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Chiral symmetry and strangeness content in nuclear physics
parametrized by a medium dependent bag constant
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Abstract

Non-perturbative QCD vacuum effects at finite density are parametrized by means of a bag constant B. It is extracted from
a Nambu–Jona-Lasinio model with two or three flavors. The parameter B is used in an effective bag-like model of baryons to
study the nuclear phenomenology. We examine the nucleon structure and the thermodynamical properties of symmetric nuclear
matter, particular attention is paid to the symmetry energy and to the eventual phase transition to deconfined quark matter. An
alternative sketch of the binding mechanism of symmetric nuclear matter emerges within this approach. It is also found that the
inclusion of strangeness content in B is crucial for an appropriate description.
 2003 Published by Elsevier Science B.V.
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The low energy regime of QCD is very difficult to
manage due to its non-perturbative nature. This feature
gives rise to different methods, like sum rules and
effective models, to avoid dealing with the full theory
in the description of the hadronic phenomenology.
These approaches intend to include the symmetries of
QCD implicitly into the final results.

A simple shortcut procedure to take care of non-
perturbative vacuum contributions is the introduction
of the so-called bag constant B , in both confined and
deconfined quark phases. The former bag models used
it to account for the energy required to create a unit
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volume of the Weyl–Wigner vacuum into the com-
plex QCD ground state. In Ref. [1] two different scales
were associated to B , the higher one is related to the
condensation of gluons and consequently with the re-
covery of the scale symmetry of QCD. The lower one
is indicative of the restoration of chiral symmetry. Ap-
proximate calculations for these scales there given are
B1/4 = 245 MeV and B1/4 = 140 MeV, respectively.

Another significant aspect in the definition of the
bag parameter is its hypothetical variation with the
medium properties of the hadronic matter. Specula-
tion about the medium dependence of B has been mo-
tivated from different areas and ad-hoc phenomeno-
logical parametrizations have been proposed [2–6]. It
is expected that the gradual recovery of fundamental
symmetries with increasing density and/or tempera-
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ture modifies the vacuum structure and the value of B
accordingly.

In this work we attempt to extract a bag parame-
ter that varies with the baryonic density but carrying
the signature of the chiral symmetry and, ultimately to
examine its influence over the nuclear dynamics at fi-
nite density. For this purpose we use two rather differ-
ent theoretical descriptions of the high density regime
of the strong interacting matter and we combine them
to describe in a simplified manner the influence of
the QCD vacuum changes over the gross properties
of the nuclear matter. We have selected the Nambu–
Jona-Lasinio (NJL) model [7] to study the modifica-
tion of the QCD vacuum with increasing baryonic den-
sity and to extract a medium-dependent bag constant.
This parameter is then inserted into the Quark Me-
son Coupling (QMC) model [8,9] to describe the nu-
cleon substructure. It must be mentioned that each one
of these issues have been independently investigated
in the past, but we intend to put them together in a
novel combination. For instance, a density dependent
bag constant has been proposed within the QMC [2],
but it was initially regarded as a way to restore cer-
tain aspects of the nuclear phenomenology instead of
a manifestation of the underlying QCD vacuum. This
fact explains why the parametrization of B has been
made in terms of either the scalar σ meson mean field
or the effective nucleon mass.

Adopting the viewpoint of the early bag models,
we expect that B would carry significative information
about the fundamental symmetries and would trans-
fer it to the hadronic sector. Thus, as previously men-
tioned, the recovery of chiral and scale symmetries
with increasing density and/or temperature would have
remarkable effects over B .

The formulation of chiral invariant theories was
certainly one of the major successes in the develop-
ment of the bag models [10]. However, QMC aban-
doned this requirement since it was thought as a way
to match the bag picture of the hadron structure with
the Quantum Hadrodynamics [11] treatment of the nu-
clear many-body problem. The coupling to a scalar σ
meson plays a key role in this description, therefore
the explicit breaking of chiral symmetry seems to be
an inherent feature of the QMC formulation. In the fol-
lowing we shall see how a bag constant respecting the
chiral invariance in its definition, could modify this sit-
uation.
Our starting point is the original meaning of B ,
i.e., the energy difference between the fundamental
state with explicit realization of the symmetries and
that with symmetries spontaneously broken [12]. For
this purpose we consider the NJL for both SU(2)
and SU(3) versions of the chiral symmetries [13–15].
In the last case the flavor degeneracy is removed
introducing a heavy strange quark.

The Lagrangian density of the model is [15]

(1)L= q̄(i/∂ −m)q +L4 +L6

with qt = (u, d, s) and m = diag(mu,md,ms) is
the current mass matrix that explicitly breaks chiral
invariance. The four quarks interaction term L4 is
invariant under UL(3)×UR(3) transformations

(2)L4 =G[
(q̄λkq)

2 + (q̄iγ5λkq)
2],

where λk , k = 0, . . . ,8 are the Gell-Mann matrices
with λ0 = √

2/3 diag(1,1,1).
The six quarks term removes the redundant UA(1)

symmetry

L6 = −K{
det

[
q̄i(1 + γ5)qj

]
(3)+ det

[
q̄i(1 − γ5)qj

]}
.

Due to the development of the quark–antiquark
condensates the current quark masses acquires its large
constituent values Mk , given by the self-consistent
equations [15]

(4)Mk =mk − 4G〈q̄kqk〉 + 2K〈q̄iqi〉〈q̄j qj 〉,
with i 	= k 	= j , and the condensates are given by

〈q̄kqk〉 = Ck
= −i lim

x ′
0→x0+

∫
d4p

(2π)4
e−ip.(x ′−x) TrGk(p)

= − Nc

2π2Mk

[
ΛEΛ − pkEpk

(5)−M2
k ln

(
Λ+EΛ
pk +Epk

)]
,

where we have used the quark propagator

Gk(p)= ( /p+Mk)

×
[

1
p2 −M2

k + iε
(6)+ 2πi δ

(
p2 −M2

k

)
θ(pk − p)

]
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and Ex =
√
x2 +M2

k . We have used a non-covariant
3-momentum cutoff Λ, and explicitly included finite
density effects using the Fermi momentum pk . There-
fore, the ground state is obtained filling the quark
Fermi shell plus the Dirac sea divergent contribution.
The contribution of k-flavor nk to the total baryon den-
sity is related to its Fermi momentum by

(7)nk = Nc

3
p3
k

3π2 .

Once Eqs. (4) and (5) have been solved the energy
density for the fundamental state is evaluated by taking
the statistical average of the Hamiltonian density

εQM = Nc

8π2

∑
k

(
F(Mk,pk)− F(Mk,Λ)

)

(8)+ 2G
(
C2
u +C2

d +C2
s

) − 4KCuCdCs,

with F(M,x)= xEx(E2
x+x2)−M4 ln((x+Ex)/M).

A definite constant ε0 must be added to Eq. (8) in
order to get zero energy when no valence quarks are
present. The pressure is evaluated using the thermody-
namical relation

(9)PQM =
∑
k

µknk − εQM,

where µk = ∂εQM/∂nk is the chemical potential for
quarks of flavor k.

As above mentioned we take B as the difference
between Eq. (8) and the energy of the state with zero
quark condensates, but at the same baryonic density.
This definition is in agreement with that used in [16].
In this way a density dependent bag parameter has
been obtained, able to be used in both hadron and
quark matter since the parametrization is made in
terms of only a common conserved charge. It is ex-
pected that the flavor composition of matter affects the
density dependence of B , therefore, we examine three
different situations (a) symmetric u− d quark matter
in the SU(2) version of the model, (b) symmetric u−d
quark matter in the SU(3) version, that is the Dirac
sea contribution of strange quarks is included, and (c)
electrically neutral quark matter coexisting with lep-
tons in equilibrium by electroweak decay, a situation
of interest in astrophysical applications. Thus we have
the constraints for the quark Fermi momenta pu =
pd = p, ps = 0, n = 2Ncp3/(9π2) for the items (a),
(b) and µs = µd , µu +µe = µd , 0 =Nc(2p3

u − p3
d −
Fig. 1. The bag parameter in terms of the normalized baryon number
density.

p3
s )/3−p3

e , n=Nc(p3
u+p3

d +p3
s )/(9π2) for the case

(c). Here n stands for the baryon number density and
µe for the electron chemical potential.

For practical calculations we have usedmu =md =
5.5 MeV, ms = 140.7 MeV and the model parameters
Λ = 602.3 MeV, GΛ2 = 1.835, KΛ5 = 12.36 MeV
which were obtained by reproducing the π -, K- and
η′-meson masses together with the constant fπ [14],
for cases (b) and (c). For the item (a) instead, we
have used the parameters given in [15] for the Hartree
results in the 3-momentum cutoff approach, i.e., Λ=
653 MeV, GΛ2 = 2.14.

The density dependence obtained in our calcu-
lations is shown in Fig. 1. The SU(2) and SU(3)
schemes differ essentially in all the range, while within
the three flavor treatment the cases (b) and (c) are simi-
lar for low and medium densities. The items (a) and (c)
exhibit a steep descent at sufficiently high densities, in
contrast with case (b) that keeps a large constant value.
The cause of this behavior is that the strange conden-
sate does not melt in (b) as the non-strange ones do. In
turn this is due to the lack of the valence strange quark
contribution, as confirmed by the sudden splitting of
the curves (b) and (c) at n � 4.5n0 shown in Fig. 1.
The fast decrease of the graph corresponding to (c) co-
incides with the turning up of the strange quark into
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the Fermi sea. Therefore, the large asymptotic value
shown by the SU(3) approach for the symmetric u−d
matter can be assigned to the constraint of null strange
Fermi momentum.

The resulting B parameter can be used to eval-
uate nuclear matter properties. For this purpose we
have selected a bag-like model that provides a satis-
factory description of a wide range of nuclear phenom-
ena, the QMC model [8,9]. Within the QMC baryons
are regarded as non-overlapping spherical bags, where
three valence quarks are confined. These quarks inter-
act with its surrounding media by the interchange of
light σ and ω-mesons, as suggested by the successful
Quantum Hadrodynamics models [11]. Inside the bag
the quark fields obey the mean-field equation

(10)
(
iγ µ∂µ − gkωγ 0ω0 −m∗

k

)
qk(x)= 0,

where m∗
k = mk − gkσ σ , since within the bag there is

only a small breakdown of chiral symmetry we use the
current value of the quark masses mk . In Eq. (10) σ
and ω0 stand for the mean field values of the meson
fields evaluated in the dense hadronic medium and
gkσ,ω are the quark–meson coupling constants. The
solutions of this equation is [9]

(11)

qk(r, t)= N−1/2 e
−iεkt
√

4π

(
j0(xk r/R)

iβk �σ .r̂j1(xk r/R)

)
χk,

where χk is the quark spinor and

εk = Ωk

R
+ gkωω0,

N =R3[2Ωk(Ωk − 1)+Rm∗
k

]j2
0 (xk)

x2
k

,

(12)βk =
[
Ωk −Rm∗

k

Ωk +Rm∗
k

]1/2

with Ωk = [x2
k + (Rm∗

k)
2]1/2. The eigenvalue xk is

solution of the equation

(13)j0(xk)= βkj1(xk)

which arises from the condition of zero quark current
through the bag surface.
In this model the ground state bag energy is identified
with the baryon mass M∗,

(14)M∗ =
∑
k NkΩk − z0

R
+ 4

3
πBR3,
whereNk is the number of quarks of flavor k inside the
bag. As usual in the bag model, two phenomenological
corrective terms are added to the quark energy: the one
containing z0 amends the single particle spectrum and
the other, proportional to the bag volume, represents
the energy required to create a Weyl–Wigner bubble in
the complex QCD vacuum. The last one has acquired
a density dependence in our approach.

The bag radius adjusts to maintain the confinement
volume in equilibrium with it surrounding media.
Thus once B is given and z0 fixed to reproduce
the baryon mass at zero baryon density, the bag
radius R is determined by the equilibrium condition
dM∗/dR = 0.

Density dependent bag parameters have been pro-
posed previously within the QMC description [2–4].
Formerly it was regarded as a way to restore the phe-
nomenology of σ − ω fields at the saturation nuclear
density n0 = 0.15 fm−3 [2]. However, the density de-
pendence of B was guessed by means of the effec-
tive nucleon mass or by the σ -mean field, thus its re-
lation with the underlying theory was not clear. In-
stead a phenomenological relation between B and the
equation of state of nuclear matter was the proposal
in [3], and restriction to experimental electron scatter-
ing analysis was imposed in [4]. The decrease of B at
0.7n0 is of 55% and 22% for curves (a) and (b), (c),
respectively. In the last case it is only a few percent
above the upper bound of 10–17% established in [4].
Based on different grounds, the necessity of a variable
bag parameter was claimed in [6] in order to describe
appropriately the structure of neutron stars.

Next we shall examine the behavior of symmetric
nuclear matter at medium and high densities under
the varying B-parameter that includes the signatures
of the chiral symmetry of the strong interaction,
considering two or three flavors contributions.

The thermodynamical properties in the QMC model
are evaluated regarding nucleons as quasi-particles
with single particle spectrum εp = √

p2 +M∗2 +
gωω0, where the effective nucleon mass must be eval-
uated from Eq. (14). The energy density and the pres-
sure for symmetric nuclear matter are, therefore [9]

(15)εNM = 1
4π2F

(
M∗,pF

) + 1
2
(
m2
σ σ

2 +mω2ω2),
(16)PNM = nεpF − εNM.
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In Eq. (15) the energy of mesons has been included,
pF is the nucleon Fermi momentum related with the
baryon density n= 2p3

F /(3π
2), and conditions of ho-

mogeneity and static equilibrium has been assumed.
The symmetry energy of nuclear matter is a very
significative quantity to understand a variety of nu-
clear processes at medium and high densities [17].
For example, it has a crucial role in the dynamics
and structure of neutron stars, as well as in the com-
position of matter in heavy-ion collisions. However,
its behavior far from the normal nuclear density is
poorly known experimentally, and theoretical predic-
tions range over a wide and sometimes contradictory
qualitative results. For a linear nucleon-ρ meson cou-
pling the energy symmetry for symmetric nuclear mat-
ter is

(17)εsym = 1
8

(
gρ

mρ

)2
n+ p2

F

6
√
p2
F +M∗2

.

The mesons mean field values have not been
determined yet, they can be obtained minimizing the
energy density with respect to σ and ω. This leads to

σ = − 1
2π2m2

σ

∂M∗

∂σ

(18)

×
[
pF

√
p2
F +M∗2 −M∗2 sinh−1(pF /M∗)],

(19)ω = gω

m2
ω

n.

The nucleon–meson couplings are expressed in terms
of the quark–meson couplings as gσ = 3gkσ , gω =
3gkω . Numerical values can be assigned reproducing
the conditions of nuclear matter at the saturation den-
sity n0. Meaningfully it is found in the SU(3) treat-
ment that, for a certain value of the binding energy,
one can do calculations without the σ -meson coupling,
i.e., gkσ = 0. Thus we choose the values PNM(n0)= 0,
εNM(n0)−M0 = −16.807 MeV for the pressure and
the binding energy at the normal density. If the vector–
isovector meson ρ is also considered, then the corre-
sponding coupling constant gρ = gkρ can be deduced
equating the symmetry energy εsym = (∂εN/∂n) at n0
to its phenomenological value εsym = 34 MeV. The
coupling constants obtained under these assumptions
are shown in Table 1.
Table 1
Coupling constants for the QMC model for the cases considered:
(a) and (b) correspond to medium dependent B obtained from a
Nambu–Jona-Lasinio model with SU(2) and SU(3) chiral symme-
tries, respectively, (d1) and (d2) correspond to the constant B fixed
at the zero density value of (a) and (b), respectively. In the last two
columns the zero density value of the bag parameter and the bag
radius are shown

Case gσ gω gρ B
1/4
0 (MeV) R0 (fm)

(a) 11.97 16.46 8.43 165.06 0.83
(b) 0.00 6.00 9.53 217.59 0.57
(d1) 17.39 8.26 9.17 165.06 0.83
(d2) 18.30 9.23 9.04 217.59 0.57

Numerical calculations have been developed taking
mσ = 2.787 fm−1, mω = 3.968 fm−1, and mρ =
3.902 fm−1 for the meson masses, Mp = 4.755 fm−1,
Mn = 4.761 fm−1 for the nucleon masses at zero
baryon density. For the sake of comparison we have
also carried out calculations with the standard fixed B
treatment (in the following labelled case (d)).

Some results for the in-medium nucleon properties
are displayed in Fig. 2. The neutron mass is uniformly
decreasing, the falling at n0 is approximately 10%
in the SU(3) treatment, 20–25% in the constant B
option and of an excessively high 40% in the SU(2)
case. The behavior of the bag radius in terms of the
baryon density is shown in Fig. 2, the cases (b) and
(d) provide a radius with a bounded variation. In
particular, for the approach (b) an increasing radius
is obtained whose growth saturates 15% over its zero
density value. Instead for case (a) a monotonously
increasing radius is obtained, exceeding the limit of
validity of the model. The large increment of the bag
radius yields a violation of the non-overlapping bag
hypothesis at n � n0, thus we may conclude that the
two flavor description of the bag parameter is not able
of true physical consideration. In the three flavor case
this assumption is also broken down but at the higher
density n� 6n0.

The results for the pressure and the symmetry
energy are shown in Fig. 3, it can be seen that the
softest equation of state at high densities corresponds
to (d). The nuclear compressibility κ = 9 ∂PNM/∂n
takes on the values 310 and 335 MeV/fm3 at n = n0
for the (d) and (b) approaches, respectively. For the
symmetry energy all the results are very similar for
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Fig. 2. In-medium nucleon properties as functions of the normalized
baryon number density. In the upper figure the effective neutron
mass relative to its value at zero baryon number density, in the lower
figure the equilibrium bag radius. The line convention is explained
in each figure, the labels (a), (b) and (d) have the same meaning as in
the text. In the last case we have taken two different constant values
for B obtained at zero baryon density in the treatments (a) and (b).

low densities and differences becomes sensible only
beyond n/n0 ∼ 2.5.

Thermodynamical quantities are similar in the ap-
proaches (b) and (d), corresponding greater pressures
and lower symmetry energy to the instance (b). Instead
nucleon mass and radius have distinguishing behaviors
in all the range of densities.
Fig. 3. Thermodynamical properties of symmetric nuclear matter as
functions of the normalized baryon number density. In the upper
figure the symmetry energy and the pressure in the lower panel. For
the line convention see the explanation in Fig. 2.

The medium dependent B description has an upper
bound of applicability given by the point where
bags start to overlap, unless new physical aspects
arise before this situation is reached. This could be
the case if a deconfinement phase transition take
place. To examine this possibility we have compared
the equation of state obtained previously with that
corresponding to quark matter. The Gibbs criterium
for phase transitions PNM = PQM andµn = 2µd+µu
is adopted, and variable or fixed B is used. Thus a first
order phase transition is found only for the case (a),
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but at so high density that QMC model assumptions
have been violated. Not transition at all is found for
the cases (b).

In this Letter we have studied the effects of in-
cluding the chiral symmetry of QCD and the strange
degree of freedom in the definition of the bag pa-
rameter B . This has been obtained from a Nambu–
Jona-Lasinio model with two or three flavors, at finite
baryon density. Since baryon number is a conserved
charge of both quark and hadron matter, the quantity
B obtained can be regarded as medium-dependent and
applied to examine nucleon properties and the nuclear
matter equation of state. Thus our results for B are
based on a dynamical effective model of QCD, in con-
trast with previous calculations that used ad hoc para-
metrizations in terms of the σ -meson mean field. The
description in terms of only non-strange quarks must
be discarded, i.e., the bag parameter must include the
strange vacuum contribution even for the description
of ordinary nuclear matter. Within the SU(3) scheme
we have found that the behavior of B strongly depends
on the composition of matter at medium and high den-
sities.

For the hadronic phase we used the QMC model of
confined quarks coupled to mesons, that allows us to
extract the confinement volume medium-dependence.
From the comparison of the items (b) and (d) we
conclude that the case (b) does not need of the σ
meson to appropriately describe the properties of
nuclear matter. Therefore, the saturation mechanism
differs from those of Quantum Hadrodynamics, the at-
tractive contribution is provided by the interplay be-
tween many-body effects and the modification of the
hadronic phase vacuum. Avoiding a direct coupling
between quarks and the σ -meson opens new possibil-
ities such as a chiral extension of the QMC, or could
eliminate the unpleasant features reported in [18].

We have not found any first order phase transition
from symmetric nuclear matter to quark matter, but
this could be a failure of the approach that could be
mended including quark correlations between neigh-
boring bags in the high density regime of the hadronic
phase [19].
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