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1. Introduction

Fusion frames (briefly FF’s) arise naturally as a generalization of the usual frames of vectors for a
Hilbert space H. Several applications of FF's have been studied, for example, sensor networks [14],
neurology [27], coding theory [5,6,22], among others. We refer the reader to [13] and the references
therein for a detailed treatment of the FF theory. Further developments can be found in|3,8,9,11,12,28].

Given m € N we denote by I,;, = {1,..., m} € N. In the finite dimensional setting, a FF is a
sequence Ny = (Wi, Nj)ier, where each w; € R. ¢ and the A; C CY are subspaces that generate
CY. The synthesis operator of Ay, is usually defined as

def .
Ty, : Knyy = @®jer, Mi > C givenby Ty, (Xier, = Ziel,, WiXi-
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Its adjoint, the so-called analysis operator of A, , is given by ijwy = (W; Py; ¥)ier,, fory € C4, where
Py; denotes the orthogonal projection onto ;. The frame \,, induces a linear encoding-decoding
scheme that can be described in terms of these operators.

The previous setting for the theory of FF’s presents some technical difficulties. For example the
domain of Ty;, relies strongly on the subspaces of the fusion frame. In particular, any change on the
subspaces modifies the domain of the operators preventing smooth perturbations of these objects.
Moreover, this kind of rigidity on the definitions implies that the notion of a dual FF is not clear.

An alternative approach to the fusion frame (FF) theory comes from the theory of G-frames [29]
(see also [20,30,31,19] where operator valued frames are introduced and developed) and its variants,
namely the theory of protocols introduced in [5] and the theory of reconstruction systems considered
in [23] (see also [26]), which are finite dimensional G-frames.

In this context, we fix the dimensions dim A; = k; and consider a universal space

K =Km. x def b Cki, where k= (ky, ..., km) € N™.

iely

A reconstruction system (RS) is a sequence V = {V;};c1,, such that V; € L(CY, Cki) foreveryi € I,
which allows the construction of an encoding-decoding algorithm (see Definition 2.1, for details).
We denote by RS = RS(m, k, d) the set of all RS’s with these fixed parameters. Observe that, if
Nw = (Wi, Niier, is aFF, it can be modeled as a system V = {V;}ic1,, € RS suchthat Vj*V; = w,.2 Py;
for every i € II;; . These systems are called projective RS’s. On the other hand, a general RS arises from
a usual vector frame by grouping together the elements of the frame. Thus, the coefficients involved
in the encoding-decoding scheme of RS are vector valued, and they lie in the space K.

The main advantage of the RS (or more generally of the G-frame) framework with respect to the
fusion frame formalism is that each (projective) RS has many RS’s that are dual systems. In particular,
the canonical dual RS remains a RS (for details and definitions see Section 2). In contrast, it is easy
to give examples of a FF such that its canonical dual is not a fusion frame. There exists a notion of
duality among fusion frames defined by Gavruta (see [17]), where the reconstruction formula of a
fixed v involves the FF operator Sy, of V. Nevertheless, in the context of RS’s, we show that the notion
of dual systems can be described and characterized in a quite natural way. On the other hand, the RS
framework allows to make not only a metric but also a differential geometric study of the set of RS’s,
which will be developed in Section 4 of this paper.

Let us fix the parameters (m, k, d) and the sequence v = (vj)ic1,, € R, of weights. In this work
we study some properties of the sets RS = RS(m, Kk, d) of RS’s and PRSy = PRSy (m, K, d) of
projective systems with fixed weights v.

We are interested in those V € PRS, that admit a dual RS, W € RS, with some additional
structure and such that the pair (V, W) has some nice duality relations. Several other problems related
with dual pairs that are optimal with respect to some criteria have been widely studied in the theory
of frames and G-frames (see, for example [5-7,18,20,22,23,29-31]). We are interested in dual pairs
(Y, W) € PRSy X RS such that W is also projective and such that the induced reconstruction formula
is simple. The optimal solutions of this problem would be those V € PRSy thatare tight (which are the
analog of tight fusion frames), i.e., such that (V, « - V) is a dual pair for some @ € R- o. Unfortunately, it
is well known that there are choices of weights and dimensions k for which no projective tight system
Y € PRSy exists.

In order to study dual pairs (V, W) € PRS, X RS that have the properties described above we
introduce a functional that we call the joint potential. More explicitly, given a dual pair (V, W) €
PRSy X RS we consider its joint potential given by

def

RSP (V, W) = tr Sp +tr S, € Roy,

where Sy, and Sy, denote the so-called RS operators of V and W, respectively (see Definition 2.1). This
functional has already been considered in [10] in the context of vector frames. We point out that since
we focus on a problem dealing with a potential defined using the trace of invertible operators, we must
restrict our study to the finite dimensional setting. Thus, instead of working with general G-frames we
deal with RS’s.



P.G. Massey et al. / Linear Algebra and its Applications 436 (2012) 447-464 449

We study some properties of local minimizers of the joint potential (with respect to natural metrics
in the set PRSy ). We show that local minimizers are also global and that optimal dual pairs with
respect to the joint potential are of the form (V, V), where V¥ denote the canonical dual RS of V (see
Definition 2.3) and with an intrinsic spectral structure (that depends on the parameters (m, k, d) and
the fixed weights v). In order to obtain a detailed structure of the minimizers of the joint potential we
present a geometrical description of PRS, and give a sufficient condition - the notion of irreducible
systems - in order that the operation of taking RS operators PRSy > V > Sy (see Definition 2.1)
has smooth local cross-sections. We show that given an irreducible system V € PRSy then (V, V¥)
is a local minimizer if and only if  is a tight projective system, so that in this case (V, V¥) is a global
minimizer. Using these results and geometrical reduction arguments we deal with the general case
and obtain the geometrical structure of local minimizers.

The main results with respect to both spectral and geometrical structure of the (local) minimizers
of the joint potential can be summarized as follows:

® There exist Ay = Ay(m, k, d) € Rio such thata pair (V, W) € DPy is a (local) minimizer for the
RSP if and only if W = V¥ and the vector of eigenvalues A(Sy) = Ay.

® Every such V can be decomposed as a orthogonal sum of tight projective RS’s, where the quantity
of components and their tight constants are the same for every minimizer.

The paper is organized as follows. In Section 2, we recall the basic framework of reconstruction
systems. In Section 3, we introduce the joint potential of dual pairs of reconstruction systems. In
order to obtain the spectral structure of local minimizers of this functional we consider first some
consequences of Horn-Klyachko’s theory on sums of hermitian matrices. In Section 4, we develop a
geometric approach to some perturbation problems in RS’s theory. We end Section 4 with the main
result on the geometrical structure of local minimizers of the joint potential. In Section 5, we give some
examples of these problems, showing sets of parameters for which the vector Ay and all minimizers
VY € PRSy can be explicitly computed. We also present a conjecture which suggest a way to compute
the vector Ay, as the minimal element in the spectral picture A(OPy) of OP, with respect to the
majorization (see Conjecture 5.4).

1.1. General notations

Given m € N we denote by I, = {1,...,m} € Nand 1 = 1,, € R™ denotes the vector with
all its entries equal to 1. For a vector x € R™ we denote by x* the rearrangement of x in a decreasing
order, and (R™)¥ = {x € R™ : x = x*} the set of ordered vectors.

Given # = C% and K = C", we denote by L(, k) the space of linear operators T : H — K.
Given an operator T € L(H, K), R(T) C K denotes the image of T, ker T C ‘H the null space of T and
T* € L(K, H) the adjoint of T. If d < n we say that U € L(H, K) is an isometry if U*U = I . In this
case, U* is called a coisometry. If £ = H we denote by L(*) = L(H, H), by Gl (*) the group of all
invertible operators in L(#), by L(#) " the cone of positive operators and by Gl (H) ™ = Gl (H)NL(H) ™.
If T € L(H), we denote by o (T) the spectrum of T, by rk T the rank of T, and by tr T the trace of T.
Given A € L(H)T, its vector of eigenvalues is denoted by A(A) = r@A), ..., 2A)) € (Riﬂ
(counting multiplicities and in decreasing order). By fixing orthonormal basis (onb) of the Hilbert
spaces involved, we shall identify operators with matrices, using the following notations:

By M, 4(C) = L(CY, C") we denote the space of complex n x d matrices. If n = d we write
Mp(C) = My n(C). H(n) is the R-subspace of selfadjoint matrices, I (n) the group of all invertible
elements of M,(C), /(n) the group of unitary matrices, M,(C)™ the set of positive semidefinite
matrices, and Gl (n)* = M,(C)T NGl (n).1fd < n, we denote by Z(d, n) € M, 4(C) the set of
isometries, i.e., those U € My 4(C) such that U*U = I.

If W C H is a subspace we denote by Py, € L(H)" the orthogonal projection onto W, i.e., R(Py) =
W and ker Py = W-L. For vectors on C" we shall use the euclidean norm. On the other hand, for
matrices T € M,(C) we shall use both
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1. The spectral norm ||T|| = ||T|lsp = ‘H’Tlax [|Tx]|.

2
2. The Frobenius norm ||T||, = (tr T*T)1/2 = (Z,JEH |Tu| ) Y . This norm is induced by the
inner product (A, B) = tr B*A, for A, B € M,(C).

2. Basic framework of reconstruction systems

In this section, we fix the notations and define the usual objects related to reconstruction systems,
following the well-known framework of G-frames, but adapted to the finite dimensional setting.

Definition 2.1. Letm,d € Nandk = (k{, ..., ky) € N™

1. We shall abbreviate the above description by saying that (m, k, d) is a set of parameters. We
denote by n = tr k def Z,e ]Im ki and assume thatn > d.
2. Wedenoteby K = Ky .k = @,GH Ck = C". We shall often write each direct summand by
Ki=Ck,
3. Given a space H = C? we denote by

PLo, K)=LH,K) = P My, a(C) = Mpa(C).

iely iely

L(m, k, d) &

A typical element of L(m, Kk, d) is a system V = {V;};c1,, such that each V; € L(H, K;).
4. Afamily ¥V = {Vi}ic1, € L(m, Kk, d) is an (m, k, d)-reconstruction system (RS) for # if
> vivieam®, (1)

iely,

i.e,, if Sy is invertible. This Sy, is called the RS operator of V. In this case, the m-tuple k =
(k1, ..., km) € N™satisfies thatn = trk > d.
We shall denote by RS = RS(m, K, d) the set of all (m, k, d)-RS’s for H = ce,
5. The system V is said to be projective if there exists a sequence v = (Vj)icr,, € Rﬁ of positive
numbers, the weights of V, such that

ViV =viPy, forevery i€ ly.

In this case, the following properties hold:

(a) The weights can be computed directly, since each v; = ||V;||sp .
(b) Each V; = v;U; for a coisometry U; € L(H, K;). Thus V{'V; = v,-2 Ppvry € L(H)™ for every
ielpy,.

(©) Sy = er, v,-2 Ppey) as in fusion frame theory.
We shall denote by PRS = PRS(m, K, d) the set of all projective elements of RS.
6. The analysis operator of the system V is defined by

Ty : H— K= P Ki givenby Tyx= (Vix, ..., Vpx), for xe€H.
iely,

7. Its adjoint Ty} is called the synthesis operator of the system V, and it satisfies that

Ty K= @ ki — H isgivenby T ((iier,) = 2. Vi yi.

iely, iely,

Using the previous notations and definitions we have that S, = T} Ty, .
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8. The frame constants in this context are the following: V is a RS if and only if

Avlixl? < (Svx, x) = D IIlVixll* < By [IxI® (2)
iely
for every x € H, where 0 < Ay = Amin($y) = [I$5" |7 < Amax(S») = [ISy] = By.
9. As usual, we say that V is tight if A, = By, . In other words, the system V € RS(m, K, d) is tight
ifand only if S = 7 Iy, where T = Xy, tr (V;'Vj).

10. Given U € Gl (d), we define V- U & {V; U}ic1, € RS(m, k,d). O

Remark 2.2. Let V = {Vj}ic1, € RS such that every V; # 0. In case that k = 1,,, then V can

be identified with a vector frame, since each V; : C¢ — C is in fact a vector 0 # f; € C% In the
same manner, the projective RS’s can be seen as fusion frames. Here the identification is given by
Vi >~ (|IVill, R(V")) foreveryi e l,. O

Definition 2.3. For every V = {Vi}ic1,, € RS(m, Kk, d), we define the system

Vv st = (VS e, € RS(m, K, d),

called the canonical dual RS associated to V. [J
Remark 24. GivenV = {Vi}ic1,, € RS with S, = >icy V{'V;, then

S STV =1y, and D VIS, T =1y (3)

iely iely
Therefore, we obtain the reconstruction formulae

X = Z S;l Vi (Vix) = Z %8 V,~(S;l x) forevery x € H. (4)

ielp icly
Observe that, by Eq. (3), we see that the canonical dual V¥ satisfies that

ThTy= > S '"VVi=1Iy and S = > S 'Vivs, =5 (5)

iely iely,

Next we generalize the notion of dual RS’s. [

Definition 2.5. Let V = {Vi}ic1, and W = {Wi}ic1,, € RS. We say that W is a dual RS for V if
T}, Ty = I, or equivalently if x = >7;c 1 W;* V; x for every x € H.

We denote the set of all dual RS’s for a fixed V € RS by D(V) def WeRS:T),Ty = Iy}
Observe that D(V) # @ since V¥ € D(V). O

Remark 2.6. LetV € L(m, k, d).ThenV € RS <= T, issurjective. In this case, asystem W € D(V)
ifand only if its synthesis operator T}, isa pseudo-inverse of Ty, . Indeed, W € D(V) <= Tj, Ty = Iy.
Observe that the map RS > W + Ty}, is one to one. Thus, in the context of RS’s each (m, Kk, d)-RS has
many duals that are (m, K, d)-RS’s. This is one of the advantages of the RS’s setting.

Moreover, the synthesis operator T;k# of the canonical dual V¥ corresponds to the Moore-Penrose
pseudo-inverse of Ty, . Indeed, notice that Ty, T;j# =TyS, lT,j‘ e L(K)T, so that it is an orthogonal
projection. From this point of view, the canonical dual V¥ has some optimal properties that come from
the theory of pseudo-inverses.

On the other hand the map L(m, k, d) > W — Tj;, € L(K, H) is R-linear. Then, for every V € RS,
the set D(V) of dual systems is convex in L(m, k, d), because the set of pseudoinverses of Ty, is convex
in L(IC, H). Moreover, as we show in Eq. (13) below, a system W € D(V) < T = T;# + A,
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for some A € L(K, H) such that ATy, = AT,#» = 0 € L(H). Hence, D(V) is an affine submanifold of
L(m, k,d). O

3. Joint potential of projective RS’s

In this section, we deal with the joint potential of dual pairs, as described in Section 1. We study the
local minimizers of this functional, with respect to a natural pseudo-metric defined in the set RS, and
we describe their spectral structure. In the next section, we further show the geometrical structure of
minimizers of the joint potential.

Throughout this section we fix the parameters (m, Kk, d) and the sequence v = (vy);c1,, € R7,
of weights. Note that the joint potential of a dual pair (V, W) is a function of the spectrum of the
RS operators of V and W. Hence we begin by developing some technical results which focus on what
we call the spectral picture of RS operators, which is a key tool in order to find and characterize the
minimizers.

3.1. Spectral picture of RS operators of projective systems

m

Ty, we define the set of projective RS’s with fixed

Given a fixed sequence of weights v = (vj)jcr,, € R
set of weights v:

PRSy o {V = {Vilier,, € PRS : ||Villsp = v; foreveryi e Hm}. (6)

Denotebyt = > vi2 ki . Observe thattr S, = > tr V;"V; = t forevery V € PRSy.Givenad x d
iely i€ly

matrix A € L(H) ™, recall that its vector of eigenvalues is denoted by A(A) = (A1(A), ..., Ard(A)) €

(Rf{_)i (counting multiplicities and in decreasing order). We consider the set of operators Sy, for V €
PRSy and its spectral picture:

ory @15, vePrs,) and A(OP) ¥

{AM(S) :S € 0Py} € (RY Y. (7)
We shall give a characterization of the set A(OPy) in terms of the Horn-Klyachko’s theory of sums
of hermitian matrices. In order to do this we shall describe briefly the basic facts about the spectral
characterization obtained by Klyachko [21] and Fulton [16]. Let

Ky ={G1,....ir) € A" : j1 <jo--- <Jr}

For ] = (j1,...,jr) € Ky, define the associated partition A(J) = (y —r,...,j1 —1).Forr €
I4—1 denote by LR} (m) the set of (m + 1)-tuples (Jo, ..., Jm) € (ICQ)T”‘H, such that the Littlewood-
Richardson coefficient of the associated partitions A(Jp), ..., A(J;m) is positive, i.e., one can generate
the Young diagram of A(Jp) from those of A(J1), ..., A(J;m) according to the Littlewood-Richardson
rule (see [16]).

The theorem of Klyachko gives a characterization of the spectral picture of the set of all sums of m
matrices in H(d) with fixed given spectra, in terms on a series of inequalities involving the (m + 1)-
tuples in LR (m) (see [21] for a detailed formulation). In the following Lemma we give a description
of this result in the particular case where these m matrices are multiples of projections. Let us first fix
some notations: let Gr(k, d) denote the Grassmann manifold of orthogonal projections of rank k in C¢
and let

def

Grk,d = @ Grk, d) S L™

iely,
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Lemma 3.1. Fix the parameters (m, Kk, d), the weightsv € RT, and a vector . € (IRQ’Z)l .Then there
exists a sequence {P;}icr, € Gr (k, d) suchthatu = A ( el vi2 Pi) if and only if

tru= Y vik and > i < X vZ|iNl, (8)

iely i€y iely

forevery r € I4—1 and every (m + 1)-tuple (Jo, . .., Jm) € LRj(m). O

Proposition 3.2. Fix the parameters (m, k, d) and the vector v.e RT, of weights. Fix also a positive
matrix S € Gl (d)™. Then,

Se 0Py <= A(S) € A(OPy) <= u = A(S) satisfies Eq. (8).

Proof. The set OPy C Gl (d) ™ is saturated by unitary equivalence. Indeed, if V € PRSy and U € U/(d),

thenV-U def {Vi U}icr,, € PRSy and U*SyU = Sy.y € OPy . This shows the first equivalence. On the
other hand, we can assure that an ordered vector u € A(OPy) if and only if g > 0 and there exists
a sequence of projections P = {Pi}ier,, € Gr (k, d) such that u = A ( el v,.2 Pi), by choosing
isometries between each K; and the respective R(P;). Hence, the second equivalence follows from
Lemma 3.1. O

Corollary 3.3. For every set (m, k, d) of parameters and every vector v e R of weights,

1. The set A(OPy) is convex.
2. Its closure A(OPy) is compact.
3. Avector p € A(OPy) \ A(OPy) <= g4 = 0. In other words,

A(OPy) N Ry = A(OPy). (9)

Proof. Denote by M the set of vectors A € (R‘iV which satisfies Eq. (8). It is clear that M is compact
and convex. But Proposition 3.2 assures that A(OPy) = M N Rio C M. This proves items 2 and 3.
Item 1 follows by the fact that also R% ; is convex. [J

Remark 3.4. With the notations of Corollary 3.3, actually A(OPy) = M. This fact is not obvious
from the inequalities of Eq. (8), but can be deduced using Lemma 3.1. Indeed, it is clear that if P €

Gr (k, d)andS,(P) & Yier, V2 Pi ¢ Gl(d)", thenSy(P) can be approximated by matrices Sy(Q) def

Diel,, sz Q; for sequences Q € Gr (k, d) such that Sy(Q) € GI(d)™. Using Lemma 4.1 and Eq. (23)
below, this means that these matrices Sy(Q) € OP,. [

3.2. The joint potential and its minimizers
Fix the parameters (m, k, d). We consider the set of dual pairs associated to PRSy :

PPy, = DP, (m, k, d) =&

{(v, W) € PRSy X RS : W ED(V)}.
Recall that, given (V, W) € DPy, the joint potential of the pair is defined as

RSP (V, W) = tr S2 + tr $3, & RSP (V) + RSP (W) € Roq. (10)
We will denote by

pv = pu(m, k, d) = inf (RSP (V, W) : (V, W) € DPy 1. (11)
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We shall need the following result from [10, Proposition 5]. We give a short proof of it in order to keep
the text self-contained.

Lemma 3.5. LetV = {Vi}ic1,, € RS. IfW € D(V) then

d
RSP V) & tr 2, > tr 552 = > 4i(5y) 7% = RSP (V). (12)
i=1

Moreover, V¥ is the unique element of D(V) which attains the lower bound in (12).
Proof. Fix another W € D(V). Then the equalities Ty}, Ty = T} Ty = Iy imply that
Ty, =Ty +A forsome A€ L(K,H) thatsatisfies AT, = 0. (13)

Note that Ty+ = Ty, S}, !, so that also A T+ = 0. Thus, Sy, = T;;, Tw = Sy# + AA* and hence

tr S}, = tr S%, +tr (AA*)” +2 Re tr (Sy» AA¥) > tr 5%, (14)
since tr (S,# AA*) > 0. Moreover, if the lower bound in Eq. (12) is attained at WV then the previous
computation forces that in this case A = 0 and hence W = V¥*. O

Now we can give a RS-version of the known result [10, Proposition 6] about vector frames.
Proposition 3.6. For every set (m, k, d) of parameters, the following properties hold:

1. The infimum py in Eq. (11) is actually a minimum.
2. Lett = 2 jer, Viz k; . For every pair (V, W) € DP, we have that

44 d*

RSP (V. W) = py > —

(15)
3. This lower bound is attained if and only if V is tight (Sy, = % Ig)and W = g y =V

Proof. Given (V, W) € DPy, Lemma 3.5 asserts that RSP (V, V¥) < RSP (v, W) and also that
equality holds only if W = V¥, Thus

d
_ # B . (632 1 (6 )2
pv= dnf RSP(V,V") = inf ;)w(sv) + Ai(Sy) 72 (16)

Consider the strongly convex map F : R% ) — R_ given by F(x) = 3¢ x? + x; %, forx € RY,.
Observe that RSP (V, V#B = F(A(Sy) ) forevery V € PRSy .By Corollary 3.3 we know that A(OPy) isa
convex subset of (R‘io) ,and it becomes also compact under a restriction of the type Aq > ¢ (for any
& > 0).Since a strongly convex function defined in a compact convex set attains its local (and therefore
global) minima at a unique point, it follows that there exists a unique Ay = Ay(m, k, d) € A(OPy)

such that
F(Ay) = min F(}) = py. (17)
LEA(OPy)
This proves item 1. Moreover, using Lagrange multipliers it is easy to see that the restriction of F to the
set (Rio), ={xe Rio : tr(x) = 7 } reaches its minimum in x = % - 1. Since A(OPy) C (Rio),
we get that
4 a

T
RSP (V, V#) =F(A(Sy)) >F (E . IL) = 122 forevery V € PRSy,
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and this lower bound is attained if and only if A(Sy) = % - 14. Note that in this case Sy, = % I, and
therefore V¥ = %V. O

In order to compute “local” minimizers for different functions defined on RS or some of its subsets,
we shall consider two different (pseudo) metrics: Given V = {Vi}icr,, and W = {Wi}ier,, € RS, we
recall the (punctual) metric:

1/2
dp(V, W) = ( > lvi— Wi”?) = Ty = Twll, = ITy, — Ty,

i€ly

We consider also the pseudo-metric defined by ds(V, W) = ||Sy — Sy ||.
Lemma 3.7. Ifa pair (V, W) € DP, is local dp-minimizer of the joint potential in DPy , then W = V¥,

Proof. By Remark 2.6 the set D(V) is convex. If W € D(V), Eq. (13) assures that T};, = T;“# + A, for
some A € L(IC, H) such that ATy, = AT, = 0.Then the line segment W; = tW + (1 — t)V* € D(V)
satisfies that Ty, = T} + tAforevery t € [0, 1]. Then Sy, = Sy# + t? AA* and

def

K(t) = RSP (V, W) = RSP (v, V¥) + t* tr (AA%)> + 26> tr T\»AA* T},

forevery t € [0, 1]. Observe that K(1) = RSP (V, W). But by taking one derivative of K one gets that
if A = 0then K is strictly increasing near t = 1, which contradicts the local dp-minimality for (v, W).
Therefore T{f\,t = T:# andw =V*. O

Remark 3.8. Let A C RS x RS and f : A — R ads-continuous map. Fix (V, W) € A. Since the
map V +— Sy, is dp-continuous, it is easy to see that f is also dp-continuous and, if (V, W) is a local
ds-minimizer of f over A, then (V, W) is also a local dp-minimizer.

Theorem 3.9. Forevery set (m, k, d) of parameters there exists Ay = Ay(m, k, d) € A(OPy) C (Rio)i
such that the following conditions are equivalent for pair (V, W) € DPy :

1. (V, W) is local ds-minimizer of the joint potential in DP,, .
2. (V, W) is global minimizer of the joint potential in DPy.
3. It holds that A(Sy) = Ay and W = V¥,

Proof. Take the vector Ay defined in Eq. (17). In the proof of Proposition 3.6 we have already seen that
a pair (V, W) € DPy is a global minimizer for RSP <= W = V¥ and A(Sy) = Ay. This means
that2 <— 3.

Suppose now that (V, W) € DPy is a local ds-minimizer. By Remark 3.8 we know that it is also a
local dp-minimizer and by Lemma 3.7 we have that W = V¥, In this case, denote A = A(S) and take
U € u(d) such that U*D, U = Sy, . Consider the line segment

h(t)y =tiy+ (1 —t)A forevery te|[0,1].

Then h(t) € A(OPy) for every t € [0, 1], since A(OPy) is a convex set (Corollary 3.3). Consider the
continuous curve Sy = U*Dp»U in OPy and a (not necessarily continuous) curve V; € PRSy such
thatSo = Sy, Vo = VandS,, = S; foreveryt € [0, 1]. Nevertheless, since the curve S; is continuous,
we can assure that the map t + )V is ds-continuous.

Finally, we can consider the map G : [0, 1] — R given by

d
G(t) =RSP(Vr, V}) = tr S7 +tr S;2 = D> hi(t)* + hi(t) "> = F(h(t)),

i=1
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for t € [0, 1], where F is the map defined after Eq. (16). Observe that G(0) = RSP (V, V¥) and
G(1) = py, by Eq. (17). Then G has local minima at t = 0 and t = 1. By computing the second
derivative of G in terms of the Hessian of F, we deduce that G must be constant, because otherwise it
would be strictly convex. From this fact we can see that the map h is also constant, so that Ay, = A.
Therefore (V, W) = (v, V¥) is a global minimizer. [J

4. The structure of minimizers

Inorder to obtain a detailed structure of the minimizers of the joint potential we present first subsection
which includes a geometrical description of PRS, and give a sufficient condition - the notion of
irreducible systems - in order that the operation of taking RS operators PRSy > V +— Sy (see
Definition 2.1) has smooth local cross-sections. We show that given an irreducible system V € PRSy
then (V, V¥) is a local minimizer if and only if V is a tight projective system, so that in this case (v, V¥)
is a global minimizer. Using these results and geometrical reduction arguments we shall deal with the
general case and obtain the geometrical structure of local minimizers.

4.1. Geometric presentation of Projective RS’s with fixed weights

In this section, we shall study several objects related with the set RS from a geometrical point of view.
In what follows we shall denote by
MiOF T fae Mg(©F :rA=1} and gl@F € MuC)F Nal@),
the set of d x d positive and positive invertible operators with fixed trace 7, endowed with the metric
and geometric structure induced by those of GI (d).
Recall that the set of projective RS’s with fixed set of weights v = (v;)icr,, € RZ is

PRSy = PRSy (m, K, d) = {{v,-}idm € PRS : ||Villsy = vi foreveryi e Hm}.

Denotebyt = >, v,-2 ki .Observethattr Sy, = > tr V{"V; = t foreveryV € PRS,.In this section,
iE]I,n iE]Im
we look for conditions which assure that the smooth map

RSO : PRSy — Gl(d)] givenby RSO(V) =S, = > V'V, (18)

iely

for every V = {Vi}ic1,, € PRSy, has smooth local cross-sections. Before giving these conditions and
the proof of their sufficiency, we need some notations and two geometrical lemmas: fix d € N. For
every k € I4, we denote by Z(k, d) = {U € L(C¥, C%) : U*U = I} the set of isometries. Given an
m-tuple k = (k;)ier, € I € N™, we denote by

1k, d) € P 1k, d) < P LK, H) =LK, H),

iely i€l

endowed with the product (differential, metric) structure (see [1] for a description of the geometrical
structure). Recall that Gr(k, d) denotes the Grassmann manifold of orthogonal projections of rank k in
CY. As before we shall denote by

def

Grk,d = @ Gr (ki, d) C L(H)™,

iely,

with the product smooth structure (see [15]).
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Lemma 4.1. Consider the smooth map ® : Z(k, d) — Gr (k, d) given by
dW) = Wi Wi, ..., W W) forevery W = {Wilicr, € Z(k, d).
Then & has smooth local cross-sections around any point P = (P;)ie1,, € Gr(k, d) toward every

W € Z(k, d) such that & (W) = P. In particular, ® is open and surjective.

Proof. Since both spaces have a product structure, it suffices to consider the case m = 1. It is clear
that the map @ is surjective.

ForeveryP € Gr (k, d),the C*®* map7p : U(d) — Gr (k, d) givenby 7p(U) = UPU* forU € U(d)
is a submersion with a smooth local cross-section (see [15])

hp:Up X {QeGr(k, d):||Q—P| <1} — u(d) suchthat hp(P) =I.

For completeness we recall that, for every Q € Up, the matrix hp(Q) is the unitary part in the polar
decomposition of the invertible matrix QP + (I — Q)(Ig — P). Then, fixed W € Z(k, d) such that
® (W) = P, we can define the following smooth local cross-section for @ :

sp.w:Up— Z(k, d) givenby sp w(Q)=hp(Q)W, forevery Q € Up. [J (19)

We shall need the following result from [25]. In order to state it we recall that, givenaset P = {P; :
j €I} € Mg(C)T, we denote the commutant of P as

P ={P:jely) ={Ae My(C):AP; =P;A forevery je€ Iy} (20)
Note that 7’ is a (closed) unital selfadjoint subalgebra of My (C). Therefore,

P’ = Cly <= there is no non-trivial orthogonal projection Q € P’. (21)

Lemma 4.2 [25, Theorem 4.2.1]. Let v = (Vj)ier, € RT, and P = {Pi}ic1,, € Gr (k, d). Denote by
T = e, vZ ki. Then themap Sy : Gr (k, d) — M4(C)] given by

def

Sv(Q = D vPQ for Q= {Qlier, € Gr(k, d) (22)

iely
is smooth and, if P satisfies that P' = Cly, then

1. The matrix Sy(P) € Gl (d)] .
2. The image of Sy contains an open neighborhood of Sy (P) in /\/ld((C)j.
3. Moreover, S, has a smooth local cross-section around S, (P) towards P. [

4.3. The set To(k, d) = (W € I(k, d) : Sy o P(W) € Gl(d)T} is open in Z(k, d). Observe that
its definition does not depend on the sequence v = (vj)icr,, € RT of weights. Moreover, the map
y 1 Zp(k, d) —> PRSy given by

yOW) = {viW}ict,, € PRSy forevery W = {Wilicr, € Zo(k, d), (23)

is a homeomorphism. Hence, using this map y we can endow PRS, with the differential structure
which makes y a diffeomorphism. With this structure, each space PRSy becomes a submanifold of
RS.Itis in this sense in which the map RSO : PRS, — Gl (d);“ defined in Eq. (18) is smooth. Indeed,
we have that

RSO =Sy0odoy !, (24)

where ® : Z(k, d) — Gr (k, d) is the smooth map defined in Lemma 4.1. Now we can give an partial
answer to the problem about the existence of local cross-section for RSO posed in the beginning of
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this section: as in the proof of Lemma 4.2 (see [25]), in order to get local cross-sections for RSO near
some system V, one needs the derivative of RSO to be surjective at V. Since this fact is equivalent to
condition (21), we introduce the notion of irreducible systems.

Definition 4.4. Letv = (vj)icy,, € RT, and V = {Vj}ie1,, € PRSy (m, K, d). We say that the system
Visirreducible if ¢, & (VV; :i€ L) =Cly.

In Section 5, we show examples of reducible and irreducible systems. See also Remark 4.7.

Theorem 4.5. Let v = (V))ic1, € RTj andt = X vi2 ki. If we fix an irreducible system V €
iely

PRSy (m, k, d), then the map RSO : PRS, — Gl (d)jr defined in Eq. (18) has a smooth local cross-

section around Sy, which sends Sy, to V.

Proof. We have to prove that there exists an open neighborhood A of Sy, in Gl (d);Ir and a smooth map
p A — PRSy suchthat RSO (p(S)) = SforeveryS € Aand p(Sy) = V.
Denote by P; = PR(Vi*) forevery i € I,;;, and consider the system

y 'O =U = {Uiicr, € Z(k, d) givenby Ui =v;'VF el(k, d) i€ ly.

Observe that ®(U) = P = {Pi}ier,, € Gr(k, d) and Sy(P) = Sy. By our hypothesis, we know
that ? = {V;'V; : i € [} = Cly.Leto : A — Gr (k, d) be the smooth section for the map
Sy : Gr (k, d) = Mq4(C)F given by Lemma 4.2. Hence A is an open neighborhood of S, = Sy(P) in
Gl(d)F,and a(Sy) = P.

Take now the cross-section f : B — Z(k, d) for the map ® : Z(k, d) — Gr (k, d) given by
Lemma 4.1, such that B is an open neighborhood of P in Gr (k, d), and that 8(P) = U.

Finally we recall the diffeomorphism y : Zo(k, d) — PRSy definedinEq.(23), whereZp(k, d) =
(W ez, d): Syod(W) e Gl (d)T} is an open subset of Z(k , d) suchthati/ € Zg(k, d). Note that
y (U) = V. Changing the first neighborhood A by some smaller open set, we can define the announced
smooth cross-section for the map RSO by

p=yofoua :Aggl(d)j — PRSy .
Following our previous steps, we see that p(Sy) = V and that

(24)

RSO Syodo y_l — RSO(p(S)) =S forevery SeA. [ (25)

4.2. Orthogonal sums of tight systems

1/2
Recall that we use in RS the metric dp(V, W) = ( > v — Wl-||§) = ||IT}, — T;, |, and the
iely,
pseudometric ds(V, W) = ||Sy — Sy || for pairs V = {V;}ie1,, and W = {Wi}ier,, € RS.

Theorem 3.9 assures that if a pair (V, W) is local ds-minimizer of the joint potential in DP , then
the minimality of (V, W) is global, so that it is also a local dp minimizer. The converse needs not to be
true.

Nevertheless, it is true under some assumptions: using Theorem 4.5 it can be deduced that if
(v, V¥ is alocal dp minimizer of the joint potential in PPy in order to assure that it is also a local dg
minimizer it suffices to assume that C, = {V;*V; : i € I,} = Cly,i.e, that Visirreducible. Moreover:

Lemma 4.6. Fix the set (m, k, d) of parameters and the weights v = (v;)je1,, € RZ,. Assume that
VY € PRS, isirreducible. Then the following conditions are equivalent:
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1. The pair (v, V¥) is local dp-minimizer of the joint potential in DPy .
2. The pair (v, V¥) is global minimizer of the joint potential in DP, .
3. The system V is tight, i.e., Sy = G l4.

Therefore in this case the vector A, of Theorem 3.9 is A, = % 14.

Proof. Since C,, = C Iy, we can apply Theorem 4.5. Then the map RSO : PRSy — Gl (d);|r defined in

Eq. (18) has a smooth local cross-section around Sy, which sends S), to V. Assume that there exists no

o € R.g suchthat Sy, = o I4. In this case there exist @, 8 € o (Sy) such that 8 > « > 0. Consider
themapg : [O, ﬁ%"] — R. given by

_ 2 -2 2 -2

g =@+ "+ @+ " +B-0"+B-0"

Then g’ (0) = 2(a — B) — 2(% — é) < 0, which shows that we can construct a continuous curve

M: [0, e] — GI(d)] suchthat M(0) = S, and
tr M(6)% 4 tr M(t)™2 < tr S +tr S;,> = RSP (v, V*) forevery te (0, ¢].

Hence, using the continuous local cross-section mentioned before, we can construct a dp-continuous
curve M : [0, § ] > PRSy such that RSO o M = M, M(0) = V and

RSP (M(t), M()*) = tr M(t)®2 + tr M(t)~2 < RSP (v, V¥) for te (0, 8].

This shows that (V, V¥) is not a local dp-minimizer of the joint potential in DPy . We have proved that
1 — 3.Note that3 — 2 follows from (15)and 2 =— 1 is trivial. O

Remark 4.7. Itis easy to see that, if the parameters (m, k, d) allow the existence of at least one irre-
ducible projective RS, then the set of irreducible systems becomes open and dense in PRSy (m, k, d).
Nevertheless, it is not usual that the minimizers are irreducible, even if they are tight (see Section 4.3
and Examples 5.1 and 5.2).

On the other hand, if the system V € PRS, is reducible, there exists a system Q = {Q_;}je]lp of
minimal projections of the unital C*-algebra C), of Definition 4.4 (with p > 1). This means that

® FachQj € C],,arld(%2 =Q' =q.
® Qisasystem of projections: Qj Qx = 0ifj # kand >y, Q = Iy
® Minimality: The algebra C,, has no proper sub projection of any Q; .

By compressing the system V to each subspace H; = R(Q;) in the natural way (see Section 4.3 below),
it can be shown that every ¥V € PRSy is an “orthogonal sum" of irreducible subsystems.

Another system of projections associated with V' are the spectral projections of Sy, : If o (Sy) =
{o1, ..., or}, we denote these projections by

def .
Py, = Pg;(Sy) = Pyer (s—oj14) € Ma(©)F, for jel,.

Recall that Sy Py, = 0j Py; and 20 Po; = Ig, so thatSy = 3/ 0} Py; .

Theorem 4.8. Fixv = (v;)ic1,, € RZ.Let (V, W) € DPy be adp-local minimizer of the joint potential
in DPy withV = {Vi}icr,, . Then

1. The RS operator Sy, € Cy = {V;*V; : i € I}
2. Ifo(Sy) = {01, ..., 0r}, thenalso Py, = Py;(Sy) € Cy foreveryi € II,.
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Proof. Recall that V € PRS, € RS and hence 0 ¢ o (Sy). On the other hand, we have already seen
in Lemma 3.7 that W must be V¥, Let 0 = {Qj}je]lp be a system of minimal projections of the unital
C*-algebra Cy, as in Remark 4.7.

Fixj € I, and denote by S; = R(Q)). For every i € I, put 7; = Vi(S;) € K;, t; = dim7; and
W; = ViQ; € L(H;, T;) .Since Q; € Gy, theneach matrix vi_1 W/ is anisometry, so that the compression
of v given by W = {Wi}ier,, € PRSy(m, t, sj), wheret = (t;, ..., tp) and s; = dim S;. Recall
that Sy, commutes with each Q;, so that also S, ! commutes with them. This implies that W¥ is the
same type of compression to RSy (m, t, s;) of the system V¥,

A straightforward computation shows that the pair (W, W¥) € Dp, (m, t, sj) is still a dp-local
minimizer of the joint potentialin DPy (m, t, s;).Indeed, the key argumentis that one can “complete”
other systems in PRSy (m, t, sj) near W (and acting in &;) with the fixed orthogonal complement
{Villg — Q) }ie1,, »getting systems in PRSy (m, K, d) near V.Itis easy to see that all the computations
involved in the joint potential work independently on each orthogonal subsystem. This shows the
minimality of (W, W¥).

Observe that W;*W; = Q;V;*V;Q; = V;*V;Q; for every i € ;. Therefore, the minimality of Q; in Gy,
shows that the system W satisfies that G, = C Is; . Hence, we can apply Lemma 4.6 on &;, and get
that Syy = o Is; for some oj > 0. But when we return to L(H), we get that Sy Qj = Xier, Vi'ViQ =
e, Wi'W; = Sy = «; Q;. In particular, o € o (Sy).

We have proved that for every j € I, there exists «j € o(Sy) such that S, Q; = «; Q; and hence
each projector Qj < Py; = Py;(Sy) . Using that ZJEHP Q; = I we see that each

Py => Q€Cy, where Jy={€el,: aj=o0y}. (26)
J€lk

Therefore also Sy = > ye1, 0k Ps, € Cy. O

4.3. Concluding remarks

Theorem 4.8 assures that if (V, V¥) is a dp-local minimizer of the joint potential in DPy , then V is an
orthogonal sum of tight systems in the following sense.

Ifo(Sy) = {o1,..., 0}, and we denote H; = R(P;;) = ker (S — ojlq) for everyj € I, then
H = @Djer, H;.By Theorem 4.8 each P,; € Cy . Then, putting d; = dim %,

ICI-,]-:VI-(H]-)QIC,- ) k,‘,j=dim]Ci)j and l(jz(lq)j, e, km,]’),

foreveryi € I, andj € I, we can define the compression of V to #; :
V = {V; Py }iel, € PRSy(m, ¥, dj) for jel.

Each of these compressions forms a tight projective RS (with the same corresponding parameters) for
H;j . Indeed, since P,; € Cy then V! is projective. Also S); = Sy Ps; = 0j Py, , which means that WV is
oj - tight. Observe that the decomposition of each W into irreducible tight systems (as in Remark 4.7)
follows from the orthogonal decomposition of {; given in Eq. (26). On the other hand, the decomposi-
tion into tight components obtained by compression to the 7;’s is optimal in the sense that the sizes
of the blocks in the decomposition (i.e., the dimensions d; = dim #;) are maximal.

In particular, every V € PRSy such that A(Sy) = Ay (the unique vector of Theorem 3.9) must
have this structure, because in this case (V, V¥) is a ds (hence also dp) local minimizer of the joint
potential in DP, . Observe that the structures of all global minimizers V share many features: Since
A(Sy) = Ay, the number r of tight components, the sizes d; and the tight constants oj for each space
H; coincide for every such minimizer .

A similar decomposition can be obtained for the canonical dual V¥ of a dp-local minimizer V &
PRSy of the joint potential. Indeed, using the definitions and notations in the beginning of this
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subsection, we can consider the compression of V¥ to each H; given by
O*Y = {07 ' Vi Po,}iet,, € PRSy (m, K, dj) for je€l,.

As in the case of V, V¥ is the orthogonal sum of the systems (V*) for j € I,. Therefore, although the
canonical dual V¥ may be not projective - indeed V¥ is projective if V; Py; = O or V; forevery i € I
andj € I - it can be decomposed as the orthogonal sum of projective tight subsystems. [

5. Examples
The following two examples are about irreducible systems.

Example 5.1. Letd = k; 4+ ky and k = (kq, ky). Assume that k; > k, . We shall see that, in this
case, there is no irreducible (Riesz) systems in PRS(2, k, d). Observe that the situation is the same
whatever the weights (vq, v;) are.

Indeed, if Vv = (Vi, V) € PRS1(2, k, d), letS; = R(V{") and P; = Ps; = V"V fori = 1, 2.
Then C? = S1 @ S (not necessarily orthogonal). Observe that dim S; = dim Sf‘ =ky and2k; > d.
Hence 7 = &; ﬂSzJ- # {0}.Since P = Pr < PyandP < I3 —P,,thenP € Cyand0 # P # Ig.
Therefore C,, # Cly.

In particular, if the decomposition Cc? = S1 @ Sy is orthogonal, then Sy, = Py + P, = I4. So, in
this case V is tight and reducible. [

Example 5.2. If m > d and k = 1,,, then PRS(m, k, d) is the set of m-vector frames for the space
CY. In this case F = {fi}ic I, € PRSisreducible <= there exists ] C I, such that ¥ # | # I,
and the subspaces span{f; : i € J} and span{f; : j ¢ J} are orthogonal.

Indeed, if A = A*,then A € Cr <= every f; is an eigenvector of A. But different eigenvalues
of A must have orthogonal subspaces of eigenvectors. Observe that in this case the set of irreducible
systems is an open and dense subset of PRSy, since it is the intersection of 2™ — 2 open dense sets
(one for each fixed nontrivial ] C I;;). [

5.3. Minimizers and majorization: Theorem 3.9 states that there exists a vector Ay = Ay(m, k, d) €
(R‘iOﬂ such thata system V € PRSy (m, k, d) satisfies that (v, V¥) is a global minimizer of the joint
potential in DPy if and only if A(Sy)) = Ay . This vector is found as the unique minimizer of the map
F(.) = X4, A2 + A2 on the convex set A(OPy).

In all the examples where A, could be explicitly computed, it satisfied a stronger condition, in
terms of majorization (see [4, Chapter II] for definitions and basic properties). We shall see that in
these examples there is a vector A € A (OPy ) such that

A < A(Sy) forevery V € PRSy (the symbol < means majorization). (27)

Observe that such a vector A € A(OP, ) must be the unique minimizer for F on A(OPy ), since the
map F is permutation invariant and convex. Hence A = A, . Moreover, those cases where Ay satisfies
Eq. (27) have some interesting properties regarding the structure of minimizers of the joint potential.
For example, that A (m, k, d) = t*Ay(m, k, d) for t > 0, a fact that is not evident at all from the
properties of these vectors.

Conjecture 5.4. Forevery set of parameters (m, k, d) andv € Rio ,the vector Ay (m, Kk, d) of Theorem
3.9 satisfies the majorization minimality of Eq. (27) on A(OPy). [

Example 5.5. Givenv = vl e R”, and d < m, the d-irregularity of v is the index

m
r=rav) & max{jel, : d—jpvi> > v,
i=j+1
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or r = 0 if this set is empty. In [24, Proposition 2.3] (see also [2, Proposition 4.5]) it is shown that for

any set of parameters (m, 1, d) and everyv = vhe RT,, there is ¢ € R such that

def

w(md) S (vF, ..., v}, cliy) € AOP(m, 1y, d))

and it satisfies Eq. (27). Therefore Ay(m, d) = Ay(m, 1,,, d) by 5.3. Thus, in the case of vector frames,
Conjecture 5.4 is known to be true. [

In the following examples we shall compute explicitly the vector Ay and the global minimizers of
the joint potential in PRSy . Since we shall use Eq. (27) as our main tool (showing Conjecture 5.4 in
these cases), we need a technical result about majorization, similar to [23, Lemma 2.2]. Recall that the
symbol <,, means weak majorization.

Lemma 5.6. Letar, ¥y € R", 8 € R™and b € R such that b < minkg, i . Then, if
tr(y, blm) < tr(e, f) and y <y @« = (v, blm) <w (a, B).

Observe that we are not assuming that (o, 8) = («, ﬁ)i.

Proof. Leth =tr fand p = % 1., . Then it is easy to see that

St bin)i < (et p)i < X (@b, ph)i forevery k€ lyim.

i€l i€l ielly
Since (y¢ , b1y = (y, b1m)Y, we can conclude that (y, blp) <y (ax, B). O

Example 5.7. Assume that trk = d. Then the elements of PRSy(m, k, d) are Riesz systems.
Assume that the weights are ordered in such a way that v = v¥. We shall see that the vector
A= (v% Ty s oon s v2m 1g,) < A(Sy) for every V € PRSy(m, k, d). Hence A satisfies Eq. (27),
and Ay = A by 5.3.

Indeed, given V = {Vi}ic1, € PRSy, consider the projections P; = v; 2 V{*V; and denote by
S; = R(P;) forevery i € I, . Then Sy = X ¢ vi2 P; and C? = @Dier,, Si where the direct sum is not
necessarily orthogonal. Let

5=€9ieﬂm_1SiSCd. P=Ps and Q=14 —P=Pg1 .

Consider the restriction A = 2?1:—11 vi2 P; € L(S)T. It is well known that the pinching matrix

A+ViPPP 0 S
M=PS,P+QS5,Q = m
0 V2, QPnQ | St

satisfies that A(M) < A(Sy). Using an inductive argument on m (the case m = 1 is trivial), for the
Riesz system Vo = {Vi|s}ier,,_, (for S) such that Sy, = A, we can assure that

Y=gy, o, VA Tk ) < AA) <w A(A+VEPPP) = in RYTkm,

Since v;; < vp—1, Lemma 5.6 assures that A = (y, v%1 1k,) < (a, B) = A(M), where 8 =
A(v2, QPmQ) € Rkm. Hence, we have proved that A < A(Sy).

Recall a system V € PRSy is a minimizer if and only if A(Sy)) = Ay = A. Now, it is easy to see that
A(Sy) = Ay if and only if the projections P; are mutually orthogonal. [
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Example 5.8. Assume that the parameters (m, k, d) satisfy that
m=2 and trk=k; +ky >d, but ky #d # k.

Fixv = (vy, v) with v{ > v,. For the space PRSy (2, k, d) the vector Ay of Theorem 3.9 and all
the global minimizers of the joint potential can be computed: Denote by

ro=ki+k —d, rn=k —r9 and 1, =k, — 9.

We shall see that the vector u = ((v%—i—v%) Ty, s vf 1, v% 1,,) satisfiesEq.(27),sothatAy(2, k, d) =
i by 5.3. Moreover, the minimizers are those systems V = (V1, V,) € PRSy such that the two pro-
jections P; = vi_2 ViV; (fori = 1, 2) commute.

Indeed, if S; = R(P;)) = R(V) fori = 1,2, then My = S; N S; has dim My = rp. Also
M; = S & Mg have dim M; = ri fori = 1, 2. Hence C¢ = Mgy L (M; & M>) and

Sy = v% Py —i—vf Py = (v% + vﬁ) P, + v% Py, + v% Py, .

Note that My L My <<= PP, = P,P1 = Py, . In this case A(Sy) = p. Otherwise, still
SV|M0 = (V% + v%) I and Sy(M1 @ Mp) = My @ M, . Hence, if we denote by T = SV‘M@MZ =
V] Pty + Vi Paty) | g ur, € UM @ Ma) T, then [|T|lgp < v§ + v3 and

[(v%+v§)lm 0} Mo
Sy =

0 T | Mg

with A(Sy) = (v} +v3) 1, . A(D) € R ).

Using Example 5.7 for the space M1 @ M, we can deduce that (v% 1, v% 1r,) < A(T). Therefore
alSOM = ((V% + V%) ]lTO ) V% ]lﬁ ’ V% ]lrz) < ((V% + V%) ]]-To 9 )"(T)) = )"(SV)

Example 5.9. Letm = 3,d = 4,k = (3, 2, 2) andv = 13.Denote by & = {e; : i € I} the
canonical basis of C*. Then MLk, 4) = (2 , 2, % , %) and a minimizer is given by any system
V = {Vi}ic1, € PRSy such that the subspaces S; = R(V;") for i € I3 are

S1 = span{e;, e, e3} , Sy =span{e;, wy} and S; =span{ey, ws},

where w, = =2 + @ and wy = =2 — @ . The fact that A(Sy) = (2, 2, % %) for such a
system V is a direct computation. On the other hand, if W = {W;}ic1, € PRS:1 (3, k, 4), then there
exist unit vectors x, € R(W;) N R(W5) and x3 € R(W;) N R(WS).

Denote by 7 = span{x, , x3}. Ifdim7 = 1 then A1 (S)y) > (Swxa, x2) = 3 and A,(Syy) > 1.1If
dim 7 = 2, using that 7 C R(WY) and x; € R(W*) fori = 2, 3, we get

A1(Sw) + A2 (Sw) > eZ]I: tr (PT Wi*Wi PT) > tr Pr + tr Pspan{x,} + I Pspan{xs) = 4.
1els
In any case, we have shown that (2, 2) <, & = (A1(S)y), A2(Sw) ). Therefore, using Lemma 5.6 we
get that (2, 2, % , %) < A(Sy) . Now, apply 5.3.

The minimizers V € PRSy such that A(Sy) = (2, 2, % , %) have some interestig properties. For
example, they are the sum of two tight systems, V¥ is not projective, and the involved projections do
not commute. More precisely, the cosine of the Friedrich angles of their images are c(S;, Sj) = % for
everyi # j.
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