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ABSTRACT

Salama and Quade (198l) proposed a family of nonparametric
tests based on a method of weighted within-block rankings, for
testing the hypothesis of no treatment effects against a postulated
ranking of the treatments in a complete randomized blocks layout.

These tests and others are compared with respect to asymptotic

efficiency.

1. INTRODUCTION

Let zij' lsism, lsjsn, be observations corresponding to

a complete randomized block layout with m treatments and n blocks.
We assume that the Zij's are independent with distribution
G(z-ei-uj), where G is continuous.

We are interested testing the null hypothesis of no

*Submitted to Communications in Statistics
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treatment effects

against

K: 015 62 s s Bm

vhere at least one of the inequalities is strict.
Classical normal theory statistics for this problem have

been considered by Bartholomew (1961), Niiesch (1966), Hogg (1965)

and others. These statistics are based on (Zi - Zj i<j} ,where
n . .
Zi =} Zij/n' i =1, ..., m. For instance, the statistic
© el

T= 31 @, - zj.)/ax,

wvhere Bx is the appropriate estimate of the standard deviation
of ] (2, -2,), has been considered by Holiander (1967)
for Eij =- bj + (i-1)p + eij’ where the eij ;re independent  and
identically distributed according to N(0, o).

A nonparamefric test for the null hypothesis H was proposed
by Jonckheere (1954). Jonckheere's procedure 1s to reject H
for large values of

n

T
g=1 3

where Tj is Kendall's rank correlation coefficient between postu-
lated order and observation order in the j-th block. A similar

test was given by Page (1963). This test is based on

where pj is Spearman's rank correlation coefficient between
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postulated order and observation order in the j-th block.
The Page's statistic and the Jonckheere's statistic are

special cases of the average rank correlation

a
H* = i C./n,
I

where C., J = 1, n are the values of some index of rank

. ij) and the predicted ranking

correlation between (le, ..
(1, ..., m).

For the case m = 2, a nonparametric test for the aull hypoth-
esis H is the sign test. This test has an asymptotic relative
efficiency (A.R.E.) of 2/ 7 0.637 with respect to the classical
t-test, wunder normality. The loss efficiency of the sign test
can be attributed to the absence of between-block comparisons.But
for this special case there is an efficient nonparametric test,
whichutilizes the information on interblock comparisons: the
Wilcoxon signed test (1945). The A.R.E. of this test with respect
to the t -test is 3/% = 0.955, under wmormality.

Another procedure for testing the hypothesis H was proposed
by Hollander (1967), which generalizes the signed-rank test.

(6]

Let R be the rank of |Z -2 | among the n absolute differences
uv v} uj

within blocks between treatments u and v and let

n
L7 D W

T
uv j=1 uv  uv
where
1 ifz <z
u v
w(j) . { j ] (1.1)
uv 0 otherwise

Hollander's test is based on
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Y= ]

u<v

Under Y is neither distribution-free for finite n, nor asymp-

totically distribution-free. However, it can be made asymptotically

distribution~free by dividing it by a consistent estimate of
the null standard deviation of Y.

Doksum (1967) has proposed a test that 1is very similar

to the Y test. Doksum uses the random variables

U T M
uv - v X wuv
j=1
and considers the statistic
180(n - 1) 172
U= 3

(mz -D{2n -1 + (m - 2)[24(n - 2)X(G) + 13 - 6n]}

m m
x I E U /m- I U /m
acy ! =1 Uk =1 VK |

vhere X(G) is a consistent estimate of

A = - -
(G) P(Xl < XZ + X3 X4 R Xl < XS + X6 X7) (1.2)

PR X7 from G. This test |is

only asymptotically distributinn free, under H.

for independent observations X

A method of weighted within-block rankings, which generalizes
the standard methnd based on unweighted rankings, was proposed
by Quade (1972, 1979).

Let us assnciate tn each blnck a measure of variability

D .
b W(le' RN ij), 3 l,..., n, such that is symetric
in its m arguments and satisfies
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0(21":' ceey znﬂ:) = "(zl' zm)

for all c.

For simplicity we assume that with probability 1 there
will be no ties among the Dj's.

Let (1‘1 be the rank of Dj and bQ the relative weight given
to the j-th block, for j = 1, ...., i’l, where bl' ceey bn are

copstants such that 0sb S...Sbn.

1
Then the weighted average rank correlation becomes

n n
w= 1 b quI by

j=t Q! =1
whére :€j is any- #easure of rank cortelatiow.. The -_signeQ—rank
statistic for m = 2 is a specfdl cafe. ln which'L =« V{%}r and

Sj - 7.
Monte Carlo worl “by Sédva (1977) duggests that the choice

of ;easure of variability D _ may not bé crueial.

]

The test statistic W is distripution-free, under H. Moreover

if the block weights b, ..., bn are so chagen that

1

n
max b;/ ) bjz +0 (1.3)
15§50 j=1

as n * =, and if 0<V(CJ)<", then under H; W 1s asymptotically
normally distributed (see Salama and Quade (1981)).

Tests using Spearman and Kendall ‘correlation are studied
by Salama and Quade (1981) and their distributions are obtained
for both small and 1large experiments. These tests and others
competitors are compared in small experiments with respect to
expected significance level.‘

In Section 2 we obtain a general expression for the A.R.E.

-5



of the W-test with respect to the T-test, for different weights

b C =1 and D, = R , where
3" J 3 3’
R, = max Zi.1 - min 213'
l1sism lsism

In section 3 we deduce a computable expression for this
efficiency in the case m = 3 and an underlying normal or Cauchy
distribution. In Section & we present similar results for the

A.R.E. in the case m = 4 and a normal underlying distribution.

2. ASYMPTOTIC RELATIVE EFFICIENCY OF THE

WEIGHTED AVERAGE RANK CORRELATION

We shall restrict attention to Kendall's rank correlation.

Let W denote the weighted average Kendall's rank correlation
T

n
W=} b 1/] 0
T Y da

wvhere 1, is the Kendall rank correlation

3

4 )
yr——— 1%

m(m-1) u<v
)
uv
Suppose that the sequence of weights bj for j = 1,

and ¢ is given by (1.1).

satisfies the condition (1.3) as n + e.

Let us connsider the sequence of alternative hypntheses

Kn: Gij(Z) = Gi(z-"j)
= G(z-(i-1)6-y,)
-1/2 )
where 6 = en , 1 =1 ooy m, j =1, ..., n and c>0.

The following theorems are consequences of the special
central limit thenrem of Hijek and Sidak (1967).
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Theorem 2.1. If 0 < ICi de <1 at least (i,k) pair,
then WT, suitably standardized, has an asymptotic normal distribu-
tion, under K .

n

Assume now that we have two tests based on the statistics

Tln and TZn (from the group of T, 1, o, Y, U, wr and Wo). From
Noether (1955) it follows that the Pitman asymptotic relative
efficiency of Tln with respect to TZn (hereafter denoted by

ETI:TZ(C)) is given by

lm {[dEe(Tln)/de]e_O[dEe(Tzn)/dB];o}z oé(l‘zn)/oé('{ln)
wherszB indicates that the mean is taken under Kn and 0; is
the null-hypathesis wvariance.

Theorem 2.2 gives an expression for [dEe("r)/dB]e-o for

different weights bj, j =1, n. Before stating this theorem,

we consider the following lemma.

Lemma 2.1. Let ij. j=1,..., n, k=1, ...., n be the indicator
&) .
’

function of the event D >D , and let ¥
j k uv

va=1, ...., m be given by (1.1). Then

r+l

v KEPR T . (€}

Um TEE (W ) M) /48Ty o = LdECy U7 T Hjt)/dele_o,
Y k=1 1=2

T ='1,2,....

We -.:it the proof of this lemma, since it is very similar
to that of Lemma 2.1 in Ferretti and Yohai (1986).
Put now

r+l
nmw, )/de] (2.1)
=2 lk =0,

(1)

d r(G) = [dEe(\buv

uv,

u=1,...,mv=1, ..., mrc=1, 2,
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Then (2.2) holds.
From Theorem 2.2 we obtain e (G), e r(G), e
G d G).
ey ,Y( ) an e, ,'J( )
T T 2
Cotnllary 2.2.1. Let 0 (G) be the wvariance of G. Under the
Kn alternatives and 1if bJ = f(j/n), where f satisfies the condi-
tions of Theorem 2.2, the A.R.E. of the Hr—test with respect
to the T-test is glven by

864 [ § ¥ ¢ 4y i(c)lz )
e T(G) = u<v i=0 ! (2.3)

W
1
: n’(a-1)2(me1) (2m+5) 1y £2(x) dx

Proof. Under H Kendall's rank correlation coefficient has variance

2(2am + 5)/9m(m - 1), so

3 2
2(2m + 5) '} (f(3/a))/n
%W = 3,’1 > (2.4)
Inm(m=-1)[ z £(j/n)/n]
1=1

Also

[dEe(‘I)/ de]e=0 ~ (IZUZ(G)/nm(m - 1)(m + 1))-1/2

and

2
00(1') ~ o1

From (2.2) the expression for ey T(G) follows.
T'

Corollary 2.2.2. Under the Kn alternatives and if bj = f(j/n)

where f satisfies the condition of Theorem 2.2,

b 2
0] Je d (6]
(G) = uc<v i=0 Louv,d

2 2 21 2 (2.3)
: 2l @)’ (17 gt axi’s, o ax

Proof. Hollander (1967) shows that



[dEe(T)/dela_D = 2n(m + 1)I_m g(x) dx/3

and

2( y - 2n(2m + 5)
%" " 9m(m - 1)
Then (2.5) follows from (2.2) and (2.4).
Corollary 2.2.3, Under the Kn alternatives and if bJ = f(j/n),

wvhere f satisfies the conditions of Theorem 2.2,

v 2
200 1§ RO}

e G) = u<v i=0 (2.6)
W o,
1 3 2 1 ? = 2
m (1) (2m+5)s, £(x) dx [f_n g(x) dx)
Proof. Hollander (1967) shows that
[dE_(p)/do] |7 to d
0 p e 6=0 nm - g(x X
and
2
Oo(p) =m/(m - 1).
Then (2.6) follows from (2.2) and (2.4).
Corollary 2.2.4. Under the Kn alternatives and if bJ = £(3/n),
wvhere f satisfies the condition of Theorem 2.2,
< 2
36(3 + 2(m - 2)(222(6) - 3INL Y} e, d L (©)]
e (G) = u<v 1=0 > .
L 2 2 T - 2 7 1 (2.7)
m{(m-1)(m+ 1) [f_m gl(x) dx} f, f%x) dx

where A(G) {s given by (1.2), and G1 is the distribution function

of X1 - XZ' with corresponding density gl, when Xl, XZ are
independent and identically distributed aceconrding to G.
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Proof. Hollander (1967) has shown that

lim [dE (Y)/d0] _/a(n - 1) = u(n - D(n + I)J gzl(x) dx /6

-
n s

and

2
oo(Y) =a(n + 1)(2n + D)m(m - 1)(3 + 2(m - Z)p;(G))/léh,

n (241(0)—6)n2 + (48u(G)-72M(G)+7)n + 48A(G)-48u(G)+1
PO(G) d »

(n +1)(2a + 1)

and

u(G) = P(X1 < XZ Xl < XS + XG - X7)

when Kl, XZ, eny K7 are independent and 1identically distributed

according to G.
Also, Hollander (1966) has proved that
B n
p (G) = lim po(G) = 12)(G) - 3.

N+o

Then (2.7) follows from (2.2) and (2.4).
Corollary 2.2.5. Under the l(n alternatives and if bj = £(j/n),

where f satisfies the condition of Theorem 2.2,

36(2c + D2+ 6m- DEAE) -DIL [ e d_ (@)
i uv,ti
e u(c) = u<v i=0

W 1 -
f - D2+ Dm0 o axl ] g 00 dxi’ (2.8)

Pronf. Doksum (1967) shows that

z @
2umtrt ] &0 act?

&y, 1{¢) =
2+ 6(m - 2)(4MG) - 1)

Then (2.8) follows from (2.3).
-11-



3. ASYMPTOTIC EFFICIENCY OF W -TEST
FOR THREE TREATMENTS )

©),1=1,2,...

3.1. Calculation of du"cgg) and duv,i

In this section we will suppose Dj - Rj' j=1, ..., n.

Theorem 3.1 gives a computable expression for duv 0(G)
1]

and duv,i(c)' 1i=1, 2, for general G.
Theorem 2.1. Let Zl, 22' Z3 be 1.1.d. random variables
distribution G. Define U = Z3 - 22, Ve Z2 - Z1 and let

be the joint density of U and V. Then

44y 0@ = (v - w) | _ atn) ox

and

il
d.v i(G) =6 (v - u)i{xli + K

2K -
uv, + 31}5 i l' 2-

21

vhere

0 0
i-1
Kli - I J [H(x+y)] Hl(x#y) h(x,y) dx dy

- -

0 0
-1
Rl I T RO R SR e

0 1] 0
ki1 ™ J J I l‘*("*")li_l h(u+v-w,w) h(e,v) duv dv du
- - w

[V ]
H(z) = L I h(x,y) dx dy

=y

2
H.l(z) - I h(0,y) dy

-

z
Hz(z) = J h(x,0) dx.

-

=12~

vith

h(u,v)

@.1)

3.2)

(3.3)
@4y

3.5)

(3.6)
(3.7)

(3.8)



We omit the proof of this theorem, since it is very similar
to that of Theorem 3.1 in Ferretti and Yohai (1986).
The following corollaries are consequences of Theorem 3.:.

Cornllary 3.1.1. If G is normal with varfance 1 and ¢, ¢ are

respectively the standardized normal distribution function and

the standzrdized normal density function, we have

12
duv,O(c) = (v -u)/(2x ") (3.9)
0
L = | m @B me o eaeant™ - pw 60
wde:
andi
o
-tpzf i1 f
gy = () R iy ese-ers™y - nw o (3.11)
where
0
H(z) = |12 Goc-ur1'D) - Dote) o (3.12)
-1 -1 1
B, =2 P, (3.13)

CozofTary 3.1.2Z. If G 1s Cauchy with scale parameter I, we have

duv’@(‘&') = (v - u}/(27), (3.14)
? i-1 2

Kyg =Ky = (—b/n)f Hl(Zu)iH(Zw)]l- [In(w" + I}

t i (3.15)

+ are tan(u)]Yl(w) dw

and

0
K, = (1/(21'2))] (atw? + 1)/2v + are tan(w) 2 lH(20) 11!
3 - (3.16)

¥y g,

where Yl is the Cauchy density functien with locatinn parameter
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0 and scale parameter 1,
2 2 2
H(z) = (larc tan(z/2)1" - {in(z"/4 + 1)]7/4
0 (3.17)
| 2 2
= 1,72 In(x + 1)/x dx}/2w
and

B (2) = () (are tan(2/2) + 1/2 + 2/ + ) (3.18)

3.2. Some Results and Conclusions

B
From Corollaries 2.2.1, 2.2.2, 2.2.3, 2.2.4 and 2.2.5 with

(a) Let b, = /)" forc =1, 2, and D = R,.

f(x) = % we see that

(1]
~
[2)
~
[ ]

96(36)°c 2k, + K, + 2k, }2ol(6)(2r + L)/1L,
Ir r 3c

2

(2r + DE2GOTK, + K.+ 2K }Z/II ety dx)?,
lr r 3c s

n
~
Q
~
[}

2

®
~
(2]
~—
[ ]

32(2c + l)rz(36)r(Klr $K, * 2K3r}2/33[1_ng%x) ax)?

2

2

(2r + l)t2(36)r(3 + 2(120(G) - (K, + K+ 2K_}
- lr 2r 3r

ll[I_, gf(x) dx]z

4(2r + 1)(2 + 6(4A(G) - l))r2(36ir{Kl + K, + 2K }2
= s r 2r kld

ntf__ g axt?

where K, , K, and K, are given by (3.3), (3.4) and (3.5) respec-
e’ 2r 3r
tively with 1 = r.
Some values of & ,T(G)’ e

(G), e (G), e (G) and
» T )P

W W W .Y
T T T

] U(G) vhen G i{s normal are shown in Table I. In Table II we list
T

some values of e t(G), e

t 4

(G), e

WT.Y(G) and e

U(G) when G is

HT,D Wes

Cauchy.
~l4-



For each distribution five values of r were considered:

1, 2, 3, &4, l4.

TABLE I
Asymptotic Efficiencies e"T'T(G), e"T't(G). e 'p(G).
T
e, ,Y(G) and e ,U(G)' vhen bj = (j/a) ,m=3

and G is normal

r e G) e (6) e 6) e (6) e (G)

W,T W, WP v.,Y WU
1 0.872 1.255 1.217 0.905 0.902
2 0.820 1.181 1.145 0.851 0.848
3 0.748 1.077 1.045 0.776 0.773
4 0.683 0.984 0.954 0.709 0.706
14 0.368 0.530 0.514 0.382 0.380
TABLE II
Asymptotic Efficlencies e ,1(6)’ e”.,'p(c), e"T,Y(G)
and e, (6), when b = (§/m)%, m = 3 and G is Cauchy
T'
r e, ,T(G) e, 'p(G) e, ,Y(G) e, ,U(G)
T T 1 T
1 0.595 0.577 0.846 0.839
2 0.340 0.330 0.484 0.480
3 0.217 0.210 0.308 0.306
4 0.150 0.146 0.214 0.212
14 0.026 0.025 0.037 0.037

We note that for each considered G the values e T(G).
I

LIRS O N

. T W-’y(c) and eth(G) are decreasing functions

13
of r. In each case the maximum occurs at r = 1, Forr = 1 and ¢

=15~



=1, = 1,21 = Q.
normal, ewt’t(G) 255, ew"p(G) 217, e'Jt,Y(G) 0.905 and
e, u(G) = (0.902. %hen r = 1 and G is Cauchy, & r(G) = 0.595,

v’ v’
= 0.577 = (.84 = 0.839.
e“r' (G) 0.577, eWT,Y(G) 0.846 and eWt,U(G) 9

(b) Let b = (1 + /" forr =1, 2, and D, = R,

Since bj can be expressed as b, = z (r) (j/n)r, we conclude
i=0 "1

3
from corollaries 2.4.1, 2.4.2, 2.4.3, 2.4.4 and 2.4.5

2 T or i 2 2
96[1'-., g(x) dx + i.g-l (t) 6 l(Ku + KZi + .’_K:“H g (G)
e I(G) = :
T ujo ffx) dx

T r i 2
[I ox) dx + i);l (D 6L, K+ 2N

v IJ_: S%K) dx] J f%‘) dx

2{l. g%x) dx + iz (7) 6Lt[K + K+ ZK“} 12

2i
e (G) =
) s
t’p SJ[L' g%x) dx] I f%x) dx
(3+z(m(c)-3)nf afo &+, 2 ()61{K ¢2x3{}12
(G) =

ll[[_: gf(x) dXIZI; f%x) dx

“ 2
4[2 + 6(42G) - DI I_.S(x) dx + .Z_ (r) 6{1(1(11 * Ky +2K3i}1Z

. (G) =
7,0 1y
T 33[[_ 8, (x) dx] [ f%x) dx

where K., KZi and l(31 are given by (3.3), (3.4) and (3.5) respec-

tively.

Some values of ew _r((;)_ e G), e D(G)' e (G) and

Lo % W oY
e"r (G) when G is nntmal are shown in Table III. When G is Cauchy,
! -16-






TABLE IV

Asymptotic Efficiencies e (G), e (G), e, Y(G) and

W ,T c ) .
e 'U(G). when bj = (L + j/n), m =3 and G is Cauchy
T
r ew'r(G) e, 'O(G) e, ,Y(G) e, ,U(G)
T T T T
1/12 0.994 0.963 1.412 1.402
1/8 0.990 0.960 1.408 1.397
1/6 0.987 0.957 1.404 1.393
1/4 0.980 0.951 1.394 1.383
/3 0.972 0.943 1.382 1.372
1/2 0.956 0.927 1..359 1.348
L 0.895 0.868 1.273 1.263
2 0.747 0.724 1.061 1.053
3 0.598 0.580 0.850 0.844
4 0.473 0.458 0.672 0.667
6 0.299 0.290 0.425 0.422
8 0.200 0.194 0.284 0.282
10 0.142 0.138 0.202 0.201
12 0.107 0.103 0.151 0.150
14 0.083 0.081 0.118 0.117

4. ASYMPTOTIC EFFICIENCY OF THE

!{—TEST FOR_FOUR TREATMENTS

In this section we will suppose .D:l - Tilj.‘, 1=1, 2,
‘Theorem 4.1 gives a computable expression for 'vduv 0(({:') and
' »

d G), 1 =1, 2, for general G.
uv, i

Theorem 4.1. Let Zl, 22, 23, 24 be 1{.i.d. random variables with

. = - V= - , W=Z -2
dtstr:bution G. Define U Z2 Zl’ 23 Z2 4 3 and
let h (u,v,w) be the jolat density of U, V and W. Then

-18-



duv,O(c) = 2(v - u)]_- g?x) dx (4.

1)

and
é IE T R TTC ST S S vy 1, 2
uv,i(c) = 4(24) (v-u)i Klt + l(zi + ](31 + 31(“.}, i=1,2, (4.2)
where
0 0 0
* * * 11 *
K = (I ,’ J H (utv+w)[H (u+v+w)] "h (u,v,w) du dv dw
si - ‘e ‘-m 25-1
(4.3)
6 0 0
* * - *
+ .[__ I_- I_, HZS(U“V’U)IH (u*’vﬂ.v)]i lh (u,v,w) du dv dw
for s =1, 2, 3,
0 0 0
* * -1 %
K = .[,,, I,,, j-«uH7(u+vﬂv)[li“(u+v+w)]i % (u,v.w) du dv dw  (4.4)
vhere
* JO (0 JO -
H(z) = 2 Jz-u z-u-vh (u,v,w) du dv dw (4.5)
0
«
Hl(z) =’ ‘wh (0,v,w) dv dw (4.6)
0
H ) J Iz-wh'(o ) dv d (4.7
2(z 2 ,V,w) dv dw .7
* 2 0 *
HS(Z) 'I - J . h (v,0,w) du dw (4.8)
o[
B(z) =) ) o b (u,0,w) dudw (4.9)
0
* JZ J *
HS(Z) =J_o J_oh (u,v.0) du dv (4.10)

-15-



0

* ZV »
HS(Z) = J ] h (u,v,0) du dv (4.11)
Z2 -
and
o LI ; oz
H7(z) =), 1, h (z-v-w,v,w) dv dw. (4.12)
The proof of this theorem {s similar to that of Theorem
3.1.

The following corollaries are consequences of Theorem 4.1.
Corolla;z 4.;.[. If ‘G is normdl with variance 1,® , ¢ are respec-
tively The standardized nhrmal distribution function and the
stagdacdized normal.dﬁﬁsi;y Functian ard 1f we denote respectively
vith,ﬂt and o the distcibution fysction and the density functionm
of a bivariate normal” vérfable with ‘mest @ and covartance matrix

C, we have

4  (G) =~ (v - u)"/wti‘l'2 (4.13)
uv,0
[ /
* k ok i-1 1/2
kR, = U y Bye (O (N1 {8(=(y - x/2)/377)

/

- o((ys2 - /2t 2)1¢C<x.y) dx dy

(4.14)
0 0

* -
- Iy i, (I (17 oGy - <1213

- 0((y/2 - 07318 xy) ax ay)

for s =1, 2, 3,
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(4.16)

2) - t/(2 21/2))] ¢(t)é(s) dt ds
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(4.20)

(4.21)
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x du

4.2. Some Results and Conclusions

Let b, = (3/n)" forr =1, 2, and D, = R,.
b ) S I
From Cornllaries 2.2.1, 2.2.2, 2.2.3, 2.2.4 and 2.2.5 with
f(x) = x° we see that

G) = 1920[576 t 2 2r+1) 2 G K* r K * zxi ¥ /13
a . 2,
e { { 1 ' {2c u()(“_ K K3 + ,‘ﬂ‘-/

W ,T 2r
T
T 2 _* * « x 2
16{576] (2r+1)r X + K K + 3K, }
1r 2r 3r 4t
e (G) = =
Wt f % 2
T (J_, s(x) dx]
* * * *
200(576)% (2e+ el K+ k7 k7 ¢ ®° P
Ir 2r 3r 4r
W D(G) ) = 2
T 13[I g%x) dx]
e
2 * * *
(2r+ 1) (3+4(12MG)-3))16{576]c° K + k. + K. + 3K P
e ) = 1r 2c 3r 4
L [= 2 2
T 130) gl(x) dx]
r 2 * * * * 2
20(2r+1)(2+12(4A(G)-1))[576) £ (K, + K, + K. + 3K, }
e @) = Ir 2r El+ 4r
w,U .
T 13
* * * *
where Klt' KZr' KJr and Klu: are given by (4.3) and (4.4) respec-

tively with i = r.
Some values of e, ,T(G)' ew" 1_(G), ewr

T
ey U(G) when G is normal are shown in Table V. For r = 1,
-

'p(G), L 'Y(G) and

e 2 =
wr‘r(c) 1.151, e .p(G) 1.107, e”t'Y(G) = 0.872 and eWT,U(G)

e

= 0.870.
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TABLE V

Asymptotic Efficiencies e ,T(G)' e ,r(Gi' e 'D(G)
1 T
- s 4
e Y(G) and L ,U(G)’ vhen bj Ij/n) , @

and G 1s normal

W ,T W, W ,p W, WU
T T T

1 0.845 1.151 1.107 0.872 0.870
0.755 1.027 0.988 0.779 0.776

5. DISCUSSION

The: following observations can be made about the results

discussed in Sections 3 and 4.

(1) If we wish to contrast the weighted and unweighted tests
using ew J(G) then we can conclude that for the range of distribu-
tion from normal (moderate tail) to Cauciy (very heavy tail)
there is no single weighted test that is superior to an unweighted
test. For m = 3 the best ve could do is take b.‘l = (1 + _j/n)l/12
and achieve e ‘r(G) i1, so there is no advantage to weighting
in heavy tail;i' cases but that is not surprising since the sign
test is more efficient than the Wilcoxon test in those situations.
Weighting should be used only for moderate tailed distributions;
in which case b.-1 = j/n or bj = (1 + j/n)3 would be fairly good.
So that for simplicity the former may be recommended in moderate
tailed cases with m = 3 and similarly for m = 4.

We should also point out that these recommendations can

be made for weighted tests in the unordered alternatives cases.

For these alternatives, m = 3 and G nnrmal or Cauchy we remark that
-23-



ew (G) reduces to the efficiency of the test proposed by Quade

T
(1972, 1979) with respect to the Friedman test. (See Ferretti

and Yohal (1986)).

(ii) For G mormal, m = 3, 4 and bJ = (j/'n)r (Tables I and V) or

by = (Ls 4/a)" (Table III) the Hollander and the Doksum

test are more efficient than the Vr-test. Results for G Cauchy,
m=3and b - (j/n)" (Table II) or bym (e 3/m)F with r 2 3
(Table IV) are similar. However, the Hnllander statistic and

the Doksum statistic are only asymtotically distribution-free.
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