

T :é/(_A /)kei(f’—y’).g’/ zrnfnéﬂm 1 é dg df/
BT ol — 2k : (14 1&)?)p(= zf RrR) "

;i)
(e’ = y'lg") d&y dg’

2m—1 3
1 i(x'—y').¢" ix gn ® R
+ 7/6( y')-€ /e TLgn(ng,)k ( ( )

[ — /% (1 +1¢P)p(x.€)

x (1= (|2’ =) dEn dE’
=A+ B.

Rewrite

1 : ! ’ ’
— —A/k i(z'—y').€ e
|/ — o |2F /If/li 2 (—Ag)"(e e(lz" = y'|€))

¢iTnén £2m—1, (%)
de, de’
X/ T+ EPp( ie) %

and estimate

la:n&n§2m 1 3
|A</| / (R) d,, 1 dg'
£/<‘ 2

e p(r, i) T
<
C
< d¢’ < ,
/£’|<l.,2y/ 14 [¢']? |2/ —y'["3
by Lemma [L.1]
To estimate B, first we claim that
ook [ e elf) 1 Yo e
¢ p(z,i€) L[| T @ fE)E

Rev. Un. Mat. Argentina, Vol. 61, No. 1 (2020)



24 M. A. MUSCHIETTI AND F. TOURNIER

To prove the claim, write

eizngn&zlchp(%) )
k
Caol | [ e

N / emnéﬂgimil@(%) dén(—Ag)" <1)
p(z, i) meee 1+ €2
eiwngnéﬂmflw(é)
+ Z Df/ / , ¢, | D} ———
1 2
I71+181=2k,18]>1 p(, i) e
= Bl + BQ.

We have, using Lemma [I.1] that
1
(14 g2

To bound By, note that |D/, H‘lg,‘g\ < C(Hlﬁ,l‘)ﬂw, and for |B1] + |B2] = |B] we

1T En 2m71Dﬁ1 5) DBQ 1 d n
[ (F) 0 g

|B| < C

have

1 i 1
< CXjer — Zm—1 dép,
= 13 lSQRR‘ﬁl‘ /0 31 (1+ €| + fn)2m+|ﬁ2| ¢
1 1
< CXje<2r gy (1+ [¢])1P2]
1
<Corroourrr,
@+ gpe
proving the claim.
And hence we have
C / 1 C
Bl < —F—52 — <
P =i St oy, T D5 % = s
finishing the proof of the lemma. O

We use the estimate above to prove estimates for two auxiliary integrals in half
space.

Lemma 4.3. Define
= [ n) [ AU
R’}r‘ p(l’,lf)

We have |Ig| < C, with C' depending only on Ky, A and n.
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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER

Proof. Write

i(z—y).£e2m—1 (£
0 € g'n, P\R
hfiL ne(v) / ()df dy

[y [
- — = Ne\y - Y
w0y p(z, i€)
ei(zl—yl)"gl€im”’§"’£721m_1§0(%)
+/ (y',0 / . dg dy'
o 150 pla, i€) S
We have
1
|AR\§Q/ T s<C
€ Jprlz—y|?
and

i@’ —y").€ giznén f?zm_1@(§

, B\
BR:AMJM“W“‘A” / N T

ei(w'—y’)-f'eixnﬁngzm—lw %

Z/Rm(l—Ay')m(y’»O)/ ENEDrERT) >d§dy’;

hence

C | ,
|BR|§:2/B/WCZ9 <C

25

In the first inequality of the line above we have used Lemma [{:2] This proves the

lemma.

We now consider a similar integral over a ball.

O

Lemma 4.4. Let z,7 € R}, p =2z — Z|, & = &=, and B} (&) = B,(&) NR%.

2
Let

etz—y) '5572;"%0 (%)
h:/ m@/ " e dy
B (2)

p(,i€)

Then we have |Ir| < C.
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26 M. A. MUSCHIETTI AND F. TOURNIER

Proof. Write

P el(a: y). £§2m 1@(5)
n=[ g || de | dy
B (#)

Y oy, p(x, i€)
9 ez(l—y)&g%m—lw(%)
—— [ ot [ . de dy
/Bj(@) 3yn( @) p(x,i€)
ei(w/—y/)f'emnf"fim_lgo(%)
+/ Ne(y / - d¢dsS
OB (2) ) p(z,i&) Y
= AR + BR.
We have
|Ag| < */ Tdy<C
T — |”
and

i —y).€ givntn g2m—1 (5)
B :/ B / d¢ ds,
f B (#)NR? e(v) p(z,if) <

ei(w’—y/). mnfng%n 130<§)
+/ ne(y)/ d¢dy’ = Cr + Dg.
B} (#)N{yn=0} p(w, i)

We can estimate

[ g/ s, <c
1¢)

B (#)NR" |z —y|"!

To estimate Dpg, let B (&) N {y, = 0} = B,.(#'). Write

%(x —y').¢ mnfn§2m l(p(ﬁ)
D = / ne(y/,0) / de dyf
B! (")

p(z,i€)
ei(r y').¢ zxn§n£2m 190<£>
= . /,O _ /’0 d d
/?mm@ )= n w0 | — .
z(:p —y').¢’ lznfnéﬂm 1@ £

We can estimate
C
wmzf/ o~y ay < C,
€ JB(a")

since r < p < 2e.
To estimate Fr, consider first the case &, > g. Note that Z,, —x, < |2, —x,| <
|t — 2| = 4. Therefore z, > ,, — § > §.
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LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 27

In this case,
1 1
‘FR| S‘/ n—1 dy, < 1 / ]-dy/
B (|2 —y'|> +27) 72 Tn ()

r n—1 n—1

Tn In

For the case £, < £, note that since 72 + 22 = p?, we get % > p? — % = 3p2,
sor > fp and |2/ — ') < |z — 2| = £ < #7’ and hence, dist(2’,0B..(3')) >

(1= s

Hence, in this case we write

ei((zlfy').fl6imn§n£72Lm71s0(%)
FR‘//< -8 [ e

¢l =y).€ giantn g2m— 1@(5)
L [
i((x'—y").¢' Jizn€n ¢e2m—1, (&
- <Vy//e(( e () dﬁyy/_£/>d5yf
dB!(2") (1 +[&'1)p(z,i€) r
= Ggr + Hpg.
Now use Lemma [£.2] to get

1
|Gr| < s <C
/(:i‘/) ‘n 3

and

1 C
Hgp| < C S, < ——0(8B.(3")) < C.
[l < /aBm’) | —y/|n=2 7 = 2o (OB (#)) <

So the lemma is proved. O

This finishes the estimation of the auxiliary integrals in half space for the oper-
ator NT.

4.2. Auxiliary integrals in half space for the operator H. We now proceed
to prove estimates for the operator H.

First, let us be more precise about the contours v~ (&’).

We take into account that the m roots of p~(y,i¢’, z) satisfy Re(z7 (y,¢')) <
A1+ |¢]) and |27 (y,&")| < A1+ |£]), so we take v~ (&) a piecewise smooth
contour parametrized by an angle § which is the arc of the circle centered at 0
of radius 2A(1 + |¢']) joining the points with real part equal to =*(1 + |¢/]) in
counterclockwise sense, followed by the vertical segment joining these two points.
Denote by w(f,¢’) the points on this contour.

Similarly, since the m roots of p™(y, &', 2) satisfy Re(zT (y,£’)) > A(1+|¢']) and
|2F(y,&)] < A(1+]¢']), we take v (£’) a piecewise smooth contour parametrized by
an angle ¢ which is the arc of the circle centered at 0 of radius 2A(1 + |£’]) joining
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the points with real part equal to 2 (1 +|¢&’]) in counterclockwise sense, followed by
the vertical segment joining these tvvo points. Denote by z(¢, ¢’) the points on this
contour.

The following estimates follow directly from the definition.

We have for all £, y, 6 and ¢, that

A
SLHIE]) < [w(0,6) = =7 (5, €)] < 2A(1 + [£]),
A
SA+1E]) < [2(0,8) = 27 (9, ) < 20+ [€']),
A
S+ 1E]) < [w(0,€) = 2(¢, &) < 4A1 + [€']).
For all £, y, 8 and ¢, and any multi-index «, we have
[Dgw(0,€') < C+ g, |Dg2(6,€) <CA+ g,
|Dg Dyw(6,¢') < C(1 4 [¢']) 1, D& Dyz(¢,6) < C(1+ &) 1o

Using these estimates together with the estimates of (2.6) we will prove the
following lemma.

Lemma 4.5. For = 1 + P2, consider the function

e~ YUnZpTnWylB1 (if’)BQ
o 6,7m7y :/ / . . dw dz.
B( ) ~yt(E) Jy— (&) p+(ya Z£l7 Z)p_(ya Zfl,UJ)(’LU - Z)
We have

_ (Entyn)+1€D
2

Y / €
|D{,@p(¢ 2, y)| < 0(1 FNP e M R

with C' depending only on Ky, A and |3].

Proof. To prove this claim, note that we can write ®3(§’,z,y) as a sum of four
terms of the form

e —YnZz xnu}w‘ﬁll(ié'/)BQ
- zpWe d¢ db
// P (y.i&, 2)p (v, i€ w)(w — 2)

for appropriate limits of mtegratlon in ¢ and 6 that do not depend on ¢’ and where
z=2(¢,&) and w = w(6,&).

Hence, it is enough to estimate
N e~ UnZpTnwy | B1] (Zf/)ﬁz
f/( + - _ - . Z¢w9> .

pt(y, i€, z)p~ (y, i€, w)(w — 2)

Write the integrand as 9252, where g; = e VnZemnWylfil(i¢")P2 gy = 24wy and

g3 = pT(y,i&, 2)p~ (y,i€’,w)(w — 2). By direct computation we obtain that
_ (entyn)A+[€')

e

(1 + |¢7])I=181"

Also note that by estimate (2.6 we have

DL (sk (2, &) (2(¢,€)™F) | < C(1+ [¢/)m 1,

IDig| < C IDggal < CA+ €D,
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and hence
IDEp* (i€, 2(, €] < CA+ €)™,
This implies that
IDggs| < C(L+[¢/)m ]

and hence
1
Y -1 <
|D€’(g3) | < C(l + |21t
The claim is a direct consequence of the estimates above. O

With the aid of Lemmaand the estimates (2.6]) and (2.7) the following lemma
holds.

Lemma 4.6. Let

e—ynzewnwp(w7 7;5/7 w)

\Ilgl,it,y :/ / . ; dw dz.
( ) vyt Jy— (&) a(y)p+(ya Zglv Z)p_ (y7 Zglv ’LU)(’LU - Z)
We have
JERCETRIEIE
[e% ! _ )
‘DS’\I](g 7x,y)| < CKe;lslx yl (1 I |£/|)—1+|a\ ’
Let
®(€/am>y7‘i‘)

€_y"z€mnwp(x7 igla w)(p_ (i‘v ’Lf/a UJ) —-r (yv gla w))
_ dw dz.
[w(&') [y(ﬁ’) a(y)(w — 2)p* (y, i€', 2)p~ (g, i€, wp— (@, i€y w)
We have

_ 5 —lentyn)A+IE’)
T —yl’e 2

(14 [€/[) =1l
The constant C' in both cases depends on Kg, v and n.

‘D?®(§/7x7yaj)| S CK5;6 |

Proof. To prove the first estimate note that
Tpw ! TpW gyt !
/ - p(y, &' w) dw:/ Y W) o,
v p Y

(y,if’,w)(w—z) w—z

e pt(y, &, w)

since for fixed z € v, f(w) :=
w—z

is analytic inside v~

Hence,

U, z,y) :/

()
The proof of the lemma is hence a direct application of Lemma [£.5]
In the second estimate we have to use ([2.7)). O

dwdz.

/ eiynzemnw(p(x’ i£/7 U)) — p(yv igla 'U}))
Sy a(y)pt(y,i€', z)p~ (y, i, w)(w — 2)

To continue, we prove
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Lemma 4.7. Suppose s >0, n —2m + |5| > 0, and
e—s(1+E])
(1 g el

|Dgigs(E,s)| < C

Then
1

[T+ o2

/eiy/'g/(ﬁg(f/,s) dfl

SC’(

Proof. To prove this, write

/eiyl‘f/%(é“’ﬁ) ¢’ = ﬁ/e”f’f/(—&/)’“%@’,s) dg’'
1 e
Iy /(_A@k(@’y “o(ly'1€))0p(E5) de’

+

i [ € (A @p(€ )1 - eIy 1€)) e
= A+ B.

We can estimate

7s<1+2|s’\>

.
2m—1—|8| g’ =: Q.

Al <C bg(e s))de < C
Ao [ ese 9 /5 T

Iy’
Now
1 C

Q S C —— dé—/ S — .
IE’\Sﬁ (1 +|¢7])2m—1 18] /| 2m+| 8]

Also, setting ¢’ = s£’, we get

2m—1—|8| — el
S ez ,
0= /|4'|< o

s sy (s + [C])Zn 1A

ly'|

Since 2m — 1 — |B] <n — 1, we get
Isdl

< 1 e 2 Je < C 1
Q— gn—2m+|B| Rn—1 |</|2m—1—|ﬁ| C — 7 gn—2m+|B8|"

1 1 1
< i <
|A] < C'min { |y [r—2mF Bl gn—2m+1B] } = C(|y/| T s)n—2m+Bl”

So

Let us now estimate B:
—s(1+|€’])
e 2

1
Bl < ——
|B| < /|2 /£’> v (14 |¢])2m—1-1Al+2k

ly’|

¢ =: Q.

Now

1 1 1
< — <O
S /|5 (et = Ol
=1yl
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1

We may assume % < Wl

since otherwise we are done. Setting ¢’ = s&¢’, we get

1<

1 s \ 2 ez ,
Q< Csn—2m+|ﬂ| <y/> /4’2 . (5 |¢'])2m— 118+ 2k ag.

ly’|

Noting that p := |;’\ > 1 we get

1 ok _Kh o, 1
S Csnfzm“’"ﬁlp [C/|>pe 2 dC S Csn72m+‘ﬁ|7

O

hence we have
1
(/= 52T

|B| < C
and the lemma is proved. O
Now we combine the results in Lemmas [£.5] and [£.6] with Lemma [£.7] to prove

Lemma 4.8. For any multi-index 8 such that n — 2m + |3] > 0 we have

1
o' — |+ (zn + yn))n2mHAY

|z —y|°
(J2" = y'| + zn + yu)™’

‘ / (¢ 2y y) dE | < O s

and
|z —yl°
(12" = y'| + zn + yn)"

’ / @ EQ(E 1y, 7) de'| < CK g

The constant C' depends only on Ky, A\ and n.

Proof. The proof follows immediately. O

We use the result of Lemma to prove the following estimates.

Lemma 4.9. For x,z € B} and x,, > T,,, consider

I:/ ne(y)/e“il’y')"/ /
R v Sy (&)

e—ynzexnwp(m, iglv ’LU)
a(y)pt(y,i&', 2)p~ (y, i€, w)(w — z)

n
+

dw dz d€' dy.

Then we have

|| < CKeps.
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Proof. Write

[:/ ne(y)/ei(i'—y')-ﬁ’/ /
" () Sy (&)

e UnZetnWp(x, &' w)

S@pT e, p (Eie w)w — ) U ag'dy
i(flfy')..fl 67ynzexnwp(xai€/7w)
+/im(y)/e /wa') /ws') (w—2)
1 1
- dw dz de'dy.
<a<y>p+<y,ie',z>p—<y,z's',w> a(a‘r)p+(a‘:,z‘£’,z)p—(a‘:,z'f’,w)) wdzdedy

=A+B.

Notice that

A= . i(z'—y').¢’ e_ynzexnw(p(x7i£/7w) —p(i,z{’,w)
/ . ) / ‘ [Mw fym a(@)p* (i€, 2)p~ (7, i€, w)(w — 2)

dw dz d€' dy

— [ nwa-a,)

e T R X
RN - — ’, dwdzdf'd
/ 1+ |§I‘2 ~H(E) Sy () a(x)p+($7lf/, Z)pi(xalf/v )(w - ) E Y

- [ a2

RY

ei(f’_y/)_é—/ e—ynzeznw(p(x7i§/’ ) (x Zf )
- dwdz d€' dy.
/ 1+1P /v+(£/>/w(s’> @A, p (@i, w)(w —z) (U Ay

Hence, by Lemma [4.8]

1 1
|A] < CKes5lz — f\ée—z/ dy

pr (|2 = |+ 2n 4+ yn)" 2
1 1

< CK.slx —3)°= dy < CKeglz — 7| < OK..s€°.
< ORegle =2 62/33 7 g7 o, g2 W S OKesle =2 < CKege

Next write
B=C1+Cy+ Cs,
where
o=t ’ “Ynz (.’E Zgl )
1 T ) yHEN Sy P (5” 15 w)(w 2)
(%€,

(y)p+ (:tmf )p( 25’ )

and Cy and C3 are similar terms.
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Again use Lemma L8] to get

|C1] < CK, .5/ Ne(y) iz —yP dy
B “ Ry ‘ (12" = 9| + 2 + yu)™
|z — y\é 5
< CK&;(S/ ,’76( ) dy < CK&;(SE .
™ (\I*y\+$n+yn)
This finishes the estimation of I. O

Finally, we consider an auxiliary integral over a ball in half space.

Lemma 4.10. Let

IB:/ 775(?/)/61.(%/_3//)'5,/ /
B (#) yH(E) Sy (&)

e vnEem (p(a, i, w) — p(Z, i, w))
(w = 2)a(z)p* (i, 2)p~ (2,4, w)

dw dz d¢' dy.
Then we have that

[Ip| < CK.s5lz — z|°.
Proof.

Ip :/Bm)(m(y) —’76@))/ e /~/+(€)/"/ @)

e~ Ynz I"w CC lf '(U) (ivzglﬂw))

dw dz dg'd
(w — 2)a(z )p*(a:,zﬁ, - @igw) o
. z(a: —y').€
e ( /BW/ /w(s)/ )
e e (pla, i€ w) — pl@i€w) 4

(w—z) ( )p+($?Z§’ )p_(f,igl’w)
= A+n.(z)B.

By Lemma [£-§] we have

1 1
ASC’KE;(;QU—J_U‘L/ Yy — | — dy
4] | | € B,f(fc)‘ |(|$/_y/|+$n+yn)n

1 1

SCK€;5|xf:E\‘L/ ly — x| — - dy
B (2) (12" = y'| + Tn + )

< CKegslx — x\‘s < CK slx — :E|‘S

Rev. Un. Mat. Argentina, Vol. 61, No. 1 (2020)



34 M. A. MUSCHIETTI AND F. TOURNIER

To estimate the term B, note that

b [ aan [EE
= — y' _—
B} (2) L+ Jyren S

efynzeaznw(p(x’ Z'fly w) - p(ﬂ_f, Z‘{/a ’UJ))

!
@) @i, (i€ w) W
/}3+(a:)/ 1+|€'|2 / /7
e vn zemnw(p(x’i£/7w) 7p(i'7i£/7w)) /
— —— — dwdzd€'d
(w = 2)a(@)p* (3,1, 2)p~ (3, i€, w) <dy
-/ Qs,
dBf (#)NR™
=(Cy — (o,
where
e e tem (p(a, i€/, w) — p(&, i€/, w))
=V, /7/ / v ) 2> dwdz d¢’
Q Y ( 1+|€/|2 YT (&) Jy— (&) (w—z)a(m)p*(x,zg’,z)p*(m,zgﬂw) €
%Y il .
p

We have, again by Lemma [I.g]
1

B (z) (12" = y'| + 20 + yn)
1

B @) (1T =¥+ Zn +yn) 2

|C1| < CKslz — 7|° —dy

< CK sz —z)° dy < OKslx — Z|°

and

1
Oy < OK 5|z — 5;\5/ ds,

o} @ynry (12 =/ [+ 20 +yn)" !

SCK€;5|I*ZE‘5/ =/ / 1* —
dB}} (#)NR™: (17" = y'| + % + yu)"

T dSy

SCK5;§|1'—Zf‘5/ %n_ldsy SCKE;5|,I—J_3|6.
OB (#)NR% |z -yl

We are now ready for the main results of this section.

4.3. Main results in half space.

Lemma 4.11. Define
u =N (gne).
Then, u € C*(BY).

Rev. Un. Mat. Argentina, Vol. 61, No. 1 (2020)



LOCAL SOLVABILITY OF ELLIPTIC EQUATIONS OF EVEN ORDER 35

Proof. The proof is a standard modification of the proof of Lemma[3:4] By using
a cutoff function one shows that for |a| < 2m, we have for x € B[ :

=D E(ig) 7o ($)

DN an)e) = Jim [ ol | Ldear. D
By Lemma we have
. 6“””‘”'%(%2'5)@(%)
LN (gno))(w) = Jim_ ” 9()me(y) / R dg dy.

Therefore,

L(NT(gne))(x) — g(x)ne(z)
/e (p(, i€) = ply, €)1 (§)
p(y, i€)

—iim [ 9w / d¢ dy.

R—o0 Ri
Define
T(gne)(x) = LN T (gne))(z) — g(x)ne(z).

By repeating the same proof for free space, this time using the auxiliary integrals
in half space, we can prove the following theorem.

Theorem 4.12. There exists a constant C depending only on Ky and A such that
|T(9776)‘5;B:r < CK[S;€|g|5;Bj—'

Proof. The proof is exactly the same as the proof of Theorem [3.7] using this time
the auxiliary integrals in Lemmas [£.3] and O

Now we can show that u := N+t (gn.) € C>"+°(BX).

Lemma 4.13.
u:=N*(gnc) € C*"+(BY).

Proof. By exactly the same proof as in Lemma one shows that for any |o| < 2m
except a = 2me,,, we have

D*N*(gne) € C°(BF).

a2m a7+
To show that 2V @) ¢ C5(BH) we note that

Tm
ox2

9> N~ (gne)
)T Yl

s = 2. (@D N (gn)(@) + LINT(gne) (@),

a#2men,

which is a sum of two functions in C°(B;) by Theorem m
Since a > X and a € C°(B), the result follows. O
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We now proceed to prove estimates for the operator H.
Recall that

st = [ o [ [

e_y”zew"w p(z, i, w)

dw dz de'd
A (1 A (i) — ) D
_ i(z'—y").¢
/n 9(y)ne(y) / [ﬁ(&)/v(&)
e YnZetn (p(x, i, w) — p(y, i€, w)) dw dz d¢' dy

a(y)p*(y,if’,z)p*(y,zﬁ’, )(wi )

zpw, +

e p¥ (y,i€’ ,w)
w—z

where the last equality follows since f(w) :=
for each fixed z € y*(¢').
We now prove the main estimate for the operator H. Set F(gn.) = L(H(gn.)).

is analytic inside vy~ (£')

Theorem 4.14. There exists a constant C depending only on Ky and A such that

\F(gﬁe)\a;BJ < CK6;6|9|5-,BJ~

Proof. Set

, ez e (p(a, i€, w) — ply, i€, w))
. _ dwdz.
(z,y,£") /7+(5')/y—(£’) a(y)pt(y,i&', 2)p~(y,i&’, w)(w — 2) w dz

Let x,7 € B, and we may assume z,, > Tp,.
Write

’ / v

F(gne)(x) — F(gne) (z) = / 9(y)ne(y) / (/@ = @Y (g, y, €) dE'dy

n

[ g [ W) - 1@ de'dy
_arm

Let’s estimate the term A. Write
A =/ (9(y) —g(f))ne(y)/ (e“’”/‘y/)f/ - ei(i/‘y/)'é/) U(z,y,¢) de'dy
"
+g(£)/ ne(y)/ (ei(m/—y/)f/ _ ei(i‘/—y/)f') \I/(azy,f’) déldy

=A +yg(x )A2
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Now,
A = — g(Z))n. i(z’—y").¢ Ly, ) de'd
1 /B;(i)(g(y) 9(T))n (y)/e U(z,y, &) de'dy

- / (9(y) — 9(@))1e(w) / V€Y (1 y ¢) de'dy
Bf (2)

/

+ / (9(y) — 9(@)ne(y) / (00 E @G (i €1) de'dy
T\BJ (£)
== Bl - BQ + B37

and we estimate, using Lemma

_ |y—x|5 5

By < CFy.lg / ly — 2’ dy < CKs.[g)le — 2°,
1 B () (J2" = y'[ +2n +yn)" 1

_ |y—l’|5 15

|Bo| < CF.lg / ly — 37— dy < CKs.[g)le — °,
1 B (2) (I2" = y'[ + 2n + yn)" %

where we have used that z,, > z,, and

n—1 1
B= 3 () / / sy IO / V)€ 6 (., £1) dE'dy ds.

Hence, using Lemma [I.8] we have

1
1
B3| < CKs.elg ;v—:i// y—z°y — z|° dy ds
1Bl 2 | 0 i\B;(i)| A | (|75 = ¥/l + zn + yn)" !
= 5
_ r —
< CKslglle — 3 L
R"\B} (2) 1z -yl

< CKs.fglle - al’.
Next,

Ay — / ne(y) / € (g, y, ) dedy
B (#)

= 1) [, € ey

+ / ne(y) / (0 = ) w(a . €) dedy
R7\BJ (#)
=Cy —Cy+ Cs.
Now estimate C:

4
.
2 =9 g < ORple — 7).

Cy| < CKse /

B () [y — x|
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For Cy, we have

()€ e UnZetnWp(x, &' w)
02 :/ fr’e Y /el(x y)f / / — - L
B (2) ) (e Jy-eny a(@)(w — 2)p*(z,i¢’, 2)p~ (7, i€, w)

B;r(i) A+ Sy (e P
) . - — — E— w Y
a(y)p*(y, i, 2)p~(y,i,w)  a(@)pT(z,if, 2)p~ (2, i, w)

= Dy + Ds.

We can write

i3 o) £ e~ YnZetn®(p(x, 1€ w) — p(z, i€, w
Di= [ feens [ ] e ) b )
B (2) e Jy=(en a(z)(w — 2)pt(z,i, z)p~(z,if, w)

dw dz d¢' dy,

and estimate
|D1| < C’I((S;e|:1j - i|6a
by the estimations of Lemma .10} Also,

1z —y|°

|D2| SCK&E/ ndySCKJ;e‘x_jPa

Br @) (17 =¥+ z0 + yn)
again by Lemma .10 and using that z,, > Z,.
The term Cj is estimated exactly as the term Bs. This finishes the estimation
of the term A.
For the estimation of the term B, we write

B = - (9(y) — g(f))ne(y)/ei(i"y')'f’(@(%y,f’) —U(z,y,£")) d'dy
0@ [ nt) [ W, €) 0. €) dely
RY
= By + g(z) Bs,
and
Ei=F1 + Iy,
where

F1:/
R

(9(y) = 9(2))ne(y) / e /w(»s/) /ws’)

efynzeaznw(p(x’ ’Lf/, U)) _ p(:i, ifl7 ,w))
a(y)(w — 2)pt(y, &, 2)p~ (y,i&’, w)

n
+

dw dz d¢' dy
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and

Fg:/
R

(9(y) = 9(@))ne(y) / e L*(&’) /7(5/)

efynz(e:vnw _ ei’nw)p(g—c’ 7:6/, U))

n
+

. J dw dz d¢' dy.
a(y)(w - z)p+(y715/7z)p_(yﬂ§/7w) € y
We have
|Fi| < CKs.elgllT — ml6/n (y) z " dy < CKse[gl|z — =’
- N~y F g Fy)n T

since x,, > z,. Next, write
F, =Gy — Ga + Gs,

where

G :/ (9(y) *g(f))ne(y)/ei(f,*y,)'il/ /
B @) (e Sy (€)

e Ynzen (p(z, i, w) — py, i€, w))

- - dw dz d¢' dy,
a(y)(w = 2)p* (3,3€, 2)p= (9,6, w) ~dy
Go = / (9(y) — 9(@))me(y) / el =v)E / /
B () yHE) Sy ()
eV (p(, i w) — ply, it w)) ,
. - dwdz d€' dy,
a(y)(w - Z)p+(y7 ’Lg/a Z)p_ (y7 ’L§/7 w)
and
Go= [ o) -g@m) [eene [ ]
RZ\BJ (¢) () Sy (&)
—YnZ (pTpW _ oTpW 7oLl
€ (e € )p(f7 Zé‘ 7w) dw dZ dgldy7

a(y) (U} - Z)p+ (yv iflv Z)p (ya i£l7 U])
and we estimate, using Lemma

Gl SCK&GQ/ —
| | [] B;r(i) (|x/7y/|+xn+yn)n

|z —yl°

dy < CKs.[g]|7 — x|6

since x,, > T,. In exactly the same way we get

|Ga| < CKyielgl|z — a°
and
|z -yl

Gs SCKg;Eg T —x — —
| l []' | Ri\B;’(;ﬁ) (|x/_yl|+mn_|_yn)n+l

dy < CKs.lg]|z — m|‘5.

As for E5, we proceed in a similar fashion:

E; = Hy + Ho,
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i foene [
(&) Sy (&)

e—ynzeznw(p(x’ié-/7w) —p({f/if/,’U)) /
- - dw dz d€'dy
a(y) (U) - Z)p+ (ya Z£l7 Z)p_ (ya 25,7 UJ)
and
e [ i [ens [
Ry yH(E) Sy (&)
eI (e — T (3, i€ w) ,
- - dw dz d€'dy.
a(y)(w — 2)p*(y,i&’, 2)p~ (y, i€’ w)
We have
Hy = Jy + Jy,
where
5= [t [ [
R v Jy=(en
e UnZemn (p(x, i€, w) — p(x, i€, w) )
dwdzd€'d
a(j)(w - Z)p+(j7i€/7 Z)pi(jvif/uw) e f Y
and
Ja= [ ) [ x gy,
R
with

w—z

xo [ el piu)
v+ (€0 Sy

1 1
<a(y)p+(y7i§’,2)p(yyif/,w) a(@)pt(z,i€', 2)p= (Z,i€, w)
We have

X

) dw dz d€¢' dy.

|J1| < CKs..|z — z°.

Using the argument at the beginning of the proof of Lemma[f.9]and using Lemma[4-§]
we have

[ 2] < 066K§;6|§c —z|° < CKs. oz — z|°.
Finally, write

Hy, = Ky + Ky + K3,
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where

K, :/ ﬁﬁ(y)/ei(i/*y/)f// /
B (2) yH(E) Sy (&)

e InFetn® (p(Z, i€, w) — p(y,if’ w))
a(y)( - Z)er(yv 7’5/ ) yv Zg/ )

KQ:/Bj(i)ne(y)/“”‘ L+ /

eV Fet v (p(z, i€, w) (y,ZE’ w))
CL(y)( - Z)er(ya Zfl ya Zgl )

0 [ [
Ri\Bﬂr) yH(ED) Sy (&)

e vnE (e — e ) (p(@, i, w) — p(y, i€, w))
a(y)( _Z)p—’_(yvlflu ) (y77’§ 7’[1})

dw dz d€¢' dy.

dw dz d¢' dy.

dw dz d€' dy.
Note that

- s
|K1|,|K2\§CK5;E/ 1z =y

(&) (12" = y'[ + &y + yn)™

< CKs. |7 — z|°

and
jz —yl°
RI\B; (2) (17 = ¢'| + ZTn + yn)" T~
This finishes the proof that
[F(gne)ls.pr < CKsie

The proof that |F'(gne)|o.g+ < CKsielglo. g+ is straightforward and we omit it. [

|K5| < CKsie|lz — | < OKjs. |z — z|°.

We also have

Lemma 4.15. The function
u:=H(gn.) € C*"*(BY).
Proof. One shows using Lemmas [£.9) and [.10] that for a # 2me,,, we have D%u €
C2m+6 ( B€+ )
Then observe that

() TR0 S @)D" H (g (@) + L(H (g10)(@),

a#2men,

which is a sum of two functions in C°(B}) by Theoremm
Since a > X and a € C°(BJ), the result follows. O

In order to analyze the boundary values we need two lemmas.

Lemma 4.16. For k=0,...,m — 1, we have

wk —2miz
/ — dw = —— -
(&) P~ (y, i€ w)(w — z) p~(y, i€, 2)
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Proof. Let Cr denote the circle of radius R centered at the origin parametrized
counterclockwise. Let Cp denote the closed contour which is the part of Cr on
the left half plane followed by the vertical segment joining —iR with ¢R and let
CE denote the closed contour which is the vertical segment joining iR with —iR
followed by the part of C'r on the right half plane.

For £k =0,...,m — 1 we have that for large enough R,

k
w
- dw = 0.
L romams
Hence,

wk w*
dw = d
[Y(E/) p*(y,zg’,w)(w—z) v /CR pi(yﬂ;glvw)(w_z) v

wk —2mizk
= - — dw = ————,
o P (y, i€ w)(w — z) p~(y,i¢, 2)
where the last equality follows from Cauchy’s formula. O

Lemma 4.17. Let r > 0 and assume y, > and 0 <z, < 5. Then for any k and
2m + 2l — k > n + 2 we have

o [ ()

k
_ / (i) € / eI e dz d.
V() Py, 88 2)

Proof. Write
S N el _Zk
/em —y)€ / elmnmvn)s = g e’
(€ p(yaZ§ »Z)

i e ()

k
_ i(r'fy')‘fl/ (@n—yn)e_ % 4 e’
e e ; z
/ () p(y, i€, 2)
/ k
_ i(z'—y').¢ 5)/ (mnfyn)z;d de’
e p e . zdg
/ (R () p(y,i€’, 2)
I ’ 5/ _ 7Zk 7
+/ez<z ym@( O M AR A
R ,Y+(§/) p(yvlglaz)
Tn—Yn)i€n (4 k
_/ e“w’—y”‘"@(g) / AT g a
R) J-w p(y,i&,i&)
/ 0 (T —Yn)in (7 k
ite' )€ [ & € (6n)” g ae’
+/e “"(R) /_oo Py i) o ®
eE=1)E (€ Voo () oS
_/ (S)so(R)so(R)df,dfn
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ei(zfy)f(ign)kgp(%)ga(%) ,
+f P(y,70) e e

_ 1 i(x—y).£ —_A l ( (an)k ) d
o — y[2 /e CAd G )
=A+B+C+H+ D.

We show that given e > 0, we can choose R > R > 1 to make each term smaller
than e.
We have

A< C —rle l)dél.
|§'|=R

By a simple change of contour we see
N / _ ok 0 L (Tn—Yn)in (i€ )k
B= /ez(oc -y (é) / e(Tn—yn)z Z dx _/ e.—.'nd N ae
AR\ Lo p(y, i€, 2) e P )%
=0

and we estimate C' as follows:

1 n
1o g/ / ] dg,de < T
lerl<2Rr Jigal=R (14 [€'] + [&nl) R

To estimate D, first set B(R, R) := {¢: |¢| < R, |€.] < R}.

oo oo (55 - (5)5)
P B ) ()6

[yI+18]=2L,|v[=1
=D+ Ds.

We have

1 1 1
Dy <—1 / . g<O-
DS TR sy T 2o R

and
1 C 1
Do < — = e
|z — y[? |w|+|ﬁ¥2hlwl>1 7 JBer2r\B(R,R) (1 + |€])2m+IBI=k
Rn+1—2m+k C
< CT < R’

where we have used that R> R >1and 20 >n+2—2m + k.
To finish the proof, we choose R > 1 large enough depending on € and r to make
|A], |D| < € and then choose R > R, to make |C| < e. O

We will use the previous two lemmas to prove
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Lemma 4.18. Given g € C%(BY), we define for x € Bt the function

u(z) = N (gne)(x) — H(gne) ().

Then
OFu(z’,0) 0
oxk
fork=0,....,m—1.
Proof. Fix r > 0. Let 0 < z,, < 5 and write
etx—y).§
OFu(x xy) 90( ) (i€n)"
Z o) |y . déd
Dk Rgnoo/in (y)g(y)/ TS §dy

B i(z/*y/)f/ L
(y)gly /6 / '
/ , et ) P )

emnwwk:
_ dw dz d€'dy
/y € ( - Z)p(y72§/aw)

_(hm/ )/
R=eo JRyn{yn<r} RN {yn<r}
+ 1im/ —/
Ri—o0 RY {yn>r} Ry {yn>r}

= FEo(r,zn) + E1(r, z,).

It follows from Lemmas and [£.8 that for some C' independent of z, we have
|Eo(r, 25)| < Chr.

Next, we claim
|E1(r,z,)| < Caxy.

We have, using the same argument as in Lemma [3.4] that

e p(5) i)
lim ne(y)g(y / :
R—o0 R} N{yn>r} ( ) ( ) p(y,zf)

_ _ 1 i€ (_ ALY < (i€n)" )
~/Riﬁ{yn>r} ne(y)g(y)Ix*ylzl /e (=8¢ p(y, i€) edy

k
=/ ne(y)g(y)/e“‘"” RN / elon=im)i o dz dg'dy,
R {yn>r} (&) (ya f )
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where the last equality is by Lemma [{.17] Hence,
k
o N el —Z
By(r,a,) = / 1e(y)9(y) / el v / elonmum)? ————— dzd¢'dy
" IR ngsn ) p(y, i€’ z)

1 i(a —y').E
-5 ne(y)g(y)/e( v

27TZ Riﬁ{yn>r}

/ e~ YnZ / exnwwk dwd dé./d
~t+(&) a(y)p+(y77’£/7z) ¥ (&) (w - Z)p(yﬂ’é-/?w) Y

Rewrite
—E(ryz,) =A+ B+ C,
where

(e(zn*yn)z — efynz)z

k
A= / 1e(y)g(y) / ell@—v)-¢ / : dz de'dy,
RY " {yn>r} ~y+(€) p(y,2€/72’)

1 co 4l ’
B=— ne(y)g(y)/ff’(“’ )4
Tt JR7 N {yn>r}
e Yn® / (e*n 1Hw” ,
S — : dw dz d€' dy
/wg) a(y)pt(y, i€, 2) Jy-(y P~ (y, 1§, w)(w — 2)
and
C= ne()9(y) / ¢ € Q de'dy,
Riﬁ{yn>r}
where

—Ynz k
Q = / # dz
(&) p(y,%§ 72)

1 e YnZ wk
+ 7/ - / - dwdz.
2mi ~H (&) a(y)er (yv i€, Z) v P (yv i, w)(w - Z)
Using Lemma [£.8] it is easy to see that

—r(+]g'D

|Al, |B| < Cxne™ 4

and using Lemma [{.16] we have @ = 0 and hence C' = 0. Thus, the claim follows
and the proof of the lemma is complete. O

)

We are now ready to prove the main theorem of this section.

Theorem 4.19. Let the operator L satisfy (2.3), (2.1) and (2.2). In addition
assume that (2.7) holds. Then there exists € > 0 depending on Ko and X\ so that
given f € CO(BJ), there exists u € C*"9(B}) such that Lu = f in B‘g and u

’ m—1 ’
satisfies the m boundary conditions, u(z',0) =0, w =0,..., 20 w0

Let the operator L satisfy (2.3), (2.1) and (2.2). In addition assume that 12.7)
holds. Then there exists € > 0 depending on Ko and X so that given f € C°(BF),
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there exists u € C?™+°(BXF) such that Lu = f in Bg and u satisfies the m boundary

conditions, u(x’,0) = 0,

du(z’,0) O™ tu(z’,0)
W —_ O} IR W —_ O.

Proof. Define

T(g)(z) = L(N(g)(z) — H(g)(z)) — g(=).

For g € C°(BY)), it follows by Theorem and Theorem that

1T (gne)ls,pr < CKse

9|5;B€+~

For € to be chosen, define the sequence g € C°(B)) by

go=f and gg+1 = f —T(gxne)

Note that

lgk+1 — gk|5;Bj =[T((gx — .9/@—1)776)|6;B:r
< OK(;,e'gk - gk—lué;Bj
< CeﬂﬂSKﬁ,emk - 9k71||5;33'

Choosing € small enough so that Ce® 9K g,c < 1, by the contraction mapping
theorem we can conclude that there exists g € C?(BZ)) such that g = f — T'(gne).

in

This means that g(1 —n.) = f — (L(N(gne) — H(gn.))) in B}. And hence,
f=L(N(gne) — H(gne))
BY.
5
Let u= N(gn.) — H(gne) in B;r Then u satisfies the conclusion of the theorem.
U
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