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Abstract: We study the one-loop anomalous dimensions of the Super Yang-Mills dual 
operators to open strings ending on AdS giant, gravitons. AdS giant, gravitons have no upper 
bound for their angular momentum and we represent, them by the contraction of scalar 
fields, carrying the appropriate R-charge, with a. totally symmetric tensor. We represent, 
the open string motion along AdS directions by appending to the giant, graviton operator a. 
product, of fields including covariant, derivatives. We derive a. bosonic lattice Hamiltonian 
that describes the mixing of these excited AdS giants operators under the action of the 
one-loop dilatation operator of JV = 4 SYM. This Hamiltonian captures several intuitive 
differences with respect, to the case of sphere giant, gravitons. A semiclassical analysis of 
the Hamiltonian allows us to give a. geometrical interpretation for the labeling used to 
describe the fields products appended to the AdS giant, operators. It. also allows us to show 
evidence for the existence of continuous bands in the Hamiltonian spectrum.
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1. Introduction

The most accomplished realization of the AdS/CFT correspondence conjectures the equiv­
alence between A/” = 4 Super Yang-Mills theory in four dimensions and type IIB string 
theory on the AdSs x S'5 background [1-3]. A great deal of evidence supporting this 
equivalence was found after the realization of a geometrical limit, for strings with large 
angular momentum, leading to a plane-wave background where the string theory can be 
exactly quantized [4, 5]. In this so called “BMN” limit, the closed strings energy spectrum 
was shown to match the scale dimension spectrum of certain dual operators (a.k.a. BMN 
operators) of the A/” = 4 gauge theory [6]. The key observation of Berenstein, Maldacena 
and Nastase [6] was to note that the perturbative contributions to the anomalous dimen­
sions of BMN operators are suppressed by the square of the parameter associated with 
the angular momentum of the dual string. This fact allowed to engineer a limit in which 
perturbative computations on the gauge theory side could be extrapolated to strong cou­
pling and therefore make a true comparison with string theory computations beyond the 
supergravity and BPS approximations.

Another remarkable result in the AdS/CFT large N approximation (N being the rank 
of the gauge group) was the discovery of integrable structures governing the anomalous 
dimensions of Af = 4 SYM operators. Minahan and Zarembo [7] showed that the mixing 
matrix of anomalous dimensions of single trace operators of scalar fields, at planar f-loop 
approximation, is given by an integrable SO(6) spin chain Hamiltonian. More recently, the 
planar f-loop anomalous dimensions for the full set of local operators were shown to be
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given by the spectrum of an integrable spin chain Hamiltonian for the full superconformal 
group [8].

Some of these ideas can be extended to the case where one includes D-branes and open 
strings. In these cases the spectrum of anomalous dimensions of the dual operators is given 
by open spin chain Hamiltonians. It is possible to work out the boundary conditions for 

the open spin chains and determine if they define integrable open spin chain models.
In [9], non-perturbative BPS states of finite energy on AdSs x S5 were found by 

considering compact D3-branes expanded in a S'3 C S'5. These spherical D-brane solutions, 
known as giant, gravitons, are supersymmetric and it is also possible to construct them 
by wrapping a S3 C AdSs [10, 11]. The salient feature of all these configurations is 
that the square of the radius of the D-brane is proportional to an angular momentum p 
associated with a S1 C S5 rigid motion of the brane. This property marks an important 
distinction between sphere and AdS giant, gravitons: the angular momentum of sphere 
giants has an upper bound. On the other hand, giants expanded in AdS have no bound 
on their angular momentum. In [12-15] BPS dual operators to the above giant, gravitons 
were proposed. Quite interestingly, some non-BPS perturbations of these operators were 
interpreted as open strings attached to giant, gravitons in [18-25].1 Until recently, the 
anomalous dimensions of these non-BPS operators were not. studied as extensively as for 
single trace BMN operators discussed in [6]. A computational difficulty being that non- 
BPS operators dual to excited giant, gravitons have a. number of fields p, which taken of 
order N, leads to the failure of the planar approximation. Nevertheless, it. is possible to 
work out. the combinatorics and extract, the leading order result, in the large N limit..2

1Open strings can also be attached to defect (non-compact) D-branes. In the dCFT. matter fields serve 
as boundaries for the spin chain and define an integrable open spin chain Hamiltonian [16, 17],

2Large N and planar limit are usually taken as synonymous in the literature.

For sphere giant, gravitons of maximal size, the resulting boundary conditions for the 
one-loop anomalous dimension mixing matrix lead to an integrable open spin chain [20]. 
Computations at. two-loop order have recently shown inconsistency with the Bet.he Ansat.z 
[23, 24]. So, if the system remains integrable at higher loops, its integrability will not. be 
implemented by a. Bet.he Ansat.z. For non-maximal sphere giants, already at one-loop order, 
the Hamiltonian is not. solvable by a. Bet.he Ansat.z. However, and despite the presence of 
continuous bands in its spectrum, the Hamiltonian seems to be integrable [25].

In this work we consider dual operators to open strings attached to AdS giant, gravi­
tons. The gauge theory description of strings spinning along the AdS directions of the 
giant, requires to consider the action of covariant, derivatives on the set. of scalar operators. 
This AdS spinning provides a. new parameter L which will be crucial for implementing 
the BMN scaling. We will deal with operators in a. non-compact. sZ(2) sub-sector of the 
superconformal group. To study the anomalous dimensions spectrum of the set. we will 
use the complete one-loop dilation operator of.V 1 SYM, constructed by Beisert. in [26], 
and restrict, it. to the sZ(2) sub-sector. In the present, work we will not. be concerned on the 
integrability of the Hamiltonian giving the one-loop anomalous dimensions. Instead, we 
will focus our attention to explore a. BMN limit, on both dual descriptions of the system. 
The paper is organized as follow. In section 2 we derive the large N one-loop mixing ma­
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trix of anomalous dimensions for the set of operators dual to open strings attached to AdS 
giant, gravitons. Due to the variability in the number of sites in the standard spin chain 
mapping, we introduce an alternative and more convenient labeling for the operators as 
states of a bosonic lattice. We provide a semiclassical sigma-model action governing the 
dynamics of the bosonic Hamiltonian with a large number of sites and also show evidence of 
the existence of continuous bands in the spectrum of the bosonic Hamiltonian. In section 3 
we briefly present the geometrical description of open strings on AdS giants and guided 
by the AdS/CFT correspondence we see how to confer a geometrical interpretation on the 
results of section 2. In section 4 we summarize and discuss the results of the paper. Two 
appendices A and B are devoted to the relevant combinatorics for the computations of the 
section 2, and the Penrose limit considered in section 3.

2. Anomalous dimensions for the duals of open strings on AdS giants

Af = 4 SYM operators constructed from a single complex scalar field Z in the adjoint 
representation of U(7V) are half-BPS protected. Polynomial operators in Z have their R- 
charge given by the degree of the polynomial and it is possible to establish a dictionary 
between these gauge theory half-BPS operators and half-BPS objects in the dual string 
theory [12-15]. For instance, a Schur polynomial in Z, written in the totally symmetric 
representation of the permutations group Sp is identified with an AdS giant, graviton. On 
the other hand, a. Schur polynomial written in the totally antisymmetric representation 
is identified with a. sphere giant, graviton [12], Explicitly, the local gauge theory operator 
representing an AdS giant, graviton with p units of angular momentum is proposed to be

(2-1)

where is a. tensor totally symmetric in all its indices. Its definition together with
some useful properties are displayed in the appendix A.

Open strings attached to giant, gravitons (spherical D3-bra.nes) give rise to non-BPS 
excitations. These states are mapped in the gauge theory to operators like (2.1) but. with 
a Z field replaced by a. product, of SYM fields and their derivatives, which, usually referred 
to as a. word W, represents the open string excitation state. Operators representing excited 
sphere giant, gravitons were previously studied in [18-25]. Extending the analysis to the 
case of AdS giant, graviton operators is particularly interesting since sphere and AdS giants 
behave quite differently when their angular momentum p is increased: while the angular 
momentum of a sphere giant, is bounded by N [9], there is no upper bound for the angular 
momentum of AdS giants (see eq. (3.5)).

Our attention will be focused on operators of the form,

(2-2)
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order to be able to make contact, with gauge theory computations via. a. BMN limit. [6]. 
This requires to consider open strings spinning fast, around the AdS giant, graviton. In gauge 
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theory language, this AdS motion is represented by the presence of covariant derivatives 
in the letters of the word W. It will be sufficient for our purposes to consider letters 
constructed out from a single scalar field Z and covariant derivatives, taken in a unique 
spacetime direction, acting on it. The infinitely many possible letters T>nZ can be shown 
to transform in the infinite dimensional spin j = — | representation of a non-compact sZ(2) 
subalgebra of the conformal subalgebra. We will study AdS giant, operators belonging to 
this sZ(2) sub-sector, which can be shown to be exactly closed [26]. Therefore, the words 
W we will be considering in (2.2) take the form

W = Z(,11) ■ Z(”2) ■ ■ ■ Z(raj) , (2.3)

where,
Z(n) = _Lp"Z P = Px + -¿P2 . (2.4)

n!
Here Px and P2 are covariant derivatives and the product in (2.3) should be understood 
as matrix multiplication. Our aim is to study the anomalous dimensions spectrum of 
the set of operators (2.2) which is conjectured by AdS/CFT to coincide with the open 
string excitation spectrum of the giant, graviton. We will calculate the mixing matrix of 
anomalous dimension at the large N one-loop approximation.

The complete one-loop dilatation operator D of N = 4 SYM is known [26]. We will 
study its restriction to the AdS giant, operators (2.2)-(2.3),

D - Dq + — Px + O(^M).

In (2.5), Dq gives the classical dimension of the operator,

co X
Do = £(« + l)trZ(“)Z(a) , with (Z(a)); = —

(2-5)

(2-6)

The one-loop contribution Px in (2.5) is written as

Px = : tr[Z(“\ Z(c)][Z(b\ Z((i)] :

= + C%) : (Z(“))" (Z(c))* (Z®)* (Z{d})\ :

-Y“1 (c% + Ct) : {Z^)\(Z(cŸk k̂t (z^ :, (2.7)
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where sums over repeated indices have been omitted and colons indicate that the variations 
Z do not. contract, on letters within the same colons. The coefficients can be obtained 
from the complete one-loop dilatation operator when its action is restricted to the sZ(2) 
sub-sector. From eq. (3.14) of [26] one gets

rim (2-8)
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where the harmonic numbers h(a) are defined as,

= /z(0)=0.
'¿=1

(2-9)

We will now analyze the mixing of the operators (2.2)-(2.4) under the action of D\. It will 
be helpful to label the operators we will be working with as,

5(p ; fll, ■ ■ ■ aj) := JZ^ • • • Z^_\ ■ ■ ■ Z^))^ . (2.10)

The rank of the totally symmetric tensor p is associated with the angular momentum of 
the giant, along a S'1 C S'5. The number of letters J is dual to the angular momentum 
of the open string excitation along the same S'1 as for p, and the total number of covari­
ant. derivatives L distributed in the word is dual to the open string excitation’s angular 
momentum along a. S1 C AdS$ direction. Thus, the integers an are subject, to

3When both derivatives act on Z fields contracted with the symmetric tensor, the contribution is pro­
portional to C'oo which is zero (cf. (2.8)).

4 Contributions from the action of Z on non-consecutive letters are sub-leading.

j
Y^an = L. (2.11)
n=l

It. is necessary to normalize the operators (2.10) so that in the large N limit., their free 
correlation functions are of order one. We define,

/ (7V + 1)'
5(/> ; “■ ■ ■ ■ ■ := I,' (JV+p-lW-DW-W ■ (2.12)

We will exclude the possibility of a.i or aj being zero, since in those cases the identity,

(2.13)

allows to write an operator with a. Z at the extreme of a. word, the lhs, in terms of: a. bigger 
giant, with a. shorter string (first, term, already accounted in the set), and an unexcited D- 
brane plus a. closed string (second term). When computing the mixing among operators (see 
below), the proper account, of the normalization factors for operators shows that the last, 
term in (2.13) is suppressed by a. factor 1/^/p . Since while taking the large N limit, we are 
taking p ~ N, the contribution of the last, term in (2.13) is irrelevant, to the computations.

The action of D± on operators S(p ;ai, ■ ■ ■ a.j) is determined by the two derivatives 
Z present, in (2.7). The possibilities are: (I) both derivatives act. on letters of the word 
W or (II) one derivative acts on a. letter of the word and the other on one of the Z fields 
contracted with the symmetric tensor.3

(I) A straightforward computation shows that the leading order contribution to in the 
large N limit, comes from the case where both derivatives act. on consecutive4 letters of the 
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word W. The result, is

D^S^p-au-aj) = -(C“f2 +C’^"1)5(p; a, b,a3,-aj) (2.14)

+ C“J") ; ai, ■ ■ ■ aj-2, a, b) + 0(1).

Using the identity (2.13) we rewrite apart the cases a, = 0 in the first, line and b = 0 in the 
last. line. Taking into account, the normalization of the operators (2.12) we obtain,

D^S(p ■a1,---aJ) = ~{CaX2 + C“1) S{p -,a',b,a3, ■ ■ ■ aj)

-(Cr + ¿(P ■,a1,a,b, - aJ)----
iaj + OX“-1)S(p ;fll, ■ ■ ■ a,b') 

- J1 + + Cab^y S{p + 1; b, a3,-- aj)

-yjl + ^(^ao-iaj + ^oa J + 1;U, ■ ■ ■ aj-2, a)

W(4)- (2-15)

Here a. primed repeated index indicates that its summation excludes the value zero. The last, 
two terms in (2.15) show that the dilatation operator mixes states with words of different, 
lengths. This instance is similar to that of non-maximal sphere giant, gravitons [21, 25] and 
the mixing between operators with words of different, lengths could have been expected. 
The variation in the number of letters of the word W can be pictured, from the string 
point, of view, as coming from the exchange of the angular momentum along the S1 C S5 
between the string and the giant.. The open string gets dragged by the movement, of the 
giant, graviton while propagating. Notice also that the factor describing the mixing of 
words of different, lengths is ^/1 +p/N. The sign inside the square root, has changed with 
respect, to the similar factor appearing in the sphere giant, case. This last. fact, reflects that 
p can increase arbitrarily for AdS giants.
(II) The leading order result., considering as before p ~ IV, is

d[h)S(p ; fll, ■ ■ ■ aj) = _ (1 + ^) (C“10 + O <S(p ; 6, a2, • • • aj)

- (i + ^bd° + ^obJ)^(p

-\/l + V(C’S + OS0) S(p - 1; O', />. <.2. ■ ■ ■ Oj)

- \/l + + C*J) S(P - 1; Ol, • • • oj-i.a, />')

+1-»10 + csf + C*) S(p ; <>, -2, ■ ■ ■ oj) 

+<-’U + c„T + C1)s(i> ;<».,•••

+0(2=). (2.16)
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Defining the parameter

(2-17)

and using the coefficients (2.8), the result (2.15) can be rephrased as

D^SÇp ; a-i, ■ ■ ■ a.j) = (Zr(a-i) + Zr(a2)) 5(p ; ax, ■ ■ ■ aj)

+(ft(fl2) + Zr(a,3)) S(p ; ai, ■ ■ ■ a.j)

\ — S(p;a1,a2-n,a3 + n,---aj)-----
n=-a3 1 1

+(/?.(aj_i) + h(ajY) S(p ; ai, ■ ■ ■ , a.j)
i-i i

V --5(p;ai,--
n=—aj 1 1 

aj-i - n, aj + n)

( t
-----S(p + l;ai + 02,03, ■ ■ Oj) 

Oi
O' - 1

----- S(p + l;a.i, ■ ■ ■ +Oj) + C>(—). 
aj--------------------------------------------VP

(2-18)

The first six lines can be identified with the action of an open sZ(2) spin chain Hamiltonian 
under the standard identification Word «-> Spin Chain State [7, 8, 26]. The last two lines 
indicate that sites can be annihilated at the boundaries of the chain. Similarly, (2.16) can 
be rewritten as,

D(/7)S(p ;a-i, ■ ■ a.j) = a2(Z?.(ax) + Z?.(a.j))5(p ;ab ■ ■ ■ aj)
ai i

-a -5(p - 1; n, ax - n, a2, ■ ■ ■ aj)
—' nn=l

aj 1 -
V -5(p - l;ai, ■ ■ ■ , aj_x,a,j - n,n)

n 
n=l

-(a2 - l)(Z?.(a,x - 1) + h(a,j - l))S(p ;a,x, ■ ■ ■ aj)
+O(^). (2.19)

vP

The first and last lines represent the action of identity terms, while the two middle ones 
show that sites can be created at the boundaries of the chain.

Describing different words as open sZ(2) spin chain states is not the most convenient 
picture. Since sites can be created or annihilated at the boundaries, one would have to 
deal with spin chains of variable length. In order to find a more appropriate labeling of 
the words set, it is crucial to note that the total number of covariant derivatives in the 
word W is conserved under the action of the 1-loop dilatation operator. We choose then 
to label the words (2.3) by stating the number of Z fields between consecutive covariant 
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derivatives. Consider, for instance, the word

Z(1)Z(0)Z(2)Z(1) ~PZZPPZPZ. (2.20)

We specify it by indicating that there are two Zs between the first, and the second derivative 
T>, no one between the second and the third and one Z between the third and the fourth 
derivative. A word with L + 1 covariant derivatives will then be labeled as a bosonic state 
of a lattice with L sites,

DZ"' DZ"2D ■ ■ ■ PZn,PZ <-+ |m, n2, ■ ■ ■ , nL}, (2.21)

with ni = 0,1,.... The variability of the sZ(2) spin chain length is translated, in the 
labeling (2.21), into a variability of the total occupation number of the lattice. This 
variability will take place at the size of the giant, graviton expense. However, since the 
probability of a. Z entering or leaving the word is the same, we expect, that p can be 
consistently taken as a. constant.. A posteriori we will check that occupation number of Zs 
for  the ground state is much smaller than p. Summarizing, the total number of bosons in 
the bosonic lattice is equal to the total number of Zs in the word.

To translate the action of Di (2.18)-(2.19) to the bosonic language (2.21), we introduce 
shift, operators a.J and a.i that rise and lower the occupation number of Zth site

a- Im) = |m + 1), m|m) = |m - 1) • (2.22)

Note that their action does not. involve the square roots of the standard oscillator-like 
operators, therefore,

a,.al = I, a\(ii = I - P? = I - |0)(0|i. (2.23)

Consider the word that begins as

U1 «2
, , , , , (2.24)

Z^Pz^ - ~~ D D Z D D Z .

The only restriction we have is that cq 7^ 0 (cf. (2.33)). The first, a.i — 1 sites are empty 
states in the bosonic language and the a,/11 is necessarily occupied. The amount, of bosons 
occupying it. depends on the subsequent, a.i,

Z^aP z^aP ■ ■ ■

a.i — 1
loT^To, 1, ■■■)

a.i — 1
167^o, 2, ■■■)

if «2^0,

if a.2 = 0 A a.3 0, (2.25)
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H = AZ>i, the diagonal terms in (2.18) can be understood as amounts of energy for each 
site occupied. Their total contribution is

-E'osc ~ + 2/2(02) + ■ ■ ■ + 2/?.(aj_i) + /?(aj)), (2.26)

where we have introduced the ’t Hooft parameter A = . This total contribution can
be obtained in the following way: for each site of the lattice there is no contribution if 
it is empty, if the site is occupied the amount is independent of the number of bosons in 
the site.5 However, the amount for each occupied site depends on the occupancy of their 
neighbors. The contribution in question is h{e-L + 1) + h(e.R + 1), where is the number 
of consecutive empty sites (if any) to the left and e-R is the number of consecutive empty 
sites (if any) to the right. These diagonal terms of the lattice Hamiltonian are written as

There are also terms in (2.18) that represent the exchange of n covariant derivatives between 
consecutive letters of the word. In the bosonic labeling, they are seen as hopping terms. 
Since more than one covariant derivative can be exchanged, the hopping is not only between 
nearest neighbors. A boson can be exchanged between non-nearest neighbor sites as long 
as all the sites between them are empty. These hopping terms can be written as,

L—l L—m 1 \

Chopping = —A — (¿7+maz + ¿¿¿z+m) ( JJ Ps ] . (2.28)
m=l Z=1 ' ' \s=Z+l /

A similar analysis can be repeated to rephrase the terms corresponding to the creation and 
annihilation of letters at the boundaries as well as the diagonal terms in (2.19). Altogether, 
the action of Di on the operators corresponding to open strings on AdS giant, gravitons, is 
given by the action of the following bosonic lattice Hamiltonian,

L—l L—m /l-\-m— 1 \

H = A E E “ a7+J(^ - ¿'Z+m) ( I] P° )
m- 1 Z=1 \s=/+l /

(2.29)

+ A^2 J (âjài + a2 - a(ài + àj) + (1 - a2) if 
z=i

+AE
Z=1

1
L + l-l

ÇLj ài + a2 - a(ài + d)) + (1 - a2)Jf ) n
.s—Z—|—1 /
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The terms proportional to a in the second and third lines of (2.29) represent sinks and 
sources for bosons. Bosons can be created or annihilated at the /th site of the lattice, as long

BThis is the reason for having chosen the shift operators (2.22) instead of ordinary creation and annihi­
lation operators
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as all sites in between the Zth site and one of the boundaries are empty. As a consequence, 
the total number of bosons does not commute with the Hamiltonian. This represents a 
serious difficulty in trying to diagonalize (2.29): their eigenvalues will not have a definite 
number of bosons. Nevertheless, it is possible to build a uniform coherent eigenstate with 
zero eigenvalue. This is nothing but the ground state of (2.29),

(
2 ■ \ L/2 oo

£ a-(rai+-+ra^H,...,77L). (2.30)

' ni,...,n£=0

However, we do not know how to solve the eigenvalue problem in general.

2.1 The semiclassical limit

We will show in this section that the dynamics, in the L —> oo limit, given by the Hamilto­
nian (2.29) is governed by a semiclassical sigma-model action. The action will be obtained 
by taking a continuum limit of the path integral representation of the evolution opera­
tor written in a coherent states basis. It was shown in [27] that the semiclassical action 
obtained for the Heisenberg spin chain Hamiltonian, which describes the planar 1-loop 
anomalous dimension of single trace operators in a su(2) sub-sector, can be related to the 
closed string action when appropriate gauge choice and specific limits are taken. A similar 
identification was done for single trace operators in a sZ(2) sub-sector in [28-30].

The semiclassical action for the dynamics in the L —> oo limit reads,

S = /dt ^Z1 "~ZL^Z1 "'Zl^ ~ 'Zl zl)j ’ (2-31)

We are dealing with a bosonic Hamiltonian and the coherent states we use are defined to 
be eigenstates of the shift operator a,

OO

(?) = y/1 — |?|2 ?ra|n), with M < 1 > (2.32)
n=0

As known, coherent states constitute a non-orthogonal and overcomplete basis. The over­
lapping between states is

(2.33)

JH
EP11(2006)059

We parameterize the coherent states as zi(t) = . The first term in the integrand
o (2.31) takes then the form

In the limit of large L, the functions rq(i) and 0/(i) can be considered to be continuous 
functions u(i, <r) and (/)(t, a) with 0 < a < 1, the sum over I being converted into an integral 
over <7,

U2<j)

1 - U2 ■
(2.35)
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Here a clot, denotes a derivative with respect to t. For the second term in the integrand 
of (2.31) one obtains

(H) = {zi... zL\H\zr... zL)

=A 5Z 12 ^ui+m -ui^2 (EH1 -) 

m=l Z=1 \s=Z+l /

L—l L—m ! 1 \

(2.36)

In the large L limit of (2.36), sums over I (in the first, two lines) are going to be approximated 
by integrals over a. continuous variable a, while sums over m are going to be approximated 
by geometric sums. Identifying ft ~

fi+m ftp) + + ,| f"(cr) + O(m3/L3). (2.37)

Approximating the sums as indicated, the contributions to (2.36) can be gathered order 
by order in powers of 1/L. The result, is

JH
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Primes denote derivatives with respect, to <7. The bulk term of this semiclassical Hamil­
tonian is of order X/L. However, the boundary terms leading order is A. Then, the 
semiclassical configurations with the lowest, anomalous dimension are going to be those 
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satisfying the following Dirichlet boundary conditions,

(a2r/2 + 1 — 2aucos 0) |ct=0 |=0. (2.39)

This is equivalent to require,

3
U (7=0,1 — ?a
<=0,1 = 0 . (2.40)

Note that imposing the boundary conditions (2.40) cancels not only the boundary terms of 
order A but also those of order X/L. Finally, the semiclassical action for the large L limit 
with boundary conditions (2.40) is,

S = -Lldtl‘ da +

At the end of section 3.1, we will give a geometrical interpretation of the coherent states 
parameters u and 0. To this end, it is convenient to introduce the variable r = 1/u, taking 
values r E (l,oo). The action (2.41) is rewritten as 

and the Dirichlet boundary conditions (2.40) as,

rlo-=o,i — a — ^1 + ,

çH<7=o,i — 0.

The ground state of this semiclassical action is the constant configuration r = a and 0 = 0, 
which is a coherent state z = 1/a uniformly distributed along the lattice. This is precisely 
the ground state (2.30).

2.2 Continuous bands

In this section we argue that the Hamiltonian (2.29) has continuous bands in its spectrum. 
The variability in the mean occupation number together with these continuous bands indi­
cate that it is possible to construct states whose evolution gives a growing mean occupation 
number.

Among the family of Hamiltonians (2.29) we are only able to exactly diagonalize the 
case L = 1. The one site, the Hamiltonian is,

H = 2X (jiEi + a2 — a(â + a'1') + (1 — a2)P0)^

= 2Aa2 f +-TT — — (â, + a1" M . (2.45)
y cr a J
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A ground state and a continuum after a gap constitute the whole set of eigenstates,

with 0 < fe < 7T .

(2.46)

(2.47)

The energy of the ground state is zero, while the energy of the states in the band is

E(k) = 2A(1 — 2a cos k + a2).

6From (2.34) one gets pU( = 0 and ~E~

The gap between the ground state and the band is

2A(a — l)2.

(2.48)

(2.49)

States in the band satisfy a delta-function normalization. Normalizable wave-packets can 
be built out of them, whose mean occupation numbers grow monotonically as evolution 
takes place.

To analyze the existence of continuous bands for larger L we consider the system 
semiclassically. As we have already argued, the action (2.34) governs the dynamics of our 
system in the /.—> oc limit. The idea we pursue is simple: energies for which orbits in 
phase space are open, correspond to a continuum in the spectrum of the quantized system.

To begin with, notice that conjugate momenta pUl and are subject to constraints.6 
Therefore, the phase space coincides with the configuration space (u/,0/), which is a prod­
uct of L discs of radii r=l. We are interested in the values of the semiclassical Hamilto­
nian (2.36), which allow open orbits in the phase space. Since the energy is a conserved 
quantity, orbits are constrained to hypersurfaces of constant energy. Therefore, open orbits 
are possible for energies, whose hypersurfaces intersect the boundary of the phase space. 
We are be only interested in the minimal amount of energy that a state would need to 
reach a continuous band. Then, we have to compute the minimum of each of the functions 
resulting when one of the ui takes the values 1. These L functions are bounded from below 
by polynomials on m 
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which are obtained by setting all angles to zero. The minima of the A4^ then give us 
the minima of (H)|(, =1. It is straightforward to verify that the stationary point equations
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are satisfied with the following values,

1
“î

1 ( a — 1 \(| L + 1 — ka
UL + l-fe) ) + (L + 1 - fe) (2.51)

One can also see that these critical points are minima of each and the energy evaluated
on them is

A(£ + l)(o — l)2 
k(L + 1 — fc) (2.52)

It is not difficult to see that the intersection where the central site takes the value one
gives a minimum of the expression (2.52). Summarizing, the minimal amount of energy for
having open orbits is

{
4A(q—l)3 *

3. Open strings on AdS giant gravitons

Let. us briefly state some of the geometrical properties of open strings ending on AdS 
giant, gravitons. We will see that some of them have already appeared as outcomes of the 
Hamiltonian (2.29).

We write the metric of AdSs x S5 in global coordinates

ds2 = J?2(—cosh2pdt2 + dp2 + sinh2pdQ32 + dO2 + cos20d^2 + sin^dQg2), (3.1)

and the 3-sphere metrics as

d£l-2 = dip2 + cos2p dp2 + sin2</?d^2 ,
dO,'32 = dp'2 + cos2p'dr]'2 + sin2^d^/2 . (3.2)

(¿+1) 
4A(£+l)(o-l)3 

L(L-\-2)

if L is odd, 
if L is even.

(2.53)

This analysis enables us to conclude that in the large L limit, the minimal energy to reach 
the lowest continuous band in the spectrum is,

-Econt —
4A(o — l)2

L
(2-54)

Operators dual to long semiclassical strings, with energy order X/L, could show a growing 
occupation number. The existence of these configurations indicate that the D-brane might 
be unstable if it is excited with long strings.

It is possible to give a picture of these configurations from the geometrical viewpoint. 
The motion of the giant, along the ip direction of the S'5 exerts centrifugal forces on long 
strings attached to it. For sufficiently long strings, these forces could excess the string 
tension. To see if this phenomenon constitutes a D-brane instability, it is necessary to 
study how the diminution in giant, size back-react on these configurations with growing 
occupation number. However, this analysis is beyond the validity of the approximations 
we made in the derivation of (2.29).
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A RR 4-form potential supports the geometry, its self-dual field strength possessing N 
units of flux on the S'5. The supergravity equations of motion relate the radius R in (3.4) 
to the F- flux on S'5 according to R4 = ^gsNa'2.

An almost null open string trajectory attached to an AdS giant requires moving along the <. • direction 
inside the .S'5 and a direction parallel to the giant (see (3.6)). So, the present situation is somehow similar 
to the case of non-maximal giants in the S'5 [21, 25] and some exchange of angular momentum between the 
D-brane and the open string is expected.

Giant, gravitons are spinning spheric D3-bra.nes that expand in either the 3-spheres QZ3 
or Q3. They spin rigidly along the <.• direction inside the S'5 and are located either at p = 0 
and 0 = 0o, or at 0 = 0 and p = po [9-11]. The former correspond to D-branes expanded 
into a Sri C S5 and we refer to them as sphere giant, gravitons. The latter, which we call 
AdS giant, gravitons, correspond to D-branes expanded into a. S3 C AdS 5 and the previous 
section was devoted to study of their gauge theory dual operators.

We denote by (t, <ri, <72, <t3) the world-volume coordinates of an AdS giant.. The D3- 
brane equations of motion are solved by choosing the embedding space-time coordinates 
to be given by

t = T, P = po, 0 = 0, = T

V = (T\, p = o2, S, = o-3- (3.3)

Independently of the position po of the giant., the angular velocity is tb = 1. Thus, its 
center of mass, located at p = 0, moves along a. null trajectory. Nevertheless, each element, 
of the giant, travels in a. time-like orbit..

The radius of the spherical giant, gravitons and their angular momentum p along the 
D direction inside the S'5 are given in terms of the radial AdS coordinate p by

r = Rsinhp0, (3.4)
p= .V si 11 li2 po . (3.5)

From this equations one gets that r2 = 2 ^Fg^a'p/y/~N. The DBI action, of which giant, 
gravitons are D3-bra.nes solutions, is then a. valid approximation if p VN.

Weakly excited strings with a. large angular momentum, i.e. those traveling along al­
most. null trajectories on any spacetime, can be approximated as moving on an effective 
pp-wave geometry [6]. We will be interested in open strings having large angular momen­
tum along ip, the Penrose limit, can be understood as a. large N limit., with the angular 
momentum p growing proportional to N. By looking at (3.4) and (3.5) one realizes that 
the value po must, be kept, constant, and therefore the radius of the giant, diverges. The 
open string will be effectively attached to a. flat D3-brane in a. pp-wave background.'

For definiteness, let. us consider a. trajectory along 0 and p, keeping tp = 0. A null 
trajectory requires

R2(— cosh2 pot2 + sinh2 pof]2 + t^2) = 0. (3.6)

Since we want, the trajectory to be contained in the D-brane world-volume, the parametriza­
tion (3.3) t = 1 and c = 1 necessarily implies f] = ±1. This means that the coordinates t, 
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if) and rj are equally rated along this null trajectory. This null trajectory is a null geodesic 
of AdSs x S'5 and we use it to take a Penrose limit (see appendix B). Looking at the open 
string spectrum on the pp-wave background (B.16), it is natural to expect for the first, 
excited states of (2.29), the following eigenvalues in the limit of large L but A(a2 — 1)2/L2 
fixed and small,

A7T2(O!2 — l)2??2

However, at the moment we do not know how to diagonalize the (2.29) and make an explicit 
comparison with (3.7). What we do know is the groundstate (2.30). Computing its mean 
occupation number is very elucidative,

Z<*ol»l*o> = (3.8)

This computation gives, in average, the number of Z fields in the word appended over the 
number of covariant derivatives. The former ones carry the R-charge identified in the dual 
description with angular momentum of the string along The covariant derivatives carry 
the spin charge identified in the dual description with angular momentum of the string 
along 77.

Now, we can use the null trajectory (3.6) to compute the ratio of angular momentum 
components Jp and of a massless particle traveling along it. The ratio of the angular 
momenta in both angular directions is

Jp _ 1 _ N
Jv sinh2 po p ’

(3-9)

where p is the angular momentum of the giant, defined in (3.5). This result, coincides exactly 
with (3.8). Thus, the ground state (2.30) corresponds to the point, like string. This enforces 
our interpretation of the first, excitations of the Hamiltonian (2.29) as excitation modes of 
the open string in the pp-wave background.

3.1 Semiclassical open strings

Let. us now consider a. long open string ending on the AdS giant, graviton, that feels the 
full Ad.S$ x S'5 background. One can see that in the large angular momentum limit, the 
system is well described by its classical action [31].

We concentrate on those coordinates subject, to Dirichlet, boundary conditions. We will 
eliminate the invariance of reparametrizations of the world-sheet, by fixing a. uniform gauge, 
instead of the conformal gauge [32], This particular gauge turns out. to be the appropriate 
one according to the particular labeling of the operators we used in the dual gauge theory.

We closely parallel the gauge fixing done in [21] and [25] for open strings ending on 
sphere giant, gravitons. Let. us begin by expressing the bosonic Polyakov action in terms of 
phase space variables. To do that, we use the conjugate momenta.

= -G^dAAx1' + Bd1x1'), (3.10) 
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where A = y/—gg°°, B = \/—gg01 and gab is the worldsheet. metric. The Polyakov action 
then takes the form

S“ = 2^ /dT f„ ’ (311)
where,

r = -r2V^ggabG^dax^dbx1'

= + ^A_1 [G^p^ + Glll,d\xl'()\xL'\ + BA~lp^ . (3.12)

A and B can be thought as Lagrange multipliers implementing the constraints

G^p^iPv + Gfll,d1xp'd1x1' = 0,
p^dpr1-1 = 0.

(3.13)
(3-14)

We will consider an open string moving with the giant, graviton and along it. In terms 
of the global coordinates chosen in (3.1) the string will evolve only on (t,p,p,ip'), i.e. the 
string is propagating on an AdS-i x S'1 C AdSs x S'5,

ds2 = R2(-- cosh2 pdt2 + dp2 + sinh2 pdrj2 + dip2). (3.15)

In these coordinates the position of the giant, is given by

p = arg cosh yjl + , ip = t. (3.16)

Now, we change to a. coordinate system in which the giant, gravitons is static

r = cosh p, <i> a — t. (3-17)

We make this election of coordinates guided by the boundary conditions (2.43) and (2.44). 
The metric (3.15) becomes

ds2 = R?{—{r2 — Vid.t2 + 2dtd<p + d.(p2 + -w------ f (r2 — l)dg2). (3.18)
r2 — 1

Calling L the total angular momentum of the string along g

L = ¿7 Jo (3'19’
As originally done in [33], we choose a. gauge in which p,; is homogeneously distributed 
along the string, i.e. it. is independent, of a. Moreover, we take t to be coincident, with the 
global time t,

t = t , pij = 2a' L . (3.20)

The election of distributing p,; homogeneously is also inspired in the field theory analysis 
of the previous section. The spacing in the bosonic lattice was given by the covariant. 
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derivatives. So, the index I running from 1 to L in (2.29) counts uniformly covariant 
derivatives. Then, in the continuum limit, the action (2.42) has the spin charge associated 
to the covariant derivative uniformly distributed in the variable a. This is why we expect 
the appearance of an action similar to (2.42) by fixing a gauge where p,; is constant. On 
the contrary, if one worked with the labeling of the words as sZ(2) spin chains, the discrete 
index of the chain would count uniformly scalar fields Z. In that case, the semiclassical 
action obtained projecting with sZ(2) coherent states, would be similar to a Polyakov action 
in a gauge where the momentum is homogeneously distributed [28, 29].

The implementation of constraints (3.13) and (3.14) leads to a lagrangian of the form

£ = V-pi - M^piPj + M , (3.21)

where the indices i,j = <p,r. The coefficients V\ MiJ and M depend on the coordinates 
and their derivatives,

v* = 4 +1,
Vr = r , (3.22)

p4

= r V ~ 1) (w . (3.23)

M = 4a,2L2-^— + fl4r2/2 + fl4^—r'2 . (3.24)

As usual, dots and primes denote derivatives with respect to t and <7 respectively. Accord­
ing to our conventions, fl4/a/2 = A/Sw2. Also, recall that the coordinates r and satisfy 
Dirichlet boundary conditions,

<?|<7=o,7r = const.

(3.25)

(3.26)
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Variations of the momenta pr and p,,, give rise to algebraic equations of motion that can 
be used to solve the momenta,

„ a/ r- / M

where is the inverse of M‘J. With these expressions for the momenta, the Lagrangian 
can be written as

£ = - ^/(l - M^V^M , (3.28)

Now, we assume that time derivatives are small. More precisely, we consider ~ X/L2 
and take this parameter A/l2 < 1 [27]. For later convenience, we rescale <7 —» <7/7? and 
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obtain, to lowest order in the expansion on this small parameter, the following action

Sk-L I dt ^ da - ^'2 + r2</>'2) + O ■ (3-29)

Notice the factor L in front of the action, which L —> oo in the limit we are considering. 
Then, it can play the role of the inverse of the Planck constant in a semiclassical limit.

Remarkably, (3.29) and boundary conditions (3.25)-(3.26) coincide with the semiclassi­
cal (2.42) action for the lattice Hamiltonian and boundary conditions (2.43)-(2.44). There­
fore, it is natural to identify coherent states parameters u and with global coordinates 
1/cosh p and r — t respectively. Moreover, in this interpretation of the semiclassical co­
herent state action as the sigma model action corresponding to an open string, different 
labelings of the operators can be accounted by different ways of fixing the world-sheet, 
reparametrization invariance of the Polyakov action.

4. Discussion

We have studied excited AdS giant, gravitons and their gauge theory dual operators. We 
started describing the gauge invariant, operators associated to open strings ending on AdS 
giant, gravitons. To study their scale dimensions spectrum, we made use of the dilatation 
operator computed in [26] restricted to a. sZ(2) sub-sector of the super-conformal group. The 
mixing matrix of anomalous dimensions, at the one-loop approximation, corresponded to 
the Hamiltonian of an open sZ(2) spin chain. The Hamiltonian included terms mixing spin 
chains of different, lengths and at that point, we introduced a. labeling for the operators that 
enabled us to interpret, the mixing matrix of anomalous dimensions as the Hamiltonian of a. 
bosonic lattice. In analogy with the case of non-maximal sphere giants [21], the variability 
in the spin chain length was translated into a. variable total number of bosons occupying 
the lattice. Interestingly, the Hamiltonian turned out. to be non-quadrat.ic in the lowering 
and raising operators and included non-nearest. neighbor interactions. In spite of that, 
we showed that lattices with a. large number of sites were effectively described by a. local 
non-linear sigma-model action.

We were not. able to compute the complete spectrum of the bosonic Hamiltonian. 
However, by a. semiclassical analysis, similar to that of [25], we showed the existence of 
continuous bands. In fact., the variability of the total occupation number and the exis­
tence of continuous bands prevented one to solve the problem in terms of a. standard Bet.he 
Ansat.z. Interestingly, these continuous bands allow states with a. monotonically growing 
number of bosons. The duals of such states correspond to open strings increasing mono­
tonically their angular momentum at the expense of the giant.. The analogy offered in [25] 
of an open string with accelerating end points also works here. The instability is due to 
the fact, that for long enough strings, the tension will not. support, the weight, due to the 
centrifugal force.

We have seen that, the ratio between the Z fields and covariant, derivatives P mean 
values for the ground state of the Hamiltonian (2.29) coincides exactly with the ratio 
between the angular momentum in the 0 and p directions for an unexcited open string 
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spinning with and along the giant. This gives support to the proposed dual operators (2.10). 
In section 3 we have presented a semiclassical limit for the Polyakov action of open strings 
ending on AdS giant, gravitons. We chose coordinates in which the giant, is static, and fixed 
a. gauge in which the string angular momentum along AdS, p,;, is taken large and uniformly 
distributed along the string. In this gauge and in a. rigid string limit., the Polyakov action 
and its Dirichlet, boundary conditions8 coincided exactly with the non-linear sigma-model 
action and boundary conditions of the semiclassical description of the mixing matrix of 
anomalous dimensions. The agreement, between these semiclassical actions is intuitively 
correct, within the context, of the AdS/CFT correspondence. Firstly, the string angular 
momentum p,; taken large is the geometrical counterpart, of the a. large number of sites in 
the Hamiltonian. Secondly, the gauge choice that distributes p,; uniformly is natural, since 
in the continuum limit, the number of sites is uniformly rated by a. continuous variable a.

8We only consider string excitations along the directions subject to Dirichlet boundary conditions.

One of the motivations for studying AdS giant, gravitons was that, in contrast, to sphere 
giant, gravitons, there is no upper bound for their angular momentum. In this regard, it. 
is particularly interesting to consider the limit, a —> oo of the Hamiltonian (2.29). In that 
limit, the Hamiltonian can be diagonalized perturbatively and the terms proportional to a2 
in (2.29) serve to define a. simple unperturbed Hamiltonian which, in our base, turns out. 
to be diagonal. A one boson state in the A:th site is an eigenstate with eigenvalue

The first, excitations of the unperturbed Hamiltonian are then of order Xct2/L. Although a. 
perturbative treatment, might, be a. fairly valid approximation for the large ct limit, of (2.29), 
it. is clear that the one-loop approximation is no longer correct, when taking A —> oo, as 
in the BMN limit.. Thus, it. would be inappropriate to compare the large a limit, of the 
one-loop Hamiltonian, with any string theory result..

As a. final comment., we would like to point, out. that the bosonic labeling developed 
in section 2 might, be useful for studying other setups. Recently in [34], string bits in 
condensates of BPS configurations [35] and their relation to giant, magnons [36], were 
conveniently characterized using a. similar bosonic labeling for single trace operators in 
su(2) and su(3) sub-sectors. In terms of the coordinates and gauge choices appropriate 
for the bosonic labeling, the string bits or magnons are simply depicted as straight, lines. 
We speculate that the bosonic labeling developed here might, be useful to explore similar 
magnon excitations in the sZ(2) sub-sector.
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A. Conventions and some combinatorial properties

We work with double line notation for the gauge theory. All fields are in the adjoint 
representation of the gauge group, e.g. Z'- = ZÛ(TÛ)^, with Ta the generators of U(7V) in 
the fundamental representation normalized as tr(TaTb) = ôab. The key identity is

(A.i)

We list below some properties of the totally symmetric tensor that are useful for the
calculations of AdS giant, gravitons. The totally symmetric tensor of rank p is defined as

Sir"ip _ . ..^p /A 2x
31"'3p z Jcr(l) <7<t(p) '

<7

the summation being over all possible permutations a. In (A.2), p can be any integer and 
?'i, ■ ■ ■ , ip and ji, ■ ■ ■ ,jp range from 1 to N. Simple examples are

(A.3)

Some useful properties of the S tensors are

çil •••tp

Çfil'"ik^k-\-l“‘^p

qjl"'jp

Evil • • • ip
ujx ° j 1 • • • jx - ljx+1 • • 'jp

X=1

(W+p- 1)! ik+1...ip

(TV +p — 1 — fc)!' A+r-Jp

¿1 ... Ip

(A.4)

(A.5)

(A.6)

Using the previous relations, it is possible to obtain the following contractions for two S 
tensors,

çil’”ip—1<1 qjl"-jp-lC

. yii—ip-iag
‘~>ji-"jp-ibh‘~’ii---ip-idf

(A.7)

(N + p — l)!(p — 2)! 
(W + I)!

(P ~ 2)(p - 3) . Mgce 
(W + 2)(W + 3)
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B. Open strings in the pp-wave limit

In this appendix we take a Penrose limit of the AdS$ x S'5 geometry for the null geodesic: 
p = po, t = = p = X discussed in eq. (3.6). The limit is accomplished by defining a
linear diffeomorphism to new coordinates and taking the R—» 00 limit. The coordinate u 
playing the rôle of parameter along the curve must appear, as discussed in section 3, with 
the same coefficient in t, 1.' and p. The remaining coefficients for the linear transformation 
can be fixed by demanding the metric to be well-defined in the A —> 00 limit.
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Consider the following change of coordinates,
v

t = u h 7j2 ’
/wcosh po

V X
= —----77------ tanhpo—,R2 cosh po R

v x
P — U — --------- ,----  7 --------------------- ,

R2 cosh2 po R cosh p0 sinh p0 ’

VP = Po + —

z
p = -----------------.

R sinh po
(B.l)

keeping £ and Q-s variables unchanged. After taking 7? —+ oo, the metric (3.1) becomes, 

ds2 = —4dudv + 3ydudx — (r2 + z2)du2 + dx2 + dy2 + dz2 + z2d(2 + dr2 + r2d£l32 . (B.2)

In terms of cartesian coordinates 

Zi == z sin £ , z4 == r sin p1 cos

Z2 == zcos £ , Z5 == r cos p' sin y',

Z-3 == r sin p1 sin £ , Z6 == r cos p' cos y', (B.3)

the metric (B.2) takes the form

ds2 = -4d,udv + tydudx z2du2 + dx2 + dy2 I dza- (B.4)
a a

This is the well known maximally supersymmetric pp-wave of type IIB supergravity [4] 
displayed in unusual “magnetic” coordinates. This can be explicitly seen by an appropriate 
change of variables [37, 38].

The AdS giants attached strings that we consider have two different angular momenta: 
one related to the spinning along the ip direction of the S5 called in (3.9) and a second 
one along the y direction of the S'3 C AdSs (see eqs. (3.1)-(3.2)). For weakly excited 
strings, the quantization on the pp-wave geometry (B.4) is a good approximation. We 
focus on the bosonic sector of the corresponding superstring action. In particular, on 
the excitation modes of coordinates x and y in (B.4) which satisfy Dirichlet boundary 
conditions.

The metric (B.4) coincides with the one considered in [25], so we can then borrow 
the complete analysis of oscillation modes and the canonical quantization done in it. The 
light-cone Hamiltonian expressed in terms of the oscillator operators 3mj3m,/3A and ¡3™ 
of the x and y coordinates is

^(i2 + !/2+v2 + 7)

” n>0

where = ■\l/(2a,pu')2 + n2 ± 2a'pu. Thus, the energy of each excitation is

~ I n?
= y1 + w “1 ’ = y11 (2^ff +1 ■

(B.5)

(B.6)
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To illuminate this result, we express the light-cone charges

1 d
2 dv '

(B.7)

(B.8)

in terms of the conserved charges A, ./,. and Jv corresponding to the original global coor­
dinates t, ip and rj. The change of coordinates (B.l) gives,

TT • ( d d d\ , T

u i id d d \ A + j.^ +
2B2cosh2po \dt dip drj) 2E2cosh2p0 '

(B.9)

(B.10)

To make contact with the gauge theory calculations, we denote

L
sinh2 po

(B.n)

(BT2)

L denotes, on the gauge theory side, the total number of covariant derivatives present in 
the word W (see eq. (2.21)). The sum of angular momenta takes the form

/ N \ Cl!2A + Jv = l(1+—J = La2 _ x > (B.13)

where a is given by (2.17). To get a finite light-cone energy we required that A ~ a2L/(l — 
a2). Therefore,

E2(a2 _ ^(a2 _

Here the relations R4 = MrgsNoi2 and A = gsN/2ir have been used. Finally, the string 
excitation energies in terms of gauge theory parameters are

2A7T2(O!2 — l)2??2
Z2 En

2À7r2(a2 — l)2??2 
L2

(B.15)
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— L

- 1, + 1 .

When considering the BMN limit: X/L2 fixed and small as L —► oo, the expansion of the 
square roots gives,

(B.16)
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