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FOREWORD

In the present work and starting from numerical or graphical tidal

records, a new method for the analysis of tidal waves is developed.
Owing to the modern technology facilities, continuous and authomatic

tidal records are available all the time.
The filtering method proposed permits eliminate tidal components one

by one, in an absolute form; thereof the name of "absolute filtering”.
From the complete theory developed and the numerical example of its
application given in this work, three important facts can be drawn out:

a) Short-period tidal records can be used; b)the tidal record can have

discontinuities, and c¢) a linear drift is authomatically eliminated throughout

computations.
To apply the method we have worked on a theoretical tidal wave special

ly computed for La Plata latitude, at the place where our Astronomical Ob-

servatory is located.
It might be argued that the numerical computation has been made on a

noiseless tidal wave;but this is justly necessary if we want to prove the

method and bring out its possibilities.
The number of tidal components which is possible to separate from the ti-

dal record, can be as many as the analyst wants to. The limit is given by
the lenght of the tidal record; while the number ( n) of tidal components
to separate increases arithmetically, the number of the positions to read on

the record increases geometrically as 2"
In the BLOCK DIAGRAM we assume to have four tidal constituents,

'p], P,r Py and P, - whose periods Ty , T, , Ty and T, are known
in advance,

For the sake of our explanation, we have represented every wave by means
of an ellipse. The size of the ellipse has nothing to do neither with the semi -
amplitude nor with the period of the wave. It is just a sketch to show a
process. Every pair of like ellipses is separated by a full period T. The written
positions from ]] to [8] are those where the reading of ordinates have
been performed on the tidal record.

For the wave P, there are eight ellipses; for the wave P, there are
four ellipses, every one involving two positions of p . For the wave Py
there are two ellipses, involving eqch one two ellipses of p,and in turn
four positions of p . For the wave pwe have only one ellipse and its filter-
ing is not possible, so that p, is an independent tidal component which can

be solved.
Observe the BLOCK DIAGRAM and pay attention to the right side of it.

If we subtract the positions ([2] - [l]) , ([4]-[3] ), | 6_] - [5]) ,
and ([8:] -[7J ) , the wave p, is filtered because every pair of the
positions above are separated by a full period T, . If we subtracted either
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([41-[3]) - @3] -[4]-[31-[2]+01], o
([e]-[7]) - (6]-L5) =[8]-[7]-[6]+[5]now the wave p,
is filﬁered ti:eccjuse[fh]e sgm{ofions[are ext:lcf:lly [Tz:l. l\[lexj, if we subtract-
ed ([8]-Lz]-[6]+ 5D - ([4]-L3]-[2]+[1D =
[8]-[?] - [6J+[5] -[4] +E3J]+[2] -[-_1__] the wave Ppj is now
filtered, because the position of the former two block positions is exactly
T3,

The wave p, remains alone, and can be solved by using the positions
in the following manner:

[8]-[7]-[6]+[5]-L4]+[3]+[2]-01] (a)

The solution of P, is one and only one, whatever the order of filter-
ing we have chosen,

In fact: suppose that we want to perform the filtering of the three
former tidal waves, but this time in the order P3/ Py Py Now pay
attention to the left side of the BLOCK DIAGRAM, It is easy to see that
if we subtract. the following pair of positions, ([8] - [4]) , ([ 7] -[3])
([6] - [2]) and ([5] -[ ]:l ), the wave Pyis fully filtered because

each pair of positions, as shown above, is separated by a full period Tj3

Next, if we subtract either the positions ([: 8_] -[ 4_]) - ([6 J- [2_] ) =

[8]-[4]-Le]+[2]or (7 ]-L 3D - [s]-[1D =[7]-[3]-[5]{1]
we have two blocks separated, in both cases, by a full period T,.

This means that if we subtracted both blocks of positions, the wave p
L ] [ ] 2
is fully filtered. Then

(8 FL4]-Le]+L2]) - (7]-L3]-[s1+[1]) -
[8]-[4]-Lel+L2]-[7]+L3]+[s]-[1]

which can be ordered as follows:
Le]-[7]-Le6]1+[s1-[4]+[3]+(2]-01] (b)

This ordainment to solve the wave p, is exactly the same as the former
one (a). Of course the wave p  has been absolutely filtered, because each
pair of positions shown in (b)), say (8-7), - (6-5), - (4-3) and (2-1)
is separated precisely by Ty . By the text the reader can learn the easy’
way of using all the posibilities. -

In the treatment of the problem, we have shown that the same ordain-
ment is repeated once and again. The BLOCK DIAGRAM looks like a

VENN diagram within the Groups' Theory, and at some extent it is an
application of it, |

To perform the computations to obtain the quick results here presented,

we have used a small programming desk computer Hewlet-Packard 9820, with

mathematical and trigonometric functions and a memory storage capacity up
to 450 entrances,



Vi

The author owes gratitude and recognition to the geophysicist Lic.
Graciela Font de Affolter for her help in preparing this publication and
for the many previous computations performed on different type of
schemes until the understandable application of the system was catched
on.,

| am also indebted to our draftman Mr, Alejandro José Mateo who

wrote by hand all the formulas and drawings of this book with a patience
proper of a Lamaist monk.

JOSE MATEO

Head of Gravity and Earth Tides
Working Group



BASIC NOTATIONS

n

cos Wt orZCOS W [HnAt], (Sec. 51).

0
a in a reiterated filtering scheme,

General form of a
Either a codd or a sen 29
a' in a reiterated filtering scheme.

General form of a'.

R cos&{)

General form of A
| D

sen Wt orZSen uJ[t+nAt], Sec. 51).

0
b in a reiterated filtering scheme,

General form of b

Either b cos ¥ or b sen 28
b' in a reiterated filtering scheme.
General form of b'.

R sen({)

General form of B,

Mean coefficient of a tidal component wave.

Actual coefficient of a tidal component wave.

Node factor.

Ordinate from the u-u axis to any particular wave

1

Pi

Vil
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Height of the tide, Eq. 53.

Any particular tidal component wave.

Real ordinate from the v-v axis to any wave P
Ordinate from the u-u axis to the total tidal wave Qj
Real ordinate from the v-v axis to the total tidal wave Q

n
Either q, or un
1

Q in a reiterated filtering scheme,

A computed value, equal to Q +ZPi , (Eq.65).

Q in a reiterated or different filtering scheme.

The total tidal wave.

Ratio RSun/RMoon = 0.46
(A2 + 82)1/2

Actual semiamplitude of a tidal component wave

General form of R

I
-h
=

Mean semiamplitude of a tidal component wave:
Time reckoned on a record from anarbitrary origin.
Time span where equally separeted ordinates are read.

Hour angle

A semidiurnal tidal wave which cannot be separated from a tidal
wave, unless used particular method. (Sec. 52).

Time separation between the original and reiterated filtering scheme
Period of a tidal wave P.
Period of a solar tidal wave,

Period of a lunar tidal wave.



U=uv

IX

Arbitrary axis on a record, supposed parallel to the v-v axis.
Real axis of all the tidal waves.

An u-u axis following a linear instrumental drift. (Fig. 6)
The v-v axis following a linear instrumental drift. (Fig.6)
A fictitious wave, not used in this work (Sec.52)

Distance between u-u and v-v axes.

»

Right ascention,

Declination.

Sun declination,

Moon declination,

Real distance of the celestial body (moon, sun).

Mean distance of the celestial body.

"Actual" mean distance of the celestial body.

Summation sign.

Initial phase angle, corresponding at =0
General form of ¢

Station latitude.

Hourly speed of a tidal wave.

General form of .

Hourly speed of the Sun,

Hourly speed of the Moon.

Difference.



Aa
Ab
AQ
AP
At

AajAj - Ab;B; (See Sec. 66, Eq. 64)

Time space between two consecutive ordinates, whithin the interval

t,, in every single position, sqy[l],[ﬂ



A) BASIS

1. Let p. generically be one of the many tidal components of the
tidal wave Q7 , whose elongations P,  in function of the time starting
at 0 , (an arbitrary origin ), can be expressed as: (Fig. 1)

P =R; cos (w;t+§) (1)

wherein
Ri = Semiamplitude of p;

W, = —ZTTT— = Pulsation of p.

T; = Period of the pulsation
t =

(P = |nitial phase angle at 0.
|

Time reckoned from the origin 0.

FIG. 1



This equation has two unknowns, R; and (P: , so that two indepen-
dent equations of the same type must be available to evaluate them.
Equation (1) can be expanded as follows:

P;=R; cos P coswi.t-Rjsen @ senwi.t (2)

and respectively calling

a; = C0s W;.t
Ai = Rj cos . (3)
b; = sen w;.t
B: = R; sen i
equation (2) becomes
Po= a; A - b B (4)

The a; and bD; values are always known, because W, is known for
each particular tidal component,

Two independent equations as that of Eq. (4), furnish the solution of a tidal
component, A; and B; are finally solved,and from there it follows

Tg‘P;’—g;— (5)

2 2 i Bi
Riz\{A‘ * 8 = cos’:xl B senI
P ?
If the origin 0 is settled in the record on a place distant an interval of

time ¢ from the origin of the first reading on the record, then Eq. (1) beco-
mes

(6)

P - R-,cos[wi(t—ZHQpi] (1a)

and, in all the cases, the initial phase angle (P is at 0 , the position that
corresponds at the instant when t-2=0. '

2, Starting at 0 , the addition of the elongations P; within a full period
T; , fulfil the condition Ti

). Pi=0 (7)

0



Same condition comes true starting from some other arbitrary origin, as
0' , distant from 0 by an interval of time to . Therefore

Zpi=o (7a)

Both equations, (7) and (7A), introduce, as a disgression, several conse-
quences,
It can be written

T Ti+to
P
o to
to
and adding to each member the value Z P, it is attained
Ti
Ti to T+to to
LEYLRT) BT )R
o T to T
to Ti"“to
) B =) P
o Ts
whence
Ti+to to
z P; - ZP' =0 ( 8 )
T; o

Furthermore, taking into account Eq. (7), the condition expressed by Eq. (8)
is also maintained if it is written in the following form:

nTi+to to
Z P, - ZP{-‘O (BA)
nT; 0
for every n=1,2,3, 4 ...... , etc,
Equation (7), can also be expressed in this way:
Ti V2T, T;

ZPi =ZPa +ZP3 =0

o 1ol



which means

Vot Ti
Z P=-) K
o 15T,

Let us add an space of time m at the end of the upper limits of the
sums in each member. Then, on keeping the equality, it follows that

Yot Y2Ti+m Tj Ti+m
IEEEEROEENE)
° VT VT T;

YoTi+m T +m VoTi+loTi+m
), B=-) B=-) P
0 o, UoT

If it is now named

2
then to %+ to
R
o 1/2T'|
whence
to }2Ti+fo
Z P+ Z P, =20 (88)
o 1T

Taking into account Eq. (7), the latter can also be written as follows:

to —S—Ti'*to
Z P+ p =0 (8c)
(0 DT

2 |

for every odd n=1,3, 5, 7 ...... , etc,

Equations (8), (8A), (8B), (8C), afford the conditions to delineate two entirely
different systems of absolute wave's filtering, and they are the basis of the sche -
mes that will be explained in Chapters C and D, although, for the reasons gi-

ven in Sec.3l , it will be used the scheme given in Chapter C, and next a reite-
ration of itself.

As it is shown in Fig, 1, the origin 0 can be chosen at any phase P of the
wave p. , and in all the cases the written conditions are. maintained. |



(@)

3. In general, every wave P, is one of the many tidal components
of the tidal wave (7 , which is actually obtained by means of an au -
tomatic instrumental record; but what is really unknown is the actual v-v
axis, ( Fig. 1), and the more it can be done to draw out deductions is to
use (, ordinates, starting from another arbitrary u-u axis,

Let us call z the distance between both axes; from here on z will
be considered as a constant, although not necessarily. ( See Chapter | ).

In Fig. 1 it is shown that

qu_—. qv+Z

But, q,= B+B+RB +... = Z P. ,  Therefore, if equally spaced
J, ordinates are added during an interval of time ty , it is found that

to to tO
) q, = ) B+BR+B +.)+) z= 0 (9)
0] o) 0

and by calling

to
Lty = Z z (10)
o)

it follows that

to t
Y, = ) B+B+BR+.)+l, = 0 (1)
O 0

It is understood without any other reason that the value Zt, depends only

of the interval of time to , whatever the origin be, So, from some other
origin starting at time Io , it follows

To+to to
Z zZ = Z y 4 = Zto (12)
To o)

4. As it is shown in Fig, 2, let p. be, once again, one tidal compo-
nent of the tidal wave Q5.



P 4 |
Y 4 [
|
_1.(Pi4_
v v
of o
hi Z
hi
—4 to —- —— to F
u ‘ u

FIG, 2

If by starting from the origin 0 , it is performed the addition of
equally spaced h; ordinates within the interval of time to , a value
Hi will be obtained, so that

Z hi = H; (13)

Performing exactly the same, but now starting at origin 0, , which is se-
parated from 0 by one or several full periods T; , circunstances are
again repeated and evidently

) h=H (14)

Since it is always



then by expanding the Eq. (13) and (14), it follows that
to t Ti+lo Tixlo

ZP-, + zojz

I"
1]
g
+
™
N
)

T T
and by virtue of Eq. (12),
1o Ti+lo
g B = Z.: P (16)

which merely amounts  to a verification of Eq. (8)

5. In practice it is impossible to read directly the Ni ordinates, since
on the record it is only known the tidal wave (; , which at the same ti-
me is the resultant of all the P. components,

Then, the most it can be done is to read (,= (, +Z ordinates in
accordance with what was said in Sec. 2, recalling that q, is the resultant
addition of all the elongations P..

As Fig, 2 shows, during the two spaces of time 15 , starting respective-

ly at origins 0 and 0, , equations type (11) can be written,
Then

to to

Z 4, = Z (Pl + Pz +P3 + )+Zt = @, (17)
0 0

Ti+to Ti+to

) 9= ). (B 4B iR )= 0  (18)
T Ti

To filter the tidal components p. one after another, it will be necessa-

[ 2 | [ ] [ [ ]
ry to state many equations, On each one, precision increases when the number
of equally spaced ordinates within the interval of time t5 is also increased,

that is to say, when the space of time between successive ordinates becomes
smaller and smaller,

In Fig, 3, the several terms of the former equations are identified,



FIG. 3

B) ABSOLUTE FILTERING OF TIDAL COMPONENTé

6. Let p,, P,, P3.-be the several tidal components of the tidal wave

Q; , whose particular periods respectively are Ty, T, . T3... It will be
shown that it is always possible to filter, absolutely, one wave aofter another
up to a limit in which the final equation has only the elements of just one
wave, which then can be easily solved.

Attention is again called to the fact that in every case only one equation
with two unknowns is attained, ( See Sec. 1 and 19 ).

From now on, the condition expressed by Eq. (8) will be used. If T, = T,
equations (18) and (19) become

to

}; (B+ B+ B+.)+zy = G, (20)



T1+to

(B+ B +B+.)+zy, = Q, (21)
T

By subtracting the two latter equations, and taking into account what was
already shown in Sec, 4, Eq. (16), it follows that

T1+t0 to
) B+B+.) - ) (B+B+.) =0-0 (22
Ty o

which shows that the wave component p, , whose period is Ty , has
been absolutely filtered. Moreover, the term Zt, has been removed in such
a way that Eq. (22) is now automatically referred to its real own v-v axis,

It is here said that the wave component p, has been absolutely filte-
red because the origins of both terms in the first member of Eq. (22) are
exactly separated by one full period Tj.

This simple system permits to enter upon a general scheme of filtering to
eliminate, one by one, as many tidal components as it would be necessary,
stopping the process when only one tidal component remains,

7. It must be also pointed out that the filtering scheme is always valid
whether instead of one full period T; , several of them are taken. This is

true for any particular tidal component, and merely corresponds to the condi-
tion expressed by Eq. (8A) .

C) GENERAL SCHEME OF FILTERING

2, Suposse that Py, P,, P3. P,. Ps.Pg , are six tidal components of the
total tidal wave [y fFig. 4), whose respective periods Iy, To , T3, T,
Ts , Tg, have been represented, just for clearness, by different straight lines,
having each of them a lenght which can be assumed proportional to its own
period. Within the general theory, these periods are, of course, arbitrary ones,
and the further problem is to solve every wave component by knowing the ac -
tual semiamplitude R; and the initial phase angle (p. at the arbitrary ori-

gin 0 , which in turn it is also the origin of the time, either t , (Eq.1)
or t'= [t —Z], (Eq.1A).

/

9. Throughout the adding process of ordinates it will be always taken the sa-
me interval to . Thus, it should be observed that into the scheme of filtering
shown in Fig. 4, all the positions, from [1] to [32] show an equal interval



10.

of time, tq
Within the several t, intervals, in all the cases, the same number of
repeated separation of ordinates ought to be considered.

10. At the position [1] , a valve Q, is obtained, which corresponds
to the sum of chosen ordinates between the arbitrary u-u axis and the ti-
dal wave Q@ within the interval of time tg . In position [2], at the
end of a full period Ty , a value 0, is attained.

As it has been explained in Sec, 6, the difference Q,~ Q;filters the ti-
dal component P, and also removes Zto , remaining the equation referred
to the real v-v axis,

11. If a system identical fo[‘l] , [2] , is repeated as a wnole at any
position of the tidal wave record, then it filters, by subtraction, the compo-
nent wave p,.

12, Let us consider a system [3] , [4] , whose relative positions are i-
dentical with those of the system[1] ,[2] , that is now placed at the end
of a full period T, of the tidal component P, . By subtraction, this new
system filters the tidal component P, , (Sec. 11), but as both systems are
located at the beginning and end of a full period Tz , if they are sub -
tracted, a filtering of the tidal component P, also occurs., Now, two wa -
ves, [IJ1 and P, . have been filtered.

13. Another system [5] , [6] , [7] , [8] , placed at the end of a full
period T3 , whose relative positions are identical with those of the system
[1], [2]., [3], [4], by using the same method as before, also filters the
waves P, and P, . Since both systems are located at the beginning and
end of a full period T3 , the wave by will also be absolutely filtered if

both systems are subtracted. This means that now there are three tidal consti -

tuents filtered, say p ., p, » P3-

14, By an argument entirely similar, o system [9] ,[10], ,,,,,,, [1 5—_],[1 5] ,
placed at the end of a full period T, , whose relative positions are identical
with those of the system [ 1] , [2].......... [7] . [8], by oppying the same
method, also filters the wave p, , P, » P3 .

But both systems are placed at the beginning and end of o full period Ty
so that, if they are subtracted, it results that the tidal component P, is al -
so filtered. Then, four tidal constituents ( P+ Py s Py P, ) have been
eliminated.
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12,

15, Let us finally consider a system [17] ,D%] ....... [31],[32] which

is placed at the end of a full period T5 , whose relative positions are

identical with those of the system [1],[2].........[15],[16] . Following
the same arguments and methods given before, Both systems absolutely filter
the tidal waves components Py, P, , P3, P, . As both systems are

located at the beginning and end of a full period Ts , if they are subtrac
ted, the P tidal component is also filtered, and now five waves constit-
vents (P, ", P, , P3, P, . Pg) have been filtered,

6. Since the scheme on Fig. 4 shows only six tidal components, it fol-

lows that, in the final equation, only one tidal component, P - will
remain, that can be now solved as a tidal component fully independent from
all the others, We will call p. this final component.

17. Following the same method, and by quite similar arguments, it is
possible to filter as many tidal components as necessary, no matter how many
of them. However, it must be pointed out that the number of [ to be
read from the tidal record, increases geometrically with the number of tidal
components to be filtered.

18, Once the wavep,=(Pg)is known, the other waves should be solved
one by one, by going back to the equations set. Neverthless, a better meth-
od will be explained in next Chapter.

D) MATHEMATICAL DEVELOPMENT OF THE SCHEME OF FILTERING,

19. The values { =zqufo be read within the interval of time tj
are shown in Fig. 3; and the scheme of filtering follows the order shown in
Fig. 4, which has been explained in Chapter C,

For brevity of notation, the periods T; for nT; ) will be in-
dicated only by its numbers. For example

3.2.1.40 T3 +T+t,

Z (Ei) means Z (Bi)

3.2.1 T3 +T2+T,



wherein the letter T and the sign ( +) have been removed.

The initial phase angles Q. of the several tidal components are gi-
ven at an arbitrary origin 0 ' ( which can be located either inside or
outside of the tidal record ), whose position corresponds to the moment
when in equation (1) or (1A), it be either t = Oort'-.:(t -Z) =0, os it
is evident,

In position [ 1] , (Fig. 4 ), first equation is

to

Z (B+B+B+.)+Z = G (24) = (20)

o

In position [2], at the end of a full period T1 , it is
1.10

). B+B+Br.) + = 0, (25)= (21)
1

As it has been explained in Chapter B, and Sec. 4, Eq. (16), it is

to 1. to
ZR=ZR

Then, by subtracting Eq. (24) from Eq. (25), it follows

PI.to to-1
) =) | (B+B+R+.)=0,- 0 (26) = (22)
LT o

and considerations in Sec, 6 are also valid here,

The positions [3] , [4] , are placed as a whole at the end of a
full period T2 , and being identical with those of the system [1]
[2] , their equations can immediately be written, Hence

’

2. 1o

Z (B + B+ B+.)+Z = Q (27)
2

2.1.to

z (B+B+B+.)+2, = Q, (28)

2.1
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Being

2.%0

};P,= P

2.1.¢

2.1

by subtracting Eq. (27) from Eq. (28), it results

r?.hto

| 2.1

20t0 1

2

(B, +P +E

+--)=Q4“

0; (29

Systems expressed by Eqgs. (26) and (29), are respectively at the beginning
T, , so that, after what was said in Sec, 12,

and end of a full period
if Eq. (26) is subtracted from Eq. (29),

absolutely filtered. Then

C 2uto 2o 1bo
WIEDIED I
X

which shows that the tidal components

tered,

with the system
Then,

and

to |

)

-

(B+R+..)

o

3. 2.1.to

3.2.t0

the tidal component

- Q[,— 03— Q2+ Q‘i

p, and

Dz is also

(30)

P, have been fully fil-

It should be observed in Fig.4, that the system [5] [6] ,[7] ,[8],
that is located, as a whole._at the end of a full period T,

[11.[2].[3].[4].

by using the same method as betore,
P, . so that it can be written

, is identicdl

it also filters the waves p,

(B + P,+...) = Qg-G,-Q+0Q5  (31)

2

| 3.2.1 3.

+ Z+z

=

Equations (30) and (31) correspond to two identical systems, each one
respectively placed as a whole at the beginning and end of a full period Tj.
13, if the first equaﬁon is subtracted from the other,

As it was shown in Sec,
the wave

321to 32t0 31to
321 Z 31
20 2.4 1.1o
PIRDIED)
21 2 1

)

(P,+B+.)

i Q.+ Q3+0; -G

is now also filtered, and so it is found that
3.t0]

Qg- Gy - Qs +Us (32)
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In a quite similar manner, it should be also observed in Fig. 4, that the

system [9] [10]......... [15] ,[15:], that is located , as a whole, at the
end of a full period T , is identical with the system [1],[2]..... [7],
[8] , also considered as a whole. Then, with the same method as used
above, it will also filter the waves P, , Py, P3.

On replacing the sum limits within the new region of summation, a si-
milar equation as that shown by Eq. (32), can be written, thus becoming:

- =]
6.3.21%0 432t 43l 4.3.t5
| B+ ER+.)= s ™ Qrs ™ Bra* Uig
62110 L.2.40 6110 4.to ~ Ut Qyt Qyo~ Gy
| L.2.1 L2 4.1 L (33)

The two latter equations are the expressions of two identical systems, both

of them filtering the tidal components P P, and p; But, since each
system is respectively located at the beginning and end of a full period T,
by means of a simple subtraction the wave component p, s also filtered,

Hence

4320ty 632ty WLty 43dol
Z +
4.3.2.1  4.3.2 4.3, 0.3
L2lo 4ot b1t o.to
- ) + - O~ Oy Qy +
L2 4.2 L Z 6 s et
(PS + Pf ) — 012 Q” Q]O
3.2.1.t 3.2.1 3.1.t0 3.to -Qg +Q;+ Q¢ — Q
6~ Us
“L ot Lty T
3.2. 3.2 3 3 tQ~ 03— Q + G
2.8, 2.to 1.to to (34)
+ - + )

In Sec, 15 it had been said that a system [17],[18] ........ [31] ,[32],

that is localted, as a whole, at the end of a full period Ts , and it is
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also a repetion of the system [1 ],[2] ............. [__15_-] ,[15], will ako fil-
ters the waves P, , P, ,P; and p, . Therefore, the corresponding equa-

tion within the new region of summation will be similar to the latter, and

so it results:

5432140 54.3.2.t0 5.4.3.1.tg 5.4.3.10 ]
D WD W )
5.4.3.2.1 5.4.3.2 5.4.3.1 54.3
5.4.2.1.1 5.4.2.8 5.4.1.1, 5.4.%0
D D _
5.4.2.1 5.4.2 5.b.1 5.4
5.3.2.1.t 5.3.2.t0 5.3.1.%o 5.3.t0
SRR )
5.3.2.1 5.3.2 5.3.1 5.3
5.2.1.t0 5.2.10 5.1.40 5.0 (35)
DD N M)
- 5.2.1 5.2 5.1 _

= Q3 — Q3 - an + Uy — 028 T Q7+ U = Uy

= Qg + Q3+ 0y — Qpy + Qyp — Q1‘9 — Qg + U7

Once more and finally, Eqgs. (34) and (35) refer to two identical sys-
tems, each one filtering the tidal components p, p, , p; and p, . It
1 - F2 . F3 4
has already been observed that both systems are respectively located, as a
whole, at the beginning and end of a full period Tg . According to Sec,

15, by subtracting Eq.(34) from Eq. 35), the fifth component wave  p.
is also filtered and so it is finally obtained an equation with only one wave

pf = Py as unknown, wholly expressed in terms of all the addition of
ordinates, { , and of sums depending on its own pulsation,
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The final result is:

i 5.4.3.2.1.t0 5.4.3.2.15 5.4.3.1.80 5.4.3.t0 )
Y2 - ) Bl - Y (0] + ) [29]
5.4.3.2.1 5.4.3.2 5.4.3.1 5.4.3
5.4.2.1.t0 5.4.2.t0 5.4.14 ¢ 5.4-t0
- Z 8] + Z [27] + Z 6] — Z 5]
5.4.2. 1 5.4.2 5.4.1 5. 4
5.3.2.1.10 5.3.2.10 5.3.1.to 5.3.t4
- ) 4]+ 23] + ) [ - ) [21]
5.3.2.1 5.3.2 5.3.1 5.3
5.2.1.to 5.2.10 5.1.15 5.to
+ Y g - Yy [l - ) el + ) 7]
5.2.1 5.2 5.1 5
B =
4.3.2.1.10 $.3.2.10 4.3.1.10 6.3.15
- ) [e] + [15) + 4] — )[4l
b.3.2.1 4.3.2 4.3.1 4.3
L2 to 1‘.2.t0 L.].to A to
+ 12] — Z M] — Z [10] + Z [9]
4.2.1 4.2 6.1 6,
3.21.t0 3.2.10 3.1.to 3.t
+ ) [ — )71 - )6l + )l [s]
3.2 3.2 3.1 3
2.1.1o 2.to 1.to to
- YD o+ Yo+ Y[ - Y]
| 2-1 2 ITJ 0 ~
3= U3y = Qap + U9 = Qpp + Qpyt Qe — Qs
_" O2e+ Q23 + Q22— Qv + Qo — Qw — Qg + Qy (36)

—Ge + Qs + Qyy = Q3 + Qp — Qy — Qo + Qg
tQg - Q@ — Qe + Qs — Q, + Q3 + Q; — G
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This equation brings out one solution of

aofter it was cleared up in Sec. 1. Since there are two unknowns, ( Af and
Bf ), still remains the problem of evaluating them, Another independent
equation is needed to solve up the wave pf.

20, In the Eq, (36), it has been written within each sum the position
that it occupies on the scheme of Fig. 4, and in each case, the sum limits
are as shown, Henceforth, the notation is much simplified by indicating the

sums only by their positions,

21, The solution of the tidal component p, = Ps - depending of the ad -
dition of ordinates (,, d,............. G357 , Q32 , and of the sums shown in
Eq. 36), is one and only one. It is not only absolutely independent of all the
previously filtered waves, but it is also independent with the order chosen to
filter them, This means that the order of filtering of the tidal components p, ,
P,, P3 . P, , Py, can be permutated in Fig. 4, while the final result, brought
out to the tidal component P by Eq. 36), remains the same in all the

. . f, ) :
cases, This can be easily shown in mathematics and, moreover, it cannot be
otherwise,

This circumstance furnishes the solution of every component wave with
the same weight, and always as a function of the same values (J , (Q1,
Qoo Q;; . Q3;) » which in every case must be taken in an appro-
piated order and sign. Chapter E expresses the equations of every tidal com -
ponent, each one in all the cases depending of the wave pf = P -

22. There exist some other ways to solve every wave; but the equations
depend on more than one tidal component that must be previously resolved,

Next chapter shows the equations of all the waves, the method used
being as the one explained above,
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E) EQUATIONS OF THE TIDAL COMPONENTS,

23. WAVE p; [ =Rgcos (wpt-(p)=ag A - by B

Its solution is that of Eq. (38), which, with the simplified notation al-
ready mentioned in Sec. 20, can now be written:

) R 2[32] —Z [31] —Z [30] +Z[29] —z [28] +Z[27] +Z[25] —Z[zsi

- )'[2414) [23]4) [22]-) '[2] +) [20] -y | [19] ) .[i8] +) [17]

— ).[16]+) {151 +) [14]1-) 131 +) ‘[12]-) [11]—) [10] +) [9]

+).[81-),[71-),[61+) [s1-) . [41+).[3]+) [2] ) [1]

T2~ W3 = Q0 t Qp = Qg t Qpt Qs — Q
“ Q2 + Q3+ Q22— Q + Qo — Qg — Q8 + Qp

— 3
~Qe + Qs + Qyy, — Qi3 + Qi — @y — Qo + Qg (37)

+Q8—Q7—QG+Q5_QI.+Q3+Q2—QI
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24, WAVE p_ [PS = Rg €0S (Wgt+(p,) = a5 A5 — by BS:J

Since the wave p, is previously known, by means of every one of
the Eqs. 34) and (35) the wave [ (another tidal component), can be
resolved.

All of the sums which appear in the left member of both equations,
B4) and (35), are of course exactly the same, in reason that if both equa-
tions are subtracted the wave s filtered. Being that so, by adding
both equations the wave e s solved as a function of all the ( and
of the wave p;.

After ordering it is found that

(38)

P+Z[1 61— [151-) [14]+) [13]—) [12]+) [11] +) [10] ‘2[93

-Y'[8]+) [71+) [61-) [51+) [41-) [3]-) [2]+) [1]
= +Q32 — U3 — Q3p + Q9 — Q28 + Qy7 + Qy5 = Qs

= Q2+ Q23 + Q22 — Q21 + Q20 — Qig — Q4 + Q45

+ e — Qs — Qi + Q43 — Q2 + @y + Q1o — Qo

-Q8 + Q3 + Qg — 4 + Q, — Q3 — Q2 + @y -

+ Y [32)-) o1 ) [30]+Y [9] - [28) +) [27)+) [o8] ) (28]
-3 []1+) [23]+) [22]-) [21]+) [20] ) ‘(18] —) [18]+) [17]
+ 18] 5] =Y 14143 T3] -3 [12] 43 [11] ) [10] -y [

—)'[8]+) [71+) [61-)[51+)T41-) [3]-) T2]+) [1]
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25. WAVE P, [PL'—' R, COS(LUL t +&Pl.) =a, A, - b, B[,]

If within the scheme of Fig. 4 it is permutated the order of the tidal
components p, and g , it now means that the wave p, actually
occupies the position that the wave Ps had before. In accordance with
the reference already set up in Sec. 21, it immediately follows:

(39)
YY) Y e +) ] <) o+ Y le] +Y )Y 67
Y814y 71+ Y 6] L5143 141 -YLa1-Y L2+ Y]

=+03; — U3y — Q30+ Oy = Qg+ Qp + Q6 = Qps
—015 + Q15 + Qy, — Q3 + Q12 — Qn — Gy + Qg
+ W2 — Q3 — Q22 T Q21 — Q29 + Q4o + Qyg — Qyy

—Wg +Q +0 —Q +Q, —Q — Q2 + Q, -

+ 2[32] —2[31] -2[3 0] +Z[29] —Z[z 6] +Z [27] +Z[2 6] —Z[z 5?

) 6]+ [151+) [14]-) T13]+) [12] - [11] -) (0] +) [9]

+ Y e -y 23] - 22 +) [21] - [20) +) [s] +) (1] - (i)

—) Le1+) [71+) [61-) [51+) [+1-) [3]-) [21+) 1]



22,

26, WAVE p3 [P3 = R3 coS (UJ3 t + (P3)= ds A3 - b3 83]

By an argument entirely similar as the former one, if the ‘tidal component

P; is placed at the position that the tidal component p_ had before in
the scheme of Fig. 4, it is seen that >

(40)

8] Y o) - o6+ s - Tz 43 150+ 18]y 7]

-) [12]+) [11+) [1al-) [91+) [41-) [3]—) [21+) [1]
= + Q32 — Q3 = Q39 + Wy — Gy + Q3 + Qyp — Qpy
_Q16+Q15+Q14—Q13+Q8_Q7—Q6+Q5
+ Qza — Q27 — Q26 + st _ on + Q1g + Q13 T Q17

—Qp + @y + 0 Qg +Q, — Q3 —Q, +Q, —

PJ“ZD?] -) B1]-) o]+ [l —) [24] +) 23] +) [22] —Z[mf
-3 [i6]+) 151+ [141-) [13] +) [81-) (7] ~) [6]+) [51]

+) (28] -) [27]—) [26]+) [25] —) [2a]+) [19] +) [18] —) 7]

YL+ ) 0] ) L9143 [41-) (1Y Led+ Y [1]



27. WAVE P, [B, = Ry cos (wat+@,) =2, 4= by B, |

By reasoning in the same way, if within the scheme of Fig. 4 the tidal
component P, is now occupying the position that the wave Ps had be-
fore, it is easily seen that its equation becomes

(41)

+) [30]-) [29] ) T26]+) [25]-) [e2] +) [21] +) [18]~) [17]

2 PZ:

- [4]+) 03] +) al-) [e1+) Te1-) [5]-) [2]+) [1]
| —

=+ Q3 = Q3= Q7+ Q= Qant Qpt Qo Qyg
— Qi + Qg+ Qp — @y + Qg — Q7 — Q, + Q;
T30 = o= Upe + Qs = Q2+ Qpy + Qyg — Wy
QT Q3+ Qo= Qo + Qg — Q5 — @ + Q —

5 2] Y 1] -5 (el +) T2 -3 [+ o +Y Toa) ) s
Y T61+Y 514y [12] - L1 +) 81 71 -y (41 +) [3]

+) [30] -) \[29]-) [26] +) [25]-) [22] +) [21]+) [18] —) [37]

_—ZD-'J + [13]4) [0l -) [91+) [61-) [s1-) [2]+) [1]
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28. WAVE P, [P, = Ry cos (w,t+ (Pl)=a, Ay — b, B,]

Repeating once again the same process, that is to say, if the tidal com-
ponent D, is located at the place that the wave Ps had before, always

within the scheme of Fig.4, the equation of the wave P, evidently beco-
mes

(42)

43 B1] - T2s] - 74 5] - 2] 4) 2] +) 18] ) 7]

=) 051+) 131 +) [n1-) [91+) [71 ) [s1-) [31+) 1]
-t Qsz - Q3o — Qza T st — Qa0 + B + on o Qw
- Q15+ Q14+ Q12 o Q1o+ QB o Qs o Qt. + Qz
T Q3 — Qyg— Qyp T Q25 — Qa3 + Qo1 + Qg — Q5
_Q15+ Q13+ Ry — Qg + Q7_Q5_Q3+ Qi -

-+ T3] - Tad] - 28]+ [26] - [24] + (22 + (2] -y 6]
-y [6]+) [141+) [12]-) o] +) L8] -) [6]-) [41+) [2]

+Y (311 - Tea) - 271 +) [28] - 31 +) 2] +) Tis1—) [i7)

-y 5]+ fial+y [11]-) [e1+) [71-) [s1-) [31+) [1]
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29, From now on it is very convenient to make clear that all the equa-
tions written for the several tidal components are in all the cases referred to
the real own v-v axis, since all of them, besides that the value Z'(o has
been removed, are also absolutely independent of the instrumental drift,
whatever its value be just in case this can be considered as linear, This
condition is discussed in extent in Sec, 47,

F) REITERATION OF THE GENERAL SCHEME OF FILTERING,

30, As it has been said at the end of Sec, 19, the scheme of filtering
of the several tidal components brings out, in every case, one expression

which involves two unknowns, A; and B; .
Another independent equation must be furnished to evaluate them,

31. In order to obtain another fully independent set of equations, it
could be used the condition settled by Eqgs. (8A) or (8B). Though this is pos-
sible, it is easily demonstrated inmathematics, that the new set of equations
is not independent of the instrumental drift, even this being a linear one,
Unless it could be asserted that the instrumental drift is null all the time,
this new system of filtering must be put aside.

32. Therefore, the best it can be done to attain another set of equations,
is to repeat the same system of filtering as the one previously explained,
starting this time on the tidal record from some other beginning but keeping
the same origin of the time as before, in order to maintain invariables, in
both systems of filtering, the initial phase angles, kPi .

33. Let Py . P, . P3 . Py . Ps . pf , (Fig. 5) be the same six ti-
dal components as in Fig. 4, having the same origin and represented in the sa-
me way that was already said in Sec, 8.

The scheme of filtering is exactly a repetition of the one explained in
Chapter C, mathematically developed in Chapter D and having the explicit
equations written in Chapter E,

On comparing both schemes, (Figs. 4 and 5), it is found that they have
only changed their relative positions, being separated, as a whole, by an in-
terval of time T, , that for best results must be wisely chosen, (See example
at the end),

Within the reiterated scheme, the new summations Q will be identified as

Q° , ond in turn, all the sums on the left member of the equations, which
are the same as those of Eq, (36), but advanced now in Ty , will be denoted
in their own order as follows:
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To5.4.3.2.1.10

T0.5.4.3.2.1

To.5.L.3.2.to

Z =

To.5.1..3.2

To.5.6.3.1.t0

To5.4.3.1

To.5.l. .3.to

Z =

105.4.3

To.5.6.2.1.%0

To.5.l..2.1

TO.S.I..Z.to

T0.5.1..2

TQ.E.ZLJ 1o
To.S.l..l

To.S.lo 1o




To-4.2.1.%0
— Z [127]
To. 4.2.1
To.L.Z tO
= ). 0]
To.l. 2
To.4.1 to
= ) [i0]
To.4.1
To.L.tO
Y= ) [9]
To.4
To-3.2.1.t0
= [8°]
To.3.2.1
To.3.2.t0
o= )]
To.3.2

27,

To identify which of both schemes is used, in the scheme reiterated the

elongations will be denoted by

P'=R; cos (Wit @) = aj A

in accordance with Eq, (1), or

P’=R; |cos w; (t“z)ﬂPi]:a.i A —b; B

which is in accordance with Eq, (1A), (See also Sec, 19)

- b; 6
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G) EQUATIONS OF THE TIDAL COMPONENT WAVES IN THE REITERATION
OF THE GENERAL SCHEME OF FILTERING,

The expressions for every component wave are identical with those in the
Chapter E, and they are written below without any further commentary,

34, WAVE D¢ Pf. = Rf C0S (U.th‘*‘LPr) = a.f Af—b.f Bf

(4 4)
# B2 B - 0T+ s - Y el +) 7 +) s Y ]
Y e+ Y+ 2] <) )+ oo s - ]+ 7

-) b6+ s +5 e 1Y Bad+) 2T ) i1 - o+ o

£ [87-) 0771 -) [67+4) [s7-) [e7+) L33+ (27 - 47

=t 05 = O — Q5 + Qy = Qpp + Q5 Q76 — Q2
—Q t Q3+ A, — Q5 + Q3 — Q- Qs + 05
- 01.6 + 01.5 + Q;z. _ Q1.3 T Q;z o Q1.1 B Q;o + Q.Q
*Q -0 — Qg+ Q; —Q +Q +0, — Q
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35. WAVE p, [Ps = Ry cos (wgt+(p, ) = ag A; - by BFJ

(45)

+3 " f6]-) Bs7 - [e)+) 3] - B2+ 1] +) o -y [

S94Y 743 T61 -3 05+ 0o 3 039 -V 243 [
= +0Q3 — Q3 — Q3p + Qg — Qz¢ + Ay + Qs — Qs
—Qy t Q3 + Q — Qx + Q3 — Qf — Q + Q5
+ Qfe - Qfs o sz. + Q;3 o Q1.2 + Q1.1 + QI.O o QS’J

—Q F O Qs —Q QA —- 0 -Q Q-

b3 B ) Br] - B ) e -Y 4 ]+ B ) s
) 'B47+) 2F)+) 22]-) R11+) [07]-) {97 ) 8] +) 7]

+) [i67-) [157-) 147 +) [137-) {27 +) [17+) [0]-) [97]

Y [94Y 77 +) L6705+ 47 [31 =) L2 +) [17
| ]

P, -
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36, WAVE p, [P,.’ = R, cos (w,t +Lp,.) =a, A, - by Bz]

(46)

B R
+) B41-) B3] -) 21 +) o1 -) (203 +) fio] +) ] ) 7]

=Y [8+) 71 +) [67-) [s7+) [4]-) [3]-) [27+) [1]

=+ Q3 — A3 — Qo + Q3 — Qg + 0y + Qg — Qs
Qg + Qs + Q — Q3 + QG — QA — Q5 Qg
tQy — QB — Q3 QG — Qz0 T Qg t Ay — Qp
i CO A U o PR PR PR PR P T

_+Z[32ﬂ ) B -) B +) B9 -) @87+) 271 +) [26] _2[255
= e s +Y 6 -Y Bad+) 2] - ] Y o +) s

- g
F) ] ) B ) 2+ o)y o+ s +) e -y 7]

- ) [874) [77+) [67-) [594) [41-) (3] -) [27+) [17
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37. WAVE p, [P; = Rycos (Wt +p,) = a Ay = b} 33]

(47)

+) e8] ) [o77-) 6T +) 5] -) o7 +) fis+) [is]-) (17

2 P,=

Y027+ ) +) o <) T +) (4 -y [87-Y L2 +) (1]

=t 7 WG 7 et Qg T Wt R Q2 — W
- Qg+ Q5 + Q5 — Q3 + Q — Q7 — @ + Q
tQp — Qy — Qg+ Qs = Qg + Qg + A — 4y
—Q, + Qy + Q5 — Qy + @ - Q3 — Q3 + Q-

) B -) 1 -) Bol+) 9T-) 4] +) B31+) B2 -) 1]
-) H67+) [s7+) [14-) 137+) [87-) [77-) [67+) [5]

+) 87 -) 71~ ) el+) [sT-) ol+) s +) 8] -) [i7]

-) 27 +) [ +) B0l -) [97+) [41-) (3]~ [27+) [1]
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(48)

+) Bl -) ol -) 267 +) 5] ) B2l +) [21] +) TieT ) 7]

= 4]+ 37 +) o] - [o7 +) [67-) [57~) [27+) [1]
- ]
=7 A5, = Q5 — Q3+ Q; — Q5 T Q5 + Qo — Qg™
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39. WAVE p. [P,‘: R, cos (w,t+gp1):a; A, — b B]

(49)
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H) EXPLICIT SOLUTIONS OF THE TIDAL COMPONENT WAVES,

40, Equations (37) and (44), fully solve the wave Pf = (pﬁ)

1 (38) " (45)’ n " " " p5
n (39) " (46), " n " " p[,
n (40) n (47), " " " " p3
" (4] ) " (48), n n n " p2
n (42) n (49) , n n " " p1

41, To set an example, Egs. (37) and (44) can be written in short as
follows:

Z [Z['_ ]] P = ZQ (37)
3 [Z[-]}pg =Yg o

where the sums must be taken under the real signs they have into the de-
tailed Eqs. B7) and (44), Expanding both of them by introducing the more
explicit form given by Eq. (4), it is found that

Z [Z alf]Af - Z[Z beBf = ZQ (378)
). [Zaf}*f —Z[ZD?JBr: ) e

All the terms and coefficients written in these equations are known, ex -
cept Af and Bf which now can be solved and from them to bring out

the values of (Pf and Rf by means of Egs. (5) and (6).

42, Once Af and Bf have been determined, in a quite similar

way are solved the other components waves by using the pairs of equations
mentioned in Sec, 40,
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43, If in order to analyse the SAME tidal components from time to time
the SAME filtering schemes are used, say as those schemes shown in Figs. 4
and 5, and moreover, if the summation's interval of time o is ALWAYS
kept the SAME, then the values of the sums }'_'::I;ai;], Z[bQ, Zl:ai.],Z[:bi.]
in their several positions given in Eqs. (36) and (43), will ALWAYS remain
the SAME; then, they might be computed once and for ever,

Therefore, on a new tidal record will be necessary to compute only the
sum of ordinates, Q and Q° , which are achived very fast, if the
zone to be measured is framed by a template whose free gap be as wide as
exactly tp and within it are marked the position of the ordinates to add.

It has been observed that in all the cases there must be solved only two
simple linear equations, with two unknows each one, This is very easily per-
formed with a small desk computer, thus avoiding the study of complicated
programs and the preparation of punched cards to feed the modern electronic
computers, |

Moreover, the computation control is better made while reckoning s

progressing.

I) INSTRUMENTAL DRIFT,

44, Throughout the theory developed to filter one by one the various tidal
components of the tidal ‘wave, it has been considered as reference an arbi -
trary u-u axis parallel to the true v-v axis, (Figs. 1,2,3) , thus meaning
in turn that z is constant,

However, the equipments are, by their own making characteristics and
stability of the materials used in, sensitive to aging, in such a way that a
drift of the zero instrumental occurs.

An study of the variation of the drift through the time brings out a close
idea about the excellence and reliability of the equipment itself,

Drift can be linear, parabolic, erratic and sometimes periodic. In a general
sense, a good instrument has a linear drift whose value must be very small with
almost no variations. Erratic or periodic drift are very difficult to eliminate
within the equations set and they characterize unreliable instruments.

Henceforth, linear drift will be discussed; it will be demonstrated that within
the absolute general filtering scheme in this work a linear drift is also absolu-
tely filtered, and the results are free of linear drift, whatever it be.
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45, Suppose that Q; be the recorded tidal wave, ( Fig. 6 ), and
u-u the arbitrary axis of reference from which values (, and (g are
obtained within the interval of time to , in accordance with the theory
formerly developed. Let also that T(;) be the space of time between their

origins.

FIG. 6

If the instrument has a linear drift, then the true reference axis should
be, say, v'-v', instead of the v-v axis, Then, the sum of ordinates Q,
and Qg had to be computed from a new u'-u' axis, parallel to the
v'-v' axis, But as the u'-u' axis is fully unknown, the sums {5 and Qg
have errors respectively given by the ordinates within the trapezoidal sur-
faces A, A, B, B,ond C,C,0,0,

Individually, each error is different and the difference between both of
them is the sum of ordinates within the quadrangular surface C, C; D, 0y,
which from here on shall be denoted by AQ.
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46, If an identical scheme as that shown in Fig. 6 is repeated at any
place of the record, other values Q) and Qs should be attained; but
the difference of errors, by using the arbitrary u-u axis instead of the
true u'-u' axis, will still remain the same as A Q.

47. AUTOMATIC ELIMINATION OF A LINEAR INSTRUMENTAL DRIFT,
WITHIN THE GENERAL SCHEME OF FILTERING,

Let us consider the Egs. (37) and (44) which yield to the solution of the
tidal component P, . From here on, what is to be said for the component
wave P is also valid for every other tidal component.

It should be observed that in the equations mentioned above, there exist
16 pairs of identical positions located at different places of the tidal record.
(Figs. 4 and 5), They respectively are:

(11, [2] (1] [2]]
(3] , [4] 3] [4]

[29] , [30] 297 , [30]]
31, [32] 317 , [32]

According to the expressions (37) and (44) , these 16 pairs of positions
enter in the equations with the following signs:

[32] - [31] (321 - [
- (B0] - [29]) - (303 - [83)
- (28] - [27]) - (28] - [77)
[26] - [25] 267 - [25]
- (4 - [23) - (4] - B3%)
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[22] - [21] 22 - 1]
[20] — [19] 2o - [i9]
- (@8] - [71) - (89 - [73)
- (6] - [@s]) ~ (B89 — [59)
4] — (3] 147 — 133
fiz] — 1] 2] — [11]
- (fral - [9) —~ (@07 - [97)
[8] — [7] (8] — [7]
- ([6] - [50) - ([63 - [57)
- (041 - [31) - (047 - [37)
[2] - [1] [27 — [17]

In all the cases each pair supplies, by subtraction, a difference of errors
which amounts A § . Since there are 8 positive and 8 negative pairs,
the final addition cancels each other all the A § , and the equations

re-
main referred to the real own v-v axis,

This is also true, if instead of six tidal constituents a different number of
them is considered,
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J) TIDAL COMPONENTS,

48, It is easily understood that the schemes of absolute filtering al-
ready explained, can be expanded to any number of independent tidal com-
ponents, no matter how many of them, (Sec.6).

However, in a general way, only eight waves, known as principal ti-
dal constituents, are analysed from the tidal record. Particularly, four semi-
diurnal and four diurnal tidal components are chosen. They are

1

TABLE 1
v R, T.
3 | Symbol | Mean semi- PERIOD | NAME
amplitude (Mean time)
K, 0.1152 11,96724  hs LUNI-SOLAR
= S5 0.4227 12,00000 " PRINCIPAL SOLAR
E % M, 0.9085 12,42060 " PRINCIPAL LUNAR
; N, 0.1759 12.65835 " LUNAR ELLIPTICITY
K 0.5305 | 23.93447 " LUNI - SOLAR
< 2 0.1755 24.06589 " SOLAR DECLINATION
j'gf o} 0.3771 25.81935 " LUNAR DECLINATION
N Q, 0.0730 26.86836 " LUNAR DILRNAL

(1) The mean value R.; is related to the actual value R
by means of the node factor, f , being Ri = f.W;

Since the semi-diurnal tidal components S5 and K, , and the diurnal
tidal components Kj and Py, have almost the same period, to attain a good
separation of each one in every pair it is necessary to depend on long period
records, say at least one of a quarter of a year, unless another method be used.

(See example at the end).
In practice, when a few days record is analysed, each constituent in the
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former pairs of tidal components separates each other so little, that without
losing generality it is usual to involve each pair of tidal components as if

it were only one wave acting with the average period of the couple
considered, say

(K2 + S9) 11.98362 hours

(K] + P ) = 24,00018 "

]
These periods are even used on records lasting one month,
Having joined those tidal components, then the Table | is reduced to
only six tidal components.
Since the theory has been developed for six component waves, the e-

quations written are ready to be used by applying the absolute filtering
scheme,

L) SOME IMPORTANT REMARKS,

49. According to the filtering system, only constituent tidal waves with
constant amplitude and period, can be eliminated, Nevertheless, on a short
period record, (one or two weeks long), such a restriction can be overlooked

within some limits, and still obtain a good separation in tidal waves, (See the
example at the end of this work),

50. If we have less than six waves on a filtering scheme, the equations
from (37) to (42) and from (44) to (49) are still usables.
Suppose that in the schemes shown in Figs. 4 and 5, only three waves
are present, say p , p, and pr - This means that the waves  p,
p, and p, are null, which in turn means that positions from [5] to

E3lé] and from [5':] to BZ'_-] are zero, Then, the three solutions for each

wave, are simply, from Fig, 4:

1

WAVE p; (50)
(LLeI L3 T21 4 1) B = 0= 9,0+ G,
WAVE py (51)

(LTI 201 D=0 e (L4 a2 L203 L 1)
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WAVE p, (52)
(L4103 L2y 1 PR = o (L1 T30 L2311 R

Another set of similar equations must be written from a reiterated
scheme, Fig. 5, in order to reach a full solution of each tidal component.

51. Values of [ and Q° can be obtained from the tidal record, in
every position shown in Figs. 4 and 5, either by reading only one ordinate

or by the sum of equally spaced ordinates within the interval tq.
Hence n

Q=) d

where At is the time space chosen within the interval t5 ; generally
At is one or half an hour, It is understood without any further comment
the more ordinates we add, the better the results.

As it depends on the quality of the tidal record, it is not possible to
give a general ruie,

52, In Sec., 21 it had been said that the filtering and final solution of
a scheme with several tidal waves, was independent of the order they are
considered,

However, in practice, some precautions must be taken. In fact: suppose
two waves, p and p , whose periods are respectively Ty and Ty
Assume that yTy = 2Ix ; then, if on a filtering scheme such as that of
Fig. 4 or Fig. 5, the wave p, is filtered before or after the wave D,
this one is also absolutely filtered, since T, =21T;.

Neither an even number of TIx periods can be considered, In that
case, when p_is filtered, p is also automatically filtered.

CPx : y .

When this special case is present, a full solution of the waves Py
and p is attained if p is solved as a final wave, say p¢ , and
Dy “is taken at the moment of filtering with an odd number off periods,
say 1, 3, 5, ..... etc.

’



Moreover, if the waves Py and p,2 were the only two waves of
a filtering scheme, then the wave p, can be fully solved while p,
remains ynsolved, A complete solution is reached by introducing a fictitiows
wave WF  whose amplitude should be zero, and its period chosen quite
apart from pPx and py - The waves to filter should now be in this
order: Wf , P, and py .

The case considered corresponds to the waves K, and Ky , and
also practically to the waves (S,+K,) and (P +K,) .

M) APPLICATION OF ABSOLUTE FILTERING METHOD,

53. We have prepared a tidal record based on theoretical values,compu-
ted hour by hour, covering seven days; from May 1/1970 at 3 H, U,T. to
May 8/1970 at 3 H.U.T.

The analysis method, starting from the tidal record, will be performed in
fwo steps,

I2) Separating the lunar and solar diurnal and semidiurnal waves,

22) Obtaining the principal tidal components from every of the former
waves, taking into account that the analysis is performed from a short
period record, namely seven days.

Irs, Step 2nd. Step

Lunar Diurnal
Wave

01 ' [K‘] ' Q1

Lunar Semi -

diurnal Wave Moo N [KZ]
Tidal
Record Solor D
oiar Diurnal
Wave il [KJ
Solar Semi -

Sz [Ke]

diurnal Wave

— 1 1 1 @1



54. Mean speed per solar hour, (W

), and period ( T_ ) of the Moon,

May 1/1970 at 3 H,U.,T.
May 8/1970 ot 3 H.U,T.

A o / day = 537025686
A o’/ day = 137256421

A o/ hour 02552351

o= 22" 53™ 235940

X= 5 04 34.728

A= 6 11 10.788
= 371.1798 min.

Being W = 15.041069 the mean speed per hour of the sun, it must
be ( 157041069 - 0°552351 ) T_ = 360° and from there

T, = 2478469

W, = 14°48873

it immediately follows that

T, = 12742345

Wy = 28997746

Diurnal

Semidiurnal
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55. Mean speed per solar hour, ( Ws) and Period ( Ts ) of the Sun.

May 1/1970 at 3 H.U.T. o = 2" 21™ 395314
May 8/1970 at 3 H.U.T. x= 2 58 25.656
Ao = 26™ 939033 min.
Ao/ day = 37848433
Aoc/ day = 07962108
Ao/ hour = 09040088

Since W = 15.041069 is the mean hourly speed of the sun, then it
must be (15041069 - 02040088 ) Ts 360° and from there

Ts = 23" 9984
Diurnal
Wg = 15200100
and consequently
. .k
Is = 11,9992
Semidiurnal

Ws = 30%00200




56. In Fig. 7, are represented the suitable schemes A and A’ (cove-
ring practically seven days) to separate the following three tidal waves:

p, . solar diurnal, with a period T, =23'.\99840
P, , lunar semidiurnal, with a period To = 1242345
Py lunar diornal, with a period T3 = 24.84690

The tidal constituent P (solar semidiurnal) cannot be separated from
the former schemes, owing to the fact that at the moment that the tidal
waves p (solar diurnal) be filtered, the p, is also automatically filtered
(See 52),

If we also want to separate the tidal component p, , then a fictitious
wave can be set up in Fig. 7, on top of the wave p  (See 52). But then,
we should need eight posifions,[’l J,[EJ ........ [7:],[_8] in every scheme to
solve the four waves, That means, either to use a record twice as long as the

former one, (14 days), or to diminish the accuracy of the results if a seven
days record is solely available,

57. In Fig. 7, it can be seen, that all the positions from [1] to [4']
are symmefrical with respect to a center settled on May 4/1970 at 15 H,U.T.
From here on this date will be kept as origin af the time, t , which in turn
means that all the initial phase angles are given there,

58. The highness of the tide, either produced by the moon or the sun, is
expressed by

- -
3 (.1§ -sen’y ) (_1§ _sen2§)+| permanent tide

(53)

4
Z {? /%3( % )3 + c0s? § c0s°@ cos2t,+| semidiurnal tide

HT:

+sen2 §sen 2@ cos t, diurnal tide
| —

In our latitude, @ =— 34° 54", 5 , the permanent tide term is practically
nill, and will be neglected in all the cases. The former formula can be simpli-

fied by writing (54)

Hr = R (cos? § cos’° @ cos 2 t, + sen 28 sen 2@ cos th)
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wherein R substituted the coefficient in (53), and will assume the
values Rs or R_ if it is either the sun or the moon the body taken
info account,
Also we must recall that

_ Rs  _
T e T % (55)
L
59. At the recording place, both R and @ are constant; and if we
rename

Ry = Recos? @
Rz = R sen 2 @ (56)
then
Hy = (Ry cos 2 t, ) cos? §+ (Rp cos ty, )sen 28 (57)

The waves Rycos 2, and Rjzcos t,, , depend only on the hour angle t,
We can refer t, at any origin by knowing just the time t and the initial
phase angle (¢ , and by introducing the hourly speed W , either of the
sun or the moon,

That means

Rycos 2ty Ry cos (UJ,1'+LP1) = a,A; - byBy

RzCOS fh = RQCOS (LUZ t + (pz ) = QZAZ - szz

(58)

LU] = 2 l..Uz
Going back to ( 57 ), it follows

Hy = (a;Ay - byBy) cos? § + veescessss€mMidiurnal tide

| 59
+ (OzAZ - b, %) sen 28 ceessssssdiurnal tide ( )

The filtering system already explained in the text, corresponds all along
to waves with constant amplitude and hourly speed. This should be the case
in (59) , if ¢ = constant,

But the tidal wave coming from a record has involved the semidiurnal and
diurnal waves of the moon and the sun, whose declinations are shifting little
by little while the time t is increasing .Nevertheless, being A and B

constants, our probiem will be fully solved if, for every position of the filter
ing schemes A and A’ in Fig. 7, we know the §¢ both of the moon

and the sun, Those values are given in Tables 2 and 5.
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In fact: if we put

a; = a,cos? § . 1o
L 5 semidiurnals
by = b,cos?§ i (60)
oé = a,sen 2§ di |
b, = bysen28 | ¢

the equation (59 ) becomes
Hy = (a]l Ay - b B) + (<:1'2A2 -b'sz)

Now, as aj , by , a), b, are known, then the unknowns A, , B, ,

A, , B, , can be obtained by using the filtering system, and the problem
comes fully solved,

60, However, it must be taken into account that in the present circum-
stances, the filtering of any tidal wave is not really absolute, specially in
the moon case, since we have considered a constant hourly speed of the
body through out seven days. This is not actually so, because within this
period, small variations in speed have ocurred.

Even so, we believe that the filtering of a wave is well within 98%
instead of 100%; this is the real reason why we have token a time span of
only seven days, to avoid larger variations in the body speed.

Previous calculations performed on only five days have brought out
excellent results too.

61, To start with the solution of the problem, the waves to be filtered
(one by one) have been properly ordered; firstly those of the sun, which ha-
ve the smaller variations in § and W , and then the lunar semidiurnal on
account that cos2 §  represents smaller variations than sen 2§  as the
time t is going on. The lunar diurnal constituent ' is the free or fi-
nal wave and is obtained quite independently of all the others.

In a first attempt we obtain for every tidal component values of R and
p close to the real ones. A second step is performed by using the  A's
values in order to attain values of R and (p nearer to the actual ones,

62, Tables 3 and 4, corresponding to the schemes A and A’ coming
from Fig. 7, present all the necessary elements to enter in the computation,
In each position three ordinates have been read on the record, and the
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figures for a, b, and Q means:

a=cos w(t-1) +cos Wt + cos W(t+1)

b=senw(t-1) +senwt + sen wW(t +1)
Q=q,, *q, *taq,, (in units printed on the recording paper)

The separation from (¢t - 1) to t, and from t to (t+ 1) is
one solar hour; t, is at the middle point of every position, from[ 1] to
[4'] . In the Tables 3 and 4, also stand the values A , which mean
either (a -a') or (b -b'). The proper use of A will be later

explained in pag. 58.

63. Finally, the reader will be awared that continuous tidal records are
not necessary in most of the cases, since their central part is not used at all.
So, discontinuous tidal records can also be useful if the computer deals

with them in a profitable way.

64, The explanation given above, permite us to enter directly to the
calculations.
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N) NUMERICAL ANALYSIS |,

65. Schemes A and A’ by using coefficients a' and b',

WAVE P3 - LUNAR DIURNAL

[4]-L3]-L2]+[1]
[4]-[3]-L2] +[1]
Equations
- 47055 A3 - 0,2200 B3 = + 119,35
+ 2,4417 A + 3.8815 B3y = - 63,55
Solution
B3 = - 0.43 R = 25.35
Ay = - 25.34 ¢ = 18120
Tg @ =+ 0.01695
WAVE D, - LUNAR SEMIDIURNAL
[4]-L3]+[2]-[1]
L4]-La+[2]-01]
Equations

+ 6,3600 A, + 6,0451 B, 112,65 - (10,1093 Ajz- 0.3020 Bj)
- 6,9600 A, + 5,2431 B, = -126,25 - (-0.3113 A3+ 0,0967 Bj3)

Solution

B, = - 0.67 R = 18,78
A, = +18,76 ® = 35870
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WAVE p, - SCLAR DIURNAL

[4]+[3]-[2]-[1]
[4]+[3]-[29]-[]

Equations

_ 5.9663 A, + 2.3606 B,
5.7322 Ay + 2.3722 B,

177.15 - (-4.3605 A3- 0,7226 Bj)
131,95 - ( 2.8571 A3+ 3,8383 Bj)

Solution

By =+ 1,26 R = 10.69
Ay = - 10,62 P =173%2

66, Schemes A and A’
Solutions by using coefficients a and b,

In every of the positions shown in Fig.7, the values of Q and
Q" depend on the actual declination either of the moon or of the sun.
This has been the reason why we have used the coefficients o' and b',
It is easily seen from Eq,(59), that if §=0 and then cos’8 =1or,
if §=45%°and then sen 28 =1, the Eq. (59) represents two waves,
semidiurnal and diurnal respectively, with constant amplitudes produced by
two bodies:one orbiting the equator, and another orbiting on declination 45°,

Waves with constant amplitude are of the type

B = aqA; - bB (62)
Waves with " actual " amplitude are of the type
Py = o7 Aj - b B (63)

In both equations above the values A; and B, are the
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same. From them we have already obtained the values R and @
for every tidal component shown in Fig. 7.
By sustracting equations (62 ) and (63 ), we have

APi (Oi - O'i) A,’ - (b' - b:) B.

Adi . Ai - Ab, . B; (64)

which shows the shift of the ordinates in every position, when

passing from the " actual” wave to the constant amplitude
wave,
If we compute new values Q from
Q = Q + ZAP
| (65)

then we can separate the tidal waves by using the coefficients

a and b instead of the o and b', and so to repeat
the computations.

AP; of tidal wave p; (Eq. 64) - Lunar Diurnal

1] @1.8483) (-25.34) - (+2.6928) (-0.43) = - 45.68
(2] (0.6998) ( " ) - (-0.0727) ( " ) =-17.77
(3] (-1.6476) ( " ) - (-2.4003) ( " ) = + 40.73
4] (-0.6084) ( " ) - (+0,0632) ( " ) =+ 15.45

9] (-2.9930) (" ) - (-0.3111) (" )= + 75.72

) (

Lz} (-0.3576) ( " ) - (0.5210) (") = + 9,28

3% (+2.6405) (" ) - (+0.2745) (" ) = - 66.80
) (

[ 4] ©03164) (" ) - (-0.4609) ( ") 8,22




AP, of tidal wave pp - Lunar Semidiurnal

[1]  (-0.0032)(+18.76) - (+0.0082)(-0.69) = -0.05

[2] @0.4717)( " ) - (-0.0991)( " ) = +8.78

[3] 0.0000)( " ) - (-0.0000)( " )= 0,00

[ 4]

4 (#0.5237)( " ) - 0.1100)( " ) =+ 9.76

[ 1] (0.0005)( ™ ) - (+0.0001)( " ) = +0.0

[2°] (-0.1879)( " ) - (-0.4878)( " ) = -3.86

[3°]  (0.0062)( ™ ) - (+0.0013)( " ) = +0.12

[4°]  (-0.2042)( ") - (-0.5301)( " ) = -4.18

AP, of tidal wave p;, - Solar Diurndl
[1]  ©1.3760)(-10.62) - (+0.4821)(+1.26) = -15.22
[2] ©1.2562)( " ) - @+0.4402)( " ) = -13,89
[3]  (-1.3015)( " ) - (-0.6258)( " ) = +14.61
[ 4] (1.8882)( " ) - (-0.5713)( " ) = +13.34
[19]  1.3050)( " ) - (0.6275)( " ) = +13.07
[27] 1.914)( " ) - ¢#0.5729)( " ) = +11.93
(3°]  @1.3536)( ") - (-0.4743)( " ) = -13.77
(47 @#1.2360)( ") - (-0.4331)( " ) = -12.59




VALUES OF Q@ AND Q°

o g AP, AP, AP, B4
1] 79.20  -45.68  -0.05 -15.22 = 18.25
(2] 75.85  -17.77  +878  -13.89 = 5297
(3] 10810  +4073  +0.00  +14.61 = 163.44
(4] 2240  +1545  +9.76  +13.34 = 262,65
1°] 163.85  +75.72 +0.01 +13.07 = 252.65
(27 13250  +9.28  -3.86  +11.93 = 149.85
3°] 129.65 ~66.80  +0,12 -13.77 = 49.20
(47 3475 - 822  -418  -12.59 = 976
WAVE P33 -  Lunar Diurnal
(4]-[3]-[2]+[1]
[49]-[ 3= [27+ 1]
Equations
-2.5178 A3 - 5.4490 By = + 64,49
-2.5178 A3 + 54490 By = + 63,36
Solution

B; = - 0.10 R = 2539
Ay = -25.39 @ = 18022

Tg = +0.00408
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WAVE P, - Lunar Semidiurnal

[4]-[3]+[2]-[1
[4]-[3]+020-L1]

Equations

+7.3587 A; + 6.2624 B, 133.93 - (0 A; - 0By )
-7.3587 A; + 6.2624 B, = -142,24 - (0 A; - 0B; )

Solution

B, = -0.66 = 18,78

R
Ap = +18.76 ¢ = 35820
Tg =- 0.03536

WAVE p, - Solar Diurnal

[4]+[3]-[2]-[1]

[4.]_*_73.7_(2?_”].

- i e — —

Equations

-10.8182 A, + 4,4800 B, = 354,87 - (-9.1646 A3t 4.2346 B,)
+10.8182 Ay + 4,4800 By = -343.54 - (+9.1646 A3t 4,2346 By)

Solution

B1 = + 1,36 R = 10.86
Ay = -10.77 P = 17238
Tggp = -0.12650



62,



P) NUMERICAL ANALYSIS I

67. With the advantage of knowing by the preceding computation the
values Ai and B; of three tidal waves, namely the lunar diurnal, lunar
semidiurnal and solar diurnal, we can now start solving another :system
(which is shown in Fig. 8) in the same way that we made with the former
one, but this time beginningwith the lunar waves, followed by the solar
waves.

This new system, with the schemes B and B® , allow us to separate
three tidal waves, among them the solar semidiurnal, which was not
obtained before by the reason given in Sec. 56 and 52, It is for the same
reason that the wave pj in Fig.8, it is to say the lunar semidiurnal, will
not appear throughout the computations.

Tables 5, 6 and 7, corresponding to the schemes B and B®* have
the same meaning as Tables 2 , 3 and 4, corresponding to the schemes
A and A°

Finally, as values Ai and B are formerly known in three out of the
four waves, the coefficients a and b can be directly used, provided
that before we compute the values AP, , in order to obtain the values Q

and Q°.
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SCHEMES B and B°

APy of tidal wave pg  (Eq. 64) - Lunar Semidiurnal

[1] (-:0.0067)€-18.76) - (+D.0098)(-0.66) = +0.14
¢0.2776)( " ) - ¢+0.4077)( " ) = +5.48
j&o.oooox ") - (0.0000)( " ) = +0.00
¢:0.3948)( " ) - (0.3741)( " ) = +7.66

[ 19 ¢0.00100( " )~ (-0.0009)( " ) = +0.02
E (+0.3864)( " ) - (-0.3661)( " ) = +7.01

37 ¢0.0022)( " ) - (-0.0032)( " ) = +0.04
[ 4] €0.3228)( " )~ (-0.4741)( " ) = +5.75

AP1 of tidal wave p, - Lunar Diurnal

El ] (-2.9352)(-25.39) - (+1.5525)(-0.10) = -74.36

+0,6040)( " )~ #0.3195)( " )= -15.31
[ 3] (2.7665)( ™ )~— (-1.1024)( " ) =+70.13
[4] (0.5546)( " ) - (-0.2210)( " ) = +14,06
[1] c2.8465)( » )~ ¢1.0343)( " ) = +72.39
[27] 0.5723)( " ) - (0.2281)( " ) = +14.55
3] ¢2.4052)( * ) -~ (-1.2721)( " ) =-61,20
" 491 ¢0.4864)( " ) - (-0.2573)( " ) = -12.38

AP3 of tidal wave p3 - Solar Diurndl

1] ¢1.4408)(-10.77) = (-0.2366)(+1.36) = -15,20
2] G07741)( " ) — (+1,0793)( " ) =- 9.81
3| (<1.4277)( " ) - ©#0.2345)( " ) = +15,06
4| (-0,7681)( " ) — (-1,0695)( " ) =+ 9,73

[ 1] 0.8459)( " )~ @14778)( " ) = + 7.51
2] (1.3022)( " ) - (-0.2138)( " ) = +14.32
¢0.8382)( " ) ~ (-1.1671)( " ) = - 7.44
41.2906)( " ) — 02119 M ) = -14.19
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PREVIOUS VALUES OF Q AND Q°

4. 4B AP, e
[1] 13100 + 014 - 7436 - 1520 = 41.68
2] 51.00 + 548 - 1531 - 9.81 = 31,3
3] 162.15 + 000 + 70.13 + 1506 = 247.34
4] 188.25 + 7.66 + 1406 + 973 = 21970
19 11930 + 0,02 + 7239 + 7.51 = 199,22
[27] 21310 + 7.01 + 14.55 + 1432 = 248.98
3¢ 94.85 + 0.04 - 61.20 - 7.44 = 26,25
[4°] 6135 + 575 - 1238 - 1419 = 40,53

NOTE . Since there already are three tidal waves compensated with
the AP computated above, the other remaining wave, the solar
semidiurnal p, . can be solved by using coefficients o' and b
on virtue that the coefficients of A3 and B3 in their equations, are
zero, As soon as the values A; and B, be known, we can go back
to computate the respective AP, , and finally obtain the real values
of Q and Q° ., With them we resolve the three tidal waves p , D

and P, by using the coefficients a and b. ! 2



72,

WAVE p, - Solar Semidiurnal

(Previous computation by using coefficients a' and b')

[4]-[3]+[2]-[1]
[47]-[3]+[2]-[1]

Equations

-6.4292 A, - 63809 B,= - 37.96 - (0 Az - 0 By)
+6.3719 Ay - 6.4213 By= + 64,04 - (0 A3- 0 By)

Solution
B2 = - 2.07
Ay, =+ 7.9
Tg p = - 0.26006

R = 8,23
P = 345%

AP, of tidal wave p, - Solar Semidiurnal

2] (-0,0711)( " ) - (+0,2107)( "

(3] ©0.1783)( " ) - (-0.0602)( "

[ 4] (0.0722)( ™ ) - ¢0.2141)(

1Y 0.0599)( " ) - (-0.1776)( "

[ 2°] ©0.2133)( " ) - (0.0720)( "

(3°] (-0.0610)( " ) - (-0.1810)( "

[ 49 ¢0.2167)( " ) - (0.0731)( "

)
)

(1] (¢0.1750)67.96) - (-0.0591)(-2.07) = + 1,28

0.13
1,30

0.14

0.85
1.85

0.86

1.88
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VALUES OF Q AND Q°

With the previous values of Q@ and_ Q°, and the APZ computated,
we find the following final values for Q aond Q° .

(1] 4168+ 1.28= 42,96
(2] 31.36-013= 31,23

[3] 24734+ 130 = 248,64
(4] 219.70 - 0.14 = 219.56

Il

[1°] 199.22 - 0.85 = 198,37
[2? 248,98 + 1.85 = 250,83
[37] 26,25 - 0.86 = 25.39
[47]  40.53 + 1,88 = 42,41

68, SCHEMES B AND B°

Solutions by using coefficients a and b

WAVE p3 - Solar Diurnal

[4]-[3]-[2]+[1_
[4]-[37-[27]+ [

Equations
+2,3658 A; + 57130 B, = - 17.35
+2,3658 Ay - 5.7130 By = - 35,44

Solution
B, =+ 1,58 R =11.27

A= - 11,16 @ =17139
ngP= - 0,14191
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WAVE p, - Solar Semidiurnal

[4]-[3]+[2]-[1]
[44]- [34]+ [27]- [1°]

Equations

- 6.9228 A, - 6,9250 B, = - 40,81 - (0 A; - 0 B,)
+6,9228 Ay - 6,9250 B, = + 69,48 - (0 A3 - 0 Bj)

Solutions
B, = - 2,07 R = 8,23

A2 =+ 7,97 @ = 3454
Tg (,P =~ 0,25987

WAVE p, - Lunar Diurndl

[4]+[3]-[2]-[1]
L4°]+ [37]- [2]]-[1]]

Equations

10,6470 Ay + 4,9198 By = +394.01 - (-9.2066 A+ 3,8126 Bj)
+10,6470 Ay + 4,9198 B, = -381,40 - (+9,2066 A3+ 3,8126 Bj)

Solutions
81 = + 0.05 R = 26.77
Ay = -26,77 p=17929

Tg P = -0,00204
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69. RESUME
CLASS SCHEMES A and A° SCHEMES B and B°
R P R P
Lunar Diurnal 25,39 1807 2 26.77 17959
Lunar Semidiurnal 18.78 358°0
Solar Diurnal 10,86 172° 8 11,27 17129
Solar Semidiurnal 8.23 345, 4
70. Explicit Results
( From Secs. 54, 55 and 69 )
Lunar Diurnal
26.08 cos ( 14248873 t + 180°1) sen 2 8, (66)
Lunar Semidiurnal
18,78 cos ( 28797746 t + 35870 ) cos?§, (67)
Solar Diurnal
11,07 cos ( 15°00100 t+ + 17204 ) sen 2§ (68)
Solar Semidiurnal
8.23 cos (30700200 t + 345°4) cos? §, (69)
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Q) CONSIDERATIONS ABOUT THE RESULTS

71. At La Plata latitude (@ =-34°54') , the semiamplitude ratio
between the diurnal and semidiurnal waves (either of the sun or of the
moon) must be

sen 20 ~ 1.40
cos? @
We have got:
For the moon, 26,08 =139
18,78
For the SUH, ]].07:] 35
8.23

that can be considered as excellent,

72, The initial phase angle of a diurnal wave must be one half of that
of the semidiurnal wave, The following table shows the goodness of both, the
results and the filtering system to get them,

Initial Phase  Angles
Bod ) Corresponding Computed
Y Diurnal wave Semidiurnal Wave | Semidiurnal Wave
MOON 35870 179°0 180°1
SUN 345°4 17287 172° 4

73. If both, the sun and the moon, were acting at their mean distance,
either at equator ( cos? §¢ = cos? . = 1) or at declination 45°

(sen 2 5s=sen 25 = 1), then the semiamplitudes ratio should be, (sec.58,
Eq. 55)

R
r= —3 :0.46

R
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At the date of the record readings, the moon was nearer to the Earth
than its mean distance, Then, the amplitudes %m%)fed for the diurnal and
semidiurnal waves, are greater by a factor :2; = 1,046, so that, the
amplitudes at the mean distance of the moon, ‘would be:

6.08
Diurnal wave, f 045 25,08

18,78 18.06
1,046

Semidiurnal wave,

In the case of the sun, also at the same date, the body was farther
from the Earth than its mean distance, which in turn means that the ampli-
tudes obtained are smaller by a factor ( %\;3 = 1,024, Therefore, the
amplitudes at the mean distance will become:

Diurnal wave : 11,07 x 1,024 = 11,34

Semidiurnal wave : 8,23 x 1,024 = 8,43

With those figures, the resulting o ratios, are

Diurnal waves r-"-';—]s‘:g—g = 0,45

8.43
Semidiurnal waves r=18.06 = 0,47

which fit well with the theoretical value of = 0,46

R) SEPARATION OF THE WAVES M, N, AND [Kj

74. These are the principal constituents of the already known lunar semi-
diurnal wave (Eq. 67).
It must be:

Q =R cos (Lut-|-(.P)cos28,“(/o".1

3
>= Ry cos (LU1t+(p1)+
+ R,cos (UJzt-l-(PZ).;.

+R;cos (w3t+@ R
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where

R =18.78

W = 28797746

¢ = 35870
My, ——> W, = 28,9841 (T, = 1242060
N, ——> W; = 28,43973 (T2 = 12,65835)
[Kp], —> W, = 30.08214 (T3 = 11,96724)

The (R, , kP1) , (R2 , gpz) and (Ry , !.P3) are the semiamplitudes
and initial phase angles of the respective tidal components M, , N,

and [KZJL
We can also say that

R, = R.c;42

>
)
I

R .Ch,

R3 = R .C.[iKZ:]L

where C.Mz , C;“Z and C'[K
of those waves, which are re?o

and C[K 2:] ] b)’

1{especfive|y are the actual" coefficients
ed to the mean coefficients Cm, , CN,

CM2 = f .C;ﬂz

Cn, = f.Chy
C = f o C.
(ka7 k2],
where " f " is the node factor for every tidal wave,

Since Q and Q°are theoretically obtained in every posifion([ﬂ [2]...6&)
it is not necessary to use the tidal record, !

To perform the computations, the varigtion of the moon distance must be
taken into account, to get the factor —%—'"—)3 , where 02 is the
" average " distance at the date of the cor?\pufotions. Fig. 9 shows the path
of the moon, where distance changes are evident,
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Every tidal component will be obtained quite independently, In this way
better results can be reached; the increasing in work computations is only
apparent,

Being that so, we have prepared the following filtering schemes and
Tables:

For wave M, schemes in Fig. 10 and Table 8,

I " " Fig, 11 " Table 9
v w [K), v vFig12 " Table 10,
o
o o
- .
3
<<
o "+ @+73"7753
S —J
L
X
&
& +64"7753 @'« _
L ~ @+ 61.8081
oo L
u
L
o <~ .
> +52.8081 A
L)
=
= ____ _LENTER _ __ __
May 4, 1970 at 15h UT
=
- ~'®-52.8081

-61.8081 @ '
)

'Cl

®-64.7753

<«
—J

K
l—&-l 11"g96724
M2
:gh +

+ 7o

—
—737753 @
—J

— | S
< <
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TABLE 8
. M2
tw  |Posit [KZJL & N cos wt sen Wt 4
“T21°69
-73.7753 |[1] +0,9292 | +0,3696 +18,838
- ’55 |
-61.8081 |[ 2] 10,9889 | +0.1486 +19,888
g 90°60
+52,8081 |[ 3] -0,0104 | +1,0000 + 0.454
- 77°46
+64,7753 | 4 ¥0.2172 | +0.9761 + 3,658
tmy  [Posit| [K2], & N M2 Q-
(h) - 21y 2 Cos Wt sen wt
282254
64,7753 [ 1°] +0,2172 ~0,9761 + 3,813
' . 269°40 |
-52,8081 | [ 27 -Q0104 -1.0000 - 0,788
¢ 35145 .
+61.8081 |[ 3°] 10,9889 | -0.1486 +14,005
338 31
+73.7753 | [ 4°] +0.9292 | -0,3696 +12,548
WAVE M,
(4]-[3]-[2]+[1]
47 -[3F-[27]+[ 1]
Equations
+ 01679 A -0,1971 B = + 2,154
+ 0,1679 A + 01971 B = + 3,144
Solutions
B = + 2,5 Rpp= 15.98 = R.Cy,
A = +1578 p=-90
Tg @ =+ 0.15918
f = Node factor = 0,966 Cm= 0.881
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(SCHEMES A & A°)

WAVE Ny

11K
}—-LEJ—L—{ 11796724

- 12472060

10 M2

N2

+ @+ 72"5866
| S

+63"5866 @<
)

" ®+60.6194
| I |

+51.6194 @™
—J

CENTER

May 4, 1970 at 15" UT

"~ ®-51.6194
L)

—
~60.6194 @
— e
~4- - ®-63.5866

— o

s & <

FIG. 11
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TABLE o
N2
toy  Posit. [Kzl_ & M cos wt | sen wt d
. 95° 66
-72,5866 |[ 1’ ~0,0986 +0,9951 +11.612
. 76°00
60,6194 |[ 2] +0,2419 +0,9703 +15,021
X 28° 04
+51.6194 |[ 3] +0,8826 | +0,4701 + 8,688
— 8?39
+63,5866 ([ 4] +0,9893 | +0,1458 +10.809
tim })osit. [K2], & M, cos wt | sen wt Q
351°61
-63.5866 |[ 1] +0,9893 -0.1458 +14.263
- 331°96
51,6194 |[ 2°] +0,8826 | -0.4701 +10,597
' 28.2.00
+60,6194 |[ 37 282419 | -0.9703 +10,023
. 26434
+72.5866 | [ 4°] -0,0986 | -0, 9951 + 7171
WAVE N,
[4]-[3]-[2]+[1]
[4%1-[37]- [2°]+ [17]
Equations
-0,2338 A + 02995 B = -1.288
-0,2338 A - 02995 B = +0.814
Solutions .
A =+ 1.0 = 28671
Tg@ = - 3.46180

f = Node factor

= 0,966

Cy ;= 0.201
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TABLE 10
(K21,
t i : q
(hy |Posit. N, & M, s wt | senw ¢
- 326°05
-72.9322| [ 1_ +0,8295 -0.5586 +14,271
FoA 346784
-60,2738 | " 2] +0,9737 -0,2278 +12,467
- 102°
+51,2738 | [ 3] 203152 | +0,9766 | +10,650
123°22
+63,9322 ([ 4 ] 20,5478 | +0.8366 + 8,970
tyy  |Posit. No & M, s w t1 sen Wi Q
I 236°78
-63.9322 | 1° 20.5478 -0,8366 +11.597
. 257°57
-51,2738 |[ 27 20,2152 -0,9766 +13,383
13216
+60,2738 |[ 37 +0,9737 +0,2278 + 8,123
33295
+72,9322 | 4°] +0,8295 +0,5586 + 9,101
WAVE  [K2 ],
[4]-[8]-[2]+[1]
[47]- [37)- [27 + 1]
Equations
-0,4768 A + 0,4708 B = + 0,124
-0.4768 A - 04708 B = - 0,808
Solutions
_ R = 1.22 = R.C}
B =+ 0,99 [Kz2], [K2],
A=+ 072 @ = 54°1
Tg@ = + 1,37994
f = Node factor = 1,289 C_ = 0,050

Er(:?]

a-d L
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S) SEPARATION OF THE WAVES S, AND  [K]s

75. These are the main components of the already known solar semidiur-
nal wave, ( Eq. 69).

It must be,

Q =R cos (wt + (P)cos2 cS‘S(?/i—:l"")3= Ry cos (Lu1t+cp1)+

Racos ( wat+p,)+...

where

R = 8,23

w = 30200200

© = 345 4
S; ——>w= 30,00000 (T4 = 12000000)
[Kz ], ——>w;30.08214 ( T, = 11"96724)

P As the distance variations of the sun have been very small, the factor
( ) should be taken as the unity.
/(a) The ( Ry , (P1) and (Rz , ‘-Pz) are the semiamplitudes and initial phase
angles of the waves S; and KZ:IS

The "actual" coefficients of these waves, ( ng and CEKZJ ) can be
obtained from S

Ry = R.Cs,

R. C.[.KZ:IS

It must be pointed out that the tidal waves formula takes into account
the moon and sun joint effects. In order to use only one coefficient, namely
that corresponding to the moon, it is necessary to multiply the coefficients of
the sun component waves by the factor r = 0,46 (Sec.58, Eq.55).

Now, the mean coefficients Cs, and C[Kz] are related to the
actual" coefficients by S

R2

Csz = r. ng
C[Kﬁ;l; r. C[KZL
To separate both waves from the solar semidiurnal wave, we have prepa-

red the schemes shown in Fig, 13 as well as the Table 11, The computation
follows the same steps as usual,
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TABLE 11
b h) Posit [Kz]s >2 Q
| cos Wt sen W,t cos gt sen L ,t
44629 5388
- 82.28706 | [1]]| +o0.7117 +0,7025 +0.6240 | +0,7814 | +6.163
a 4632 38612
+73,28706 | [2]| +0.7116 | +0.7026 +0,7814 | +0,6240 | +6,898
[szs S2 .
t (h) Posit. ' Q
cos Wpt | sen Wt cos Wit | sen w,t
315°368 3212388
-73.28706 | [ 19| +0.7116 | -0.7026 +0.7814 | -0.6240 |+4.584
31%5°371 3080612
+82,28706 | [2°]| +0.7117 | -0.7025 +0,6240 | -0,7814 |+3.088



WAVE S,
[2]-[1]
[2]-[1]
Equations
+ 0,1574 A + 0.,1574 B = + 0,735
- 01574 A + 0,1574 B = - 1,496
Solution
B =- 2,42 R =7.49
A=+ 7,09 © = 341217
Tg(P= -0,34110 Cs,= 0.419
WAVE [Kz]
[2]+[1]
[2<]+ [ 7]
Equations

+1.4233 A - 1,4051 B + ( 1,4054 ASZ- 1.4054 BSZ) = 13,061
+1,4233 A - 1,4051 B + ( 1,4054 A52+ 1,4054 Bsz) = 7.672

Solution

B =+ 050 R = 0,58
A =+ 0,28 ¢ = 60.7

Tg =+1,77945 Cr .+ 0,032
9 o,

89.
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T) SEPARATION OF THE WAVES [Ki], Oy and Q;

76. These waves are the principal components of the already known
lunar diurnal tidal wave. ( Eq. 66).

It must be accomplished that

® \3
Q = R cos (UJt+gP) sen 28,_-( //Zm)_: R, cos (LUlt+qJ,)+

+ Rocos (LUZt"'(PZ)"'

wherein
R = 26,08
W = 14° 48873
® = 18071
(K] —— w,; = 152041069 ( Ty= 23093447 )
O1 ——> Wy = 137943036 ( T,= 25181935 )
Q) —> Wy= 132398661 ( T3= 26" 86836 )

Moreover, the ( Ry, ('Pl) , (Ry , ng) and ( Ry , ;) are the semi-
amplitudes and initial phase angles of the respective tidal components [K1_]L,
01 and Q1

It also follows that

Ri = R. C[K1]|_
R, = R. C'U1

R3= R.CE%

where C K1] ij and C(.ll respectively are the " actual " coefficients of
those wav s,Lreloted in turn to the mean coefficients C[K‘J, CO1 and CQ1
L

by

C[KITL f.C[KﬂL
Co= f-Co
Cy= f- Cq,

where " f " is the node factor
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To separate the named tidal components waves from the lunar diurnal
tidal wave, expressed by Eq. 66, ( and owing to the fact that a short
time record have been used ), we may avoid to introduce into computations

the factor (—Lm=)3 , then considered as the unity.

La

Fig. 14 shows the schemes A and A’ , and Table 12 have the
elements to enter, to the necessary computations in order to separate the
proposed tidal component waves. As the steps to bring out the solutions are
as always, any further commentary is needed,
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WAVE Q
[4]-[8]-L2]+[1]
[47-[37-[27+[1]
Equations
-0.3226 A + 05457 B = + 0.829
-0.3226 A - 0.5457 B = + 0,654
Solution
B =+ 0.16 R =230
A = -230 (P= 176°,0
Tg= -0.06976
f = node factor = 1,17 CQ, = 0.075
WAVE O
[4]-[3]+[2]-[1]
[47-038]+[2]-L
Equations

+0.7404 A +0.5280 B =-10.355 - (+1.0216 Aq + 0.6039 B )

-0.7404 A +0.5280 B =+ 0174 - (-1.0216 Agq,+ 0.6039 Bq, )
Solution
3= - 9.8 R = 10.58
= - 3.94 P = 248°.2

TgQ = + 2.49418

f = node factor = 1.17 CO1 = 0,35
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WAVE [K],
[4]+[3]-[2]-[1]
[4]+[37]-[2]-L12
Equations
-2.3488 A - 23792 B = - 8,669 - ( + 1.5280 AQ1+ 0.9031 BQ1)
+2,3488 A - 2,3792 B = -36,700- ( - 1.5280 AQ+ 0.9031 BQ)
1 1
Solution
B =+ 9.60 R =12,20
= - 7.46 ¢ = 1279
ngf)= - 1.28585
= node factor = 1,105 C = 0,42*
[KJL

* This coefficient really involves not only that of the wave [_KIJL

but also those of the waves M; ond J; , whose average period and
instantaneous average phase angle are exactly the same of the wave [KJ

At the date of the present example (May 1 - 8, 1970 ) the mixed
semiamplitude incorporated by the wave My and J;, is within the
order of 0.05; whence, the semiamplitude of [_K1:|Lo|one, must be within
the order of

C[KTJLz 0.37

U) SEPARATION OF THE WAVES K1JS and P4

77. These are the main tidal components, which can be obtained
directly from the already known solar diurnal tidal wave, ( Eq. 68)
It must be

Q =R cos(Wwt + gP)sen 285 = Ry cos(w t (P]) +

+ R, cos(w,t (P2)+
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where

R = 11,07

W = 159 00100

p=172° 4
[Ki]e — Wi =15.04107 (T, = 23.93447)
P, — w, = 14,95893 (T, = 24.06589 )

The (R, , (.P,) and (R, , (PZ) are the semiamplitudes and initial
phase angles of the respective tidal components [KJS and P,.
It is easily seen that

Ry = R. C.[de

Rz = R C.p1
and C;1 are the " actual " coefficients of these waves.

where C. Kl
By the reasons>given in Sec 75 , the mean coefficients come from

Cr.w+r. C}
[K1 S l’ E(ds

Cp

1 =r. C.p1

The factor r = 0.46 has the meaning already explained by Eq. 55.

In order to separate the proposed tidal waves, we have prepared the
schemes shown in Fig. 15, and also the Table 13, dealing with themin
the same way as always.



(SCHEMES A & A°)

WAVES [K1]. & P

{ 143"6068

6 [KIJS

'~ 0+80"8034
_J

h —
+62.8034@ v
| B

CENTER

May 4, 1970 at 15" UT

FIG. 15
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TABLE 13
t (h) [—KJS Py Q
coswt | senwyt || cosw,t | sen wi,t
22463 23127
-80.8034 | [ 1]||-0.7117 | -0.7025 ||"=0.6257 | -0.7801 + 4,217
224.63 219.47
+62.8034 |[ 2 ]| -0.7117 | -0.7025 || -0.7719 | -0.6357 + 5,034
¢ ( h ) [:KLS P] Q’
coslW, t sen Lu1t cos Wt | senw,t
135.37 140.53
-62.8034 |[ 1°]|=0.7117 | +0.7025 || -0.7719 | +0.6357 + 3,617
5 |(135.37 128.73
+80,8034 |[ 27|[-0.7117 | +0.7025 |[-0.6257 +0,7801 + 3,490

WAVE P,

[2]-[1]
[27-[1]

Equations

-0.1462 A - 0.1444 B = + 0.817

+ 01462 A - 0.1444 B = - 0.127
Solution
B =-239 R = 4,01
A = =3.23 (P = 216° 5
Tg{f + 0.74003

(.:p1 = 0.]7
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WAVE  [Ki]c

[2]+[1]
[27]+[ 1]

Equations

-1.4234 A+ 1,4050 B = + 9.251 - ( -1.,3976 Ap]+ 1.4158 BP1)

-1.4234 A - 1,4050 B= + 7.107 - ( -1.3976 Ap1— 1.4158 Bp1)

Solution
=+ 3.14 R = 4,03
=~ 2,53 (.P=128°.9
TgLP= - 1.23952
Cr = 0.17
[x1 ]

V) FINAL RESULTS

78. In the following Table 14, there stand the values of the set of
coefficients to which we have arrived after all the computations.

By comparison with the theoretical values it is seen that the greater
the coefficients are, the better the internal accordance is.

Besides, this is quite natural.,

Regarding the wave components [Kl] and | K2|{we have the chance
of comparing the initial phase angles obtained for | K[, and [Kl]s
on the one hand, and [Kz]l_ and KZJS on the other hand.

In the first case it has been obtained 127°9 and 128°9 for [K’]L
and [KJS respectively, which fit better than expected.

In the second case, for waves [KZJL and [Kzswe have obtained
54°1 and 60°7, which also represent a good internal agreement,
keeping in mind the smallness of their coefficients.

It has not been our intention to achieve the wave component coeffi-
cients with a greater accuracy, because there are many other wave
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components that we have put aside on account of the smallness of
coefficients.

These waves mix up, of course, with the principal tidal constituents
we have considered. We have been only depending on a seven days

their

long tidal record.

TABLE 14
COEFFICIENT
CLASS| SYMBOL NAME REAL COMP. A
2| M PRINCIPAL LUNAR 0.908 | 0.88 | -0.03
§= N, | LUNAR ELLIPTICITY 0.176 | 0,20 | +0,02
Z S, PRINCIPAL SOLAR 0.423 | 0.42 0.00
Z K, LUNI - SOLAR 0.115 | 0,08 | -0.04
o, LUNAR DECLINATION | 0.377 |0.35 | -0.03
5 Q, LUNAR DIURNAL 0.073 | 0.075 0.00
§ P, SOLAR DECLINATION | 0,176 |0.17 | -0.01
K1 LUNI - SOLAR 0.530 [0.54 | +0.01

K2 =[ K2:]L+ [ K?_]s
Ky ={ki ]+ [kag
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W' COMPUTED DIURNAL AND SEMIDIURNAL WAVES, VERSUS TIDAL
RECORD.

Figs. 16a, 16 b and 16 ¢ present a comparison between the tidal
wave (solid line), basically used for computations, and the results obtain-
ed (black dots) by adding the expressions 66, 67, 68 and 69 given in
Sec. 70.

There are also plotted (white dots) the values which are obtained by
adding the eight wave components (Mo + No + Sy + Ky + O7 + P + Qg + K1)
separeted from the lunar and solar diurnal and semidiurnal waves, all
along the method and computations presented in the text,

The goal of the author was to produce a suitable method to separate
tidal component waves from a short period tidal record.

Figs. 16 a, b, c, which only cover a time span of 48 hours (from
May 3/1970 at 15H,U.T. to May 5/1970 at 15 H.U.T.) show how the
results fit with the original tidal wave record. The accordance is as good
as expected.

In the case of the "black dots" , the variation in distance of the
moon has not been taken into account. When introduced, the accordance
is improved.

In the case of the "white dots", it must be kept in mind that only
eight tidal components have been separated, while a lot of others, with
smaller amplitudes, are set aside, provided that owing to their different
initial phase angles the waves mix up to almost a self compensation.

The value z s easily obtained if formulas (11 ) and (12 ) are used.
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