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§ L Let X be a Banach space, and B(X) the Banach algebra of all 

bounded linear operators in X . The closed two sided ideáis of B(X) 

(actually, of OMt/ Banach algebra) form a complete lattice L(X). Aside 

from very concrete cases, L(X) has not yet been determined; for inst- 

ance, when X = ? ^p < , L(X) is a chain (i.e., totally order-

ed) with three elements : (0) , B(X) and the ideal C(X) of compact

operators (see (3)). On the other hand, it is known ((2), 5.23) that 

for X = IjP, 1 < p < °° , the lattice L(X) is rtoA a chain. A treat- 

ment for X a Hilbert space of arbitrary dimensión can be found in (4). 

We aim to exhibit here a Banach space X such that L(X) is both 

"long" and "wide".

Precisely, we have:

PROPOSITION: T'te^e exAóts o. Bo.Moe't 4po.ee x A'ie p^ope^tceó:

x 4epoAo.Me, AAorneAítc Ató x* , ond

?te^extue;

//) Aó po44^Me A) <M4Aga o cfoóecf Acó 4/deoí ZtfeítC 

a(F) C B(x) ío eocíi ^/nAte 4e^t o^ poóZAéve ^M^tegcAó 

F , /a AcLc't o. n'Oí/ Atoct tíre Mpptug F------- > a(F) As

/njectíue oací ¿ncfttóAm p?te4eAv/ag Za boA?. d/A.ect- 

¿oaa: FCC ^^oadoatg/^ a(F]CJ a(G).

The example is described below, in § 3.

§2. In the sequel, all Banach spaces are Ae/tí (the complex case 

can be dealt with similarly). If X, Y are Banach spaces, m(Y,X) 

denotes the set of operators T e B(X) that can be factorized through 

Y , i.e., such that T = SQ for suitable bounded linear operators 

Q : X ------- > Y, S : Y ------- > X . If Y is isomorphic (as a Banach space)

to its square Y * y ( x means cartesian product), then (see (6), 

Prop.1.2 or (2), Th.5.13) m(Y,X) is a two sided ideal of B(X) .
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a(Y,X) will denote the (uniform) closure of M(Y,X); thus, if Y 

is isomorphic to Y * y, a(Y,X) is a CÍOAed -ÍH70 Aíded ídeoí of B(X).

In all that follows, AubApo.ce means closed lineal subspace; a 

subspace Y of a Banach space X is compíemeníed if X = Y + Z for 

some subspace Z satisfying xHz = {0} .

We shall need the following generalization of Th.5.20, in (2).

LEMMA 1: Leí x be o Bo.noch Apoce, o.ud Y o. compíemeníed 4ubApo.ce

0^ X , Í4Otw Aphí C ¿tó Acocee Y X Y . Then, ¡jOA Hit OA-

bííAuAí/ Buno.eh Apoce Z , íhe ^oííoufíng c<md¿t¿0HA oAe equí- 

voíení?

í) m(Y,X)Ca(Z,x)

tí) Y ÍA ÍAomoAphíc ío o coMpíemeníed Au.bApo.ee o^ z .

Proof: Let P e B(X) be a projection on Y (i.e., P^ = P , PX = Y),

I : Y ------- > Y the identity and J : Y ------- > X the canonical inject-

ion; it is clear that P e m(Y,X) . Let e be a positive real number 

such that e[)P¡) < 1 . Suppose now that m(Y,X)(^a(Z,X) . There ex- 

ist thus S : Z ------- > X , Q : X ------- > Z such that [ [P - SQ¡¡<e.

Consider the operator U e B(Y) defined by U = I - PSQJ ; since I = 

PJ , we see that U = PJ - PSQJ = P(P - SQ)J , and therefore

[)U][ < ]]P[) l]P - SQ[] ]]J[[ < ¡]P][ e < 1 .

Henee PSQJ : Y ------- > Y is CHveAtíbíe, that is, there exists TeB(Y)

such that I = TPSQJ = VW , where V = TPS : Z ------- > Y and W =

Qj ; y ------- > Z . This means that I e m(Z,Y) , and from (6), Lemme 1.1

(or (2), 5.12), we conclude that Y is isomorphic to a complemented 

subspace of Z , as desired. The converse is obvious: if y' is a comple

mentad subspace of Z , then m(Y,X) = m(Y',X)(2 m(Z,X)(^ a(Z,X) .

LEMMA 2: ÁAAume íhoí X, Y^, Y^,...,Y^ OAe Bo.HO.ch. Apo.ceA Auch. íhoí

Yj ÍA ÁAOWOAphícíO Yj x y^. ^OA j = l,2,...,n.

Then m(Y^,x) + m(Y^,x) +...+ m(Y^,x) = m(Y^ x...x y^,x) .

Au.bApo.ee
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Proof: An inductive argument reduces the proof to the case n = 2 , 

which is disposed of as follows. Since and Yp are (isomorphic

te) complemented subspaces of x , it is clear that m(Y^,X)(l 

ül(Y^ x Yp, X) and m(Yp,X)C x Yp, X) , whence

m(Y^,x)+m(Y^,x)^m(Y^xY^, x) .

Conversely, if T = SQ e H)(Y^ x Yp, X) , where S : Y^ x y^ ------- > X

and Q : X------- > Y^ x Yp with Q(x) = (Q^tx), Qp(x)) , thenwe define

: Yi ------- > X , Sp : Yp ------- > X as

Si(y) = S(y,O) , Sp(y) = S(0,y) ;

finally, let Ti, Tp e B(X) be the operators Ti = S1Q1 , Tp = SpQp . 

Clearly Ti + Tp = T with T^ e m(Y^,X) , j = 1,2, and therefore 

T e m(Yi,X) + m(Yp,X) ; the lemma follows.

Also, from (6), Lemme 1.1 (or (2), 5.12) and (1), Th.7,p.2O5, 

weobtain that for p / q , p >^1 , q^ 1 , the ideal ^P)

is not the whole of B(^P) . Since the ideal C(^P) of compact oper- 

ator is the largest proper two sided ideal of B(^) (see (3)), it 

follows that:

LEMMA 3. 1% p,q^l , p / q , -íAett m(j^,^P)(ZC(íP) 

§ 3 Let P be a countable set of real numbers p >, 1 ; define Y

as the product Y = Hf^P; p e P} , where ¿P is the ordinary (real)

sequence space. We denote by the norm of an element x e ^P ,

for all p . Consider now the set Í(P)

if

P} Y such that

is finite). It

e P)

of all families {x^ E ^P ;

< °° (this is always the case,

Y and that the norm

P e

P

E

able Banach space; if 

that for each subset QCP , the space -&(Q.) can be identified to a



complemented subspace of -C(P) . Moreover, ^(P) is always isomorphic 

to its square ^C(P) x ^(P) (see for instance (5), Prop.3,b). The dual 

(Í(P))* of <C(P) can be identified to Í(P*) , where P^ is the set 

of conjugates p^ of elements p e P , i e., ^/p + 1/p* = 1 . In part

icular, if 1 ¿ P , then <E(P) is and furthermore, if P = P* ,

then ^(P) is to its dual. Therefore, such ^(P) satisfy

condition in the Proposition above.

Let P be a numbe/ró p > 1

ALte^i P = P* , and let X denote the space X = ¿(P) . For each

finite subset F O? P , let a(F) B(X) be the ideal a(F) = a(^(F),X). 

Since <¿(F) is (isomorphic to) a complemented subspace of <¿(G) , when- 

ever F^_ G it is clear (Lemma 1) that the mapping F ------- > a(F) is

inclusión preserving. On the other hand, suppose that a(F) a(G) , or, 

equivalently, m(^(F),X)^^a(^(G),X) .

By Lemma 2, this inequality is equivalent to:

m(<&P,x) a(-¿(G),x) , for all p e F .

Lemma 1 applies, and we conclude that for p e F, is isomorphic to

a complemented subspace of <¿(G) . By (6), Lemma 1.1 (or (2), 5.12) 

this amounts to

mC¿(G), íP) = B(^P) .

But, again from Lemma 2,

m(^(G),^P) = 2 { n(^, ^P) ; q e G } .

Now, if p % G , from Lemma 3 follows that m(^, ^P) C_ C(^P) for all 

q e G , or B(-¿P) = m(-¿(G), ^P)^C(fP) , absurd. Then p e G for all 

p e F , and this means that F G . Therefore it was shown that F (X G 

-¿^ úbtd a(F) a(G) . This implies that F ------- > a(F) is one-

to-one, and the Proposition is probed.
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