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'HSDUWDPHQWR GH &LHQFLDV GH OD &RPSXWDFLuRQ

8QLYHUVLGDG 1DFLRQDO GHO 6XU
H�PDLO� JUV#FULED�HGX�DU

.H\ZRUGV� 'HIHDVLEOH /RJLF 3URJUDPPLQJ � *DPH 6HPDQWLFV � /RJLF 3URJUDPPLQJ

$EVWUDFW
7KH RSHUDWLRQDO VHPDQWLFV RI 'HIHDVLEOH /RJLF 3URJUDPPLQJ �MXVWLnFDWLRQ SURFHVV� LV

EDVHG RQ D GLDOHFWLFDO DQDO\VLV RI DUJXPHQWV DQG FRXQWHUDUJXPHQWV�
,Q >$EUDPVN\� ����@ DQG >$EUDPVN\�E�� ����@� D JDPH VHPDQWLFV LV LQWURGXFHG LQ RUGHU

WR PRGHO D FRPSXWDWLRQ DV D JDPH EHWZHHQ WZR SOD\HUV� WKH 6\VWHP DQG WKH (QYLURQPHQW�
7KH PDLQ LGHD LV WR XVH D JDPH WR PRGHO WKH LQWHUDFWLRQ EHWZHHQ WKH SDUWLFLSDQWV�

7KH MXVWLnFDWLRQ SURFHVV FDQ EH VHHQ DV D JDPH ZKHUH D SOD\HU SURSRVHV DQ DUJXPHQW
IRU D JRDO T DQG WULHV WR GHIHQG LW ZKLOH WKH RWKHU SOD\HU WULHV WR nQG FRXQWHUDUJXPHQWV WKDW
GHIHDW LW� 7KHUHIRUH ZH FDQ PRGHO D GLDOHFWLFDO V\VWHP WKURXJK WKH LQWHUDFWLRQ EHWZHHQ WZR
SOD\HUV� SURSRQHQW DQG RSSRQHQW�

7KH SXUSRVH RI WKLV SDSHU LV WR LQWURGXFH D PRGHO EDVHG RQ D JDPH VWUXFWXUH IRU WKH RS�
HUDWLRQDO VHPDQWLFV RI 'HIHDVLEOH /RJLF 3URJUDPPLQJ� 7KH GHFODUDWLYH VHPDQWLFV LQWURGXFHG�
PRGHOV WKH MXVWLnFDWLRQ SURFHVV ZKHQ WKHUH H[LVWV D SUHIHUHQFH UHODWLRQ EHWZHHQ FRQWUDGLFWRU\
DUJXPHQWV VXFK WKDW JLYHQ WZR FRQWUDGLFWRU\ DUJXPHQWV LW DOZD\V GHWHUPLQHV ZKLFK RQH LV
EHWWHU�

e6XSSRUWHG E\ D IHOORZVKLS RI WKH 8QLYHUVLGDG 1DFLRQDO GHO &RPDKXH�



� ,QWURGXFWLRQ
/RJLF SURJUDPV DUH QRZDGD\V ZLGHO\ UHFRJQL]HG DV D YDOXDEOH WRRO IRU NQRZOHGJH UHSUHVHQWDWLRQ
DQG FRPPRQVHQVH UHDVRQLQJ� ,Q RUGHU WR LQFUHDVH WKH DSSOLFDELOLW\ RI ORJLF SURJUDPPLQJ LQ PDQ\
nHOGV� VHYHUDO H[WHQVLRQV RI WKH FODVV RI GHnQLWH SURJUDPV KDYH EHHQ SURSRVHG� 1RUPDO SURJUDPV
>/OR\G� ����@ DGG QHJDWLRQ DV IDLOXUH LQ SURJUDP FODXVH ERGLHV� EDVLF SURJUDPV >*HOIRQG� ����@
DOORZ VWURQJ QHJDWLRQ QRW RQO\ LQ WKH FODXVH ERGLHV EXW LQ WKH FODXVH KHDGV DV ZHOO DQG GLVMXQFWLYH
SURJUDPV >0LQNHU� ����@ DOORZ GLVMXQFWLRQ DV KHDGV RI SURJUDP FODXVHV�

'HIHDVLEOH /RJLF 3URJUDPPLQJ>*DUFurD� ����@>*DUFurD� ����@>'XQJ� ����@� WKDW DOORZV ERWK QR�
WLRQV RI QHJDWLRQ� GHIDXOW QHJDWLRQ DQG VWURQJ QHJDWLRQ� DGGV WR EDVLF QRUPDO SURJUDPV D QHZ
VHW RI UXOHV� WKH GHIHDVLEOH UXOHV� 'HIHDVLEOH UXOHV DUH DGGHG LQ RUGHU WR UHSUHVHQW WHQWDWLYH LQ�
IRUPDWLRQ� (YHQ WKRXJK WKH WHQWDWLYH LQIRUPDWLRQ UHSUHVHQWHG PD\ EH FRQWUDGLFWRU\� 'HIHDVLEOH
/RJLF 3URJUDPPLQJ �KHQFHIRUWK '/3� SURYLGHV D FULWHULRQ IRU GHFLGLQJ EHWZHHQ FRQWUDGLFWRU\
JRDOV�

'/3 RSHUDWLRQDO VHPDQWLFV LV EDVHG RQ D GLDOHFWLFDO DQDO\VLV RI DUJXPHQWV DQG FRXQWHU�
DUJXPHQWV� 7KXV� D TXHU\ T ZLOO EH VXFFHVVIXO LI WKHUH H[LVWV DQ DUJXPHQW $ RI T WKDW LV D
MXVWLnFDWLRQ�L�H�� WKHUH LV QR FRXQWHUDUJXPHQW WKDW GHIHDWV $� 6LQFH GHIHDWHUV DUH DUJXPHQWV
WKHUH PD\ H[LW GHIHDWHUV IRU WKH GHIHDWHUV DQG VR RQ�

7KH SXUSRVH RI WKLV SDSHU LV WR LQWURGXFH D PRGHO EDVHG RQ D JDPH VWUXFWXUH IRU WKH RS�
HUDWLRQDO VHPDQWLFV RI D UHVWULFWHG '/3� ,Q >$EUDPVN\� ����@ DQG >$EUDPVN\�E�� ����@� D JDPH
VHPDQWLFV LV LQWURGXFHG LQ RUGHU WR PRGHO D FRPSXWDWLRQ DV D JDPH EHWZHHQ WZR SOD\HUV� WKH
6\VWHP DQG WKH (QYLURQPHQW� 7KH PDLQ LGHD LV WR XVH D JDPH WR PRGHO WKH LQWHUDFWLRQ EHWZHHQ
WKH SDUWLFLSDQWV�

7KH MXVWLnFDWLRQ SURFHVV FDQ EH VHHQ DV D JDPH ZKHUH D SOD\HU SURSRVHV DQ DUJXPHQW IRU D
JRDO T DQG WULHV WR GHIHQG LW ZKLOH WKH RWKHU SOD\HU WULHV WR nQG FRXQWHUDUJXPHQWV WKDW GHIHDW
LW� 7KHUHIRUH ZH FDQ PRGHO D GLDOHFWLFDO V\VWHP WKURXJK WKH LQWHUDFWLRQ EHWZHHQ WZR SOD\HUV�
SURSRQHQW DQG RSSRQHQW�

7KH RXWOLQH RI WKLV SDSHU LV DV IROORZV� ,Q VHFWLRQ � ZH EULHo\ UHYLHZ VRPH EDFNJURXQG
DERXW '/3� 6HFWLRQ � GHVFULEHV DQG LOOXVWUDWHV JDPH VHPDQWLFV VKRZLQJ KRZ WKH LQWHUDFWLRQ
EHWZHHQ WKH V\VWHP DQG WKH HQYLURQPHQW LV GHnQHG� 6HFWLRQ � LQWURGXFHV D IRUPDO GHnQLWLRQ RI
D JDPH�EDVHG VHPDQWLFV IRU WKH RSHUDWLRQDO VHPDQWLFV RI '/3� )LQDOO\ LQ VHFWLRQ �� ZH JLYH RXU
FRQFOXVLRQV DQG PHQWLRQ VRPH SRVVLEOH GLUHFWLRQV IRU IXWXUH UHVHDUFK�

� 'HIHDVLEOH /RJLF 3URJUDPPLQJ
'/3 DOORZV WR UHSUHVHQW QRW RQO\ FHUWDLQ NQRZOHGJH EXW WHQWDWLYH NQRZOHGJH DV ZHOO� ,Q RUGHU WR
GLVWLQJXLVK ERWK NLQGV RI NQRZOHGJH� WKH ORJLF SURJUDPPLQJ ODQJXDJH KDV EHHQ H[WHQGHG ZLWK D
VHW RI GHIHDVLEOH UXOHV� $ GHIHDVLEOH UXOH +HDGb�%RG\ LV XQGHUVWRRG DV H[SUHVVLQJ UHDVRQV WR
EHOLHYH LQ WKH DQWHFHGHQW %RG\ SURYLGH UHDVRQV WR EHOLHYH LQ WKH FRQVHTXHQFH +HDG�

$OWKRXJK ERWK QRWLRQV RI QHJDWLRQ� GHIDXOW DQG VWURQJ QHJDWLRQ� FDQ EH UHSUHVHQWHG LQ '/3�
WKLV ZRUN ZLOO EH FLUFXPVFULEHG WR D ODQJXDJH ZLWKRXW GHIDXOW QHJDWLRQ� /HW
V GHnQH WKH ODQJXDJH�
'HnQLWLRQ ���� 6WURQJ DQG 'HIHDVLEOH 5XOHV>*DUFurD� ����@
$ 6WURQJ 5XOH LV DQ RUGHUHG SDLU +HDG � %RG\� ZKRVH nUVW PHPEHU +HDG LV D OLWHUDO�� DQG
ZKRVH VHFRQG PHPEHU %RG\ LV D nQLWH VHW RI OLWHUDOV� $ VWURQJ UXOH ZLWK WKH KHDG /� DQG ERG\
I/�� � � � � /QJ FDQ DOVR EH ZULWWHQ DV� /� � /�� � � � � /Q� $V XVXDO� LI WKH ERG\ LV HPSW\� WKHQ D
VWURQJ UXOH EHFRPHV /� WUXH �RU VLPSO\ / � DQG LW LV FDOOHG D IDFW�
$ 'HIHDVLEOH 5XOH LV DQ RUGHUHG SDLU +HDGb�%RG\� ZKRVH nUVW PHPEHU +HDG LV D OLWHUDO�

�$ OLWHUDO / LV DQ DWRP $ RU D QHJDWHG DWRP z $�



DQG ZKRVH VHFRQG PHPEHU %RG\ LV D nQLWH VHW RI OLWHUDOV� $ GHIHDVLEOH UXOH ZLWK KHDG /� DQG
ERG\ I/�� � � � � /QJ FDQ DOVR EH ZULWWHQ DV� /�b�/�� � � � � /Q� ,I WKH ERG\ LV HPSW\� ZH ZULWH
/�b� WUXH DQG ZH FDOO LW D SUHVXPSWLRQ� q

$ GHIHDVLEOH ORJLF SURJUDP >*DUFurD� ����@ LV D nQLWH VHW RI VWURQJ DQG GHIHDVLEOH UXOHV� ,I 3 LV
D GHIHDVLEOH ORJLF SURJUDP� ZH ZLOO GLVWLQJXLVK WKH VXEVHW . RI VWURQJ UXOHV LQ 3 � DQG WKH VXEVHW
c RI GHIHDVLEOH UXOHV LQ 3� :KHQ UHTXLUHG ZH ZLOO GHQRWH 3 DV �.�c�� $ GHIHDVLEOH TXHU\ LV D
GHIHDVLEOH UXOH ZLWK HPSW\ FRQVHTXHQW GHQRWHG b�4�� � � � � 4Q� ZKHUH HDFK 4L �� � L � Q� LV D
OLWHUDO�
([DPSOH ���� :H ZRXOG OLNH WR UHSUHVHQW WKH IROORZLQJ VHQWHQFHV� *HQHUDOO\ DQ HOHSKDQW LV
QRW D JUD\ HOHSKDQW� 5HDO HOHSKDQWV JHQHUDOO\ DUH JUD\ EXW UHDO HOHSKDQWV ZKRVH PRWKHU LV JUD\�
XVXDOO\ WHQG QRW WR EH JUD\ � (YHU\ UHDO HOHSKDQW LV DQ HOHSKDQW� &O\GH LV DQ HOHSKDQW DQG 7ULFL
LV LWV PRWKHU ZKR LV JUD\� 7KH IROORZLQJ SURJUDP HQFRGHV WKH DERYH LQWHQGHG PHDQLQJ�

.  IH�;�� U�;�� U�FO\GH�� P�WULFL� FO\GH�� JUD\�WULFL�J
c  Iz J�;�b� H�;�� J�;�b� U�;�� z J�;�b� U�;��P�<�;�� JUD\�< �J
:KHQ FRQVLGHULQJ WKH TXHU\ b� J�FO\GH�� ZH nQG D FRQoLFW EHWZHHQ WKH UXOHV RI c� q

%ULHo\��WKH RSHUDWLRQDO VHPDQWLFV FDQ EH GHVFULEHG DV IROORZV� ZKHQ DQVZHULQJ D TXHU\ T�
ZH PXVW EXLOG DQ DUJXPHQW WKDW VXSSRUWV WKH TXHU\� $Q DUJXPHQW $ IRU T >*DUFurD� ����@� WKDW
ZH ZLOO GHQRWH K$� TL� LV D VXEVHW RI JURXQG LQVWDQFHV RI GHIHDVLEOH UXOHV RI 3� VXFK WKDW� ���
7KHUH H[LVWV D GHIHDVLEOH GHULYDWLRQ IRU T IURP .>$� ��� .>$ LV QRQ�FRQWUDGLFWRU\� DQG ��� $
LV PLQLPDO ZLWK UHVSHFW WR VHW LQFOXVLRQ� 2QFH DQ DUJXPHQW IRU T KDV EHHQ EXLOW� ZH PXVW nQG
HYHU\ DUJXPHQW K$�� K�L VXFK WKDW WKHUH H[LVWV D VXEDUJXPHQW� K%� KL RI K$� TL DQG . > IK�� KJ
LV FRQWUDGLFWRU\� 7KRVH DUJXPHQWV DUH FDOOHG UHEXWWDOV RU FRXQWHUDUJXPHQWV� &RXQWHUDUJXPHQWV
IRU WKH UHEXWWDOV IRXQG DUH FRQVLGHUHG DQG VR RQ� 7KH FRPSOHWH GLDOHFWLFDO DQDO\VLV FDQ EH
GHVFULEHG WKURXJK D GLDOHFWLFDO WUHH� ,QIRUPDOO\� WKH GLDOHFWLFDO WUHH
V URRW LV DQ DUJXPHQW IRU
WKH TXHU\ DQG DOO WKH FRXQWHUDUJXPHQWV RI WKH SDUHQW QRGH DUH FRQVLGHUHG LQ HYHU\ OHYHO RI WKH
WUHH� $ SDWK IURP WKH URRW WR D OHDI LQ D GLDOHFWLFDO WUHH LV FDOOHG ?DQ DUJXPHQWDWLRQ OLQH��
$ TXHU\ T ZLOO VXFFHHG LI WKH VXSSRUWHG DUJXPHQW IRU LW LV QRW GHIHDWHG� 6XFK DQ DUJXPHQW

ZLOO EH FDOOHG D MXVWLnFDWLRQ IRU T�
6LQFH FRQWUDGLFWRU\ LQIRUPDWLRQ FDQ EH UHSUHVHQWHG LQ '/3� D ZD\ WR GHFLGH EHWZHHQ DUJX�

PHQWV VKRXOG EH IRXQG� /HW K$�� T�L DQG K$�� T�L EH WZR DUJXPHQWV� 6HYHUDO ZD\V H[LVWV LQ RUGHU
WR GHWHUPLQH ZKLFK DUJXPHQW LV EHWWHU� )RU LQVWDQFH� VSHFLnFDWLRQ >6LPDUL� ����@� DQG n[HG
SULRULWLHV >3UDNNHQ� ����@� 6RPH DSSURDFKHV DOORZ LQFRPSDUDEOH HOHPHQWV� VR WKH\ FRQVLGHU WZR
FDVHV�

q K$�� T�L LV EHWWHU WKDQ K$�� T�L� WKHQ K$�� T�L LV D SURSHU GHIHDWHU RI K$�� T�L�
q K$�� T�L DQG K$�� T�L DUH XQUHODWHG ZLWK UHVSHFW WR D SUHIHUHQFH RUGHU� WKHQ K$�� T�L LV D
EORFNLQJ GHIHDWHU RI K$�� T�L�

([DPSOH ���� /HW
V FRQVLGHU DJDLQ H[DPSOH ���� $SSO\LQJ WKH SUHIHUHQFH DSSURDFK EDVHG RQ
VSHFLnFDWLRQ >*DUFurD� ����@� ZH FDQ EXLOG DQ DUJXPHQW IRU WKH TXHU\ b� J�FO\GH��

$�  KIJ�FO\GH�b� H�FO\GH�J� J�FO\GH�L�
�7KH UHDGHU LQWHUHVWHG LQ D PRUH GHWDLOHG GLVFXVV LV DGYLVHG WR UHDG >*DUFurD� ����@�
�$Q DUJXPHQW K%� KL LV D VXEDUJXPHQW RI K$� TL LI % t $�



1HYHUWKHOHVV� WKHUH H[LVWV D FRXQWHUDUJXPHQW
$�  KIz J�FO\GH� b� U�FO\GH�J�z J�FO\GH�L

WKDW LV D SURSHU GHIHDWHU� %XW ZH FDQ nQG D GHIHDWHU WR WKH DERYH UHEXWWDO�
$�  KIJ�FO\GH�b� U�FO\GH��P�FO\GH� WULFL�� JUD\�WULFL�J� J�FO\GH�L

6LQFH WKLV DUJXPHQW KDV QR FRXQWHUDUJXPHQW WKHQ $� LV D MXVWLnFDWLRQ� q

2XU ZRUN GHDOV ZLWK FHUWDLQ NLQG RI SUHIHUHQFH UHODWLRQV RYHU WKH VHW RI DUJXPHQW� +HQFHIRUWK�
WKH ZD\ ZH GHFLGH EHWZHHQ DQ DUJXPHQW DQG RQH RI LWV FRXQWHUDUJXPHQWV LV GHnQHG WKURXJK D
SUHIHUHQFH UHODWLRQ 5� VXFK WKDW�

q )RU HYHU\ SDLU RI FRQWUDGLFWRU\ DUJXPHQWV $�%�
5�$�%� j � 5�%�$�

7KXV RXU GLVFXVV KDV EHHQ UHVWULFWHG WR SURSHU GHIHDWHUV�
q ,I % LV D VXEDUJXPHQW RI $ DQG WKHUH H[LVWV DQ DUJXPHQW & VXFK WKDW 5�&�%� WKHQ LW ZLOO
EH WKH FDVH WKDW 5�&�$�� 7KLV FRQGLWLRQ DYRLGV UHFLSURFDO GHIHDWHUV DQG WKHUHIRUH F\FOHV�

,QWXLWLYHO\� JLYHQ DQ DUJXPHQW $ DQG RQH RI LWV FRXQWHUDUJXPHQWV %� 5�$�%� PHDQV WKDW $
LV EHWWHU WKDQ % DQG WKHUHIRUH $ GHIHDWV %� ,Q VHFWLRQ � ZH IRUPDOL]H WKH RSHUDWLRQDO VHPDQWLFV
GHnQHG WKURXJK WKH GLDOHFWLFDO DQDO\VLV GHVFULEHG DERYH LQ D JDPH VWUXFWXUH�

� *DPH VHPDQWLFV
,Q >$EUDPVN\� ����@ DQG >$EUDPVN\�E�� ����@� D JDPH VHPDQWLFV LV LQWURGXFHG LQ RUGHU WR PRGHO
FRPSXWDWLRQ DV D JDPH EHWZHHQ WZR SDUWLFLSDQWV� 2QH RI WKH SOD\HUV LQ WKH JDPH UHSUHVHQWV
WKH 6\VWHP DQG LV UHIHUUHG WR DV 3URSRQHQW �3�� WKH RWKHU UHSUHVHQWV WKH (QYLURQPHQW DQG
LV UHIHUUHG WR DV 2SSRQHQW �2�� 7KXV� D VLQJOH ?FRPSXWDWLRQ� RU ?UXQ� LQYROYLQJ LQWHUDFWLRQ
EHWZHHQ 3URSRQHQW DQG 2SSRQHQW LV UHSUHVHQWHG E\ D VHTXHQFH RI PRYHV� PDGH DOWHUQDWHO\ E\
3 DQG 2�
%HIRUH WXUQLQJ WR D IRUPDO GHnQLWLRQ RI JDPH VHPDQWLFV� ZH VKRXOG n[ WKH QRWDWLRQ ZH ZLOO

XVH� /HW V DQG W EH VHTXHQFHV� D DQ HOHPHQW DQG ; D VHW� WKHQ
q VW GHQRWHV WKH FRQFDWHQDWLRQ RI VHTXHQFHV V DQG W�
q VD GHQRWHV WKH VHTXHQFH REWDLQHG E\ DGGLQJ WKH HOHPHQW D WR WKH VHTXHQFH V LQ WKH ODVW
SRVLWLRQ�

q ZH ZULWH MVM IRU WKH OHQJWK RI D nQLWH VHTXHQFH V� DQG VL IRU WKH LWK HOHPHQW RI V� � � L � MVM�
q ;e LV WKH VHW RI nQLWH VHTXHQFHV RYHU ;�
q q GHQRWHV WKH HPSW\ VHTXHQFH�

'HnQLWLRQ ���� >$EUDPVN\� ����@ $ JDPH * LV D VWUXFWXUH �0*� w*� 3*�� ZKHUH
q 0* LV WKH VHW RI PRYHV RI WKH JDPH�

�7KH j RSHUDWRU VWDQGV IRU ?H[FOXVLYH GLVMXQFWLRQ��
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)LJXUH �� *DPH WUHH RI WKH H[DPSOH ���

q w* � 0* � I3�2J LV D ODEHOLQJ IXQFWLRQ GHVLJQDWLQJ HDFK PRYH DV E\ 3URSRQHQW RU
2SSRQHQW�

q 3* t0DOW* � 3* LV D QRQ�HPSW\� SUHn[�FORVHG VXEVHW RI0DOW* � WKH VHW RI DOWHUQDWLQJ VHTXHQFHV
RI PRYHV LQ 0*� 0RUH IRUPDOO\� 0DOW* LV WKH VHW RI DOO V �0e* VXFK WKDW
�L � � � L � MVM� HYHQ�L� WKHQ w*�VL�  3

A RGG�L� WKHQ w*�VL�  2
3* UHSUHVHQWV WKH JDPH WUHH� q

([DPSOH ���� /HW
V FRQVLGHU WKH IROORZLQJ JDPH�
*  

r
ID�� D�� E�� E�� E�� F�� F�J�
Iw�D��  3�w�D��  3�w�E��  2�w�E��  2� w�E��  2�w�F��  3�w�F��  3J�
Iq� D�� D�� D�E�� D�E�� D�E�� D�E�F�� D�E�F�J

s

* UHSUHVHQWV WKH WUHH LQ nJXUH �� q

*DPHV FODVVLI\ EHKDYLRUV� WKXV 3URJUDPV ZLOO EH PRGHOHG E\ VWUDWHJLHV�L�H�� UXOHV VSHFLI\LQJ
KRZ WKH 6\VWHP VKRXOG DFWXDOO\ SOD\� )RUPDOO\� >$EUDPVN\� ����@ ZH GHnQH D VWUDWHJ\ } RQ D
JDPH * WR EH QRQ�HPSW\ SUHn[�FORVHG VXEVHW� } t 3 HYHQ* �� VDWLVI\LQJ�

VDE� VDF � } � E  F
:H FDQ UHJDUG D VHTXHQFH VDE � } DV VD\LQJ� ?ZKHQ JLYHQ WKH VWLPXOXV D LQ WKH FRQWH[W

V� UHVSRQG ZLWK E�� 1RWH WKDW IRU HYHU\ VWLPXOXV D VWUDWHJ\ GHnQHV D XQLTXH UHVSRQVH� WKHUHIRUH
D VWUDWHJ\ LV GHWHUPLQLVWLF� $EUDPVN\ FODVVLnHV VWUDWHJLHV DV ZLQQLQJ LI HYHU\ SRVVLEOH PRYH RI
WKH RSSRQHQW KDV VRPH UHVSRQVH� 7KXV WKH V\VWHP PXVW DOZD\V EH SUHSDUHG WR UHVSRQG WR DQ\
VWLPXOXV IURP WKH HQYLURQPHQW�
7KH QH[W VHFWLRQ GHnQHV WKH IRUPDOL]DWLRQ RI JDPH VHPDQWLFV WR FDSWXUH D GHFODUDWLYH VH�

PDQWLFV IRU D UHVWULFWHG VHW RI GHIHDVLEOH ORJLF SURJUDPV�

� '/3 JDPH VHPDQWLFV
*DPHV KDYH DQ DQDORJ\ ZLWK DUJXPHQW�EDVHG UHDVRQLQJ� $ GLDOHFWLFDO WUHH FDQ EH VHHQ DV D JDPH
ZKHUH LQ DQ DOWHUQDWLQJ ZD\� WKH SOD\HU 3 SURSRVHV DQ DUJXPHQW IRU D OLWHUDO DQG WKH SOD\HU 2
WULHV WR GHIHDW LW� $ JDPH IRU D OLWHUDO K ZLOO EH GHQRWHG *K�

�} t 3 HYHQ* PHDQV� q � } DQG LI VDE � } WKHQ V � }�



7KXV� LQIRUPDOO\� LI 3 ZLQV D JDPH *K ZKRVH nUVW PRYH LV DQ DUJXPHQW IRU D OLWHUDO K LQ D
GHIHDVLEOH SURJUDP '3 � WKHQ K ZLOO EHORQJ WR '3 
V VHPDQWLFV� ,Q RUGHU WR FDSWXUH WKLV JDPH�
EDVHG VHPDQWLFV� ZH GHnQH WKH VHW RI PRYHV 0* DV D VHW RI DUJXPHQWV� ,Q SDUWLFXODU� 0*K ZLOOEH D VXEVHW RI WKH VHW $UJK$�KL� ZKHUH K$� KL LV DQ DUJXPHQW RI K�
$UJ�K$�KL  IK$�KLJ > IK$�z KLJ
$UJLK$�KL  IK$� OLM WKHUH H[LVWV Ob� O�� ���OQ � $� ZKHUH K$�� K�L � $UJLb�

K$�KLJ >
IK$�z OLM WKHUH H[LVWV Ob� O�� ���OQ � $� ZKHUH K$�� K�L � $UJLb�

K$�KLJ >

$UJK$�KL  6
L$UJLK$�KL

$UJK$�KL FRQWDLQV DOO SRVVLEOH DWWDFN SRLQWV �DUJXPHQW DQG FRXQWHUDUJXPHQW� IRU WKH DUJX�
PHQW K$� KL RI K�
'HnQLWLRQ ���� /HW '3  �.�c� EH D GHIHDVLEOH ORJLF SURJUDP� K D OLWHUDO DQG K$� KL
DQ DUJXPHQW IRU K� $ JDPH IRU K ZLWK UHVSHFW WR '3 � WKDW ZH GHQRWH *K LV D VWUXFWXUH
�0*K � w*K � 3*K�� ZKHUH

q 0*K t $UJK$�KL�
q w*K � 0*K � I3�2J �
q 3*K t 0DOW*K � 3*K LV D QRQ�HPSW\� SUHn[�FORVHG VXEVHW RI 0DOW*K � WKH VHW RI DOWHUQDWLQJVHTXHQFHV RI PRYHV LQ 0*K � )RUPDOO\� 0DOW*K LV WKH VHW RI DOO V �0e*K VXFK WKDW

�L � � � L � MVM� HYHQ�L� WKHQ w*�VL�  2
A RGG�L� WKHQ w*�VL�  3

(YHU\ VHTXHQFH V RI 3*K VDWLVnHV�
��V� V  K$� KLV��B �V  q�

ZKHUH D  K$� KL�
q

1RWH WKDW XQOLNH WKH RULJLQDO JDPH GHnQLWLRQ� WKH nUVW PRYH LQ D JDPH *K LV DOZD\V GRQH
E\ WKH SURSRQHQW� )XUWKHUPRUH� ZH UHTXLUH WKDW HYHU\ JDPH EHJLQV ZLWK DQ DUJXPHQW IRU WKH
OLWHUDO K�
(YHU\ PRYH LV UHTXLUHG WR FDSWXUH VXSSRUWLQJ RU LQWHUIHULQJ DUJXPHQWV RI WKH LQLWLDO DUJXPHQW�

GHSHQGLQJ RQ WKH SOD\HU� )RU WKLV UHDVRQ ZH DUH RQO\ LQWHUHVWHG RQ PRYH VHTXHQFHV RI FHUWDLQ
NLQG� WKRVH ZKLFK FDSWXUH D GLDOHFWLFDO WUHH� %HIRUH GHnQLQJ D OHJDO VHTXHQFH LQ D JDPH OHW
V
LQWURGXFH VRPH QRWDWLRQ� :H GHQRWH WKH SURMHFWLRQ RI WKH nUVW HOHPHQW RI VL DV V$L DQG ZH ZLOOGHQRWH WKH SURMHFWLRQ RI WKH VHFRQG HOHPHQW RI VL DV VKL �
'HnQLWLRQ ���� /HW K.�cL EH D GHIHDVLEOH SURJUDP ZKHUH D SUHIHUHQFH UHODWLRQ KROGLQJ WKH
FRQGLWLRQV GLVFXVVHG LQ VHFWLRQ � LV GHnQHG� $ VHTXHQFH V LV OHJDO LQ D JDPH LI LW VDWLVnHV WKH
IROORZLQJ FRQGLWLRQV�

q 3OD\HUV DOWHUQDWH� L�H�� LI V  V�PQV� WKHQ w*�P�� w*�Q�
q $YRLGLQJ LQFRQVLVWHQF\ EHWZHHQ PRYHV RI WKH VDPH SOD\HU� � � L � MVM

. > >
HYHQ�L�

V$L �M " A . > >
RGG�L�

V$L �M "



q (YHU\ PRYH LV D FRXQWHUDUJXPHQW RI WKH SUHFHGHQW PRYH� �L � � L � �MVM b ��
. > V$L > V$L�� M " q

%\ WKH ZD\ ZH KDYH UHVWULFWHG WKH SUHIHUHQFH UHODWLRQ WKDW VKRXOG EH XVHG LQ RUGHU WR GHFLGH
EHWZHHQ FRQWUDGLFWRU\ LQIRUPDWLRQ� LW LV QRW SRVVLEOH WR nQG UHFLSURFDO GHIHDWHUV DQG WKHUHIRUH
F\FOHV� LQ VHTXHQFHV DUH DYRLG�
$V ZH ZRXOG OLNH WR XVH JDPH VHPDQWLFV WR PRGHO '/3 ZLWKRXW GHIDXOW QHJDWLRQ� ZH VKRXOG

nQG D FRQGLWLRQ WR GHWHUPLQH ZKHWKHU D JDPH PRGHOV D MXVWLnFDWLRQ RU QRW�
'HnQLWLRQ ���� $ JDPH *K LV OHJDO LI DQG RQO\ LI�

q HYHU\ VHTXHQFH LQ 3*K LV OHJDO DQG
q DOO FRXQWHUDUJXPHQWV DUH SOD\HG� LI V�K$�� K�L � 3*K � V� SRVVLEO\ HPSW\� WKHQ WKHUH H[LVWVD VHTXHQFH V � 3*K VXFK WKDW V  V�K$�� K�LK$�� K�L IRU HYHU\ FRXQWHUDUJXPHQW K$�� K�L
RI K$�� K�L�

q

'HnQLWLRQ ���� /HW D EH WKH nUVW PRYH RI WKH SURSRQHQW LQ WKH JDPH� $ VHTXHQFH V LV
FRPSOHWH LI HLWKHU V  D RU LI V  DV�E WKHQ WKHUH LV QR PRYH F � 0* VXFK WKDW DV�EF � 3*� $
VHTXHQFH V� LV WRWDO LI HYHU\ PRYH RI WKH RSSRQHQW KDV D UHVSRQVH IURP WKH SURSRQHQW� %ULHo\� D
VHTXHQFH V� LV WRWDO LI MV�M LV RGG� q

$ FRPSOHWH VHTXHQFH PHDQV DQ DUJXPHQWDWLRQ OLQH� L�H�� D SDWK IURP WKH nUVW PRYH WR D PRYH
WKDW DOORZV XV WR UHDFK D OHDI� $ WRWDO VHTXHQFH V� FDSWXUHV WKH IDFW WKDW V� HQGV ZLWK D SURSRQHQW
PRYH�
'HnQLWLRQ ���� :H GHnQH D VWUDWHJ\ } RQ D JDPH * WR EH D QRQ�HPSW\ SUHn[�FORVHG VHW RI
WRWDO VHTXHQFHV RI 3*�L�H�� V � } LI V LV RGG�OHQJWK� q

'HnQLWLRQ ���� /HW *K EH D OHJDO JDPH IRU D OLWHUDO K LQ D GHIHDVLEOH ORJLF SURJUDP '3
ZKHUH D SUHIHUHQFH UHODWLRQ KROGLQJ WKH FRQGLWLRQV GLVFXVVHG LQ VHFWLRQ � LV GHnQHG� ,I WKH VHW RI
FRPSOHWH OHJDO VHTXHQFHV LQ 3*K LV D VWUDWHJ\ WKHQ K EHORQJV WR WKH JDPH VHPDQWLFV� q

7KH DERYH GHnQLWLRQ LQWURGXFHV D GHFODUDWLYH ZD\ RI DQDO\]LQJ D GLDOHFWLFDO WUHH� %\ UHTXLULQJ
WKDW HYHU\ DUJXPHQWDWLRQ OLQH HQGV ZLWK D SURSRQHQW PRYH� ZH DUH DEOH WR FDSWXUH D OLQH ZRQ
E\ WKH SURSRQHQW� /HW
V LOOXVWUDWH WKHVH GHnQLWLRQV�
([DPSOH ���� /HW �.�c� EH WKH GHIHDVLEOH SURJUDP LQWURGXFHG LQ ���� :H GHnQH WKH JDPH
*J  �0*J � w*J � 3*J� IRU J�FO\GH�� ZKHUH

q 0*J  I$��$��$�J�
q w*J�$��  3� w*J�$��  2� w*J �$��  3 �
q 3*J  Iq� $�� $�$�� $�$�$�J

7KH XQLTXH FRPSOHWH VHTXHQFH LV $�$�$� DQG LV D VWUDWHJ\� WKHUHIRUH J�FO\GH� EHORQJV WR WKH
JDPH�EDVHG VHPDQWLFV� q

�$ VHTXHQFH V FRQWDLQV D F\FOH LI V  V�V��V���V��V�Y�



� &RQFOXVLRQ DQG )XWXUH :RUN
$ JDPH�EDVHG VHPDQWLFV IRU PRGHOLQJ D GLDOHFWLFDO DQDO\VLV KDV EHHQ LQWURGXFHG DQG IRUPDOL]HG�
*DPHV KDYH DQ DQDORJ\ ZLWK DUJXPHQW�EDVHG UHDVRQLQJ� $ GLDOHFWLFDO WUHH FDQ EH VHHQ DV D JDPH
ZKHUH LQ DQ DOWHUQDWLQJ ZD\� WKH SOD\HU 3 SURSRVHV DQ DUJXPHQW IRU D OLWHUDO DQG WKH SOD\HU 2
WULHV WR GHIHDW LW�
7KXV LI 3 ZLQV D JDPH *K ZKRVH nUVW PRYH LV DQ DUJXPHQW IRU D OLWHUDO K LQ D GHIHDVLEOH

SURJUDP '3 � WKHQ K EHORQJV WR '3 
V VHPDQWLFV� $OWKRXJK WKH VFRSH RI WKLV IRUPDOL]DWLRQ
LV FLUFXPVFULEHG WR SUHIHUHQFH UHODWLRQV ZKHUH RQO\ SURSHU GHIHDWHUV DUH FRQVLGHUHG� ZH EHOLYH
WKDW WKLV DSSURDFK LV D nWWLQJ RQH WR FDSWXUH WKH RSHUDWLRQDO VHPDQWLFV� HYHQ ZKHQ FRQVLGHULQJ
LQFRPSDUDEOH FRQWUDGLFWRU\ DUJXPHQWV�
'/3 KDV EHHQ H[WHQGHG ZLWK GHIDXOW QHJDWLRQ� $ SRVVLEOH IXWXUH ZRUN ZRXOG EH WR GHFLGH

ZKHWKHU LW LV SRVVLEOH WR FDSWXUH WKH RSHUDWLRQDO VHPDQWLFV IRU WKH ?QRW� RSHUDWRU�

5HIHUHQFHV
>$EUDPVN\� ����@ $EUDPVN\� 6� ������� 6HPDQWLFV RI ,QWHUDFWLRQ� ,Q $�3LWWV DQG 'LE\HU� 3��
HGLWRUV� 6HPDQWLFV DQG /RJLF &RPSXWDWLRQ� &DPEULGJH�

>$EUDPVN\�E�� ����@ $EUDPVN\� 6� DQG 0F&XVNHU� *� ������� *DPH 6HPDQWLFV� ,Q 3URFHHGLQJV
RI 0DUNWREHUGRUI 
�� � 6XPPHU 6FKRRO�

>'XQJ� ����@ 'XQJ� 3� 0� ������� 2Q WKH DFFHSWDELOLW\ RI DUJXPHQWV DQG LWV IXQGDPHQWDO UROH LQ
QRQPRQRWRQLF UHDVRQLQJ DQQG ORJLF SURJUDPPLQJ DQG Q�SHUVRQ JDPHV� $UWLnFLDO ,QWHOOLJHQFH�
������^����

>*DUFurD� ����@ *DUFurD� $� DQG 6LPDUL� *� 5� ������� 6WURQJ DQG 'HIDXOW 1HJDWLRQ LQ 'HIHDVLEOH
/RJLF 3URJUDPPLQJ� ,Q �WK 'XWFK�*HUPDQ :RUNVKRS RQ 1RQPRQRWRQLF 5HDVRQLQJ 7HFK�
QLTXHV DQG WKHLU DSSOLFDWLRQV� $PVWHUGDP�

>*DUFurD� ����@ *DUFurD� $�� 6LPDUL� *� 5�� DQG &KHVaQHYDU� &� ������� $Q $UJXPHQWDWLYH )UDPH�
ZRUN IRU 5HDVRQLQJ ZLWK ,QFRQVLVWHQW DQG ,QFRPSOHWH ,QIRUPDWLRQ� ,Q (&$, ��� 3URFHHGLQJV
GH :RUNVKRS RQ 3UDFWLFDO 5HDVRQLQJ DQG 5DWLRQDOLW\� ��WK� (XURSHDQ &RQIHUHQFH RQ $UWLnFLDO
,QWHOOLJHQFH� %ULJKWRQ� (QJODQG�

>*HOIRQG� ����@ *HOIRQG� 0� DQG /LIVFKLW]� 9� ������� /RJLF SURJUDPV ZLWK FODVVLFDO QHJDWLRQ�
,Q :DUUHQ� '� DQG 6]HUHGL� 3�� HGLWRUV� /RJLF 3URJUDPPLQJ� 3URFHHGLQJV RI WKH 6HYHQWK ,QWHU�
QDWLRQDO &RQIHUHQFH� SDJHV ���^����

>/OR\G� ����@ /OR\G� -� :� ������� )RXQGDWLRQV RI /RJLF 3URJUDPPLQJ� 6SULQJHU�9HUODJ� 1HZ
<RUN� VHFRQG HGLWLRQ�

>0LQNHU� ����@ 0LQNHU� -� ������� 2Q ,QGHnQLWH 'DWD %DVH DQG WKH &ORVHG :RUOG $VVXPSWLRQ�
,Q /RYHODQG� '�� HGLWRU� 3URF� �WK &RQI� RQ $XWRPDWHG 'HGXFWLRQ �&$'(
���� SDJHV ���^����
/1&6 ���� 1HZ <RUN� 6SULQJHU�

>3UDNNHQ� ����@ 3UDNNHQ� +� DQG 6DUWRU� *� ������� $ GLDOHFWLFDO PRGHO RI DVVHVVLQJ FRQoLFWLQJ
DUJXPHQWV LQ OHJDO UHDVRQLQJ� $UWLnFLDO ,QWHOOLJHQFH DQG /DZ� �����^����

>6LPDUL� ����@ 6LPDUL� *� 5� DQG /RXL� 5� ������� $ PDWKHPDWLFDO WUHDWPHQW RI GHIHDVLEOH
UHDVRQLQJ DQG LWV LPSOHPHQWDWLRQ� $UWLnFLDO ,QWHOOLJHQFH� SDJHV ���^����


