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Abstract. The extended D’Alembert Principle introduced by Udwadia, Kalaba, and
Hee-Chang (1997) is analyzed in the framework developed by Vershik and Fadeev (1981)
and shown to be equivalent to the general version of the Principle of virtual work pre-
sented therein.

1. Introduction. The celebrated D’Alembert Principle or Principle of virtual work,
inspired from the analogous principle characterizing the equilibrium points of static sys-
tems, is considered the fundamental tool for describing the dynamics of systems involving
non-holonomic constraints (e.g. [5]).

It is sometimes formulated as follows: the work of the constraining force is zero for all
virtual displacement from the real trajectory (e.g. [1]).

Under rather general assumptions, this requirement, along with the constraints, allows
for computing the constraining force, and then writing down the explicit equations of
motions of the system.

A general geometric version of this principle was presented by A. M. Vershik and L.
Fadeev in [7] with no explicit consideration of virtual displacements.

One of the first statements of the D’Alembert Principle explicitly addressed to me-
chanical systems with constraints involving velocity variables in a nonlinear manner is
that of [6]. (See, for instance, [3] for examples of such constraints).

The Extended D’Alembert Principle introduced therein is based on a thorough analysis
of the concept of virtual displacements, carried out from a dynamical point of view,
yielding a rather new definition of them.

Let us recall that, traditionally, virtual displacements has been the name given to the
tangent vectors to the configuration manifold of the system satisfying the constraints [1].
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It is worth noting that, as expected, the virtual displacements as considered in [6]
coincide with the classical ones if the constraints, whether holonomic or not, are linear
in the velocity variables.

The aim of this paper is to give a geometrical interpretation of such an approach and
to show that the Extended D’Alembert Principle of [6] turns out to be equivalent to the
version of the Principle of virtual work presented in [7].

As a matter of fact, Vershik-Fadeev’s theory will have to be slightly enlarged for
dealing with time-dependent constraints, since they are not considered in [7].

2. Virtual displacements. Throughout this section we recall the analysis of the
concept of virtual displacements carried out in [6] and its corresponding extended version
of the D’Alembert Principle.

Let us consider a mechanical system having an n-dimensional manifold Q as configu-
ration space and constrained by the m restrictions

φi(q, q̇, t) = 0, i = 1, ..., m,(1)

with
φi : TQ × R −→ R

smooth functions such that k (k ≤ n) of them are independent at each (q, q̇, t) ∈ TQ×R.
The concept of virtual displacement is approached in [6] in the following way:
The actual displacement q(t) of the constrained system and its velocity q̇(t) are as-

sumed to be known at any given instant of time t. At time t + dt one has:

q(t + dt) = q(t) + (dt)q̇(t) +
(dt)2

2
q̈(t) + O(dt3).

At that instant of time, for any other possible displacement q̃(t), that is, a displacement
satisfying the constraints (1) and such that q̃(t) = q(t) and ˙̃q(t) = q̇(t), one has

q̃(t + dt) = q(t) + (dt)q̇(t) +
(dt)2

2
¨̃q(t) + O(dt3).

A virtual displacement w at time t + dt is any displacement from the actual configu-
ration q(t + dt) to a possible configuration q̃(t + dt). Thus,

w(t + dt) = q̃(t + dt) − q(t + dt) =
(dt)2

2
v(t) + O(dt3),

with v(t) = (¨̃q(t) − q̈(t)) satisfying

A(q(t), q̇(t), t)v(t) = 0,(2)

where A is the matrix with entries Aij =
∂φi

∂q̇j
.

These v(t)s just represent the virtual displacements from the trajectory q(t) at the
instant t.

It is shown in [6] that for any virtual displacement w(t + dt) there exists such a v(t)
satisfying A(q(t), q̇(t), t)v(t) = 0 and vice-versa.
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Remark 1. Even for the case of time-dependent constraints, only their derivatives
with respect to q̇ appear in the matrix A. In fact, a virtual displacement must be
“...consistent with the instantaneous constraints” [8]. “The displacement is called virtual
to distinguish it from an actual displacement of the system occurring in a time interval
dt, during which the forces and constraints may be changing.” [4]

Henceforth, the virtual displacements as defined in [6] will be called dynamical virtual
displacements.

3. The geometrical point of view. In this section, we shall analyze dynamical
virtual displacements from a geometrical point of view.

We recall that, when considered in the velocities phase space TQ, the trajectory
(q(t), q̇(t)) of a mechanical system is the lifting to TQ of its trajectory q(t) in the con-
figuration manifold Q.

Thus, if a vector field (q, u, v(q, u), w(q, u)) on TQ is tangent to a trajectory of a
mechanical system, it is necessarily a second order equation, that is, v(q, u) = u (these
fields are called special fields in [7]).

Let us notice that, on the one hand, if a vector (v, w) ∈ T(q(t0),q̇(t0))TQ is a dynam-
ical virtual displacement from (q(t), q̇(t)) at t0, then (q̇(t0), q̈(t0)) + (v, w) is tangent at
(q(t0), q̇(t0)) to the lifting (q̃(t), ˙̃q(t)) of some trajectory q̃(t) satisfying (q̃(t0), ˙̃q(t0)) =
(q(t0), q̇(t0)). Therefore, it must hold that q̇(t0) + v = ˙̃q(t0) = q̇(t0), and so v = 0. So, a
dynamical virtual displacement must be of the form (0, w).

On the other hand, if we call Σt the submanifold of TQ made up by the states satisfying
the constraints at the instant t, that is

Σt := {(q, q̇) ∈ TQ s.t. φi(q, q̇, t) = 0, for i = 1, ..., m},(3)

Eq. (2) implies that dynamical virtual displacements at the instant t must be tangent
to Σt.

Consequently, in our context, the definition of dynamical virtual displacements can
be restated in the following way:

Definition 1. Given a mechanical system whose states at time t are constrained to
belong to a submanifold Σt of TQ, its dynamical virtual displacements at (q, q̇) ∈ Σt are
the vectors w ∈ TqQ such that (0, w) ∈ T(q,q̇)Σt.

Remark 2. The vector w can be considered as an element of TqQ because of the
isomorphisms T(q,q̇)(TQ) ' TqQ × Tq̇(TqQ) and Tq̇(TqQ) ' TqQ.

In terms of the functions φi defining the constraints, the dynamical virtual displace-
ments can be characterized as follows:

Proposition 1. At a given instant of time t, a vector w ∈ TqQ is a dynamical virtual
displacement at (q, q̇) ∈ Σt if and only if

(φi(q, q̇, t))q̇dq . w = 0, for i = 1, ..., m.

Proof. At the instant of time t, the vector w ∈ TqQ is a dynamic virtual displacement
at (q, q̇) ⇔ (0, w) ∈ T(q,q̇)Σt ⇔ (φi(q, q̇, t))q̇dq . w = 0, for i = 1, ..., m. ¤
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Corollary 1. Let us define d̃φi :=
∂φi

∂q
dq +

∂φi

∂q̇
dq̇. Then, at the instant of time t,

a vector w ∈ TqQ is a dynamical virtual displacement at a point (q, q̇) satisfying the
constraints if and only if at that point

d̃φi(0, w) = 0, for i = 1, ..., m.

Proof. If, in a local coordinate patch, the vector w ∈ TqQ can be written as

w =
X

wj ∂

∂qj
, when considered as an element of Tq̇(TqQ), it reads w =

X
wj ∂

∂q̇j
.

So,

d̃φi(0, w) = (φi)q̇dq . w.

¤

Corollary 2. If the functions φi do not depend on t, a vector w ∈ TqQ is a dynamical
virtual displacement at a point (q, q̇) satisfying the constraints if and only if at that point

dφi(0, w) = 0, for i = 1, ..., m.

Proof. If φi does not depend on t, then d̃φi = dφi. ¤

Corollary 3. The dynamical virtual displacements coincide with the classical virtual
displacements in the case of restrictions that are linear in the velocity variables.

Proof. If, in a local patch, φi(q, q̇, t) =
P

j aij(q, t)q̇j , a vector w =
X

j

wj ∂

∂qj
is a

classical virtual displacement if and only if 0 =
P

j aij(q, t)wj for i = 1, ..., m. So, sinceP
j aij(q, t)wj =

P
j aij(q, t)dq̇j(w) = (φi)q̇dq . w, we get the corollary. ¤

Remark 3. It is clear that this coincidence does not occur for restrictions that are
non-linear in the velocity variables. In particular, at each t, the subspace of TqQ made
up by the dynamical virtual displacements at (q, q̇) also depends on q̇ in this case, except
for affine restrictions. Let us note that holonomic constraints are always linear in the
velocity variables.

Remark 4. As pointed out in the previous remark, the space of dynamical virtual
displacements at (q, q̇) can depend on q̇ in some cases. Then, if quasi-velocities were
introduced (e.g. [2] or [5]), they should be allowed to depend also on q̇ and not only on
q as it is classically assumed.

The Extended D’Alembert Principle of [6] can now be restated in the following way:
At each instant of time t, the constraining force must yield null work along any

dynamical virtual displacement.
Under general assumptions, it is shown in [6] that this property and the condition

dφi

µ
X +

∂

∂t

¶
= 0, for i = 1, ..., m,(4)

(or, equivalently,

d̃φi(X) = −∂φi

∂t
, for i = 1, ..., m,(5)
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with d̃φ as in Corollary 1), for the vector field X generating the dynamics of the con-
strained system, i.e., (q(t), q̇(t)) satisfying the constraints (1), determine the constraining
force.

4. The relation with Vershik-Fadeev’s approach. Let us first consider the case
of constraints φi independent of t. (Indeed, time-dependent constraints are not analyzed
in [7].)

We recall that the “invariant form” of Lagrangian mechanics introduced in [7] is just
the symplectic view of Lagrangian mechanics: if L is the Lagrangian function of the
system without taking into account the constraints, TQ is endowed with the Lagrangian
2-form ΩL = FL∗Ω, with Ω the canonical symplectic form on the momentum phase
space T ∗Q and FL the Legendre transform associated to L. Forces are represented by
horizontal 1-forms on TQ, that is, by the 1-forms on TQ vanishing on (0, v), ∀v ∈ TQ.

Remark 5. The space of horizontal 1-forms on TQ turns out to be canonically iso-
morphic to the space of 1-forms on Q in an obvious way. If θ is a horizontal 1-form on
TQ, we shall also denote by θ the associated 1-form on Q.

In particular, the force represented by θ yields no work along a vector v ∈ TqQ if and
only if, ∀w ∈ TqQ, θ(v, w) = 0 or, if we consider θ as a form on Q, θ(v) = 0.

The (second order) vector field X on TQ generating the dynamics of the system
must satisfy the equations of motion

ΩL(X , .) = dHL + β,(6)

where HL is the energy function corresponding to L, that is, HL(q, v) = FL(v)(v) −
L(q, v) and β represents the total external force. (In our case, β = ϕ + ω, with ϕ repre-
senting the explicitly known exterior force acting on the system and ω the constraining
force.)

For i = 1, ..., m, we shall denote θi the horizontal 1-forms on TQ given by

θi(v, w) = dφi(0, v).(7)

The Principle of virtual work as stated in [7] characterizes the constraining force ω as
follows:

The constraining force ω is represented by the linear combination of the 1-forms θi

with coefficients in C∞(Q) (the Lagrange multipliers) yielding

dφi(X) = 0, for i = 1, ..., m.(8)

Virtual displacements are rather hidden in this version of the Principle of virtual work.
In order to uncover them, we observe that the linear space spanned by the horizontal
1-forms θi, i.e., the space of possible constraining forces, can be characterized as follows:

Proposition 2. Let Λ be the space of linear combinations of the 1-forms θi, i = 1, ..., m

and V the space of horizontal 1-forms on TQ vanishing on the vectors (v, w) such that
dφi(0, v) = 0, i = 1, ..., m.

It holds that
Λ = V.
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Proof. It is easy to see that, ∀ (q, u) ∈ TQ, if Λq,u = {θ(q,u)s.t θ ∈ Λ} and Vq,u =
{β(q,u)s.t β ∈ V }, then dim(Λq,u) = dim(Vq,u) = k.

On the other hand, since θi(v, w) = dφi(0, v), then Λq,u ⊆ Vq,u.
Therefore,

Λq,u = Vq,u,

which implies the proposition. ¤
Now, because of this proposition, Corollary 2, and the isomorphism quoted in Remark

5, the constraining force must be represented by a 1-form θ on TQ such that θ(v) = 0
for each dynamical virtual displacement v.

Thus, the Vershik-Fadeev’s characterization of the constraining force can be restated
in the following equivalent way:

The constraining force must yield a null work along any dynamical virtual displace-
ments from the physical trajectory, which, as shown in the previous section, is the char-
acterization given in [6].

As mentioned above, Eq.(6) represents the equations of motion of any system in the
general theory developed in [7]. It plays the same role there as the second Newton Law
does in [6] for writing down the explicit equations governing the dynamics, once the
constraining force is computed.

In this way, we see that the Extended D’Alembert Principle of [6] and the version
of the Principle of virtual work introduced by A. M. Vershik and L. Fadeev in [7] are
equivalent for time-independent constraints.

For time-dependent constraints, we note that, although not considered in [7], only a
few minor modifications are needed for Vershik-Fadeev’s theory to encompass them:
i) the form ω representing the constraining force in Eq. (6), the θis defined by Eq.
(7), and the Lagrange multipliers can now depend explicitly on t and, consequently, the
equality Λ = V of Proposition 2 holds for each fixed t;
ii) Eq. (8) must be replaced by Eq. (4);
iii) the space of virtual displacements at each point can depend on t, though, as recalled
in Remark 1, for defining such displacements, the variable t is kept fixed.

Once these modifications are carried out, the equivalence between the Principles in-
troduced in [6] and [7] follows arguing as before, just by using Corollary 1 instead of
Corollary 2.
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