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Abstract

For each n x n positive semidefinite matrix A we define the minimal index 7/ (A) =max{A >
0: Ao B > AB for all B > 0} and, for each norm N, the N-index Iy (A) = min{N(A o B) :
B > 0 and N(B) = 1}, where A o B = [a;;b;;] is the Hadamard or Schur product of A =
[a;j] and B = [b;j] and B > O means that B is a positive semidefinite matrix. A comparison
between these indexes is done, for different choices of the norm N. As an application we find,
for each bounded invertible selfadjoint operator S on a Hilbert space, the best constant M (S)
such that [|[STS + S~ITS~ 1| > M(S)|T| for all T = 0. © 2001 Published by Elsevier
Science Inc.

AMS classification: 47A30; 47B15
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1. Introduction

Given A = [a;;], B = [b;j] € M, = M,,(C), the algebra of n x n matrices over
C, denote by A o B the Hadamard product [a;;b;;]. In this paper A > 0 means
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that A is positive semidefinite; P, = {A € M, : A > 0} denotes the set of positive
semidefinite matrices.

Every A € M,, defines a linear map @4 : M,, — M, given by ®4(B) = Ao B
for B € M,,. By Schur’s product theorem [22] (see also [14, 7.5.3]) Ao B € P, if
A, B € P, sothat @4 is a positive linear map. Actually it is completely positive, i.e.,
the inflation map (155\"1), which acts entrywise as @4 on M,,(M,), is positive for all
m € N; see [20, Proposition 1.2].

In [23], the second author studied conditions under which

max {A > 0: @4(B) = AB, VB € P,} =inf{|®a(B)|| : B € P,, |B| = 1}.

The problem comes from the theory of conditional expectations. A conditional ex-
pectation on a C*-algebra .o/ is a norm one projection & : .&/ — .o/ such that &(.o7)
is a sub-C*-algebra of .«7. Every conditional expectation & satisfies the condition

sup {1 > 0:[|€@)]l = Alla|| Va € o/}
=sup{L>0:6() >raVae 4}, (D

where /1 = {c € &/ : ¢ > 0}. The inverse of this number is called the index of &
and it is useful in the classification of inclusions of subalgebras of C*-algebras. Note
that a conditional expectation is completely positive. If & : .o/ — o/ is a completely
positive map that is not a conditional expectation, (1) fails in general and the problem
arises of characterizing those & such that (1) holds.

For A € P, define the minimal index I(A) =max{AL >0:AoB > AB VB €
P, } and the N-index Iy(A) = max{A > 0: N(Ao B) > AN(B), VB € P,} for any
given norm N on M,,. We are mainly concerned with Schatten norms || - ||, for p =
1, 2, and oo; we use the shorter notations I;, I>, and Isp for Iy, Iy.1,> and Iy,
respectively. Isp, is called the spectral index.

If o = M,, every conditional expectation & has the form &(C) = UPy
(U*CU)U*, where U € M, is unitary and A € P, is a direct sum of matrices whose
entries are all equal to one. In this case, Ind(&) ! = 1/k = I;,(A) = I(A), where
k is the number of diagonal blocks of A. We remove the inverse in our definition of
minimal and N-index in order to avoid complications when the index is zero.

For references on the norm of @4, see [2,3,9-11,17,19,20] and references in-
cluded therein. There is an extensive bibliography about the index of conditional
expectations; see [21] and its references. For a deep study of the index theory of
completely positive maps on operator algebras, see [5,12].

This paper compares these notions of index and investigates how to compute
them. The results obtained are useful in the study of certain operator inequalities.
Recall that if L(2#) is the algebra of bounded linear operators on a Hilbert space #
and § € L(J) is a selfadjoint invertible operator, then

ISTS + S TS~ = 27|

forall T € L(#) [4]. It is natural to ask whether 2 is the best constant for each fixed
S. Using a reduction to the finite dimensional case and a criterion for computing
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Isp(B) for matrices B € P, such that B > 0, in terms of the principal submatrices
of B (see Corollary 4.6), we are able to find for each S, the best constant M (S) such
that [|STS + S™ITS~!| = M(S)||T| forall T > 0.

In this paper we write A > 0 for matrices (or vectors) with nonnegative entries.
We write A> BorA> Bif A— B >0or A— B >0, respectively. R(A) is the
range of A and ker A is the kernel of A, where A is thought of as acting on C". AT
is the transpose matrix of A, A= [a;;] is the conjugate matrix of A, and A* = KT.
p(A) is the spectral radius of A and AT is the Moore—Penrose pseudoinverse of A.
Throughout, p denotes the vector (1, ..., DT and E denotes the matrix ppT, which
has all its entries equal to 1.

Section 2 contains some elementary characterizations of the minimal index. We
prove that, for a given A € P,, I(A) > 0 if and only if p € R(A); and, in this case,
I(A)~! is the spectral radius of ATE.

Section 3 is devoted to a comparison of the minimal index with the spectral index.
The main result in this section is the following: if A € P,, A > 0, and there exists
avectoru € A™! ({p}) such that u > 0, then I (A) = I,(A). The converse holds if
1(A) # 0, without the hypothesis that A > 0.

In Section 4 we compare the indexes associated with the spectral and the Frobenius
norms. The main result here is that I,(A) = Isp(z o A)l/2 for every A € P,. As
a consequence of the proof of this result we compute /Is,(B) for matrices B € P,
such that B > 0, in terms of the principal submatrices of B (see Corollary 4.6).
This criterion is the main tool used in Section 5, where we compute the minimal
and spectral indexes of A = [A;A; + 1/A;A;] for any n-tuple of positive numbers
A1, ..., A, and use them to find, for each bounded Hermitian invertible operator S
on a Hilbert space 2, the number

M(S) = inf{||STS+S—1TS—1|| T =0, |T| = 1}. )

For example, if || S|| < 1, then M(S) = ||S|I*> + ||S|| 2.

2. Elementary properties of the index
Let us give more detailed definitions:

Definition 2.1. The Hadamard minimal index of A € P, is

I(A)=max{A >0:AoB = ABVB € P,}
0: (P4 —r1d)B = 0forall B € P,}
0:A—LE = 0}.

=max {k >
=max {k >

The last equality follows from the fact that for C € M,,, the map @¢ is positive if
and only if C > 0.
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Definition 2.2. Given a norm N in M,,, the Hadamard N-index for A € P, is

In(A)=max {A >0: N(AoB) > AN(B)VB € P,}
=min{N(AoB): B € P, and N(B) = 1}.

The index associated with the spectral norm || - || is denoted by I, (-); we call it the
spectral index. The index associated with the Frobenius norm || - |2 is denoted by
L().

Example 2.3. Let A = [a;;] and B = [b;j] € P,. Then, if || - ||; denotes the trace

norm,
n

n
IBll, =t(B)=) bii and |[|AoB|, =t(AoB)=Y_ aibi.
i=1 i=1
From these identities it is easy to see that, if /(-) denotes the associated index, then
11 (A) = minj¢;<p ai; forevery A € P,.

Remark 2.4. Estimation of the N-index of a matrix A can be seen as an inequality,
namely, N(A o B) > Iy(A)N(B) for every B € P,. It would also be interesting to
get such inequalities without the restriction B > 0 (of course, for matrices A without
zero entries). But in this case, the constant involved is the inverse of the norm in-
duced by N of the map @¢, where ¢;; = a;; ' The computation of such norms is well
known (see [9-11,17,19,20]). For the index associated with the Frobenius norm, the
computation of an infimum without the restriction B > 0 becomes trivial, but with
this restriction it is certainly not trivial, as shown in Theorem 4.3.

2.1. The minimal index I (A)

The index I (-) is called minimal because I (A) < Iy (A) for every unitary invari-
ant norm N. Indeed, given B € P,, then A o B > [(A)B and, by Weyl’s monoton-
icity theorem, s; (A o B) > I (A)s;(B)), 1 <i < n (where s; denote the ith singular
value). Therefore N(A o B) > I(A)N(B) by Ky Fan’s dominance theorem; see [15,
3.5.9].

Given B, C > 0 the following relation holds:

max {@ > 0:aC < B} = |C'2BCY?7! = pBTO)L. 3)

In fact, if B is nonsingular, (3) follows from [14, 7.7.3] (see also [1,6,13,16]). If B
has rank r < n, there exist a unitary matrix U and

A1 0
=[5 )
such that A is an r-by-r invertible matrix and B = UAU*. If « > 0 and B > aC
then, setting
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D— [Dn D121| — Utcu.

D}, Dxn
we get
A 0]
|: 0 O] =A>aD

so that D> = 0 and, then, D17 = 0. Therefore A; > a D1 and, by the nonsingular
case, p(Al_an) < «. The result follows by observing that ,o(/ll_1 Di1) = p(BTO).
Observe also that the block structure of D and the invertibility of A; imply the
inclusion R(C) C R(B).

Taking B=A and C = FE in (3) we get [(A) =max{e >20: A > aFE} =
p(ATE)~! for every A € P, such that p € R(A). This proves part of the following
result.

Proposition 2.5. Let A € P,. Then [(A) # 0 if and only if the vector p belongs to
R(A). In this case, for any vectory such that Ay = p, we have

n -1
1(A) = p(ATE)y ' =(y.p)7' = <ZY:‘> : “4)
i=1

Proof. By definition, /(A) # 0 if and only if there exists « > 0 such that A > «E.
By the comments following (3), this means that R(E) C R(A) or, since p spans
R(E), that p € R(A). Finally, I(A)~!' = p(ATE) = p(ATpp") = p(pTATp) =
pTA"p = (ATp, p), and A(ATp) = p. If y is any vector such that Ay = p, then
y—A'pekerA =R(A)",s0(y,p)=(ATp, p). O

Proposition 2.6. Let A € P,. Then I(A) = min{(z, Az) : > |,z = 1}.

Proof. If (z, p) = 1,then (z, Az) > I(A)(z, Ez) = I(A) z*pp*z = I (A)(z, p)*
I(A).If p € R(A),let x € C" be such that Ax = p. Then z = I (A)x satisfies (z, p
=1(A) (x,p) =1 and (z, Az) = I(A)(z, p) = I(A) by Proposition 2.5. I
p ¢ R(A) = (ker A)*, then there exists z € ker A such that (z, p) = 1 and (z, Az)
0=1I(4). O

—. ~

Remark 2.7. Using Proposition 3.9 of [23] and the results of this section, it is easy
to see that, for all A € P, and m € N, the inflation matrix A®™ = E,, ® A (where
En € Py has all its entries equal to 1) satisfies Ip(A™) = Ip(A) and 1(A™) =
I(A). Note that the inflation map @E\m) = @ 4. Therefore the indexes of @4 are
invariant under inflations and are invariants of @4 as a completely positive map.
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2.2. In(A) for general norms

Let A € P, and let N be a norm in M,,. If Iy(A) = 0, there is some positive
semidefinite matrix C such that N(C) =1 (so C # 0) and N(A o C) = 0. But then
Ao C =0,s0c;j =0whenevera;; # 0.1fall a;; # 0, then all ¢;; = 0, which forces
C = 0. This contradiction shows that if all a;; # 0, then Iy (A) > 0. Conversely, if
some a;; = 0 justtake C = E;;/N(E;;),s0 I(A) < N(A o C) = 0. Thus,

IN(A) >0 ifandonlyif allag;; > 0. (®)]
LetJ C {1,2,...,n}andlet A; denote the principal submatrix of A associated with
J. Then, minimality ensures that

In(A) < IN(A)). (6)

Remark 2.8. Let A € P,. Then, it can be shown that for every unitary invariant

norm N, the following properties hold:

1. If A has rank 1, then Iy (A) = minj<;<, Ajj-

2. If A is positive and diagonal, then Iy (D) = N'(D~1)~! = (15/(511_11, e aphTh
where N’ is the dual norm of N and @' is the symmetric gauge function on R"
associated with N'; see [7, Chapter IV].

Proposition 3.2 of [23] tells us that
Ip(A) = inf {Ip(D): A < D and D is diagonal} , (7)

and one could hope that a similar formula holds for any norm, but it does not. In fact,
Corollary 4.4 says that, for every A € P, and the Frobenius norm,

" —12
I (A)=inf (Z Dl.l.2> : D is diagonal and A o A < D
1

:inf{]2(D): D is diagonal and A o A< D2} . ®)

Note that the condition A o0 A < D? is strictly less restrictive than A < D (the re-
verse implication follows from Schur’s theorem). Nevertheless, Eq. (8) allows one
to compute the 2-index for every positive semidefinite matrix using only diagonal
matrices. We intend to study this type of characterizations of Iy (A) for general
norms in a forthcoming paper.

3. 1(A) = Ip(A)

In this section we characterize those matrices A € P, such that /(A) = I, (A).
In [23] it is shown that for
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a b
A=<B C>€P2,

0% Ip(A) =1(A) & beR and 0<b < min{a,c} #0. )

This is easily seen to be equivalent to the conditions

1. A>0.

2. There exists a vector z > 0 such that Az = (1, 1)T (if A is invertible, this means
that A=1(1, DT > 0).

We prove that, for positive semidefinite matrices of any size with nonnegative entries,

condition 2 is equivalent to the identity /s,(A) = I (A). But first we need two lem-

mas:

Lemma3.1. Let A€ P,and L ={z € R" : ), z; = 1}. Consider the sets
Vi={zeL:(Az,z) =1(A)} and Va={zeL:Az=1(A)p}.

Then Vi = V5 # (. Moreover, any local extreme point of the map G : L — R given
by G(z) = (Az,z), belongs to V.

Proof. It is clear that V, C V. By Proposition 2.6, I (A) < min{(Av, v): v € L}.
Thenthemap G : L — Rgivenby G(z) = (Az,z) = Zi,j a;jzjz; is differentiable
and bounded from below. Thus G must have a minimum, which is also a critical
point. Let the columns of X € M, ,—1 be a basis for the orthogonal complement of
p. Then we seek the unconstrained minimum of

Q€)= G(X5+p/n)
=(A(X§ + p/n), (XE + p/n))
= (X + p/m)" AXE + p/n)
overall ¢ € R"!. But Vo(¢) = 2XTA (X& + p/n) = 0 says that at a critical point
&y, Azo = Ap for some A, where zo = X&) + p/n € L. But, in that case,
I(A) < (Azo,z0) = A(p,z0) =A.
If I(A) =0, then > =0, because p ¢ R(A), by Proposition 2.5. If /(A) > 0, then
also A = I(A), because y = A~ !zq satisfies Ay = p and
b= (Azo,20) =2 (Ay,y) =22 1(A)7".
So & € R"! is a critical point of @ if and only if zo = X&) + p/n € V;. Since

each local extreme must be a critical point, this shows that ¢ #= V| C V, and the
final assertion is proved. [

Lemma 3.2. Let A € M, and suppose x € C" with ||x||=1. Let y=xo0X =
(il T
1. If Ay = Ap for some A € C, then (A o xx™)x = Ax.
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2. Conversely, if all x; #+ 0 and (A o xx™)x = Ax for some A € C, then Ay = Ap.
If A € P,, the eigenvalue )\ of the matrix A o xx™ associated with the vector x must
be I(A) and Ay = I(A) p.

Proof. Suppose that Ay = Ap. Then

X1
(A oxx™)x=(ajjxix;)
Xn

(X arjlxj1?) x

(X anjlxj1%) xn

(Ay)1 x1

= = AX. (10)
(Ay)n xn

Eq. (10) shows that if all x; # 0 and (A o xx*)x = Ax, then Ay = Ap.If A € P, and
I(A) =0, then A = 0 because p ¢ R(A).If I(A) # 0, then p € R(A) = (ker A)L.

So Ay # Obecause 1 = ||x||> = (p,y) #0.Theni = 0.Ifz = A~ !y, then Az = p
and 1 = (p,y) =A (Az,z) = A I(A)~!, by Proposition 2.5, 4 = I(A). O

Theorem 3.3. Let A € P,.
L. If Isp(A) = I(A) # 0, then there exists a vector u > 0 such that Au = p.
2. If A > 0 and there exists a vector u > 0 such that Au = p, then Ip(A) = I (A).

Proof.

1. Observe that I(A)B < Ao B < ||Ao B||I. By Lemma 2.1 of [23], there ex-
ists x € R" such that ||x|| =1 and Is,(A) = [|A o xx™||. So, if y = x ox, then
(y, p) =1and

I(A)xxT < DyAD, < I(A)],
which implies that
I1(A) = I(A)(x"x)?> <xTDyADx = yTAy < I(A)xTx = I (A).
We have (Ay,y) =1(A), y >0 and (y, p) = 1. Then, by Lemma 3.1, Ay =
I(A)p. Take u = I(A)~y.
2. Let u be a nonnegative vector such that Au = p. Let y = I(A)u and x = (yll/z,
..,y,i/z)T. Note that ||x2|| = (y, p) = 1. By Lemma 3.2 we know that x is an
eigenvector of A o xx* with eigenvalue 7 (A). Recall that always I (A) < Ip(A).

Case 1. Suppose that x has strictly positive entries. Since A o xx™ > 0, it is well
known (see Corollary 8.1.30 of [14]) that the eigenvalue /(A) of x must be the
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spectral radius of A o xx*. Since A o xx* € P, we deduce that I (A) = ||A o xx™||
> Ip(A).

Case 2. Let J = {i : x; # 0}, A, the principal submatrix of A determined by the
indexes of J and similarly define x;. Then x; is an eigenvector of Ay oxjxj
with eigenvalue /(A). Note also that Ay o xyx7j > I(Aj)x;x} and x;x75(x;) =
lx 7 ||2x1 = xy. Then

0< ((Ajoxyxy —I(Apxsxxy, x5y =1(A) —I1(A))
and, by the definition of I, I (A;) = I(A). Now, as in Case 1, we can deduce that
I(A)=1(Ay) = Ay OijjH P Isp(AJ) = Isp(A),

where the last inequality holds by (6). [

Corollary 3.4. Let A € P, suchthat A > 0 and Is,(A) = 1(A). Let u be a nonneg-
ative vector such that Au = p and y = 1(A) u.

1. Let x = (yll/z, cee y,l,/z)T. Then ||x|| =1 and ||A o xx™*|| = Isp(A).

2. Let J = {i : u; # 0} and denote by A the principal submatrix of A determined

byJ. Then I(A) = I1(Ay) = Ip(Ay) = Ip(A).
Proof. This follows from the proof of Theorem 3.3. [J

Remark 3.5. In Theorem 3.3(2), the hypothesis that A > 0 is essential. Indeed,
consider

A=<_21 _11> and u= (237

Then Au = (1, )T but 1/5 = I(A) + Ip(A) = 1. For A € P,, we conjecture that
I(A) = I(sp, A) # 0 implies that A > 0, as in the 2 x 2 case.

4. Ip(A) and I>(A)

In this section we study the relation between the indexes associated with the
spectral and Frobenius norms. In Lemma 2.1 of [23] it is shown that the index I (+)
is always attained at rank-1 projections. The index I;(-) has the same property (see
Example 2.3). It is natural to conjecture that the same result holds for any unitary
invariant norm N. We show that the conjecture is true for the Frobenius norm:

Proposition4.1. Let A € P,,. Then there exists an x € C" such that | x|| = 1 and
I (A) = ||A o xx™|2. That is, I>(A) is attained at a rank-1 projection.
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Proof. Let A =max{u >0:||Ao Bl2 > u||B|l2 for all B € P, with rank 1}.
By its definition A > I>(A). Let us prove that |A o Bl > A| B|2 for all B € P,.
Indeed, for B > 0, write B = Z{;l B;, where each B; has rank 1, B; € P,, and
BiBj =0ifi 75 ] Then

k k
A|BIZ = A2 B2 <) Ao Bl
= i=1
On the other hand, using tr(XY) > O for positive semidefinite matrices X and Y,

|A o BI3=tr((A o B)*(A o B)) = Ztr(A o B)*(Ao Bj)
ij

>) (Ao B) (Ao B) =) AoBil;. O
i i

Proposition 4.2. Let A € P,.

1. There exists a nonnegative vector x such that ||x|| = 1 and ||A o xx*||2 = I>(A).

2. Any such vector x satisfies (A o Aoxx®)x = I(By)x,where B=AoAandJ =
{i : xi #+0}L

Proof. Letybe aunit vector such that || A o yy*|l2 = I(A). Letx; = |y;|. Itis easily
checked that ||lx|| = 1 and ||A o xx*[|2 = [|A o yy*|l2 = I2(A), which proves4 2(1).
Let B=AoA € P,.Lety be a nonnegative unit vector and let z = (yl, ceey yn)T
Then

1A 0 yy* I3 =Y " laijI*y7y; =) bijzjzi = (Bz,2)
iJ iJj

and Y 7 z; = 1. Moreover, ||A o yy*|l, = I>(A) if and only if (Bz, z) is the min-
imum of the map G(v) = (Bv, v) restricted to the simplex 4 ={v e R": v >0
and ) ] v; = 1}. Using Lemma 3.1, we know that if z belongs to the interior 4°
of 4, then z is a local extremum of G in the plane L ={z € R" : ), z; =1 }, so
Bz = I(B) p.

If the vector x of item 1 satisfies x; > O for all i, thenz = x ox € 4° and Bz =
I(B) p. By Lemma 3.2, (A o A o xx*)x = I(B)x, showing 4.2(2) in this case. If
some x; = 0, let J = {i : x; # 0}, let By be the principal submatrix of B determined
by the indexes of J, and similarly define x;. Then h(A) = |[Aoxx™|2 = ||Ay o
xyx5l2 > L(Ay) and

L(A) = L(Ay) = ||Aj oxyx]ll2,

because the converse inequality always holds by (6). Note that, by its definition,
xy has no zero entries. By the previous case, x; is an eigenvector of By o x;x}
with eigenvalue I(By). But clearly B o xx* has zeroes outside J x J, so x is an
eigenvector of B o xx* if and only if x; is an eigenvector of B; o x;x7. Note that
the eigenvalue of x is always I (By). U
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Theorem 4.3. Let A € P,. Then L(A) = Ip(A o A)V/2.

Proof. If B= Ao A and y € C" with | y| = 1, then

1A 0 yy*I2 = " laij PlyiPlyi > = ((Boyy")y,y) <IBoyy*|.
iJ

Therefore Ir(A)? < Ip(B). On the other hand, let x be a nonnegative unit vector
such that I5(A)%> = ||A o xx*||?> and J = {i : x; # 0}. Then, by Proposition 4.2, (B o
xx*)x = I(By)x and
B(A)* = [|[A o xx*||> = ((B o xx™)x, x) = I(B)).

But x, is a unit eigenvector of B o x,x7 with strictly positive entries. So, by Lemma
3.2, By(xjoxy) =I1(By)(,...,1)T. Suppose that I>(A) # 0. Then I(By) 0,
By > 0, the vector u = I(By)~!(x; o x;) has strictly positive entries, and Bju =
a,..., l)T. Hence we can apply Theorem 3.3 to B; and, by (6),

I(By) = Ip(By) > Ip(B) > L(A)* = I(B)).
If I;(A) = 0, then (5) ensures that some a;; = 0, so Ip(B) =0by (5). 0

Corollary 4.4. Let A € P,. Then
. —-1,2
. ) . . .. . - 2
I (A)=inf (Z d; ) . D is positive diagonal and A o A < D
1

=inf {Iz(D) : D is positive diagonal and A o A< Dz} .
Proof. This is a direct consequence of Theorem 4.3 and Proposition 3.2 of [23]. [

Remark 4.5. In Theorem 4.3 we get information about A € P, using B = A o A.
But it can also be used to get information about any B € P, with B > 0, using A =
(bl.1 /./ 2). Unfortunately it may certainly happen that A ¢ P,. Nevertheless this obstruc-
tion can be removed in the following way: given a selfadjoint (but not necessarily
positive semidefinite) matrix A € M,,, consider the index

I(A) = min {|A o xx*[ : x| = 1},

which, by Proposition 4.1, is consistent with Definition 2.2 when A > 0. A careful
inspection of the proofs of Proposition 4.2 and Theorem 4.3 shows that they remain
true using this new index if the condition “A € P,” is replaced by “A = A* and B =
Ao A € P,”.Note that Lemmas 3.1 and 3.2, and Theorem 3.3 are applied only to the
positive semidefinite matrix B or its principal submatrices. The inequality />(A) <
I (A ) in (6) (which is also used in the proofs) remains valid for this new index. This

l/2) e P,

observation is useful in order to avoid the unpleasant condition “A = (b, ;

in the following result.
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Corollary 4.6. Suppose B € P, and B > 0. Then there exists a subset Jo of
{1,2,...,n} such that Isp(B) = Is,(By,) = I1(By,). Therefore

]sp(B) = min {Isp(BJ) : Isp(BJ) = I(BJ)} .

If A= (bl.1 /./ 2) (which may be not positive semidefinite), then Joy can be characteri-
zed as Jo = {i : x; # 0} for any unit vector x such that I,(A) = ||A o xx*||2. Also
Isp(B) = || B oxx*|| = (By, y), where y = (|x1 %, ..., )T .

Proof. Use Remark 4.5 and the proof of Theorem 4.3. [J

5. An operator inequality

In this section we compute the indexes of a particular class of matrices and, as
an appplication, we get a new operator inequality, closely related to the inequality
proved in [8]; see also [4,18].

Letx = (At, ..., A) T € R%, S = {A1,..., A}, and

1
A=Ay = AiA; € P,.
x <z l/+)\‘i)\‘j )U n
Observe that A has rank 1 or 2.
5.1. Computation of 1(A)

1. If all A; are equal, then A = (A% + AI_Z) Eand I (A) = A% + Al_z.

2. If #§ > 1, then the range of A is spanned by the independent vectors x =
(A1, AT and y = ()fl, e A;l)T, because A = xx* 4+ yy* = [xy][xy]*
has rank 2.

3.If #S =2, say S = {A, u}), then p =ax +by, with a = +pu)"! and b =
A(h + )~ If a vector z satisfies Az = p, then

p=Az=(x"+yy )z = (z, x)x + (z, y)y.
Therefore

O+ w?

_ -1 _ 2 20 —1
I(A)_ (va> _(<st) +(Zsy)) - 1+)\.2/,L2

= I(Ay),

where the last equality is shown in Remark 4.3 of [23].
4. If #S > 2, it is easy to see that p is not in the subspace spanned by x and y. Then
I (A) must be zero by Proposition 2.5 .

Note that 1(A) # 0 if and only #S < 2.
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5.2. Computation of Isp(A)

We shall compute Isp(A) using Corollary 4.6 and therefore use the principal sub-
matrices of A, which are matrices of the same type. Let J C {1,2,...,n},let S; =
{Aj : j € J}, and let x; be the induced vector. Then A; = Ay, and so Ip(Ay) # 0.
Suppose that Isp(Ay) = 1(Ay). Then#S; < 2by Section 5.1.If #S; = 2,letiy, iz €
J be such that A;, # A;,. By Theorem 3.3 there exists a vector y € R’ such that
y=>0andA;y=py.Letzi =) {y:keJandrr =2%;} >0andz =) {y;:
Jj € J and A; = A;,} > 0. Easy computations show that Ay, ;,)(z1, )=, nH.
Then, by Theorem 3.3 and Section 5.1,

()"l'l + )"iz)z
14+ 2222

i1 in
Therefore, in order to compute s, (A) using Corollary 4.6, we need to consider only
the diagonal entries of A and some of the principal submatrices of size 2 x 2. If
Ai # Aj, (9) ensures that

Ip(Ay) = 1(Ay) = = 1(Agiy,ip)) = Lsp(Afiyin))-

1 N T D |
Ip(Ajy) = 1A ;) & Aidj+ ¥y < min {)‘i + E , )‘j + E} .
If A; < A}, this condition is equivalent to
1
22 < <2 (11)
Ailj y
In particular, this implies that A; < 1 < A;. Then, by Corollary 4.6,
Isp(A) = min{My, M>} (12)
where M| = min; Al.z + ){2 = min; A;; and
A+ A2 1
M2=inf%:ki<l<kjand)\i2< < AS
1+ A Aidj /

For example, if all 4; > 1 (or all A; < 1), then by (11), Ip(A) = M| = min; Al.z +
){2. On the other hand, if A # 1 and x = (A, A~ 1T, then
A2+

5 +1 <M =2 +2172

Isp(Ax) = M2 =

Proposition 5.1. Let # be a Hilbert space and let S be a bounded selfadjoint
invertible operator on # . Let M (S) be the best constant such that

ISTS + S7'TS™' = MS)IT| forall 0 <T € L(X).
Then M(S) = min{M;(S), M2(S)}, where
Mi(S)= min A%+ 172
A€ o (S)
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and

A 2 1
M2(S)=inf{(| [+ 11D S ea(S), A < |pland A2 < — <u2}.

1+2A2u2 - Al
In particular, if || S| < 1 (or IS~ < 1), then
M) = ISI>+1SI7% (resp. IS 2+ 1S7H172).

Proof. We follow the same steps as in [8]. By taking the polar decomposition of S,
we can assume that S > 0, because the unitary part of S is also the unitary part of
S~1; it commutes with S and S~! and it preserves norms. Note that we must change
o(S)bya(IS) ={IAl: 2 € 0(S)}.

By the spectral theorem, we can assume that o (S) is finite, because S can be
approximated in norm by operators S, such that each o (S,) is a finite subset of
0(S), 0(Sp) C 0 (Spy1) foralln € N and |, 0(Sy) is dense in o (S). Then M(S,)
(and M;(S,), i = 1, 2) converges to M (S) (resp. M;(S), i =1, 2).

We can suppose also that dim 2# < oo, by choosing an appropriate net of finite
rank projections { Pr} pe# that converges strongly to the identity and replacing S, T
by PrSPr, PrT Pr. Indeed, the net may be chosen in such a way that SPr = PrS
and o (PrSPr) = o (S) for all F € #. Note that for every A € L(H), |PFAPF||
converges to || A]l.

Finally, we can suppose that S is diagonal by a unitary change of basis in C". In
this case, if Ay,...,A, are the eigenvalues of S (with multiplicity) and x =
A,y ..n, )Ln)T, then

STS+S7'TS ' =A,0T.

None of our reductions (unitary equivalences and compressions) change the fact that
0 < T. Now the statement follows from formula (12). If ||S|| < 1, then M(S) =
M1 (S), because M>(S) is the infimum of the empty set. Clearly M(S) is attained at
the element A € o (S) such that |A| = ||S||. O

Acknowledgement

We thank the referees, who helped us to improve several statements and proofs
throughout the paper. In particular, the present proofs of Lemma 3.1, item 1 of
Theorem 3.3, and the inclusion of the spectral radius in Proposition 2.5 are due to
them.

References

[1] A. Albert, Conditions for positive and nonnegative definiteness in terms of pseudoinverses, SIAM
J. Appl. Math. 17 (1969) 434-440.
[2] T. Ando, Majorizations and inequalities in matrix theory, Linear Algebra Appl. 199 (1994) 17-67.



[3]

[4

=

[5

=

[6

=

(7]
91
[10]

[11]
[12]

[13]

[14]
[15]

[16]
[17]
[18]
[19]
[20]
[21]
[22]

[23]

G. Corach, D. Stojanoff / Linear Algebra and its Applications 332—-334 (2001) 503-517 517

T. Ando, K. Okubo, Induced norms of the Schur multiplier operator, Linear Algebra Appl. 147
(1991) 181-199.

E. Andruchow, G. Corach, D. Stojanoff, Geometric operator inequalities, Linear Algebra Appl. 258
(1997) 295-310.

M. Baillet, Y. Denizeau, J.F. Havet, Indice d’une esperance conditionelle, Compositio Math. 66
(1988) 199-236.

J. Baksalary, B. Schipp, G. Trenkler, Some further results on Hermitian-matrix inequalities, Linear
Algebra Appl. 160 (1992) 119-129.

R. Bhatia, Matrix Analysis, Springer, New York, 1997.

G. Corach, H. Porta, L. Recht, An operator inequality, Linear Algebra Appl. 142 (1990) 153-158.
C.C. Cowen, K.E. Debro, P.D. Sepansky, Geometry and the norms of Hadamard multipliers, Linear
Algebra Appl. 218 (1995) 239-249.

C.C. Cowen, M.A. Dritschtel, R.C. Penney, Norms of Hadamard multipliers, SIAM J. Matrix. Anal.
Appl. 15 (1994) 313-320.

C. Davis, The norm of the Schur product operation, Numer. Math. 4 (1962) 343-344.

Y. Denizeau, J.F. Havet, Correpondances d’indice fini I: indice d’un vecteur, J. Operator Theory 32
(1994) 111-156.

C. FitzGerald, R. Horn, On the structure of Hermitian-symmetric inequalities, J. London Math. Soc.
15 (2) (1977) 419-430.

R.A. Horn, C.R. Johnson, Matrix Analysis, Cambridge University Press, Cambridge, 1990.

R.A. Horn, C.R. Johnson, Topics in Matrix Analysis, Cambridge University Press, Cambridge,
1991.

R.A. Horn, On inequalities between Hermitian and symmetric forms, Linear Algebra Appl. 11
(1975) 189-218.

R.A. Horn, Norm bounds for Hadamard products and an arithmetic—geometric mean inequality for
unitarily invariant norms, Linear Algebra Appl. 223/224 (1995) 119-129.

L. Livshits, S.C. Ong, On the invertibility properties of the map T +— STS™! +S~ITS and
operator-norm inequalities, Linear Algebra Appl. 183 (1993) 117-129.

R. Mathias, Matrix completions, norms and Hadamard products, Proc. Amer. Math. Soc. 117 (1993)
905-918.

V.I. Paulsen, S.C. Power, R.R. Smith, Schur products and matrix completions, J. Funct. Anal. 85
(1989) 151-178.

S. Popa, Classification of subfactors and their endomorphisms, AMS-CBMS, No. 86, Providence,
1995.

I. Schur, Bemerkungen zur theorie de beschridnkten bilineareformen mit unendlich vielen verédnder-
lichen, J. Reine Angew. Math. 140 (1911) 1-28.

D. Stojanoff, Index of Hadamard multiplication by positive matrices, Linear Algebra Appl. 290
(1999) 95-108.



