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§ 7. Let X be a Banach space, éhd B(X) the Banach algebra of all
bounded linear operators in X . The closed two sided ideals of B(X)
(actually, of amy Banach algebra) form a complete lattice L(X). Aside
from very concrete cases, L(X) has not yet been determined; for inst-
ance, when X = £P, 1 <p <o, L(X) is a chain (i.e., totally order-
ecd) with three elements : {0} , B(X) and the ideal C(X) of compact
operators (see (3)). On the other hand, it is known ((2), 5.23) that
for X = LP », 1 <p <o, the lattice L(X) is notf a chain. A treat-
ment for X a Hilbert space of arbitrary dimension can be found in (4).
We aim to exhibit here a Banach space X such that L(X) is both
"long" and "wide".
Precisely, we have:
PROPOSITION: There exists a neal Banaci space X with the propenties:
L) X 45 separable, Lfsometrnic to Ats dual X% , and‘
neflexive;
L) ALt 48 possible to assign a closed two sided Ldeal
a(F) C B(X) o each finite set of bobbtéve Lntegens

> alF) 4»

F, 4n such a way that the wapping F
Lnfective and inclusfon preserving in both dinect-
Lons: FCG 4if and onky 44 alF) C al6).

The example is described below, in § 3.

§ 2. In the sequel, all Banach spaces are #eal (the complex case
can be dealt with similarly). If X, Y are Banach spaces, m(Y,X)
denotes the set of operators T e B(X) that can be factorized through
Y , i.e., such that T = SQ for suitable bounded linear oberators

> X . If Y is isomorphic (as a Banach space)

Q : X > Y, S : Y
to its square Y x Y ( x means cartesian product), then (see (6),

Prop.1.2 or (2), Th.5.13) m(Y,X) is a two sided ideal of B(X) .



a{Y,X) will denote the (uniform) closure of (Y,X); thus, if Y
is isomorphic to Y x Y, a(Y,X) is a cfosed iwo sLded Ldeal of B(X).
In all that follows, subspace means closed lineal subspace; a
subspace Y of a Banach space X is complemented if X = Y + Z for
some subspace Z satisfying xMz = {0}
We shall need the following generalization of Th.5.20, in (2).
LEMMA 1: Let X be a Banach spcce, and Y a comolemented subspace
of X, Lsomorphic to L£5 square Y x Y . Then, for an ar-
bitharny Banach space 7 , the gollowing conditions are equi-
valent:
£ m(Y,X) C a(z,x)
L)Y A4s Lsomonphic Lo a complemented subspace of Z .
Proof: Let P e B(X) be a projectionon Y (i.e., P2 =P , PX = Y),

I:Y

> Y the identity and J : Y

> X the canonical inject-
ion; it is clear that P e m(Y,X) . Let € be a positive real number
such that ¢||P|| < 1 . Suppose now that m(Y,X)(C a(Zz,X) . There ex-

ist thus S : Z

>X, Q: X > 7 such that ||P - sQ||<e.
Consider the operator U e B(Y) defined by U =1 - PSQJ ; since I =
PJ , we see that U = PJ - PSQJ = P(P - SQ)J ., and therefore

Holl < Hell [ - sall [lall < [Ipl] e <1

Hence PSQJ : Y > Y is dnventiblfe, that is, there exists TeB(Y)

such that I = TPSQJ = VW , where V = TPS : Z > Y and W =

Ql * Y

> Z . This means that I € m(Z,Y) , and from (6), Lemme 1.1
(or (2), 5.12), we conclude that Y is isomorphic to a complemented
subspace of Z , as desired. The converse is obvious: if y' is a comple-
mented subspace of Z , then m(Y,X) = m(Y',X)C m(z,X) a(z,X) .

LEMMA 2: Assume that X, Y

Y Y are Banach spaces such that

12 220
Yj L8 Lsomorphic Lo Yj x Yj for 3
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Then m(Yl,x) + m(YQ,x) +oo.t m(Yn,x) m(Y1 XouoX Yn,X) .


Au.bApo.ee

Proof: An inductive argument reduces the proof to the case n = 2 ,

which is disposed of as follows. Since Y1 and Y, are (isomorphic

to) complemented subspaces of Y, x Y, it is clear that m(Yl,X)(:

1

m(Y1 xY,, X) and m(YZ’X)C: m(Y1 X Y., X) , whence

2’

m(Y,,X) + m(Y,,X) Cm(Yl xY,, X) .
Conversely, if T = SQ ¢ m(Y1 x Y2, X) , where S : Y1 x Y2 > X
and Q : X > Y, x ¥, with Q(x) = (Ql(x), Q2(x)) , then we define
51 : Y1 > X 82 t Y2 > X as

Si(y) = S(y,0) , SQ(y) = S(0,y)
finally, let Tl’ T2 e B(X) be the operators T1 = SlQi » Ty = 82Q2 .
Clearly T1 + T2 = T with Tj € m(Yj,X) , 3 =1,2, and therefore

T e m(Yl’X) + m(Yz,X) ; the lemma follows.

Also, from (6), Lemme 1.I (or (2), 5.12) and (1), Th.7,p.205,
we obtain that for p#q, p>1, gq2>1, the ideal m(£, £2)
is not the whole of B(£P) . Since the ideal c(£P) of compact oper-
ator is the largest proper two sided ideal of B(£P) (see (3)), it
follows that:

LEMMA 3. 1§ p,q21, p#4q ., then mLLP) CceP)

§ 3. Let P be a countable set of recal numbers p > 1 ; define Y
as the product Y = H{Kp; p € P} , where £P  is the ordinary (real)
sequence space. We denote by |x[ the norm of an element x e £° )
for all p . Consider now the set £(P) of all families {xp e £P

p e P} € Y such that z {prlz, P € P} < » (this is always the case,
if P is finite). It can be seen that #£(P) is a linear subspace of
Y and that the norm lI{xp}[l = () :xplz)l/2 makes £(P) a separ-
able Banach space; if P is finite, A£(P) = H{Kp; p € P}. It is clear

that for each subset QCP , the space £(Q) can be identified to a



complemented subspace of £(P) . Moreover, £(P) is always isomorphic
to its square AL(P) x £(P) (see for instance (5), Prop.3,b). The dual
(L(P))* of 4£(P) can be identified to L(P*) , where P#* is the set
of conjugates p* of elements pe P , ie., !/p + 1/p* =1 . In part-
icular, if 1 ¢ P , then £(P) is xeffexdive, and furthermore, if P = P* |
then £(P) is .{sometric to its dual. Therefore, such £(P) satisfy
condition £) in the Proposition above.

Let P be a {fixed countably Linfinite set of real numbdbers p > 1
such that P = P* , and let X denote the space X = £(P) . For each
finite subset F (C P , let a(F) € B(X) be the ideal a(F) = a(L(F),X).

Since 4£(F) is (isomorphic to) a complemented subspace of 4£(G) , when-

ever f:QEL G it is clear (Lemma 1) that the mapping F > a(F) is
inclusion preserving. On the other hand, suppose that a(F) & a(G) , or,
equivalently, m(L(F),X) € a(L(G),X)

By Lemma 2, this inequality is equivalent to:
m(£,x) C a(L(6),x) , for all peF .

Lemma 1 applies, and we conclude that for p e F, £ is isomorphic to
a complemented subspace of 4£(G) . By (6), Lemma 1.I (or (2), 5.12)

this amounts to
mL(G), £%) = BWP)
But, again from Lemma 2,
m(),ef) = 7 {md, £ ; qeG}

Now, if p ¢ G, from Lemma 3 follows that m(£%, £P) E;_C(ZP) for all
qe G, or BUP) = m(G), Ep)g;zc(ﬂp) , absurd. Then p € G for all
p e F, and this means that F {C G . Therefore it was shown that F C G

if and onky £f a(F) & a(G) . This implies that F > a(F) is one-

to-one, and the Proposition is probed.
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