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Bipartite entanglement in fermion systems
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We discuss the relation between fermion entanglement and bipartite entanglement. We first show
that an exact correspondence between them arises when the states are constrained to have a definite
local number parity. Moreover, for arbitrary states in a four dimensional single-particle Hilbert
space, the fermion entanglement is shown to measure the entanglement between two distinguishable
qubits defined by a suitable partition of this space. Such entanglement can be used as a resource
for tasks like quantum teleportation. On the other hand, this fermionic entanglement provides a
lower bound to the entanglement of an arbitrary bipartition although in this case the local states
involved will generally have different number parities. Finally the fermionic implementation of the
teleportation and superdense coding protocols based on qubits with odd and even number parity is
discussed, together with the role of the previous types of entanglement.
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I. INTRODUCTION

Entanglement is a fundamental feature of quantum me-
chanics, and its quantification and characterization has
been one of the main goals of quantum information the-
ory for the last decades It is also at the heart
of quantum information processing ﬂ]], being recognized
as the key ingredient for quantum state teleportation
and the resource that makes some pure state based quan-
tum algorithms exponentially faster than their classical
counterparts ﬂa]

Although entanglement has been extensively studied
for systems of distinguishable constituents, less attention
has been paid to the case of a system of indistinguish-
able fermions. Only in recent years the topic has gained
an increasing strength W] Mainly two different ap-
proaches may be recognized in the attempts of general-
izing the definition of entanglement to fermion systems:
The first is entanglement between modes , where
the system and subsystems consist of some collection of
single-particle modes that can be shared. This approach
requires to fix some basis of the single-particle state space
and then to specify the modes that constitute each sub-
system. The other approach is known as entanglement
between particles ﬂ—ﬁ , E], where the indistin-
guishable constituents of the system are taken as subsys-
tems and entanglement is defined beyond symmetriza-
tion.

In a previous work Iﬂ] we defined an entropic mea-
sure of mode entanglement in fermion systems which is
shown to be a measure of entanglement between parti-
cles after an optimization over bases of the single-particle
(sp) state space is performed. Moreover, when the sp
state space dimension is four and the particle number is
fixed to two, this entanglement measure reduces to the
Slater correlation measure defined in ﬂ] In the present
work we first show that the entanglement between two
distinguishable qubits is the same as that measured by
this fermionic entanglement entropy when the fermionic
states are constrained to have a fixed local number par-
ity in the associated bipartition of the sp space. Then we

use this correspondence to show that, in fact, any state of
a fermion system with a 4-dimensional sp Hilbert space
may be seen as a state of two distinguishable qubits for
a suitable bipartition of the sp space, with its entangle-
ment measured by the fermionic entanglement entropy.
On the other hand, for an arbitrary bipartition involving
no fixed local number parity the fermionic entanglement
entropy is shown to provide a lower bound to the associ-
ated bipartite entanglement. As application we use these
results to show that qubit-based quantum circuits may be
rewritten as mode-based fermionic circuits if we impose
the appropriate restriction to the occupation numbers,
recovering reversible classical computation when the in-
put states are Slater determinants (in the basis of inter-
est). Two types of fermionic qubit representations, based
on odd or even number parity qubits, are seen to natu-
rally emerge. Finally, we show that the extra bipartite
entanglement that can be obtained by relaxing this local
parity restriction can in principle be used for protocols
such as superdense coding.

The formalism and theoretical results are provided in
sec. [Il while their applications are discussed in sec. [IIl
Conclusions are finally provided in sec. [¥]

II. FORMALISM

A. Fermionic entanglement entropy and
concurrence

We will consider a fermion system with a single-particle
(sp) Hilbert space H. We will deal with pure states |)
which do not necessarily have a fixed particle number,
although the number parity will be fixed, in agreement
with the parity superselection rule R7]: PJy) = ),

with P = explir >, c}cj] the number parity operator.

Here cj, c; denote fermion annihilation and creation op-
erators satisfying the usual anticommutation relations

{cinc;} =0, {ci,cl} =4y (1)

In m] we defined a one-body entanglement entropy for
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a general pure fermion state |i),

S* () = Trh(p™), (2)

where pjl = (c;ci> = (z/1|c}ci|z/1) is the one body den-
sity matrix of the system and h(p) = —plogyp — (1 —
p)logy(1 — p). Eq. @) is proportional to the minimum,
over all sp bases of H, of the average entanglement en-
tropy between a sp mode and its orthogonal complement
(which in turn arises from a properly defined measure-
ment of the occupation of a sp mode), and vanishes iff
|¢) is a Slater Determinant (SD), i.e. |¢) = c]; e c£|0>.
This definition is easily extended to quasiparticle modes,
in which case [4]

STP([9)) = =Tr p® logy (p*P) , (3)

where p%P is now the extended one-body density matrix

pqsp_1_<(§)(a c)>_ (_Pf_: ]l_”ﬁsp) L (4)

with Kij = <cjci>, —KRij = <C}LCI> and (]]. —ﬁSp)ij = (cch.
Eq. @) vanishes iff |¢) is a quasiparticle vacuum or SD
and satisfies STP(|yp)) < S®P(|y)), with STP(|y)) =
SEP () iff k = 0.

While Eq. @) is invariant under unitary transforma-
tions ¢; — >, Ukick, UU' = I, which lead to p*® —
Utp®U, Eq. @) remains invariant under general Bogoli-
ubov transformations

ci— a; = Z Ugicr, + sz‘CL (5)
%

where matrices U and V satisfy UUT + VVT = 1 and
UVT+VUT = 0in order that {a;, aj} fulfill the fermionic
anticommutation relations ‘é] In this case p¥P —
WTpBPW | with W = (Y %) a unitary matrix. In terms
of the operators diagonalizing p%P, we then have

() =327

with fr; = frox and fi, 1 — fi the eigenvalues of p9P.
For a sp space H of dimension 4, p%P becomes an 8 x 8

matrix, and it was shown that its eigenvalues for a pure

state |¢) are fourfold degenerate and can be written as

foo1EVIC C2(|¥)

= . , ©)

where C(|¢)) =24/ f+ f- € [0,1] is called fermionic con-
currence, in analogy with that defined for two-qubits IE]
Eq. @) becomes then an increasing function of C(|v)),
vanishing iff the latter vanishes. This fermionic concur-
rence can also be explicitly evaluated: Writing a general
even number parity pure state in such a space as

¥) = (a0 + 3 Y aijelel + auclclelc)o), ()
¥

where a;; = —aj;, i,j = 1,...,4 and |od| + |a3] +
%troﬁa =1, then p® = aal + |ay|?1, k = aja + aua*,
with &;; = %Zk L €ijkil (€i5k denotes the fully anti-
symmetric tensor) and it can be shown that [24]

C(|¢)) = 2|an2ass — azeq + cnaceg — apa|.  (8)

For two-fermion states (ap = ay = 0) it reduces to the
Slater correlation measure defined in ,E], for which xk =
0 and f1 become the eigenvalues (two-fold degenerate) of
p*P. An expression similar to (8) holds for an odd number
parity state (see Iﬂ] and sec. [TE]). Moreover, in such sp
space the concurrence and the associated entanglement of
formation can also be explicitly determined for arbitrary
mixed states ﬂ, M]

A four-dimensional sp space (which generates an eight-
dimensional state space for each value of the parity P)
becomes then exactly solvable, being as well the first non-
trivial dimension since for dim H < 3 any definite parity

ure state can be written as a SD or quasiparticle vacuum
fﬂ], as verified from (&) (C(|y)) = 0 if one of the sp sates
is left empty). It is also physically relevant, since it can
accommodate the basic situation of two spin 1/2 fermions
at two different sites or, more generally, states of spin
1/2 fermions occupying just two orbital states, as in a
double well scenario. The relevant sp space in these cases
is Hs ® Hp, with Hg the spin space and He the two-
dimensional subspace spanned by the two orbital states.
In particular, just four sp states are essentially used in
recent proposals for observing Bell-violation from single
electron entanglement [3d].

B. Bipartite entanglement as two-fermion
entanglement

Let us now consider a system of two distinguishable
qubits prepared in a pure state a4]00) + a_|11), i.e.

[W)ap =ar| Ha® [N +a|ha®|[ e, (9)

where |02 |+]a?| = 1 and the notation indicates a possi-
ble realization in terms of two spin 1/2 particles located
at different sites A, B, with their spins aligned parallel or
antiparallel to a given (z) axis. We can also consider this
last state as a two-fermion state of a spin 1/2 fermion
system with sp space H = Hs ® Ho:

W) f = (osclipch +a_clych))00) (10)

with |0) the fermionic vacuum. A measurement
of spin “A” or “B” along z can be described in
the fermionic representation by the operators Ilg, =
CTS#CSM, S = A, B, u =1,], which satisfy H%# = g,

and [HS#,HS’#’] = 0, with Z# HS#|1/J>f = |1/)>f Fur-
thermore, we can describe any “local” operator on A or



B in terms of Pauli operators if we define, for S = A, B,

OS5z = CTSTC& + CT&CST , (11a)
o5y = —i(chyesy — chesy) (11b)
05, = CTSTCST — c&csi , (11c)
which  verify the wusual commutation relations
[0sj,08'k) = 2idss€jur, (€jrw 1is the antisymmetric

tensor), with o2;]1); = 1) .

It is also apparent that the state (@) is separable iff
a4 = 0 or a— = 0, which is precisely the condition which
ensures that the state (I0) is a SD. Moreover, the stan-
dard concurrence m] of the state (@) is zdentzcal with the
fermionic concurrence () of the state [I0):

C(l¢)ap) =2lara—| = C(l¥)), (12)

with fr = |a2| in (@. Entangled two-qubit states (@)
correspond then to two-fermion states (I]) which are not
SD’s, and vice-versa.

Such correspondence remains of course valid for any
bipartite two-qubit state

W) as =Y ouwlma®|v)s, (13)

v

which in the fermionic representation becomes

U)r = auch,ch,[0). (14)

v

We now obtain C(|¢)ap) = 2|detal = C(|¢)f), ac-
cording to the standard and fermionic (Eq. [8)) expres-
sions. These states can in fact be taken to the previ-
ous Schmidt forms [@)-Q) (with |ag| the singular val-
ues of the matrix a)) by means of local unitary transfor-
mations, which in the fermionic representation become
CSy — ZV U,;S#CSV.
Previous considerations remain also valid for general
bipartite states of systems of arbitrary dimension (p =
da,v=1,....dp in (@)—-F)), if the sp space of
the associated fermionic system (of dimension d4 + dp)
is decomposed as H4 ® Hp. The sp density matrix p°P
derived from the state (4] takes in the general case the
blocked form

s act 0 pa O

= (% ota) = (% ) )
ie. <CT5,,CS';L> = 055/ (ps)uw, Where p4(p) are the local re-
duced density matrices Trp(a)[t)) ap (1] of the state (I3)
in the standard basis. Hence, in the fermionic setting
p°P contains the information of both local states and its
diagonalization implies that of both p4 and pp. Its eigen-
values will then be those of these matrices, being hence
two-fold degenerate and equal to the square of the singu-
lar values of the matrix o (becoming fi = |a4|? in the
two-qubit case). In the general case, the entanglement
entropy of the sate (I3) can then be written as

E(A,B) = S(pa) = S(ps) = 1(5™),  (16)

which holds for the von Neumann entropy S(p) =
—Trplog, p as well as for any trace form entropy E‘-‘]
S(p) = Tr f(p) (f concave, f(0) = f(1) = 0). Thus, the
entanglement entropy of the general bipartite state (EE{I) is
just proportional to the fermionic entanglement entropy
(as defined in ([@)) of the associated state ([[4]). Hence, for
any dimension there is an exact correspondence between
the bipartite states ([3]) and the two-fermion states (4,
with local operators represented by linear combinations
of one-body local fermion operators cgycsu (satisfying
[CTAHCAV,CTBM/CBU/] = 0) and |Y)ap entangled iff |¢) is
not a SD.

This equivalence holds also for mixed states i.e., con-
vex combinations of the states (I3) and (I4). The bipar-
tite states will be separable, i.e., convex combinations
of product states m] iff the associated fermionic mixed
state can be written as a convex combination of SD’s of
the form ([[d). In particular, for two-qubit states a four-
dimensional sp fermion space suffices and the standard
mixed state concurrence will coincide exactly with
the fermionic mixed state concurrence [, M, @] of
mixtures of states (I4).

C. Bipartite entanglement as quasiparticle fermion
entanglement

Other fermionic representations of the state [I3) with
similar properties are also feasible. For instance, in
the two qubit case we can perform a particle hole-
transformation of the fermion operators with spin down,
S=AB (17)

chy — by ks,

such that the aligned state | |)4 ®| |)p corresponds now

to the vacuum of the new operators (]0) — cLicTB¢|O>),

with the new cTS creating a hole. The remaining states

of the standard basis become one and two particle-hole
excitations. We can then rewrite the state () as

D) = (o= + agclypcly chich )]0) (18)

i.e., as a superposition of the vacuum plus two particle-
hole excitations, with each “side” having now either 0 or
two fermions, i.e., an even local number parity (e!™Vs = 1
for S=A,B, Ns =3, cTS#cS#). It is apparent that the
state [I8) is a a quasiparticle vacuum or SD iff ay = 0
or o = 0. Moreover, for the state (I8) Eq. [) leads
again to C(|1)s) = 2|ara_|, implying the equivalence
@) between the bipartite and the present generalized
fermionic concurrrence, invariant under Bogoliubov (and
hence particle-hole) transformations.
The local Pauli operators (1)) become now

0Se = Cchgi +csycst, (19a)
&Sy = _Z.(CTS’TCTS,L - CSicST) 5 (19b)
05, = CTSVTCST + CTSJ,CS¢ -1, (19c¢)



which verify the same SU(2) commutation relations
[&Sj7 65’1@] = 2i555/6jk1551, with 5§j|’t/1>f = |’t/1>f Vj. Any
local operation can be written in terms of these opera-
tors, which represent now local paticle-hole creation or
annihilation and counting.

Similarly, we may write the general two-qubit state

@) as
05 =Y (el ) (chyeh)™10),  (20)

v
where p,v = &+ and n_ = 0, ny = 1. This state can
be brought back to the “Schmidt” form (I8 by means
of “local” Bogoliubov transformations csy — ugcst +
vgcTsw €S| — ugcgy — vSCTS’T’ lu%| + [vZ] = 1, which will
diagonalize p%*P (see below) and change the vacuum as
10) = [Ts—ap5(us — vschyck))]0). It is again verified
that for this state Eq. @) leads to C(|¢)s) = 2|deta| =
2|latya_|, with |ay| the singular values of the matrix a.
The state [[3) is then entangled iff the state ([20) is not
a quasiparticle vacuum or SD (C(|) ;) > 0).

In this case the extended density matrix p%P is to
be considered, with elements <cgl,05/#> = 0556DS,
(csuesip) = 05510u,—u(—1)""qs, where pa(py = |as+[* +
|O¢+,(,+)|2, qa(B) = Oé.H_OéiJr(Jrf) + Our,(,Jr)at_. For
the Schmidt form @0), p%P becomes diagonal ((pa(p) =
|y |2, qaB) = 0). Reduced states p4(p) are now to be
recovered as particular blocks of pP:

1<< 1+ (5g.) <&SI>—i<&sy>)

PS =5 \(ss) +i(Gsy) 1—(Fs2)

_ <C:s¢0§¢> <CS¢CTS¢> ' (21)
<Csmcs¢> <CSTCST>

Diagonalization of p%P will, nevertheless, still imply that

of pa and pp. It is verified that its eigenvalues are f1 =

|+ |?, four-fold degenerate, with || the singular values
of the matrix o. We then have

E(A,B) = S(pa) = S(pp) = 15(o™),  (22)

again valid for any trace-form entropy S(p) = Tr f(p).
And for convex mixtures of states of the form (20) (whose
rank will be at most 4), the mixed state fermionic con-
currence, as defined in Iﬂ], will again coincide exactly
with the standard two-qubit concurrence.

The same considerations hold for general bipartite
states ([3) of systems of arbitrary dimension if a particle
hole transformation (or in general, a Bogoliubov trans-
formation) is applied to the original fermion operators in
([@@). In such a case Eq. ) is valid for entropic func-
tions satisfying f(p) = f(1—p) (a reasonable assumption
as p represents an average occupation number of particle
or hole), since p®P will have eigenvalues fj and 1 — f,
now two-fold degenerate, with fi those of the local states
PA(B)-

A final remark is that the representations ([Il) and (I9)
of Pauli operators can coexist independently since

[O'Sja&S’k] :O, (23)

V 4,k for both S" # S and S’ = S (SU(2) x SU(2) struc-
ture B3] at each side A or B). Moreover, the even local
parity states 20) belong to the kernel of the operators
(D), while the odd local parity states @) (e Vs = —1)
belong to the kernel of the operators ([[d):

osjlb) = Gs;lv)s =0, (24)

for S = A,B and j = z,y,z. Hence, unitary opera-
tors e 23 M55 (8252951 will become identities when
applied to states [¢); (J1)f). A fermion system with
a sp space of dimension 4 can then accommodate two
distinct two-qubit systems, one for each value of the lo-

cal number parity, keeping the total number parity fixed
(eiﬂ'(NA-‘rNB) — 1)

D. Bipartite entanglement with no fermion
entanglement

Previous examples show an exact correspondence be-
tween bipartite and fermion entanglement. The repre-
sentations considered involve not only a fixed value of
the global parity, but also of the local number parity. It
is apparent, however, that it is also possible to obtain bi-
partite entanglement from SD’s by choosing appropriate
partitions of the sp space, although in this case the local
parity will not be fixed. For instance, the single fermion
state

[4)5 = (achy + Be)0) (25)

where the fermion is created in a state with no definite
position if a8 # 0, leads obviously to S(p°?) = 0 but
corresponds to an entangled state a 1) 4 ®1[0) g+ 5|0) 4 ®
| }) 5. However, the local states at each side have different
number parity. The same occurs with the two-fermion SD
(acTAT—l-ﬁcTBT)(a’cLi—l—ﬂ'cTBi) |0), which has zero fermionic
concurrence but corresponds to the entangled state o3’| 1
)a®| Dp—a/Bl a®| P p+ad| 1) a®|0)5+B610)4®
| 14) 5.

Hence, although there is entanglement with respect
to the (A, B) partition, it is not possible to make ar-
bitrary linear combinations of the eigenstates of p4 or
pB, since they may not have a definite number parity.
While such entanglement may be sufficient for observ-
ing Bell inequalities violation, as proposed in @], it can
exhibit limitations for other tasks involving superposi-
tions of local eigenstates, as discussed in sec. [IIl This
effect will occur whenever one of the fermions is created
in a state which is “split” by the chosen partition of the
sp space. With the restriction of a fixed number par-
ity at each “side” an equivalence between bipartite and
fermionic entanglement can become feasible, as discussed
next. Notice that such restriction directly implies blocked
sp density matrices p°P and p%P, since all contractions
<cf4ich> and (cgicTBﬁ linking both sides do not conserve
the local parity and will therefore vanish V i, j.



E. Fermion entanglement as two-qubit
entanglement

Let us now return to the two-fermion state ([I0). The
reason why the two particles become distinguishable is
that the “position” observable allows us to split the sp
state space H as the direct sum of two copies of the
spin space Hs, H = Hs, ® Hsy, with a(u|lp)p =
<O|cAHcTBM|O) = 0 for p =1 or J. This last condition
ensures in fact that there is just one fermion at each side
(Na)l¥)s = [b)y). However, for a more general two-
fermion state, like that considered in the previous section,
it is no longer possible to perform a measurement of the
spin of only one particle by coupling it with position since
both particles may be found at the same site.

But now nothing prevents us from turning back the ar-
gument and state that if for an arbitrary state [¢)f, it is
possible to split H as H = H4 & Hp, where Hy and Hp
contain just one fermion (Na|); = Np|); = 1), then
we recover again a system of two distinguishable qubits.
This last feature leads us to the following important re-
sult:

Lemma 1: Let |); be an arbitrary pure state of a
fermion system with a 4-dimensional sp space H, having
definite number parity yet not necessarily fixed fermion
number. Then the entropy [B]) of the corresponding den-
sity matrix p9P is proportional to the entanglement en-
tropy between the two distinguishable qubits that can be
extracted just by measuring the appropriate observables.

Proof. We start with a general state |¢) y with even num-
ber parity, which in this space will have the form (). For
general a;, o and ay in (@), the basis of the sp space H

determined by the fermion operators {c;, cj} cannot be
split in order to measure only one particle at each part.
This fact remains true even if ag = a4 = 0, as « is a gen-
eral antisymmetric matrix. However, as proved in ﬁ, it
is always possible to find another basis of H, determined
by fermion operators {a;, az} related to {c¢;, CI} through
a Bogoliubov transformation, such that the state (@) can
be rewritten as

[0) = (aralal + a_alal)|0) (26)

which is analogous to Eq. (I). Here |ax|> = fi are
just the distinct eigenvalues (@) of the extended density
matrix p% determined by the state (@), whereas {a;, a;-f}
are suitable quasiparticle operators diagonalizing p9P.
The concurrence () becomes C(|¢) ) = 2|ayra_|.

We then recognize [26) as the Schmidt decomposition
@) of a two-qubit state written in the fermionic rep-
resentation ([I{), since, for instance, the sets {ai,ag}
and {al,al} (analogous to {aLT,agﬁ and {aTBT,aTBi})
span subspaces Ha and Hp with N4 = Np =
(Nayl¥)y = [1)y). And because the Schmidt coef-
ficients |a4|? coincide with the eigenvalues of p%P, we
obtain again S(p1) = S(ps) = L8(5™) (Eq. @)

with the fermionic concurrence coinciding exactly with
the standard one.

The case of general odd parity states, which in this
sp space are linear combinations of states with one and
three fermions,

4
[W)r = Bicl|0) + Bicil0), (27)
i=1
where  |0) = clelelello)  and  ¢0) =

i ot - -
37 Do j ki €ijkiCjCcy|0), can be treated in a similar

way, as they can be converted to even parity states of
the form ([@) by a particle-hole transformation of one
of the states (i.e., ¢I — ¢1, [0) — ¢l|0), leading to
ag = Bi, g = =1, ary = —f;, and a5 = Y, €k Ok
for i,j7 = 2,3,4 in Eq. {@)). They can then be also
written in the form (2], in terms of suitable quasipar-
ticle operators diagonalizing p%P, so that the previous
considerations still hold. The concurrence of the states

@1, given by Iﬂ] C(ly)r) = 2|Z?:1 ﬁi3i|, becomes

again 2|apa_|. O

Some further comments are here in order. First, just
the subspaces of H generated by {al,al} and {a;,al}
are defined by (@20, since any unitary transformation
a];@) = D h—12 Uk11(2)a2 (and similarly for a;(4)) will
leave it unchanged (except for phases in ay).

Secondly, we may also reinterpret the state 0] as a
two-fermion state with even local number parity if side A
is identified with operators {al, al} and B with {ag, all,
such that each side has either 0 or two fermions (even
number parity qubits). Still with even local number parity
we may as well rewrite it in the form ([{8), i.e.,

W)y = (a— + ay alajaba))|0), (28)

through a transformation a;r — a; for i = 3,4, with

0) — alal]0). Here just the vacuum |0) and the com-
pletely occupied state |0) are defined, since ([28) remains
invariant (up to a phase in a4 ) by any unitary transfor-
mation al-L - > U;ﬂ-aL of the operators aj.

Finally, if [1)f is a two-fermion state % > i aijczc;|0>,
the previous considerations remain valid for a sp space
‘H of arbitrary dimension. In this case x = 0 and it is
always possible to rewrite [¢) ; as [d]

W)y = Y panalal]o)

where |a2| are the eigenvalues of pP = aal and {ay, az}
are suitable fermion operators diagonalizing this ma-
trix, obtained through a unitary transformation ay) =

U, mvCi (satisfying UfaU = o with o’ a block
i Zik(k)

0 1
1 0)) The sp
space can then be written as Ha © Hp with H4p) the

diagonal matrix with 2 x 2 blocks ay,

subspaces spanned by the sets {az(l—g)}, containing each
one fermion. We thus obtain S(pa) = S(pp) = $5(p°P)

(Eq. ().



F. Fermion entanglement as minimum bipartite
entanglement

We now demonstrate a second general result, con-
cerning the mode entanglement associated with general
decompositions H = Ha ® Hp of a four-dimensional
sp space. Any many-fermion state can be written as
1) p =22, uw|pv), where p(v) labels orthogonal SD’s

onHu (Hp) and ) = [[Ties, (€)1 [Tjers (€))™7110)
is a SD on H, with nf = 0,1 the occupation of sp state
i in the state pu. The ensuing reduced states pa =
S (@) el ('] and pp = 3, (aT @) ) (V|
satisfy Tr pa(m) Oa(B) = {¥|Oa(B)|¢)) s for any operator
depending just on the local fermions {¢;, c;-f, i€ Hamlt-
The entanglement entropy associated with such biparti-
tion is then 2d] E(A4, B) = S(pa) = S(pB).

In the present case we may have either 2 + 2 bipar-
titions (dimH 4 = dimHp = 2), or 1 + 3 bipartitions
(dimH4 =1, dimHp = 3). In the latter the entangle-
ment is determined just by the average occupation of the
single state of H 4 and corresponds to the case where
A has access to just one of the sp states possibly occupied
in [¢)r. A realization of a 2 + 2 partition is just that of
spin 1/2 fermions which can be at two-different sites (one
accessible to Alice and the other to Bob), while a 1 + 3
bipartition could be one where Alice has access to one
site and just one spin direction, i.e., to the knowledge of
the occupation of the sp state Ay. It could also apply to
any asymmetric situation like that where spins are all up
(i.e., aligned along the field direction) but the fermions
can be in four different locations or orbital states, with
only one accessible to Alice.

Lemma 2: Let |1) ; be a general definite number parity
fermion state in a sp space H of dimension 4, and let H =
Ha @ Hp be an arbitrary decomposition of H with H
and Hp of finite dimension. The entanglement entropy
associated with such bipartition satisfies

S(pa) = S(pn) = 19(p™P). (29)

Eq. 3) holds for any entropic form S(p) = Trf(p) (f
concave, f(0) = f(1) =0).

Hence, the fermionic entanglement represents the min-
imum bipartite entanglement that can be obtained in
such a space, which is reached for those bipartitions aris-
ing from the normal forms @) or [@8). The greater
entanglement in a 2 + 2 bipartition is obtained at the
expense of loosing a fixed number parity in the local re-
duced states. Note that S(p®P) vanishes only if |[¢)
is a quasiparticle vacuum or SD in some sp basis, while
S(pa(p)) does so only when the previous condition holds
in a basis compatible with the chosen bipartition.

We will actually show the equivalent majorization
relation

Apasy) < (f+,f-), (30)
where A(p4(p)) denotes the spectrum of ps or pp sorted
in decreasing order and fy, f- =1— f; < fi are the

distinct eigenvalues (@) (fourfold degenerate) of p%°P. Eq.
@) is then equivalent to the condition Apax < fy, with
Amax the largest eigenvalue of p4(p), and implies 29,
while (Z9) implies @0) if valid for any entropic function
f .

Proof. Consider first a general even parity state (@) and
a 2 4 2 decomposition H = Ha & Hp, with Ha = Hio,
Hp = Hss and H;; the subspace generated by {cj, c} .
Changing to the notation Ap, Ao, By, By for sp states
1,2,3,4, we can rewrite () as a sum of states of the

form ([I4)) and @0Q) (Fig. O):
) =D Buvchy e 100+ Bun(cly, ey, )™ (e, e, )™ 10)

v v
(31)
vyhere v = 1,2, Buv = Q2 My = b — 1, f11 = ag,
Baa = au, P12 = asq, and P21 = 2. The first (sec-
ond) sum in @&II) is the odd (even) local number parity
component.
After local unitary transformations cg, — >, Ufucs,,,
S = A, B, which will not affect the vacuum nor the even
local parity component (except for phases in 3, deter-
mined by det U?), we can set By diagonal. Similarly,
after local Bogoliubov transformations cs, — ugcs, +
vgcTSz, cs, — USCs, — USCTSI, lu%| + |vi| = 1, with
10) = [[Tg_a.p(us — vsch ck)]0), we can set B, di-
agonal as discussed in sec. IIIﬁ Though modifying the
vacuum, they will not change the form of the odd local
parity component except for phases in 3,,. Thus, by
local transformations it is possible to rewrite ([BI)) as

[0} = (Bichy, e, + Bachy, e, +Br+ Pacly ey e e, )(lg;)
where |8,| and |8, are the singular values of the 2 x 2
matrices 8 and 3 in I). Eq. ) is the Schmidt decom-
position for this partition, with (|32|, 53|, 52|, |32]) the
eigenvalues of the reduced density matrices p4 and pp of
modes (A1, Ag) and (Bj, Bg) respectively.

Now, suppose Amax = |8%]. We have

1812 < |B1]? + 1B2]? = (cly, ca,) - (33)

But <c:f410,41> = S8 [Wa, |2 fr, where fi are the eigen-
values of pT (equal to f4 or f_) and W the unitary ma-
trix diagonalizing p%P (22:1 [Wa, x|? =1). Therefore,

J- < eea) < Iy (31)

Egs. @3)-@4) imply |31|*> < f+, which demonstrates
Eq. B0) and hence 29) for a general 2 + 2 bipartition
Ha ® Hp. For Amax equal to any other coeflicient the
proof is similar.

Moreover, Eq. (84) also shows that the sorted spec-

trum A(pa,(4,,8)) = (<CT410A1>71 - <cjf41c,41>)l associ-

ated with the 1 + 3 bipartition Ha, ® Ha, B satisfies
Apa,,(as,8)) = (f+,f-). In the latter S(pa,) is the



entanglement between the sp mode A; and its orthog-
onal complement as defined in Iﬂ E determined by
the average occupation <c:f410,41> of the mode. Hence,
Eqs. 9)—-B0) hold as well for any 1+ 3 bipartition.

And equality in @29)) for all entropic functions is evi-
dently reached only for those bipartitions arising from the
normal forms 26)-(28): Considering the non-trivial case
f+ < 1, if equality in 29) is to hold for all entropies,
necessarily pa(py should be of rank 2 with A(pa(p)) =
(f+, f-). For a 1+ 3 bipartition, this identity directly
implies <c:f410,41> = f4 or f_ and hence a bipartition aris-
ing from a normal form (28)-28]), where A = A; is one
of the sp states of the normal basis. And for a 2 + 2 bi-
partition, it implies that the two eigenstates of p4 with
non-zero eigenvalues fi should have the same number
parity, since otherwise Eq. (&) would imply C(|¢) ) =
and therefore fy = 1, in contrast with the assumption.
Hence such bipartition must arise from a normal form
@8) or 23).

The demonstration of previous results for odd global
number parity states is similar, as they can be rewritten

as even parity states after a particle-hole transformation.
O

Some further comments are also in order.
rewrite the state B2) as

) f = V=1V r + VDl s (35)

We may

where [¢_); = \/%(ﬁlcTAlcTBl +ﬁ2CTAZCT32)|O>a le)r =
\/%(31 + 320210220210E2)|0> are the normalized odd

and even local parity components and p_ = |3?| + |53,
p+ = |83+ 83| =1 — p—. We then see that for the von
Neumann entropy, we obtain

S(pa) = S(pB) = p-S(ps) +p+S(pk) +Sp), (36)

where the first two terms represent the average of the
entanglement entropies of the odd and even local par-

-2 ‘B 'logz 12, Bl s(pt) =

-3, |§+‘ 08, ‘5 |) while S(p) = _Eu:ipl’ log, py is
the additional entropy arising from the mixture of both
local parities. We then have 0 < S(p4) < 2, with the
maximum S(pa) = 2 reached iff S(p%) =1 and ps = z.

On the other hand, the fermionic concurrence (@) of
the state (B2)) is just

C(lh)f) = 28182 + BrBal . (37)

It then satisfies

ity components (S(p,) =

lp-C_ —p . CL | <C(|)s) <p-C_+pyCyy (38)

where Cx = C([¢1)y) = Q(Igigﬂg*) are the concur-

rences of the even and odd local parity components. We
then see, for instance, that for mazimum bipartite en-
tanglement S(p4) = 2, C+ = 1 and hence C(|¢)) ) can
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FIG. 1. Depiction of the eight even number parity fermion
states of four single-particle modes, partitioned such that the
two modes on the left of the dashed line belong to Alice,
whereas the two modes on the right to Bob. The upper row
are the states with odd local number parity (one fermion for
Alice and one fermion for Bob) whereas the bottom row those
with even local number parity (Alice and Bob may have 0 or
two fermions). The states of the bottom row can be formally
obtained from those on the top by performing particle-hole
transformations CLZ <+ caz and cp, < cB2.

take any value between 0 and 1, according to the relative
phase between the even and odd local parity components.

Finally, it is obviously possible to rewrite the Schmidt
form ([B2) as a two-fermion state by means of suitable

local particle-hole transformations (i.e. cp, — cTBM, w=

1,2, with |0) — c];g cjg |0)). After some relabelling, we
1 2
obtain the equivalent form

51031032)|0>

(39)
where terms with two fermions at the same side side are
added to the form (). Therefore, all previous consider-
ations (B5)—([B8) can be realized with a fixed total number
of fermions, with expression (317 still valid.

)5 = (Bichy, cly, + Bachy, cly, + Bacly ), —

IIT. APPLICATION

The formalism of the previous sections may now be
used to rewrite a qubit-based quantum circuit as a cir-
cuit based on fermionic modes. It is easy to see by now
that any pair of fermionic modes, say i, j, prepared in
such a way that their total occupation is constrained to
N;; = c;-fcl- + c}cj = 1, is essentially a qubit. There-
fore, a collection of m such pairs of modes constitutes
a system of n qubits. Furthermore any single-qubit
operation can be performed on each pair just by us-
ing unitaries in H linking only these two modes, and
these unitaries can be always written in terms of the
effective Pauli operators (), i.e., 0¥ = cl¢; + cTcZ7
o‘ff = i(c;ci — c;rcj), ol = cTcZ - cjcj The last ingredi-
ent for universal computation is the CNOT gate, which
in the tensor product space A ® B can be written as
Uenor = [0){0]@1+1)(1]@0, = expliZ (1-0.)@(1-0,)].
In the fermionic representation, if A is spanned by modes
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FIG. 2. Teleportation protocol with the present fermionic im-
plementation. Each qubit is represented by a pair of fermionic
modes having a total occupation number of 1. The control
operation can be realized involving just one of the modes of
the pair representing the control qubit due to the occupa-
tion number constraint, and similarly the usual measurement
in the standard basis can be implemented by measuring just
one of these modes. If the pair occupation number constraint
is relaxed so that both local number parities coexist, then
control and measurement operations involve both modes.

ij and B by the different modes ki, for states having one
fermion at each pair of modes it can be written as

f

LT
CNOT v

= expliz (1 —o)(1 - i) (40)
Since just an even number of fermion operators ¢ per
pair are involved, its action is not affected by the state of
intermediate pairs. It is then possible to implement any
qubit-based quantum circuit using fermion states.

As an example, in Fig. @] we show the teleportation
protocol adapted to be implemented using an entangled
fermion state as resource, and a two mode sate to be
teleported. Alice has the modes {|A1),|Az2),|As),|A4)}
while Bob is in possession of {|B1),|B2)}. The first two
modes of Alice are entangled with those of Bob, being in

the joint state |Bgo) = \%(CLICTBI + cz2cg2)|0>, and the

remaining modes of Alice are in the state |¢)) = (« C]:‘S +
BCTA4)|O>, |a|? + |8%] = 1. The input state is therefore

1
|thi) = E(O‘ chy + Bl (el ek, + el ek,

and it is straightforward to see that the output state is

1
o) = 5leh, ch, (ach, +Beh,) +cly el (ach, +Bef) +
chych, (mach, +Beh,) + el dy,
The controlled operations on Bob’s modes depicted in
Fig. @ then ensure that his output will be the state [¢).
Considering now a general circuit, if the input states
are restricted to be SD’s in the previous basis, with one
fermion for each pair, we recover a classical circuit. The
CNOT gate in [@0) reduces for these states to a classical
controlled swap or Fredkin gate, which implies that re-
versible classical computation can be done with SD’s as
input states.
On the other hand, if the occupation number restric-
tion N;; = 1 (i.e., odd number parity for each pair) is
relaxed, so that the building blocks of the circuit are no

longer single fermions that can be found in two possi-
ble states, but rather the fermionic modes themselves,
other possibilities arise. For instance, if now the input
states contain either 0 or two fermions for each pair (even
number parity qubits), such that modes ¢,j are either
both empty or both occupied, then we should use the
&fj operators as defined in (@), i.e., ¢ = czcj- + ¢jci,
6.l = i(cjei — c;-fc;), G = cle; + c;cj — 1. In this case
the operator U(-fNOT should be constructed as in Eq. (@0
with the &, operators, while the operator @), and in
fact any unitary gate built with the o} operators, will
become an identity for these states, as previously stated.
Hence, by adding the appropriate gates, the same modes
can in principle be used for even and odd number parity
qubits independently.

For example, in the even local parity setting the input
state for the teleportation protocol would be

~ 1
i) = ﬁ(ﬁ +ach e )1+l el el ek )o).

If |0) stands for a reference SD (Fermi sea), then this state
involves 0, one, two and three particle hole excitations,
with A4, As, Bo, standing for holes. The output state
becomes

o) = 3[(B + avcly,cp,) + cly, ch, (o + Bk, ch,) + cly,ch, x
(8 = ach,cl,) + el ch, (—a+ B, e, )0),
so that if Alice measures which of her modes are occu-
pied and sends the result to Bob, he can reconstruct the
original state by applying the pertinent X = je i35
and Z = ie"13%:" operators.
Finally, let us consider the case of superdense coding
,E]. It is clear from the previous discussion that it can
be implemented with the fermionic |Soo) state of the tele-
portation example and performing exactly the same local
operations of the usual case, but viewed now as two-mode
operations. Now a general state with even global parity
of the four modes {|A41),|Az2),|B1),|B2)} is a combina-
tion of eight states as in Eq. ([): six two-particle states,
the vacuum |0) and the completely occupied state |0), as
shown in Fig. [l Four of the six two-particle states (top
of Fig. M), have N4 = Np = 1 and can be used to repro-
duce the known results of the standard protocol. But the

(—a CTB L+ CTB 1)] |O>four remaining states, which have even local parity, may

be used as well for superdense coding if the proper local
operations expressed in terms of the 645 are performed.

A general even parity state (7)) may then be thought of
as a superposition of states of two different two-qubit sys-
tems, like in Egs. BI) and B3). Defining the maximally

entangled orthogonal definite local parity states
|Boo) = (el ey, £ el )10}, 1Boo) = y(cly, el e e,
|Bor) = (el ey, £ cfy, e )10), |Bor) = y(cly, ey,

with v = \%, we may consider for instance the state

[Wo0) = Z5(1Bo0) + 1 5oo)) - (41)

+1)|0)
+ cly ch,)[0)



By implementing on {I) the identity and the local op-
. A A

erations e "% (7ut0u) = Ou+0u, b =12,Y, 2z, and taking
into account Eq. 24), Alice can generate four orthogonal
states: |¥oo) and

[Wor) = ie™ 3747 | Wog) = 5 (1or) +1Bor)) , (42a)
[W10) = de™ 3 (7472 [Woo) = T (|B10) + |B1o)) , (42b)
[W12) = =7 0 Wog) = J5(18n) + |Bun)) (42¢)

But she can also perform these operations with a local
parity gate P4 = — exp[irN4] that changes the sign of
local even parity states. This allows her to locally gener-
ate another set of four orthogonal states,

Wij) = PAWi;) = J5(18i) — 1Biy), 4.5 =0,1, (43)

which are orthogonal to each other and to the states [@I)—
[#@2). Hence, by relaxing the occupation number con-
straint on the partitions it is possible for Alice to send 8
orthogonal states to Bob, i.e. three bits of information,
using only two modes and local unitary operations that
preserve the local parity, while with one type of qubits
and the same operations she can send only two bits. Of
course, if parity restrictions were absent and she could
change the local (and hence the global) parity she could
send four bits (in agreement with the maximum capacity
for two d = 4 qudits, which is log, d* [Bd]). A fixed global
parity constraint reduces the total number of orthogonal
states she can send to Bob by half.

On the other hand, since the state [{@Il) does not have
a definite local number parity, the ensuing bipartite en-
tanglement is not restricted by the fermionic entangle-
ment as shown in sec. [T In fact all previous 8 states
D), @) and @3) have maximum bipartite entangle-
memt, leading to maximally mixed reduced states p4(p):
S(pa) = S(pp) = 2, while by applying Eq. @) it is seen
that the fermionic concurrence of the previous states is
C(|¥;5)) = C(]¥;5)) = 1. The unitary operations applied
by Alice are local and hence cannot change the bipar-
tite entanglement, while they are also one-body unitaries
(i.e., exponents of quadratic fermion operators) so that
they cannot change the fermionic concurrence and entan-
glement (i.e., the eigenvalues of p°P) either. In fact, the
fermionic entanglement is here not required. By chang-
ing the seed state (i.e., |¥(,) = %(Woo) + [B10))), it is
possible for Alice to generate locally 8 orthogonal states
with the same bipartite entanglement yet no fermion en-
tanglement (C(|¥(,)) = 0).

Therefore the entanglement built with local states with
different number parity plays the role of a resource for
superdense coding. In fact even the state (2H) with
a=083= %, which has obviously null concurrence, can in
principle be used for sending two bits if Alice can perform
the parity preserving operations P4 = — exp[itNal,
oy + 65 and P4 (0; + 7). It is worth noting, however,
that the same state cannot be directly used as a resource
for teleportation with the standard protocol without vi-
olating the parity superselection rule, since Bob’s two

local states have opposite parity and cannot be super-
posed. After a measurement of Alice’s modes Bob’s re-
duced state will collapse to a state of definite parity in a
realizable protocol, so that it will be impossible for him
to recover a general state |¢).

We have so far considered just the number parity re-
striction. If other superselection rules (like charge or
fermion number) also apply for a particular realization
they will imply stronger limitations on the capacity of
states like ([{@Il). Nonetheless, even local parity qubits
with no fixed fermion number remain realizable through
particle-hole realizations, i.e., excitations over a reference
Fermi sea in a many-fermion system.

We also mention that a basic realization of four dimen-
sional sp space-based fermionic qubits is that of a pair
of spin 1/2 fermions in the two lowest states of a double
well scenario in a magnetic field, which would control the
energy gap between both spin directions and the transi-
tions between them. For single occupation of each well we
would have odd local parity qubits, while allowing dou-
ble or zero occupancy through hopping between wells we
could also have even local parity qubits.

IV. CONCLUSIONS

We have first shown that there is an exact correspon-
dence between bipartite states and two-fermion states of
the form ([I4) having a fixed local number parity. En-
tangled states are represented by fermionic states which
are not Slater Determinants, and reduced local states
correspond to blocks of the sp density matrix. In par-
ticular, qubits can be represented by pairs of fermionic
modes with occupation number restricted to 1 (odd num-
ber parity qubits). This result allows to rewrite qubit-
based quantum circuits as fermionic circuits. But in ad-
dition, a fermionic system also enables zero or double
occupancy of these pairs, which gives rise to a second
type of qubit (even number parity qubits). Dual type
circuits can then be devised, as the gates for one parity
become identities for the other parity. And even though
both types of qubits cannot be locally superposed due to
the parity superselection rule, they can contribute to the
entanglement in a global fixed parity state.

We have then demonstrated rigorous properties of the
basic but fundamental case of a four-dmensional sp space.
First, there is always a single-particle (or quasiparticle)
basis in which any pure state can be seen as a state of
two distinguishable qubits, with the fermionic concur-
rence determining the entanglement between these two
qubits (Eq. 22))). Such entanglement is “genuine”, in the
sense that the local states involved have a definite parity
and can therefore be combined. Secondly, such fermionic
entanglement was shown to provide always a lower bound
to the entanglement obtained with any other bipartition
of this sp space, although the extra entanglement arises
from the superposition of states with different local par-
ity. While its capacity for protocols involving superpo-



sitions of local states is limited, such entanglement can
nevertheless still be useful for other tasks such as super-
dense coding.
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