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Abstract

Let T € L(#), and let T = U|T| = |T*|U be the polar decomposition of 7. Then, for
every A € [(). 1] the A-Aluthge transform is defined by A (T) = |T|)-U|T|I *_We show that
several properties which are known for the usual Aluthge transtorm (i.e. the case A = 1/2)
also hold for A-Aluthge transforms with A € (0, ). Moreover, we get several results which
are new, even for the usual Aluthge transform.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

Let .# be a complex Hilbert space, and let L(#) be the algebra of bounded lin-
ear operators on # . Given T € L(¢), consider its (left) polar decomposition T =
U|T|. In order to study the relationship among p-hyponormal operators, Aluthge
introduced in [1] the transformation Ay (+) : L(#’) —= L(#°) defined by
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Ap(T) = |T|M?U|T|V2.

Later on, this transformation, now called Aluthge transform, was also studied in other
contexts by several authors, such as Jung, Ko and Pearcy [15] and [16], Foias, Jung,
Ko and Pearcy [12], Ando [2], Ando and Yamazaki [3], Yamazaki [23], Okubo [17],
Wang [21] and Wu [22] among others.

In this paper, given A € [0, 1] and T € L(#), we study the so-called A-Aluthge
transform of 7" defined by

A (T = TIMU TV

This notion has already been considered by Okubo in [17]. For A =0, |T[* will
be considered as the orthogonal projection onto the closure of R(|T|). For A =1,
A; (TY = |T|U, which is known as Duggal’s transform of T [12], or hinge of T [19].

The main tool we use to study the A-Aluthge transforms is Young's inequality
(see, [4,14] or Section 2). Some results of this paper are devoted to the generaliz-
ation of well known properties of Aluthge transform to A-Aluthge transforms. For
A € (0, 1), we prove that the map T = A, (T) is continuous at every closed range
operator T (see [15] for the case A = 1/2). For every analytic function f defined in
an open neighborhood of o (T'), we show that

1L AL TN < IFALEDI L AN < LA,

(see [12,17]). When, dim # = n < oo, we prove that the limit points of the sequence
{A”' (T')} are normal matrices, from which we deduce Yamazaki's spectral radius
formula p(T') = lim,— . [|AY” (T')| (only in the finite dimensional case), where
©0(T) denotes the spectral radius of T.

On the other hand, we show several results which are new even for the usual
Aluthge transform. Given 1 < p < o0, we prove that the Schatten p-norms of the
A-Aluthge transforms decrease with respect to the Schatten p-norms of the original
operator. Moreover, if |Ay (T) ||, = [T, < ~ (for any fixed 1 < p < oc), then T
must be normal. This was proved for A = 1/2 and p = 2 in [12]. In this case, we
show the following estimation; if 7 is a Hilbert Schmidt operator, 4 € (0, 1), and
o = min {A. 1 — A}, then

AT =T < ITNZ = 1AL (D) 112

When dim # = 2. Ando and Yamazaki proved that the sequence of iterated Aluthge
transforms {A’}fz (T)} converges (see [3]). Motivated by their ideas, we show that
the sequence {A” (T')} converges for every A € (0, 1) and every 2 x 2 matrix T.
Moreover, if A (T) = limy—. o A’ (T), we prove that the map T = A (T) is
jointly continuous in both parameters, A € (0, 1) and T € .#»(C).

Finally, we study some properties of the Jordan structure of the iterated Aluthge
transforms. Given I" € .#,(C) and n € o (1), let A, 7 denote the spectral sub-
space of T associated to the eigenvalue p (see Definition 4.18 for a precise defini-
tion). We prove that given two different eigenvalues of 7, y and p, the angle between
H i amry and Ay, am 7y converges to /2, for every A € (0, 1). In other words
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Py Pr. e =0,

" AL

where, for any subspace . C #. P. denotes the orthogonal projection onto 7.
Concerning the conjecture of the convergence of the sequence {A™ (I} for T €
i, (C), we show a reduction to the invertible case. '

The paper is organized as follows: Section 2 contains preliminary results on
Riesz’s functional calculus, Schatten ideals, and a list of known inequalities which
we use in the paper. Section 3 deals with the properties of A-Aluthge transform in
the infinite dimensional setting. In Section 4 we study the finite dimensional case.

2. Preliminaries

In this paper .#" denotes a complex Hilbert space, L () the algebra of bounded
linear operators on # , GL () the group of all invertible elements of L (), U ()
the group of unitary operators, L(#°)T the cone of all positive operators and Lo(#)
the ideal of compact operators. When dim # = n < ~ the elements of L(¢) are
identified with » x n matrices, and we write .#,(C) instead of L(#). Given T €
L), R(T) denotes the range or image of 7, N(T') the null space of T, o (T') the
spectrum of T, p(T') the spectral radius of T, 7" the adjoint of 7, and || T'|| the usual
norm of T (also called spectral norm, we sometimes write || 7|, ); a norm || - ||| in

#,1C) (or defined in some adequate ideal of compact operators') is called unitarily
invariant if || UT V|| = ||IT|] for unitary U. V. If R(T) is closed, T denotes the
Moore—Penrose pseudoinverse of T. Given a closed subspace . € #, P, € L)
denotes the orthogonal projection onto &

Given T e L(¢), Hol (o (T)) denotes the set of all complex analytic functions
defined in an open neighborhood of o (7). In this set, we identify two functions if
they agree in an open neighborhood of o (T). If T € L(5) and f € Hol (o(T)),
f(T) indicates the evaluation of f at T, by using the Riesz functional calculus. The
reader is referred to Brown and Pearcy’s book [8] (see also [9]) for general properties
of this calculus, and a proof of the following statement.

Proposition 2.1. Given Ty € L() such that o (Ty) is contained in an open set U C
C, let { fu} be a sequence of locally analytic functions on U converging to a limit fo
uniformly on compact subsets of U, and likewise let {T,} be a sequence in L(),

converging to Ty (in norm). Then. f,(1,) is defined for all sufficiently large n and

fulTo) 5 fo(Ty).

Given A € Lo(£), s¢ (A), k € N denote the singular values of A, arranged in
non-increasing order. If we denote by fr the canonical semifinite trace in L(#") then
the Schatten p-ideals (1 < p < ~) are defined in the following way:

L2 =T € Lo(#) - u(|T|7) < oc}.
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Each L (), endowed with the norm
W 1/p
IT)l, = @(TIPHY? = (Zskmp)
\keN /

is a Banach space. If p > 1, then L? ()" = LY(#), where 1/p + 1/¢q = 1. In this
rest of this section, we list some inequalities which will be useful in the sequel. We
begin with the following two versions of Young's inequality.

Proposition 2.2 (Argerami-Farenick [4]). Let A € LP(¢) and B € LL1(H) be

positive operators and 1/p +1/q = 1. Then, AB € L'(F) and
(A7) r(BY)

+ P
Moreover, equality holds if and only if AP = BY.

tr(|AB)) <

Proposition 2.3 (Hirzallah—Kittaneh [14]). Let A. B € L(H YT, and let p,g > 1
with 1/p +1/q = 1. Suppose that AP, BY € L*(#'). Then AB € L*(A), and
AF B4

1
IAB|? + = A7 — BY||? < H —
T - P q

)

where r = max{p, q}.

Now, we state a version of the well known Corde’s inequality [10], for unitarily
invariant norms. In the proof we use standard techniques and properties of the kth an-
tisymmetric tensor powers /\k A, A € L(#) and majorization, which can be found
in B. Simon’s book [20] or Bhatia's book [6].

Proposition 2.4. Let A and B be positive compact operators. If p = 1, then
k

Y si(lABI"Y <) si(APBP). keN. (1)

i=1 i=1

Proof. Fix k € N. Since | A* A|| = [T5_, s; (A). Cordes” inequality
ICD|? <||CP DP||l.  C.D e LT,

implies that
ko ompl k o\ p ko p k koo
I A8 =N\ AN B =1/ AN B
k k
=[/\ AB|" =] /\"1aBI" |.

Then, ]_[f:1 s (JAB|P) < ]_[f:1 s; (AP By, k € N, which implies inequality (1). O



J. Antezana et al. / Linear Algebra and its Applications 405 (2005) 177199 181
Finally, we include the next inequality, proved by Bhatia and Kittaneh [7]:
Proposition 2.5. Let A, B € .#,(C)F, and r € [0, 1]. Then
A" =B < MI"1A - Bl

Jor every unitarily invariant norm ||| - ||

3. k-Aluthge transforms

Definition 3.1. 1et 7 € L(s¢), and suppose that 7 = U|T| = |T*|U is the polar
decomposition of T. Then, for every 4 € [0, 1] we define the A-Aluthge transform of
T in the following way:

A (Ty = TU T,

When A = 0, |7'|* will be considered as the orthogonal projection onto R(|T|).

Remark 3.2. T.et T € L(2) and let T = W|T| be an arbitrary polar decomposition
of T. It was shown in [17] that A, (T) = |T|*W|T|'~* for every % € [0, 1) i.e., the
A-Aluthge transform does not depend on the partial isometry for A € [0, 1). We shall
use this fact repeatedly in the sequel. On the other hand, for A = 1, it is necessary
to fix the unique partial isometry U such that 7 = U|T| and N(U) = N(T). For

0 ()
example, if T = (” llj)‘ then U =T and |T| = (

()

0
| ) but the unitary matrix

W = <(1) (1)) also satisfies T = W|T'|, while A((T) = |T|{U = 0= |T|W = T*.
In the next proposition, we describe some properties which follow easily from the
definitions.

Proposition 3.3. Let T € L(#) and A < [0, 1]. Then:

LA (VTV*Y = VA, (T)V* forevery V € H(A").

2. 1A, MY <IT-

3.0 (A, (TY)y=0(T).

4. If dim A < oo, then T and A, (T) have the same characteristic polynomial.

Proposition 3.4. Let T € L(F), € [0, 1] and let f be a function, which is locally
analytic in a neighborhood of o (). If T = U|T| is the polar decomposition of T
then,

1. f(TYU = Uf(A(T)).
2T f(T) = f(A, (TH|T-
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Proof. A simple induction argument proves the statement for f(¢) =¢". This
can be extended to every polynomial by linearity. This can be applied to show the
statement for rational functions (with poles outside o (7')). Finally, using Runge’s
theorem (see, for example, Conway’s book [9]), the result generalizes to analytic
functions. [

In [15], Jung, Ko and Pearcy proved that the Aluthge transformation is continuous
at every closed range operator, with respect to the norm topology, for A = 1/2. In
order to generalize this property for A € (0, 1), we need the following result. Recall
that, if B € L(J) has closed range, there exists a unique pseudo-inverse B* of B
such that BB and BT B are selfadjoint projections. B' is called the Moore—Penrose
pseudo-inverse of B (see, for example, [5]).

Lemma 3.5. Let B € L(3), selfadjoint with closed range, and let {B,} be a
sequence of closed range selfadjoint operators such that By, . B in norm.
H

If Ppip,y —> Pg(py in norm, then also B, — B' innorm.
f—= H—=re

Proof. Denote by P, = Prp,, and P = Ppipy. If P, — P then there exists a
h

(e da

sequence {U,} of unitary operators such that U, —> 1 and U} PU, = P,, n € N.
n—>0co

Indeed, we can take U, as the unitary part in the polar decomposition of PP, +
(1 — P)(1 — P,), which is invertible for large n. Note that, if S, = U, B,U,;, then
S, —> Binnorm, R(S,) = R(B) and S, = U, B} U¥, n € N. Hence, it suffices to

" "o
=0

prove that S; —> BT, But this is clear by continuity of the map A = A~! (on the
== O
fixed subspace R(B) = R(S;),n e N). O

Theorem 3.6. Let T be an operator with closed range. Then, for every A € (0, 1),
the A-Aluthge transform A, (-) is continuous at T.

Proof. Let {7} be a sequence of operators such that |7, — T|| — 0. For each n €
N, let 7, = U, |T,| be a polar decomposition of 7. On the other hand, take & >
0 such that o (|T]) € {0} U (2¢, 4c0) and suppose, without loss of generality, that
o (|Ty]) € (—e&, &)U (2¢, 400) for all n. Define, forn € N,
P, =|T,|E\g, (—e.&) and A, =U,P,, (2)
On = TH|Eg,(26.4+00) and B, =U,Qy, (3)

where E|7, (1) denotes the spectral projection of |T,| corresponding to the interval
I € R. Note that A, + B, = T, and (2) and (3) are polar decompositions of A, and
B, respectively. Therefore

1AL (T) — Ay (T) | < 1AL (A || + II1PAUL QL)
F QXU P | + 1A (T) — Ay (By) |-
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- -
By Proposition 2.1, P, = |T,|Ejz,|(—¢. &) - |T|Ejz)(—e. €) = 0. Then
n—on

1A A I+ [P0 Q7 + | 23U P74 — 0.

On the other hand, | B,,| = @, which have closed ranges. Since the maps x;_. ., and
X(2¢4+00) admit complex analytic extensions to the set {z € C: Re(z) € (—&, &)U
(2e. +00)}, we can apply Proposition 2.1, and obtain that

Prg,) = E1,12¢, +“’UH|_I—_”; Eyr|(2e, +00) = Prr))-
Hence, | B, | ’—; |T| and Prop i "—; Pruiryy, both in the norm topology. By Lemma
3.5, we conélt?de that |B,|" — |]F?|.'F in norm. Therefore
n— o
185 (T) = A (B || = | 1T TATIN — By * Bu(B)*| —= 0.

which completes the proof. [

Remark 3.7. Theorem 3.6 fails for A = 0 and A = 1, even in the finite dimensional

[ | )
case. Indeed, take 7" = (O I") and T, = (l I (ll)' n € N, It is easy to check
/

that Ag(T,,) = T, and A1 (T,,) = TF,*,whichdd notcon{/ergetoo = Ao(T) = A (T).
Compare with Remark 3.2.

3.1. Schatten norms and ideals

In this subsection we characterize those operators in L7 () which satisfy
AL (T)(l; = IT|,. Naturally, the equality holds if 7 is normal, because T =
A; (T). It was proved in [16] that, for the Frobenius norm and for A = 1/2, the
equality holds if and only if 7" is normal. In the following proposition we estimate
from below the difference between the Frobenius norms of 7°and A; (7).

Proposition 3.8. Let T € L?(# ) and ). € (0. 1). Ifa = min {i. 1 — A}, then
ANT) = 1THIE < ITNZ = 1AL (D) )12 (4)
Proof. Note that, if 7 = U|T| is the polar decomposition of 7, then |T*|" =
U|T|"U*, for every r > 0. Then
Ay (T) 12 =tr(As (T) As (T)* ) = w(IT1*U|TIXVUH T
= (| TMT* P TN = | T T 22
Using Hirzallah—Kittaneh'’s inequality (Proposition 2.3) with A =|T|*, B =

IT*|'*, p=1"1, g=(1 -2t and « =min{i, I =2} =max{x~!, (1 — 1)~}
we get
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1AL (D) 12+ T = 1T*12 < IMT |+ (1= DITH|2 < T2

where the last inequality follows from the triangle inequality. [
Now, we prove that equality in other Schatten norms also implies that 7 is normal.

Theorem 3.9. Leth € (0, 1), 1 < p < xandT € L¥(H). Then, A, (T) € LV ()
and

1AL (T llp < Tl p-
Moreover, the equality holds if and only if T is normal.

In order to prove this result, we need the following lemma.

Lemma 3.10. Let A, B € L% ) and let B = U|B]| be the polar decomposition of
B. Then, for every p > 0,

|AB*|? = U ||A]|B| |"U*.

Proof. Let P = ||A||B| |2. Then, for every continuous function f defined on [0, +-00)
such that f(0) =0,

fAUPUY =Uf(PYU*. (5)

In fact, since R(P) € R(|B]), and U*U is the orthogonal projection onto R{(|B]),
then (U PU*)" = U P"U*, for every n > 1. Therefore, by linearity, formula (5)
holds for every polynomial f such that f(0) = 0. On the other hand, given a con-
tinuous function f defined in [0, +00) such that f(0) = 0, there exists a sequence
{Pnlnen of polynomials such that p,(0) =0, n € N, and p, e Jf uniformly on

o (PYU{0} = o (UPU*)U{0}. So, standard limit arguments prove formula (5).
Now, the result follows from the equality

|AB*|? = BA*AB* = U|B||A]>|B|U* = U||A||B||2U*,
by applying the function f(x) = x?/? to both sides. [
Proof of Theorem 3.9. L.et T = U|T| be the polar decompositionof T. Fix 1 < p <
oo. Then, using Lemma 3.10 with A = |T'|* and B* = U|T|'™*, we get
tr| A (T) 12 = || T* | T* 47
Using Proposition 2.4 with A = |T'|* and B = |T*|'~*. we get
[ R bl N A L Lt
Then, by Proposition 2.2, for the conjugate numbers A~ and (1 — )71,
Ay () [P <l |TP* |77 (P04
<atr|T1” + (1 — | T*)? = |77,
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Therefore, if [|A; (T) |, = T, then equality holds in Young’s inequality, and by
Proposition 2.2, we conclude that | 7|7 = |T*|?. Hence T'is normal. [

Remark 3.11. Theorem 3.9 fails for A = 1. Take, for example, T < L2#) with
polar decomposition T = U|T|, with U € % (). In this case, |[A(D)|, = [IT|l,.
The following example shows that Theorem 3.9 may be false for other unitarily
invariant norms. In particular, for the spectral norm.

Let
I 0 0
I'=10 0 I] .
\0 0 0/
Then,
1 0 n'\
Ay(T)y=10 0 01l foreveryi e (0, 1),
\o 0 0/

and therefore
L= 14Ty |p < ITlp=2Y% but |A, (D) | =Tl =1
The reader interested in the equality for the spectral norm is referred to [24]. In that

work, Yamazaki proves that ||A; (T) || = ||T| if an only if T is normaloid, i.e., if
p(T) = |T].

Remark 3.12. Using standard techniques of alternate tensor powers, it can be proved
that given T € Lo(#) and A € [0, 1], then

k k

[Tsianan<[]s), keN.

i=1 i=1
This inequality says that the singular values of A, (T') are log-majorized by the
singular values of 7. Hence, we can deduce that for every unitarily invariant norm
Il ll, we have that || Ax (T) Il < Il

3.2. Riesz’s functional calculus

An interesting result proved by Foias et al. [12] relates the Aluthge transform
with completely contractive maps by using Riesz’s functional calculus. Following
similar ideas, in this subsection we study the relationship between Riesz’s functional
calculus and A-Aluthge transforms. We begin with the following technical lemma.

Lemma 3.13. Let X € L(#), A € GL(A#)T and » € [0, 1]. Then, given n € N,
and fi1. ..., Jun analvtic functions defined in a neighborhood of o (X A), we have

[(ryearxat=h), | < (s ax), I 1 xa), 17
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Proof. Let €2y, 1 denote the open subset of the complex plane defined by
Q01 ={z € C:Re(z) € (0. D}.

Given two unitary vectors x = (xg, ..., Xphyandy = (¥, ..., v,) belonging to #™.
define ¢ y : £0,1 — C in the following way:

Oxy (@) = ((fi (A XAT)), x, v).
If I, denotes the identity operator on C”, then

(fi;(AXATTY), = (A f;(XAATY), = (A*@ L) (f,j(XA), (A2 ®1I,).

ij

Hence, it is easy to see that ¢, , is analytic in £y 1 and continuous in £2p ;. On the
other hand, since A" is unitary for every r € R,

ey i) = [|(fis (A" X A=), x. )
= [{(A" @ L (fij(XA)), (AT @ L))x, ¥)|
<[ (s @)
Analogously
ey (L+i0)] = |[(fiy (ATTTXATD) x, y)]
= [[((A" @ I)(fij(AX)) (AT @ I)x, )]
< [ (rrax),|.
Therefore, by the three lines theorem (see, for example, [18]), if A = Re(z),
((fiATX A=) xv)] < [[(fisax), |- |(fix ), \=k
Taking supremum over all x, y € 2™, we get the desired inequality. O

Lemma 3.13 allows us to give an alternative proof of Jung, Ko and Pearcy’s result,
which also generalizes it for A € (0, 1).

Proposition 3.14. Let T € L(), L € (0, 1) and f € Hol (o (T)) . Then

LALF(Ao(TDI < LA and || f (AT < LA
2. 11f AL (TN < L ALTND LA < LD

Proof. The inequality || f(A((TH] < || f(T)| was proved by Foias, Jung, Ko and
Pearcy in [12], using Proposition 3.4. The inequality for Ao(7") can be proved by
following similar ideas.
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In order to prove the inequality of item 2, Let T = U|T| be the polar de-
composition of 7 and E the orthogonal projection onto R(|7']). Note that

(T +n~1)* L 3 |T|k because the sequence of functions £, (x) = (x +n~1)" (n e
n—
N) converges unlformly to f(x) =x"on compact subsets. So, given f € Hol (o (T)),
by Proposition 2.1 we have that
—1\m —1\1—2
ST+ Y EU(TI4+n7") 7).

FEU(|T|+n"1Y) and f((|T|+n~")YEU) are defined for all sufficiently large n.
Moreover,

FO(TI+07Y) S f(BUIT),

F((T1+n7Y)EU) M-f(|T|EU) £(TIV),

AT+ 7Y BT 407 ) L

— FITIMUITIY).
Using Lemma 3.13 and standard limit arguments, we get inequality 2. O

Remark 3.15. Using Lemma 3.13, it can be proved that given n € N, and fy. ...,
frm € Hol (o (1)),

- - 2 =
| (£ an @) | < U A@n); 110 2on),; |
It should be mentioned that ||(f,](A0(T)))l.j|| < ||c;}_f(T))l.j Il
For T e L(s¢), we denote W(T) = {{Tx.x) :x € #. |x|| = 1}, its numerical
range. As a corollary of Proposition 3.14, we obtain the next result about numerical

ranges.

Corollary 3.16. Let T € L(¢) and X € [0, 1]. Then, for every complex analytic
Junction f defined in a neighborhood of o (T,

W (£ (A, (T)) € W(f(D)).

Proof. Indeed, by Proposition 3.14 (item 1), for every j € C it holds that
IF ATy = Il < NSAT) — pal |l So, if B(r. &) ={z € C: |z — | <1}, using
the well known formula

W = () B(IT — &1]. 1),
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we have that

W(f (A (T)) = ﬂ B(| f(AL(T)) —pl|l, 0)
HEeL
S| |BUSTD —pll, ) =W((T). U
HE

Remark 3.17. The above Corollary, was proved in [12], for A = 1/2, using that
W(T) is the intersection of all half-planes H containing W (T), which are spectral
sets for T. In [17], Okubo obtains the same result for a polynomial function f, for
every » € (0, 1).

4. The finite dimensional case

In this section, we study the A-Aluthge transformation in finite dimensional spaces.
Given T € .#,(C) and A € (0, 1), we denote by A7 (I') the n-times iterated A-
Aluthge transform of 7, i.e.,

AUTY=T and AL(T)=A; (AF! (T)), neN.
The following proposition was proved, for A = 1/2, by Ando in [2], and by Jung, Ko
and Pearcy in [16].

Proposition 4.1. Let T € .#,(C). Then, the limit points of the sequence
{AT (T} nen are normal. Moreover, if L is a limit point, then o (L) = o (I') with the
same algebraic multiplicity.

Proof. Let {Af_" (T)}ren be a subsequence which converge in norm to a limit point
L. By the continuity of Aluthge transforms, A:_” T k—> A, (L). Then

|84 (@) [, = Jim AP T I, = lim (A7 (D) |,
= lim 1A (T I, = LI,
Hence, by Theorem 3.9 L is normal. It only remains to prove that o (L) = o (T)

with the same algebraic multiplicity, or equivalently, that tr(T"") = tr(L™) for every
m € N, Indeed,

rL” = lim c A™(TY" = T", meN,

k— o0

because, for each k € N, o (AT (T)) = o (T') (with algebraic multiplicity), and
therefore tr AT (T)" = T™. O
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As a consequence of this result, we obtain Yamazaki's spectral radius formula, for
every A € (0, 1). It should be mentioned that Yamazaki's formula holds for operators
in Hilbert spaces (with & = 1/2), but we can only prove the general case (L # 1/2)
in the finite dimensional case.

Corollary 4.2. Let T € .#,(C) and » € (0, 1). Then,

p(T) = lim || A} (T) .

Proof. Take a subsequence {A_'f’c (T} that converges to a limit point L. Since L is
normal and ¢ (L) = o (T), it holds that |L|| = p(L) = p(T). Hence

fim 1A (T) | = 1Ll = p(L) = p(T).

Finally, since the whole sequence {||A” (7'} ||} converges because it is non-increasing,
we obtain the desired result. [

Analogously we can deduce the following result, proved by Ando in [2] for A =
1/2. We use the notation co(X ) for the convex hull of the set X.

Corollary 4.3. Let T € .#,(C) and » € (0, 1). Then,

[e.9)
co(a (T) = (] W(A} (T)).

n=1

Now we state the following result, which is a direct consequence of Theorem 3.6
and the fact that the map T’ — |T'|" is norm-continuous in .#, (C).

Proposition 4.4. The map (L, T) — A, (T) from (0, 1) x .4 ,(C) into . #M,(T) is
continuous when #,(C) is endowed with the norm-topology and the interval (0, 1)
with the usual one.

Proof. It follows by a standard 5-argument. [J

4.1, The iterated Aluthge transforms in . #>(T)

In this subsection we study the convergence of the sequence {A” (1)} when T'is
a 2 x 2 matrix. The convergence of this sequence for n x n matrices and A = 1/2
was conjectured by Jung, Ko, and Pearcy in [15]. Although this conjecture is still
open, there exists a result, due to T. Ando and T. Yamazaki [3], which answers the
conjecture affirmatively for 2 x 2 matrices and A = 1/2. We generalize this result
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for arbitrary A € (0, 1) and we also prove that the map which assigns to each pair
(A, T) the limit of the sequence {A” (T')} is continuous in both variables 7" and X.

Lemma 4.5. Let T € .4>(C) and » € (0, 1). Suppose that o (T) = {u1, pno} with
U1 %+ po. Then, there exists y (T, &) € (0, 1) such that, for alln € N,

| A% (T AL = AL AL [, <y (T )" IT*T =TT,
Moreover, if « = min{i , 1 — A}, then we can take

| 2 \1/2
M1 — 12
y(T.X) = :
( mMmHMW/

Proof. Denote 7, = Af_ (T), n € N, In some orthonormal basis, which may be
different for each n € N, T, has the form

M1 iy . 2 2 2
= (4 ). witha, = (7302 = Ll + 2P

Hence a,41 < a,, n € N, by Theorem 3.9. Easy computations show that, if M =
| 11 — po |* then
| 72T, — LT =22 (M +d2), nel. (6)
Therefore, for all n -e N,

1/2 S 0.

- - 2 2 2 2
Hln*—i-ll”"‘l B T”+1Tn*+1”2 _ Dyt1 (M + an—i—l) & Gy
Tt — 1, Tn*||§ a? (M+a?) — af

N
Since a? — a’,; = | T,|I> — | Tu41|2, by Proposition 3.8 the following inequality

holds for all n € N,

(7)

aly . 1012 = 1 T 112 - 1_052|| 1Tl — | T 112
a; a; N ag '
On the other hand, if X € .#>(C)T and d = det(X)Y/2, then it is known that
12 _ X 4 dl
V2dTaX)

Hence, if we denote d = det(7*T,)"/? = det(T, T,)'/? = |det T'| = |u1 2|, we have
that
. T — L1
W =) ||l = ——— . neN.
=Vl = T
Therefore, by Eq. (6), for all n € N,
apey . LI - LT
a a?(2d + || 1, 2)
20 (M +a}) 20° M
2J+T2 244 (T
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Finally, taking
1/2
(TA)--/I 2a2m_\"
AT e )

by Egs. (7) and (8), we get

T Tott = T T, S v @\ T - T T

neN,

and the result is proved by iterating this inequality. Note that 0 < «? < 1/4 and
0<M=|p—po P <2lurpal + i + lual* <2d + T
Then O < y(T, 1) < 1. O

Theorem 4.6. Let T € .#>(C) and 4 € (0,1). Then, the sequence {A’ (1)}
converges.

Proof. Suppose that o (T') = {1, pp}. Since we have proved (see Proposition 4.1)

that the limit points of the sequence {A” (T)} are normal, if pu1 = pup = ¢, then

ANY(Ty — clI. Thus, from now on we only consider the case in which py # po.
= n—oQ

As in the Lemma 4.5, we denote T, = A7 (T).
Fix n '_' 0. If T, =U,|T,| is the polar decomposition of T, then |T,]° =
U, | Ty |°UF, for every s > 0. Therefore we obtain

(Typr — TU = |Tn|kUn|Tn|1‘”U:‘ — Un|THU;}
= R — 1T = (1L = 15PN

Since |AB|, < ||All, | B]l, we can deduce that

1 To1 — Tully < NTul* =154, - NI

W — X M- T2

Using Proposition 2.5 with A = 1T, B =T, 1) and r = A/2, we get

ITog1 = Tully < NTul* =120, - 0T
< QITV N T, — T,T1L7

because [|1o]|!7*/2 < 2. Let a =y(T.M)*? < 1, where y(T. 1) € (0.1) is the
constant of Lemma 4.5. Then

1 Tog1 — Tull, < QUTINMINTFT, — T2
<d"QITIN'THTHT - TT*))7).
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Denote N(T, %) = 2||T||' | T*T — TT*||*/ Then, if n,m € N, with n < m,

m—1
1T = Toll, € ) WTieqs — Tl
k=n

m—1
<N(LWY df — 0, (9)
];:;L n,m—> 00

which shows that the lim,— . T, = lim,_ ~ AT (T') exists. [
In order to state precisely the next results, we need the following notations:

Definition 4.7

1. Given T € .4/>(C) and X € (0, 1), denote AS® (T') = lim,— ~ A” (T).
2. Consider the map I": (0, 1) x .#»(C) — .#»(C) defined by

', Ty=A7(T), (A T)e(0,1)x .4(C).

Theorem 4.8. Let & € (0, 1) be fixed. Then the map I'(,, ) : M2(C)Y — .#2(C),
given by

MH(C) > T — AP (T)

is continuous. Therefore AS° () is a continuous retraction from .4»(C) onto the
space of normal matrices in . #2(C).

Proof. Take T € .#»(C) and 1 € (0, 1). We shall consider two cases:
Case 1. Suppose that o (T) = {u}. Let S € .#,(C) with & (S) = {11, 12}. Since
AP (T) =yl and AS® (S) is a normal operator with the same spectrum as S, then

|A2 (@) = AZ ) 2 =l = m P + 11— 2l

Clearly, this implies that AS° (-) is continuous at 7.

Case 2. Suppose that o (T) = {u1, 2] with g # pp and let ¢ > 0. Take & >
0 such that for every matrix S satisfying |7 — S||, < 8. the constant y (S, 1) of
Lemma 4.5 applied to S satisfies y (S, 1) < r, for some r < 1. Indeed, note that
the formula for y (S, A) given in Lemma 4.5 depends continuously on § (and its
spectrum). Note that the constant N (S, &) = 4||S|17*||S*S — $5*||*/? is bounded
ontheset % = {S € . #>(C) : ||T — S|, < 8;1}. Then, by formula 9, we can deduce
that there exists n € N, such that

0.9
A S) = ALS |, < NS 2 Y2 <

&
k=n -

oS
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for every S € #. Finally, since the map A’ (-) is continuous on .#>(C), we can take
0 < 8 < 81 such that, if |7 — S, < 82, then
|az) - ax)l, < 5.
So,if |7 — S|, < 8, then
|25 (@) = AT )|, <[AF @) = AL @) |, + A5 T) — A7 5],
+ALS) = AR |, <e,

which completes the proof. [

Theorem 4.9. Let T € .4/>(C) be fixed. Then the map I'(-, T) : (0, 1) — .42(C),
given by

0,1) 32 A (T)
is continuous. Moreover, if o (T) = {1, puo} with 1| = |p2|. then the map is
constant.

Proof. The proof of the continuity is similar to the proof of the previous theorem (see
also Remark 4.10). Note that the constants y (T, &) and N(T, 1) depend continuously
on both variables, in particular on A. Also, by Proposition 4.4, the map A — A (T')
is continuous, for every n € N. Let T € .#»(C) such that || = |p2]. As Ando and
Yamazaki pointed out in [3], without loss of generality we can
¢ b’

assume that 7' = <--Jh J) e #H(R), with b > 0, and o (T) = {u + iv, u —iv}
with 4?2 + v2 = 1 and v > 0. Then,

F(A,T)Z(_M ). reon.
. y b . .
Indeed, if Af (T = (i”’ d”), by Theorem 4.6 and some simple computations, we
n n
get
AT AT = A" (T) AY(TY
i . _“’H T Cn) Ay — dﬂ.
= I_b;l Cn ) ( ty — €y by + oy ) n—x 0. (L0

So, the sequences a, and d,, converge to tr(7)/2 = u. On the other hand, following
essentially the same lines as in Ando-Yamazaki's proof, we get 0 < m = inf, (b, —
cn)? = lim,_ . (b, — ¢,)?. Hence, b, —c, must converge to mY? or —m'/?,
Moreover, since by, + ¢, — 0 by formula 10, then m'/? = 2uv, for each & € (0, 1).

Therefore
o

I, T) = (
But I' is continuous on . so I'(A, Ty =1'(1/2, T) forevery A € (0, 1). O

[y IM J
u):F(l/Z.T) or F(A,T):(U g
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Remark 4.10. With similar arguments to those used in the proofs of the previous
two theorems, it can be proved that the map I is jointly continuous.

Example 4.11. If 7 € .4>(C) has eigenvalues with different moduli, then the
map A — A (T) does not seem to be constant, in general. For example, if 7' =

2. i) . .
(_2 | ) numerical computations show that

o e (222738 0973807\
Aga T E (0.973807 177262 ) Whie
(137162 —0.777907\
\-0.777907  2.62838 )

Nevertheless, for many other matrices 7 with different modulus eigenvalues, the map
A Ai" (T") seems to be constant.

AgHT) =

4.2, The Jordan structure of Aluthge transforms

In this subsection, we study some properties of the Jordan structure of the iterated
Aluthge transforms. We show a reduction of the conjecture on the convergence of
the sequence {A’iZ (T)} for T € .#,(C), to the invertible case. We also study the
behavior of the angles between the spectral subspaces of iterates of the Aluthge
transform for T € . #,(C).

The following result states a simple relation between the null spaces of polynomi-
als in T and in A, (T). This relation has some consequences regarding multiplicity
and Jordan structure of eigenvalues of 7" and A, (7). We denote by C[x] the set of
complex polynomials.

Lemma 4.12. Let T € .#,(C) and » € (0, 1).

1. Given p € Clx]. then dim N(p(T)) < dim N (p(A; (T))).
2. Forn e N, n>2, dimN(T") = dim N(A, (T)" 1.

Proof. Assume first that p(0) # 0. In this case N(T) N N(p(T)) = {0}. Hence
dim |T|M(N (p(T))) = dim N (p(T)),
because N(T)= N(|T|)= N(|T|*). Using Proposition 3.4, we know that
A (THIT) = T p(T), so that
ITI*(N(p(T)) € N(p(As (T)).
If p(0) = 0, Note that N(T) € N(p(T)) and also N(T) € N(p(A, (T))). Denote
by & = N(p(T)) & N(T). Then dim |T|*(#) = dim % and |T|*(%) € N(T)*,
On the other hand, we get that |7 |*(.%) € N(p(A, (T))) as before. Then
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dim N(p(T))=dim N(T) + dim .%
=dim N(T) +dim |T|* (%)
= dim [N(T) @ |T[*()] < dim N(p(A, (T)).
Finally, note that it n > 2 we have
N(A (D" T = N(T 1M T = N(T™).

Let & = N(A, (TY'™Y & N(T). Since |T|* operates bijectively on N(T)*, there
is a subspace .# € N(T)* such that dim .# = dim.# and |T|*(.#) = &. Hence

N TR = {x e C": ITI*(x) e N(AL (D" ) = N(T) @ M.

So that dim N (A, (T)*™1) = dim N(A, (T~ |T|1*) = dim N(T™). O
Definition 4.13. Let T € .#, () and u € o (T'). We denote

1. m(T, p) the algebraic multiplicity of the eigenvalue u for 7.
2. mo(T, u)y = dim N(T — 1), the geometric multiplicity of the eigenvalue u for
T

3. 7(T, ) = min{k € N : dim N(T — ulY* = m(T, )}, usually called the index of
. Note that »(T, ) is the size of the biggest Jordan block of T associated to u.

We say that the Jordan structure of T for the eigenvalue u is ¢rivial if m(T. p) =
mo(T, w), or equivalently, if r(7", n) = 1.

Proposition 4.14. Let T € .4, (C) and » € (0. 1).

1. Suppose that O € o (T) . Then

m(T,0) = mo(ALTO"1 (1), 0y = dim N (AT (1)),

Therefore, after r(T.0) — 1 iterations of the Aluthge transform, we get a maitrix
whose Jordan structure for the eigenvalue O is trivial.
2. If p € o(T)/{0}, then

molT, ) <mo(A (T), ) and r(T,w) = r(Ay(T), ).
Proof
1. Denote r(T,0) =r.1fr =2, by Lemma 4.12,

m(T,0)=dim N(T") = dim N(A; (T) ™) = dim N(AZ (T) ™2)
= =dim NA7H(T?) =dim NA] " (T)).
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Ifr = 1, then A7~ (T) = A% (T') = T by definition, and
m(T,0) =mp(1,0) = dim(A;_1 (THy).
2. Consider Py, (x) = (x — p)™.m € i Taking m = 1, by Lemma 4.12,
mo(T, ) = dim N(T — pI) <dim N (A (T) — pul) = mo(A;, (T) . ).
Taking m = r (T, p), again by Lemma 4.12, we have that

m(T, uy=dimN(T — H])r(T,/l))
< dll’l’l]\]((A)L (T) — M])V(Twﬂ)) { H!f_;ﬁ,‘ (T) . H)

Since m (A, (TY, w)y = m(T, ), we get that r (T, p) = r(A, (T), p). O

Remark 4.15. In particular, Proposition 4.14 shows that if T is nilpotent of order n
then Af‘l (T)y = 0. This result was proved by Jung, Ko and Pearcy in [16].

Corollary 4.16. Let ). € (0, 1). If the sequence { A" (S)} converges for every invert-
ible matrix S € .4, (C) and every n € N, then the sequence {A"' (T)} converges for
allT € .#,(C) and everyn € N.

Proof. Let T € .4,(C). By Lemma 4.14, we can assume that m (7, 0) = mo(T, 0).
Note that, in this case, N(A, (T)) = N(T), because N(T) C N(A,; (T)) and
mo(Ax(T),0)=m(T,0). On the other hand, R(A,(T)) < R(|T|) so that
R(A; (T)) and N (A, (T)) are orthogonal subspaces. Thus, there exists a unitary
matrix U such that

S 0
/ W =
UA, (T U _(“ “).

where S € M (C) is invertible (s = n — m (T, 0)). Since for every m > 2

m=1

the sequence {A (T")} converges, because the sequence {A’f'1 (SH} converges by
hypothesis. [

Remark 4.17. If T € .#,(C) is invertible, then |T'|* is invertible for every A €
(0, 1), and

A(T)=|TI"T|T|™* (11)

Therefore, T and A" (T') are similar matrices, for every m € N. That is, A (T')
and T have the same Jordan structure. This shows that the geometric multiplicity of
non-zero eigenvalues does not increase in general. On the other hand, Proposition
4.14 implies that for non-invertible operators 7, A, (7T) and T may be not similar, In
particular, the Jordan structure of T and A, (T') may be different.
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Numerical experiences show that the rate of convergence of the sequence
{A™ (T} is smaller for non-diagonabilizable T, than for diagonabilizable examples.

Definition 4.18. Let T € . #,(C) and i« € o (T).

1. Denote #,, 7 = N((T — Iy 1) Note that C" = D, cor) £ rT -
2. Denote Q. 1 € .#,(C) the oblique projection with

R(Qur)=#,r and N(Qu71)= @ W y.T-
YFH

Proposition 4.19. Let T € .4, (C) and » € (0, 1). Then, for every p € o (T),

Il
| Quamir ) == 1.
N— "%

Proof. Let f,, € Hol(T') be an analytic map which takes the value 1 in a neighbor-
hood of p, and the value 0 in a neighborhood of o (T') \ {y¢}. Then it is known that
fu(T) = Q7. Moreover, since o (A7 (T)) = o (T), we have that Q, am(r, =
S (AT (1Y), m € N, u € o (T'). Then, by Proposition 3.14,

I Q. amryll 2 IIQ,,.___\’_”"l?w”* mef, pea(T).

i

On the other hand, there exists a subsequence A * (T) — L for some normal

matrix L € .#,(C), with o (L) = o (T). Then, by Propos{tion 2.1,
19 am | = [ful&T* @) — 1@ = 1Qu.Lll = 1.

because the spectral projections of normal operators are selfadjoint (i.e., ortho-
gonal). O

Remark 4.20. Given two subspaces .# and .4 of C" such that .# N .4~ = {0}, the
angle between . # and .4 is the angle in [0, 7 /2] whose cosine is defined by

cld, V1=sup{|(x,y): x €, ye N and x| = |y =1}

=P Prl, (12)

where P, denotes the orthogonal projection onto .#. The sine of this angle is
sltl, 1= —c[.#, A PHV2 1.4 @& 4 =C" and Q is the oblique projec-
tion with range . # and null space .47, it is known that

Q1= (1= I1P4 Prl?)

=xs|.%. l']'l.

~1/2 _ (1_6[/%’ JV]Z)_I/Z

For proofs of these results, the reader is referred to Gohberg and Krein [13], Deutsch
[11], or Ben-Israel and Greville [5].
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Now we can see that Proposition 4.19 is equivalent to the following statement:
given p € o (T), the angle between the spectral subspaces # , aw(yy and N, =
D, =, Ay, an(r) converges to /2. Given ju # y € o (T), since H ' arr) S A s
it is easy to see that

) » ) . . R
q |: 4 1 AT lf\:j] S [4’ A (T Ny :|”.—-; (),
Therefore, also the angle between #°, awy, and ), A™(T) CONVerges to w/2.
Another description of this fact is that ' '
II-1I
¥y om0 nimy o O

This also follows from Eq. (12).

P
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