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1. Introduction.

Several problems in Physics and related fields yields to the 

necessity of solving elliptic problems on arbitrary domains. For instance, 

this kind of problems appears in potential theory, hydrodinamics and 

elasticity.

Finite Element Method (F.E.M.) has proved to be a very useful 

tool to solve them numerically, in particular, when the aomain of the 

problem is not geometrically simple. ( For a good descriptiin of the 

applications of F.E.M. to Mathematical Physics see II] and references 

therein ).

As it is well known, the starting point of F.E.M. is the sub­

division of the domain into elementary subdomains; v.g. quadrilaterals or 

triangles for plane domains.

When quadrilaterals are used, it is useful being able to include 

also some triangular elements for getting a regular mesh. ( For instance, 

if a refinement of the subdivision at a certain part of the domain is 

carried out ).

Different algorithms ought to be used for assembling each type of 

element. Nevertheless, triangles are considered degenerate quadrilaterals 

in some codes, for the sake of computational simplicity ( e.g. [2]).

The aim of this note is to provide theoretical basis for such 

a procedure. We shall show that, in spite of the fact that it is not a well 

posed method, it yields to satisfactory numerical results when it is made 

a suitable choice of the quadrature scheme involved.
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2. Statement of the problct.

Let us consider the model problem of finding a function 

e H^n.^ such that!

(1.1)

where _J)_ is an open poligonal subset of IK. ,

(1.2)

(1.3)

with £ and Q-tj continuous functions such that

Let "ζ. be a mixed subdivision of JL composed of triangles 

and quadrilaterals. For each (¿tí we shall write:

V^ = diameter of K

?X = maximum of the diameters of all circles contained in K 

0\ = 8 k / ^ k .



We also denote and

For each quadrilateral kcü with vertices M^, Mt ,Hj 

and Mq ,

(1.4)

defines a one to one mapping from the unit square K¿°^4°  ̂

onto K .

To each function Ψ defined on K there corresponds a function 

Ψ defined on K by means of the canonical relation:

(1.5)

Let Q^ be the space of functions defined on K which are 

linear in each coordinate and

(1.6)

i.e. the space of functions " of type "on 1^ .

For each triangle Kfe^ we shall write p.(4 for the space 

of linear functions on K

Let 'V^ be the subspace of ^Ο(Λ^ composed of continuous 

functions "^l, defined on JL such that "^W^j^^ and ^h^ ^ ^K 

where Pk^Pa^ or Rc^QaÍ^ for Ktt a quadrilateral or a 

triangle respectively. Let W^fi be the solution of the discrete 

problem :

(1.7)

Since the solution XL of eq. (1.1) belongs to U^t^TL^ , from
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the results of Jamet ^^ and Ciarlet-Raviart '^ and Cea’s lema,

one gets

(1.8)

where C. is a constant depending on C but not on h and H'llk a 

Ι'Κπ. are the usual Sobolev norms and seminorms.

For I'Ji.y ^ the set of inner nodes of Í we take GJ¿ &.\Ζ^ 

such that W.^^-i^and so the solution ^ of the problem (1.7) 

may be written

with ^j satisfying:

(1.9)

The matrix and the r.h.s. member of eq. (1.9) are obtained by 

assembling the contribution of each element as

(1-10)

and

(1.11)

where

(1.12)



and

(1.13)

for A /VC ^k

To do this, different algorithms should be necessary for 

assembling each type of element.However, in some codes ( e.g. [2j), 

triangles are considered quadrilaterals | with two identified' 

vertices. For continuous trial functions which are linear on 

triangles and " of type Q4 " on quadrilaterals we shall show that 

such a procedure is not well-posed and shall explain the reason 

why, in spite of that, it yields to a satisfactory result when an 

adequate quadrature method is used.

2. Interpolation of " type QA " in triangles.

Let |<, be the reference triangle of vertices (ο,ο^ , (4^, 

^°i^ . The canonical basis functions of W are

(2.1,

Thinking of K as a degenerate quadrilateral with vertices

^= ^O,°^ , ^ϊ.'(Α<ςύ >^V,^l^■(oι,') we may define^ according

to eq.(1.4). So one gets

(2.2)

This mapping has an inverse defined for every point 

except the vertex (0,1) which is given by
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(2.3)

and so we can define ΟΛ^ analogously to (1.6). ( The elements 

ofQ^Kjwill be functions well defined out of the point 1°,^ ).

From the canonical basis functions of Q4

^λ1 1'·^^'·^ , W1 = 1Α^^ j^J-*· ϋ ^and ^^l4^ we get,

by means of the relation (1.5), a basis of QA^\ that is:

Va = A-x-^ .^-^ Λϊ-^/l·-^ and S =V^/(A

So we· have:

(2.4)

Given a triangle KcL with vertices ΝΛ , Ηλ and mj iet Qk 

be the affine mapping from K onto ^ such that ^kl0^ - ^4 , 

^(4'°ν^1 and. Qk^^Y^j ■ By direct composition with ^K* 

we may define the spaces Pnt^\ and Qa W and respective basis 

functions which obviously satisfy the same relation as (2.4):

(2.5)

For a continuous function ΛΓ on K the natural way of defining its 

interpolate " of type Q4 , , is through the reference
A ^a^

square ^. ; thus

(2.6)
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Note that this may be thought as a limit of the interpolation 

for quadrilaterals degenerating into K . ■

From (2.5) we see thatTTq ^ coincides with the usual 

linear interpolate of V on ^(^1

Thereforethe assembly of triangles as degenerate quadrilaterals 

would yield us to compute :

(2.7)

and

(2.8)

Nevertheless we must note that Q jK^cUtK) but ^j and "Vi^ do 

not belong to U (^ and then expressions as M^y^ are not in 

general well defined for Kor5-^ori|.

Forasmuch we may conclude that such an assembly is quite 

impossible.
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3. Assembly of degenerate quadrilaterals by means of numerical 

integration.

The effective computation of most of the problems needs te- 

evalúate numerically integrals defining A^rt ana ν\1ωή 

which yields to consider new approximate forms ¿nd V^ .

For doing that, in our case, we ought to give qua--' ature

schemes over each reference element:

(3.1)

(3.2)

Now, changing variables we have:

with ^'k the Gor.responding. mapping- front the reference element 

onto 1^ and ψ^ ^ ^ψο©;Λ in each case.

Thus, we can take

(3.4)

where btk-C)<(bó,'KtKi^dá^*^^ hnd L = L for K, a 

quadrilateral and the obvious analogue for K a triangle.

So the above mentioned forms result :
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(3.5)

(3.6)

Carlet and Raviart '^ have shown that the approximate solution of 

problem (1.7) obtained assembling Λα-κΚ and f^x instead of &k and 

F< , satisfies estimates of the same order than (1.8), provided 

the integration schemes verify the following conditions: 

- scheme (3.1) is exact to integrate constant functions.

- scheme (3.2) is exact to integrate polynomials of order two in 

each variable and the set ^bt^ ^ contains a Q^ unisolvent subset.

A gaussian quadrature scheme over K with four points satisfies 

the required conditions for quadrilaterals. Since for such scheme 

there is no evaluation of the integrand at the vertices, its 

application to the singular integrals arising from degenerate 

quadrilaterals gives finite results.

So, even when Α^ .^ is not well defined. A^kiVn^^ 

actually is and the assembly of the new forms yields to:

(3.7)

(3.8)
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This shows that wc get the same result as if we had assembled 

Am^GS^ and ^kluJ^ using the quadrature method induced by 

the gaussian scheme over the reference element K by means of the 

mapping ^£ (2.2) , i.e.scheme (3.2) with I—-^ , bq” ^k t^¿\,

b(. the four gaussian points in the unit square K and *t = 

«"itdit^Kl^, ^i che corresponding gaussian weights.

This induced method integrates exactly constant functions.

In fact, since Ο^(ίΪ(τ^ is a polynomial of degree one, for 

ψ^ς- (a constant function ) we have::

4. Conclusions.

We have shown that in spite of the theoretical impossibility 

of assembling triangles as degenerate quadrilaterals, a judicious 

choice of the quadrature scheme allows us to get a solution of optimal 

order for the involved finite elements.

It is worth to remark that quadrature schemes of higher 

precision would give bigger values for the approximation of divergent 

integrals in (3.7). It would introduce significant rounding errors 

due to the cancellation carried out during the assembling.
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