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1. Introduction

A finite frame for C¢ is a sequence F = {f;},c1, that spans C¢, where I,, = {1,...,n}
(for a detailed exposition on frames and several recent research topics within this theory
see [8,9] and the references therein). Given a frame F = {f;};c1,, a sequence § =
{gj}jer, is called a dual frame for F if for every f € C? the following reconstruction
formulas hold:

f=Y (fra0f; and f=> (f f)g;

Jj€ly, JEl,

Hence, frames provide a (possibly redundant) linear-encoding scheme for vectors in C*.

Let F = {f;}jen, be a frame for C? and let D(F) denote the set of dual frames for F.
There is a distinguished dual called the canonical dual of F, denoted F# € D(F), which
is a natural choice in several ways. But in case n > d it is well known that D(F) has a rich
structure (this last fact is one of the main advantages of frames over bases B = {v; }sc1,
for which D(B) becomes a singleton). Thus, in applied situations, the structure of D(F)
can be exploited to obtain numerically stable encoding—decoding schemes derived from
the dual pair (F,G), for some choice of dual frame G € D(F) beyond F#; this is the start-
ing point of the so-called (optimal) design problems for dual frames (see [13,15,17-19]).

Another research topic in frame theory is the design of (optimal) stable configurations
of vectors (frames) under certain restrictions. Typically, the stability of a frame F is
measured in terms of the spread the eigenvalues of the positive semidefinite operator
Sr = Zjeﬂn fi ® fj. One of the most important examples of such a measure is the
frame potential of F, denoted by FP(F), introduced in [5]; explicitly, for a sequence

F = {fj}jeﬂn then

FP(F) = Y [, )] = tr(5%).

Jik€ln

In [5,7] it is shown that minimizers of the frame potential, within convenient sets of
frames, have many nice structural features and are optimal in several ways. Recently,
there has also been interest in the so-called mean squared error of F, denoted MSE(F),
given by MSE(F) = tr(S7") (see [11,16,20]).

It turns out that there is a structural measure of optimality, called sub-majorization,
that allows to deal with both the frame potential and the mean squared error. This
pre-order relation, defined between eigenvalues of frame operators, has proved useful in
explaining the structure of minimizers of convex potentials (see [16]). Sub-majorization
has also been useful in obtaining the structure of optimal vector configurations as well
(see [19,21]). In turn, sub-majorization relations imply a family of tracial inequalities in
terms of convex functions, that contain the frame potential and mean squared errors. We
point out that these tracial inequalities have interest in their own right and collectively
characterize sub-majorization.
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In this paper we consider two optimal design problems, where optimality is measured
in terms of sub-majorization. On the one hand, given a fixed frame F, we consider the
problem of designing a dual frame G = {g;}je1, € D(F) such that >, lgill? >t
for some appropriate t > 0, the distance between G and F# is controlled by some
€ > 0 and such that the spread of the eigenvalues of Sg is minimal (with respect to
sub-majorization) among the eigenvalues of Sg: for all such G’. Thus, we refine the
analysis of the optimal design problem for dual frames obtained in [19] (see Section 3.1
for a detailed description of this problem and some further motivations). Since we keep
control of the distance of these frames to the canonical dual, we consider this optimal
solution as a perturbation of the canonical dual (that improves some of its numerical
features).

On the other hand, given a fixed frame F = {f;};er1, for C? with n > d we consider the
problem of designing an invertible operator V acting on C? which is close the identity
operator and such that, if we denote by V - F = {V f;},er, then, the spread of the
eigenvalues of Sy.r is minimal (with respect to sub-majorization) among the eigenvalues
of Sy.x for all such V' (see Section 3.2 for a detailed description of this problem and
further motivations). Notice that a frame G for C¢ can be written as V - F for some
invertible operator V acting on C? if and only if the frames F and G have the same
linear relations. Two such frames are called equivalent (see [2]): hence, we search for
equivalent (in the previous sense) frames V' - F that are close to F and such that they
improve some numerical features of F.

In order to tackle both problems above, we introduce abstract models for them within
the framework of matrix analysis. Although the frame problems seem unrelated, it turns
out that the abstract model for the design of optimal duals plays a crucial role in the
analysis of the abstract model for the perturbations by equivalent frames.

The key tools for these results are the multiplicative analogue of Lidskii’s inequality in
terms of log-majorization obtained by Li and Mathias in [14], and a characterization of
the case of equality (see Appendix A). We also use the optimality results proved in [20],
which are based in the additive case for Lidskii’s inequality and the case of equality,
studied in the appendix of that paper.

The paper is organized as follows. In Section 2, after setting the general notation used
throughout the paper, we describe the basic framework of finite frames that we shall
need, together with a brief description of general convex potentials. We also include a
description of sub-majorization and log-majorization which are two notions from matrix
theory. In Section 3 we give a detailed description of the two problems in frame theory
that we consider in this note, using the notation and terminology from Section 2. In
Section 4 we first introduce an abstract model for the design of optimal dual frames with
restrictions, and apply tools from matrix analysis to obtain optimality results; we then
apply these results to the original frame problem. Similarly, in Section 5 we first analyze
an abstract model for the design of optimal perturbations of a frame by equivalent frames
and then apply the results of the abstract model to the original frame problem. Finally,
in Appendix A we develop some aspects of the multiplicative Lidskii’s inequality with
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respect to log-majorization which are needed for the analysis of the abstract model in
Section 5.

2. Preliminaries
2.1. General notation

Throughout this work we shall use the following notation: the space of complex d x d
matrices is denoted by My(C) and My(C)* the set of positive semidefinite matrices.
Gl(d) is the group of invertible elements of My4(C) and GI(d)" = M4(C)* N Gl(d). If
T € M4(C), we denote by |T|| its spectral norm, by rkT = dim R(T") the rank of T,
and by tr7T the trace of T'.

If W C C? is a subspace we denote by Py € Mg4(C)* the orthogonal projection
onto W. Given z,y € C? we denote by @ y € My(C) the rank one matrix given by

r®y(z) = (z,y)x for every z € C*. (1)

Note that if [[z]| = 1 then 2 ® * = Pypan{a}-
Given d € N we denote by I; = {1,...,d} C N and 1 = 1,, € R™ denotes the vector
with all its entries equal to 1. For vectors x,y € R™ we denote

xoy:(xlyla"'7xmym)7 tI'LUZZ(Ei,
i€ly

and 2+ (resp. zT) the rearrangement of x in decreasing (resp. increasing) order. We
denote by (RY)Y = {z € R? : 2 = 2} the set of downwards ordered vectors, and
RHYT = {z e R?: z =2T}.

Given a positive semidefinite matrix S € M4(C), we write A\(S) = AH(S) € (RI)*
the vector of eigenvalues of S — counting multiplicities — arranged in decreasing order.
Similarly we denote by AT(S) € (R9)" the reverse ordered vector of eigenvalues of S.

2.2. Basic framework of finite frames

Let d,n € N, with d < n. A family F = {f;}ie1, of vectors in C? is a frame for C? if
there exist constants A, B > 0 such that

Allz]? < Y |¢@, f)|” < Bllz|? for every z € C% (2)

i€l,

The optimal frame bounds, denoted by Az, Br are the optimal constants in Eq. (2). If
Ar = By we call F a tight frame. For finite frames, it is clear that (2) is equivalent to
span{f; :i € I,} = C4.
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Given a family F = {f;}ie1, of vectors in C¢, we consider its analysis operator T’ :
C? — C™, given by

Trz = ((x, fi>)ieﬂn’ for every x € C¢. (3)

Its adjoint T : C* — C? is called the synthesis operator and it is given by Tra =
> icr, @ifi for every a = (a;)ier, € C". With the notation of (1), the frame operator
of Fis

Srp=T:Tr = Z fi® fi e My(C)F

i€l,

Notice that, given F = {f; }ier, then (Srz,z) =3, [(z, fi)]? for every x € C¢. Hence,
F is a frame if and only if S¥ € GI(d)* and in this case Az||z||? < (Srz,z) < Br|z|?
for every x € C%. Therefore, Ax = Amin(S7) = [|SZ']| 7! and Amax(S7) = ||Sz|| = Br.
Moreover, F is tight if and only if Sz = 714, where 7 = tr Sz =3, I f:lI%

Let F = {fi}ic1, be a frame for C¢. A family G = {g;}:c1, is said to be an (alternate)
dual of F if

F=Y"f.9:)fi, forevery feC”.

i€ll,,

It is easy to see that G is a dual of F iff T'7Tg = I. Hence, in that case G is a frame and
F is a dual of G and we say that (F,G) is a dual pair of frames for C?. We shall consider

D(F) ={G : G is a dual frame of F}.

The so-called canonical dual of F, denoted F#, is given by F# = {S;-1 fitien, . It
is straightforward to check that Trx = T;S}l and then T7-1Tr% = S;S}l = I so
F# € D(F). The canonical dual is a distinguished dual since it possesses several min-
imality properties. Nevertheless, notice that whenever d < n (i.e. whenever the frame
F = {fi}ie1, is a redundant set of linear generators) then D(F) has infinitely many ele-
ments and it turns out to have a very rich structure. This is one of the main advantages
of the redundant frame F over a (not necessarily orthonormal) basis B = {v; };c1, in C4,
since the set of duals of the latter has only one element, namely D(B) = {B#}.

In their work [5], Benedetto and Fickus introduced a functional defined (on unit norm
frames), the so-called frame potential, given by

{fz}ze]l Z ‘ fzafj

i,5€l,

One of their major results shows that tight unit norm frames — which form an important
class of frames because of their simple reconstruction formulas — can be characterized as
(local) minimizers of this functional among unit norm frames. Since then, there has been
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interest in (local) minimizers of the frame potential within certain classes of frames, since
such minimizers can be considered as natural substitutes of tight frames. Notice that,
given a family F = {fi}ie1, of vectors in C?, then FP(F) = trS% = > el Xi(SF)2.
Recently, there has been interest in the structure of minimizers of other potentials such
as the so-called mean squared error (MSE) given by MSE(F) = tr(S7').

These remarks have motivated the analysis of the structure of minimizers of general
convex potentials:

Definition 2.1. Let us denote by
Conv(Rxg) = {h: [0,00) — [0,00) : h is a convex function}

and Conv,(R>g) = {h € Conv(R>¢) : h is strictly convex}. Following [16] we consider
the (generalized) convex potential P, associated to h € Conv(R>q), given by

Pu(F) =trh(SF) =Y _h(\i(SF)) for F = {fi}icr,,

i€ly

where the matrix h(Sr) is defined by means of the usual functional calculus
in /\/ld((C)+. A

In order to deal with these general convex potential we consider the notions of sub-
majorization and log-majorization in the next section.

2.8. Submajorization and log-majorization

Next we briefly describe majorization and log-majorization, two notions from matrix
analysis theory that will be used throughout the paper. For a detailed exposition on
these relations see [3]. Majorization between vectors is closely related to design problems
in frame theory, mainly due to its connection with Schur—Horn theorem (see for example
4,10,1]).

Given z,y € R? we say that z is submajorized by y, and write z <, vy, if

k k
fo < ny for every k € 1.
i=1 i=1

If x <y y and trx = Zle T = Zle y; = try, we say that x is majorized by y, and
write < y.

On the other hand we write z < y if x; < y; for every i € [;. It is a standard exercise
to show that z < y = z+ < y¥ = 2 <, y. Our interest in majorization is motivated
by the relation of this notion with tracial inequalities for convex functions. Indeed, given
z,y € R and f : I — R a convex function defined on an interval I C R such that
x,y € I?, then (see for example [3]):
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1. If one assumes that z < y, then tr f(z) e doier, (@) <X ier, fyi) = tr f(y).

2. If only = <., y, but the map f is also increasing, then still tr f(z) < tr f(y).
3. If z <, y and f is a strictly convex function such that tr f(x) = tr f(y) then there
exists a permutation o of Iy such that y; = z,(;) for i € 1.

Remark 2.2. Majorization between vectors in R? is intimately related with the class of
doubly stochastic d x d matrices, denoted by DS(d). Recall that a d x d matrix D € DS(d)
if it has non-negative entries and each row sum and column sum equals 1.

It is well known (see [3]) that given z,y € R? then z < y if and only if there exists
D € DS(d) such that Dy = x. As a consequence of this fact we see that if z1,y; € R”
and zg,ys € R® are such that z; < y;, ¢ = 1,2, then x = (z1,%2) < y = (y1,y2) in R,
Indeed, if D; and D5 are the doubly stochastic matrices corresponding the previous
majorization relations then D = Dy @ Dy € DS(r + s) is such that Dy =2. A

Log-majorization between vectors in RZ o is a multiplicative analogue of majorization
in R?. Indeed, given z,y € R>0 we say that x is log-majorized by y, denoted <o ¥, if

d

k k d
H zr < l_lyl¢ for every k € I4—1 and H:L’;L = H yr. (4)
i=1 i=1

i=1 =1

Our interest in log-majorization is also motivated by the relation of this notion with
tracial inequalities for convex functions. It is known (see [3]) that

- d
ifrz,yeRSy, T<wgy = T=<uwy.

Hence, if z,y € R‘éo are such that x <jo¢ y then for every convex and increasing function
f:(0,00) = R we get that tr(f(z)) < tr(f(y)).

3. Two problems in frame theory

In this section we present a detailed description of the two frame problems together
with some further motivations, using the notation and terminology from Section 2.

3.1. Optimal perturbation of the canonical dual frame with restrictions

Consider a fixed frame F = {f;}jer, for C?, with n > d. Then, the set of dual
frames D(F) has a rich structure. It is known that if G € D(F) then Sg > Srs = S3',
with respect to the operator order. This strong inequality explains several optimality
properties of the canonical dual frame F. For example, if G = {g;}icr, and F# =
{f#}ic1, we have that

ZHf#H tr(Srx) < tr(Sg) = >_ llgill*,

i€l i€l,

with equality if and only if G = F7#.
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Nevertheless, in applied situations, it is desired to consider numerically stable
encoding—decoding schemes derived from the dual pair (F,G), for some choice of dual
frame G € D(F). A possible way out of this situation is as follows: for ¢ > tr(Sr#)
consider

D(F) = {5~ b, €DF)s X loil? 2 1]

i€ly,

and search for optimal duals within D;(F) with respect to some measure of optimal-
ity (e.g. minimizers of the condition number). It turns out (see [19]) that there exists
a distinguished class ODy(F) C D¢(F) such that for every G° € OD,(F) and every
G € Di(F) we have the majorization relation A(Sge) <. A(Sg). This last fact implies
several optimality properties of the class OD;(F).

Still, in the search for optimal alternative duals for F, there are some properties of
the canonical dual frame F# that we may want to retain. In order to preserve some of
the minimal features of the canonical dual frame and yet search for numerically stable
alternative duals (which are possibly best suited for practical purposes) we introduce the
following class of dual frames: set m = 2d — n, let ¢t > tr(Sz#) and € > 0 be such that
t —tr(Sg#) < min{(d — m),d} - €2 and define

Dy oy (F) = {g — {gihien, € DF): S lgilP 21, |15 — Tra < }

J€ln

Hence, we search for optimal duals for F within D, .y (F). As a criteria for optimality,
following [19] we search for <,,-minimizers of the eigenvalues of the frame operators Sg
for G € Dy o) (F). Hence, we consider the associated set
def
S(D(t,a)(f)) = {Sg 1 ge 'D(t,g)(]:)} - Md(C)Jr
As we shall see, there exist <,-minimizers within S(D ) (F)); moreover, their spectral
and geometrical features can be explicitly computed. We point out that the structure
of optimal duals depends both on the norm restriction (of the frame elements of G) and

on the operator norm distance restriction. As a first step in our analysis, we obtain an
explicit representation of the frame operators of the elements of D, .y (F).

Proposition 3.1. Let F = {f;};c1, be a frame for C* and set m = 2d —n. Let t > tg =
tr(Sr#) and € > 0 be such that t —tq < min{(d —m),d} - 2. Then

S(Dey(F)) = {Sr# + B: Be My(C)", tx(B) >t —to, || B| <&* rk(B) <d—m}.
Proof. Let G € D(; ) (F) and notice that then

TgT]::T;_-#T]::Id - (Tg* — ;—#>T]:=O
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Hence, if we let A =Tg — T4 : C¢ — C™ then A*Tx = 0 which implies that T5A = 0
and hence R(A) C ker(T%) = ker(T%, ). Therefore, Tg = T'r# + A and

Tng = T;;#Tf# + T]*}#A —+ A*T]:# + A*A = T;—#T]_—# + A*A

that is, Sg = Sr# + B, where B = A*A € My(C)™. Since R(A) C ker(T5) then rk(B) =
tk(A) <n—d=d—mand |B|| = |A*A|| = |Tg — Tr#||*> < €%. Notice that tr(Sg) =
> e, llg;||? > t which shows that tr(B) = tr(Sg) — tr(Sz#) > t — tr(Sz#). Incidentally,
notice that the existence of such B implies the restriction on ¢ in the statement, since

tr(B) <tk(B)-|B|| = t—tr(Srs) <tr(B) <min{(d—m),d} <> (5)

In order to show the converse inclusion, let B € My(C)™ be such that tr(B) > t —
tr(Sz#), |B|| < € and tk(B) < d —m = n —d = dimker T#. Then, we can factor
B = A*A where A : C? — C" is such that R(A) C ker(T%), so that T4 = 0 and
A*Tr = 0. Let G = {(Tr# + A)*ei}tic1,, where {e;}icr, denotes the canonical basis
of C". Thus, Tg = Tr# + A and hence TgTF = 14, Sg = Sr# + B; in particular,
Sier, l0il2 = tr(Sq) = tr(Sps) + x(B) > t and [Ty — TE| = 4| = B> < e.
Therefore, G € D(; .y (F) is such that Sg = Srx + B. O

Remark 3.2. With the notation of Proposition 3.1, by Eq. (5) and a straightforward
construction of a matrix B with the required parameters, we see that the relation

t —tr(Sr#) < min{(d —m),d} - >
between the parameters ¢ and ¢ is necessary and sufficient for D, . (F) #0. A
3.2. Optimal perturbations by equivalent frames

Fix a frame F = {f; };e1, for C¢, with n > d. Hence, F is a redundant family of linear
generators for C%; in other words, T : C¢ — C" is an injective transformation such that
R(Tx) C C™ is a proper subspace. These last facts can be used to develop some simple
linear tests in order to check whether a sequence a = (a;);c1, € C™ is the sequence of
frame coefficients T=(f) = ({f, fi))ie1, for some (unique) f € C? or whether it has been
corrupted (e.g. due to noise in the communication channel). Indeed, given a linear relation
> icr, @ifi = 0 of the family F, we get a linear test ¢[(a;)ier,] = >_;p, @ia; = 0 for the
Sequehce a; moreover, we can consider a complete set of tests o1, ..., go,;,d € (C™)* such
that, given a = (a;);er,, € C™ then a lies in R(Tr) if and only if p;(a) =0 for i € I,,_4
(based on the linear relations of the family F).

Hence, the linear relations among the elements of F play an important role in this
context. On the other hand, the numerical stability of the frame F is also an important
feature in practice. Hence, there are situations in which we want to improve the stability
of the frame F (measured in terms of the spread the eigenvalues of its frame operator)
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while preserving the linear relations among the frame elements. It is well known that if
a family G = {g¢; }ier,, has the same linear relations as F then there exists an invertible
linear operator V € Gi(d) such that G =V - F = {V f; }ser,, - In this case, following [2]
we say that G =V - F = {V f; }ic1, and F are equivalent frames.

As a first step, we can search for an invertible operator V' € Gl(d) such that the frame
V - F is optimal with respect to the spread of the eigenvalues of its frame operator. It
turns out that a solution to this (unrestricted) problem is V = 5;1/2 so that V - F =
{S;-l/ 2 fi}ier, is the associated Parseval frame (with minimal spread of its eigenvalues).
This solution, although optimal, might lie away from the original frame F. In case we
rather want to consider perturbations of F, preserving their linear relations and yet
improving its numerical performance, we can search for invertible operators V such that
the equivalent frame V - F is optimal in the previous sense, under some restrictions
on V. Hence, given a frame F = {f;}ic1, we introduce the following set of controlled
perturbations by equivalent frames: given 0 < § < 1 and s € [(1 — 6)%, (1 + 6)9] then
consider

def
Ps,5)(F) =

{V.-F={Vfitia,: VEGId), |V —-1I| <6 |det(V)] >s}. (6)
Our main problem is to compute the structure of optimal perturbations V-F € P 5)(F),
in the sense that they minimize the spread of the eigenvalues of the frame operators
within this class. We point out that in case that we drop the condition on the determinant
of V' in the definition of P(, 5)(F) above then the optimal perturbations are obtained in
terms of homothecies (i.e. for V' = (1 —0)I) and thus the problem has no interest in that
case (see the comments after Remark 5.3).

In order to compute the structure of optimal perturbations V' - F € P, 5)(F) we also
introduce

def
S('P(Sy(g)(]:)) = {Sg G e 'P(&(s)(f'.)}. (7)
It is straightforward to check that
S(P(s,5)(F)) ={VSFV*: V €Gl(d), |V —I|| <6, |det(V)| > s}. (8)

As we shall see, there exist <,, minimizers within S(P( 5)(F)); moreover, their spectral
and geometrical features can be explicitly computed.

4. Optimal perturbation of the canonical dual frame

In this section, given a frame F, we consider a matrix model for the design of optimal
perturbations of the canonical dual frame F#. In Section 4.1, using tools from matrix
analysis, we show that there are optimal solutions within our abstract model. Then, in
Section 4.2 we apply these results to the initial frame design problem.
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4.1. A matriz model for S(D o) (F))

In order to deal with the problem of existence of <,, minimizers in S(D .)(F)) for
a frame F, we introduce the following set motivated by Proposition 3.1: given S &
Mq(C)H t > ¢ def tr(S), e > 0 and m € Z with m < d — 1 such that ¢t — t;p <
min{(d —m),d} - €, we define

Upo)(S,m) € {S+B: BeMy(C)*F, tr(B) >t —to, |Bl| <e, tk(B) <d—m}.
(9)
Hence, Proposition 3.1 states (using the notation in that result) that
S(D(t,s)(f)) = U(t,s2)(S.7:#am)'

In order to deal with the spectral structure of optimal elements in Uy (S, m) the fol-

lowing (rather naive) vector model will be useful: given A € (R4), ¢ > ¢ o tr(A), e >0
and m € Z with m < d — 1 such that t — tg < min{(d —m),d} - ¢ we define

AgeyA\m) ={A+p: 0< p; <e, trp>t—to, supp(u) <d—m} CRE,
where supp(u) = [[ullo = #{j € La = p; # 0}.
Remark 4.1. In [19] (also see [20,21]) we considered a simpler version of the set

Aoy (A,m) defined above. Indeed, given A = (A)ier, € (RH)Y, ¢ > tg = tr(N) we
considered the set

AN ={A+p: pe R%O, tr(p) >t —to}.
In this context (see [19]) we showed that there exists a unique v(\,t) € A;(\) such that
v\t =v(\ )Y and v(\t) <, v for every v € Ay(N),
ie., v(A\t) is a <,-minimizer in A;(X\). Moreover, v(A,t) can be explicitly computed as
follows: let h : [Ag,00) — Rxo be given by h(z) = >7,c; (x — Ai)*, where a* stands for
the positive part of a € R. Then, h is a continuous and strictly increasing function in its

domain, and for ¢ > to there exists a unique ¢y (t) € [Ag, 00) such that h(cy(t)) =t — to.
Then, with this notation we have that v(\,t) = (\; + (cea(t) — \i)F)ier, € R? ie.

l/()\, t) = C)\(t) () (lf C)\(t) > /\1) or
v(At) = (M, A an(t) - La—y)  (ifea(t) < \p)

for some r € I;. Notice that v(\,t) = v(\, t)¥ and tr(v(\,t)) =t in any case. Also
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vt = A= () - 2) ), = vOH—r=(A-2)" (10

Moreover, v(A,t) is determined as the unique v € A;(X\) such that v is a <, minimizer
in A;()\) and such that v — A= (v = \)T. A

The following lemma is a direct consequence of the results from [19] described in
Remark 4.1 above.

Lemma 4.2. Let A = (\)ier, € (RO, and t > tg 4f tr \. Assume that r € Iy_1 and

¢ > 0 are such that the vector vy def (A, -5 A, cllg—y) satisfies that

A > > Mg (so that v = v+ > )\) and try=t. (11)
Then, in this case we have that ¢ = cx(t) and v =v(\t). O

The following statement finds a minimum for submajorization in the set A o)(A,0).
Note that A oy (A,m) = A, (A,0) for every m < 0.

Theorem 4.3. Let A = (\;)ic1, € (RY)Y and to = tr . Let e > 0 and t >ty be such that
t —to < d-e. Then there exists p € Ay )(A,0), such that

tr(p) =t and p <y foreveryy € Ay (X, 0).

In this case we can choose a unique p = p(s.c)(X, 0) as above and such that p—X = (p—)T.
Moreover, this vector p also satisfies that p = p* € (R)+.

Proof. Assume first that A € (R‘éo)i. In what follows we consider the notation from
Remark 4.1. We shall construct the vector pc)(A\,0) = p = (pi)ic1, recursively as

follows:

1. If ex(t) — Mg < € then just take p = v(\, ).
2. If ex(t) — Ag > € then we put pg = Ag + € and we consider the following new data:

D = (A, Aac1) and D =1 — p,
(= 9D — gAY < (d—1)e).

Then go back to the first step, but applied to the pair (=1 ¢(d=1) A

The hypothesis that ¢t — tg < d - £ assures that this process stops (at some step d — m +
1 € 1) obtaining the outcome p = (LA™ ™) A, 11 +e,..., g +e) € R%o' That is,

p=A1 A s, Amy1+6,..., g +¢e) with 0<c—\, <e (12)
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and A1 < ¢ < A in case (A1, ..., s, cly,_g) = v(A™ M) or
p= (Ll Apmy1+&,...,0g+¢e) with 0<c— A\, <g, (13)

in case v(A(™,t(™) = c1,,. It is clear that this p € Ay (), 0) and that trp =
Moreover, we claim that p = p*: notice that we only need to show that ¢ > A\, 411 + €,
where ¢ = ¢y (£™).

Indeed, since the algorithm did not stop at the pair (A(™*TD $(m+1D) then
Cx(m+1) (t(m“)) > A1 + €. By Remark 4.1 and Lemma 4.2, it is easy to see that

Cx(m+1) (t(m+1)) = Cx\(m) (t(m+1) — Cx(m+1) (t(m+1)))-
Moreover, since ¢y () is an increasing function then
Cr(m) (t(m+1) — C\(m+1) (t(m+1))) < cyem) (t(m+1) = (Amt1+8) = cxom (t(m)) =c.
Hence, A1 + € < eymsn (™)) < ¢, which shows that p = p*.
Fix v € Ay (X, 0) such that v = X + u, where p = (u;)sc1, is such that 0 < p; < e

for ¢ € Iy and tr(p) >t — tr(A). Then, with the notation of Remark 4.1, the truncation
(Y1, sYm) € At(m)(/\(m)) because \; < ~; for 7 € I,,, and

d d
Yoovi—A<(d-me= > pi—X\

i=m-+1 i=m+1

= (Y1, Ym) S (o, p) = £,

By construction (p1,...,pm) = (A", (™) <, (71,...,7m). Hence, we get

k k
Zpi < Z% for every k € I,,. (14)
i=1 i=1

On the other hand, if m +1 < k < d then

d d
sz_t_ DRESED SN WS PR oW Z% (15)
i=k+1 i=k+1 i=k+1

since 0 < p; < € for i € Iy. Thus, Egs. (14) and (15) imply that p <., 7, since p = p*
(even when the entries of v are not necessarily arranged in non-increasing order). The
fact that

p—A= (I/()\(m),t(m)) _ )\(m)7€ . ﬂd—m) =(p— )\)T

follows from Eq. (10) and that ¢ — A, < €.



552 P.G. Massey et al. / Linear Algebra and its Applications 469 (2015) 539-568

Now, assume that Ay < 0. Take some s > — )y, so that the translated vector A+s-1,4 €
(R ). Let p = P(t+d-s,e) (A + 5 - 1q,0) be the <,-minimizer in Ay q.60) (X +5-14,0)
constructed in the first part of this proof. Since A(4q.5,e)(A+5-14,0) = A oy (N,0)+5-14
we see that p — s -1 € A (A, 0) is a <,,-minimizer in A o (A,0).

Finally, assume that p' € A¢ (A, 0) is a <,-minimizer in A )(A,0) and such that
P =X=(p =M. If p=p(,e)(A,0) is as before, then: in case pg = A + € (respectively
Pl = Aa +€) then it is easy to see that also p/; = A\g + € (respectively pg = Aq + €);
this observation allows reduce the problem of uniqueness of p to the case in which
pa < € and p/; < e, where uniqueness of p follows from the comments after Eq. (10) in
Remark 4.1. 0O

Remark 4.4. With the notation of Theorem 4.3, notice that the proof of that result
shows an explicit and simple algorithm that computes the optimal vector p in terms
of the vector V(Xf) described in Remark 4.1, for an explicit (and computable) AER"
and t € R. Since 1/(5\, t) can be also computed in terms of a simple algorithm (as described
in Remark 4.1), we see that the optimal vector p can be effectively computed (with a
fast algorithm). A

The following result complements Theorem 4.3.

Theorem 4.5. Let A € (RO)Y and tg = tr\. Let ¢ > 0, m € Z with m < d — 1 and let
t > to be such that t —ty < min{(d —m),d} - €. Then there exists p € Ay oy(\,m), such
that

tr(p) =t and p <y for everyy € Ay (X, m).

Moreover, we can choose a unique p = pg (X, m) as above such that p — X\ = (p — AT
(although the entries of p may not be arranged in non-increasing order).

Proof. If we assume that m < 0 then we let pg oy (A,m) def Pt,e) (A, 0). Since in this
case Ay )(A,m) = A ) (A,0), Theorem 4.3 implies that p .)(A,m) has the desired
properties.

Assume now that m € I;_;. Set A\ = Amaty---sAa) € (RIT™M s = — > iy and
consider p(578)(5\, 0) € /1(876)(5\,0) C R4™™ as in Theorem 4.3. Then we define

def N
p= Py 0m) 2 (A A pioey (1,0)) € R (16)

Clearly, p € Ay oy(A,m) and tr(p) = t. Let v = A+ pu € Ag (A, m), so that 0 < p; < e
for i € Iy, supp(p) < d—m and tr(u) >t — to. By Lidskii’s (additive) inequality we get
that A + ut < 4.

But put = (0 1,,, ), where i = (fi;)icr,_,, € (R¥™)" is such that 0 < ji; < ¢ for
i € Iq_p and tr(fi) = tr(p) >t —to = s — tr()\). Hence, A+ /i € As,e) (X,0) and therefore
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p(s,s)(jx, 0) <uw 5\+[L, by Theorem 4.3. Thus, using the fact that we have submajorization
by blocks as in Remark 2.2,

Pty A m) = (s A, () (A 0)) < (At Ay A+ 1) = Al <.

Finally, notice that the vector p as defined in Eq. (16) may be not arranged in non-
increasing order. Nevertheless, according to Theorem 4.3

p(tﬁf)()\’m) —A= (0 : jlmap(s,s)(j‘a 0) - 5\) S (]Rd)T

Let p' € Az)(A, m) be a <,,-minimizer in A (A, m) and such that p' — X = (o' = \)T.
Then it is easy to see that p’ = (A1,..., A\, p”’), where p” € A(Swg)(;\, 0) is a <, minimizer
in A(s,s)(S\,O) and such that p” — X = (p” — A)T. Hence, by Theorem 4.3, we conclude
that p” = p(sﬁ)(;\,()) and therefore p’ = p(; oy(A\,m). O

Based on Lidskii’s inequality, Theorem 4.5 allows to compute the structure of optimal
elements in U .)(S, m) from its rather naive model in R,

Theorem 4.6. Let S € My(C)™, ¢t >t e tr(S), € >0 and m € Z with m < d—1 such
that t —to < min{(d —m),d} €. Let A = A\(S) and p = p(.e)(A,m) € Aro)(A,m) be the
<w minimizer from Theorem 4.5. Then,

1. There exists So € U(y,c)(S,m) such that A(Sp) = p*.

2. S1 € Uye)(S,m) is such that X(S1) <w A(S') for every S' € Uy (S,m) <=
A(Sy) = p.

3. If S+ B € Up (S, m) is such that \(S+B) = p* then there exists an o.n.b. {v;};c1,
for C such that, with the notation of (1),

S=> XS @v; and B=Y Aijp1(B)v; @v;.

J€la j€lg

Proof. Let {w;};er, be an o.n.b. for C¢ such that S = > jer, Ajwj ® wj, where A(S) =
A = (Ni)ier,- Let p = pey(A,m) be as in Theorem 4.5 and let u = p — A, so that
w=pu'. Let By = > jer, Hjw; ® w; and notice that then By € Mq(C)*, || Byl < e,
tr(Bo) = t — tr(S) and rk(By) = supp(p) < m —d, so that S + By € Uy (S, m).
Moreover, by construction A(S + By) = p*.

Let S" € Uy,)(S,m) and let B € My(C)*, [|B]| < e, rk(B) < d —m and tr(B) >
t — tr(S) so that S’ = S 4+ B. By Lidskii’s additive inequality we conclude that A +
AMB)" < A(S"). Now, by the hypothesis on B we conclude that A+ A(B)T € A o)(A, m).
Hence

p <w A(S) + AMB)T < A(S).
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Hence, if S7 € Uy (S, m) is such that A(S1) = p* then A(S1) <y A(S’) for every
S" € U,y (S,m). Conversely, if S; € Uy,¢)(S,m) is such that A(S1) <., A(S') for every
5" € Ugr,e)(S,m) then A(S1) <w A(So) <w A(S1) implies that A\(S1) = A(Sp) = p*.
Finally, if S + B € U .)(S,m) is such that \(S + B) = p* then by Lidskii’s additive
inequality, the fact that A(S) + A(B)T € A(;.)(A,m) and Theorem 4.5 we see that

A+AB) <w A(S+B) = p* <u A+ AB) = AS+B)=(A+AB)N"

Hence, the existence of the o.n.b. {v;};er, of item 3 is a consequence of [20, Theorem 8.8]
(the case of equality in Lidskii’s additive inequality). O

Remark 4.7. The proof of Theorem 4.5 together with Remark 4.4 show that the vector

p = pie(Am) € Ayg(A,m) as in the statement of Theorem 4.6 can be explicitly
computed in terms of a simple (and fast) algorithm depending on ¢, e, A and m. A

4.2. Computation of optimal perturbations of the canonical dual frame

Notation 4.8. Let F = {f;};e1, be a frame for C? and set m = 2d — n. Let ¢ > 0 and
t > tr(Sr#) be such that t — tr(Sz#) < min{(d —m), d} - £2. Recall that Proposition 3.1
and Eq. (9) imply that

S(D1,)(F)) = Ugy,e2) (S, m). (17)

Theorem 4.9. Consider Notation J.8. Let X\ = X(Sx#) and p = pg.c2)(X,m) be the <y
minimizer for A 2y(X\,m) given in Theorem 4.5. Then,

1. There exists Go € Dy ) (F) such that A\(Sg,) = p*.
2. Fiz any G € D o)(F). Then this G satisfies that

Sg <w Sgr for every G € Dy o (F) <= A(Sg) = pt.

3. GivenG € D )(F), then \(Sg) = p* <= G = {fi#:"‘ki}ieﬂn for some K = {k; }ic1,
such that T+Tic = 0 and such there exists an o.n.b. {v;};je1, for C* with

Srs = Z Ajv; ®v; and Sk = Z(p* A)jvj ® vj. (18)

j€la Jj€ly

In this case Sg = Sr# + Sk; in particular, Srx and Sg commute.

Proof. It is a direct consequence of Eq. (17), Theorem 4.6 and the characterization of
dual frames given in Proposition 3.1. O
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Notice that Theorem 4.9 contains a procedure to compute optimal duals G =
{gi}icr, € Du)(F). In what follows, given h € Conv(R>g) we consider its associ-
ated convex potential P, on finite sequences in C¢ given by Py, (F) = tr(h(Sz)) =

S AN (SF)).

Corollary 4.10. Fiz an increasing function h € Conv(R>q). With the notation and ter-
minology of Theorem 4.9, the following inequality holds:

Z h(pi) < Pu(G) for every G € Dy o (F), (19)

i€lg

and this lower bound is attained. If we assume further that h € Convs(R>q), then G €
D) (F) attains the lower bound in (19) <= G = {fi# + ki Yien, for some K = {k;}ier,
such that T3Tic = 0 and such there exists an o.n.b. {v;};e1, for which Eq. (18) holds.

Proof. It follows from Theorems 4.9 and the standard results of Section 2.3. O

Remark 4.11. There are some h € Conv(R>¢) for which their associated convex potential
P}, can be computed in a rather direct way (i.e., without necessarily computing the
eigenvalues of the frame operator of the sequence of vector). For example, if h(x) = 22
then P, = FP is the so-called frame potential. In this case, given a sequence G = {g; }ier,

then it is well known that

PuG) =FP@) = 3 |(gign)|-

4,j€ln

Now, consider a fixed frame F = {f;};er, and assume that A(Sr) is a known data. Set
m=2d—n,let ¢ > 0and t > tr(Sr#) be such that t —tr(Sz+) < min{(d —m),d}-%. In
this case A(Sz+#) is also a known data and therefore p € R¢ as in Corollary 4.10 can be
explicitly computed (see Remark 4.7). Thus, according to Corollary 4.10 above we get

o< D gingy)

i€ly NISIPS

2

, for every G € Dy oy (F). (20)

The previous inequality provides a quantitative criteria for checking the optimality of G.
That is, the closer FP(G) is to this explicit lower bound, the more concentrated A(Sg)
is (which is the type of analysis that originally motivated the introduction of the frame
potential). Indeed, since h(z) = 22 is strictly convex, Corollary 4.10 and Theorem 4.9
imply that if G € Dy .y (F) attains the lower bound in Eq. (20) then A(Sg) has minimal
spread (in the sense that is a <,,-minimizer) among A(Sg/) for G’ € Dy .)(F). Moreover,
in this case the geometrical structure of Sg can be described explicitly in terms of the
geometrical structure of Sx. A
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5. Optimal perturbations by equivalent frames

In this section, given a frame F, we consider a matrix model for the design of per-
turbations of the identity V such that V - F has the desired optimality properties. In
Section 5.1, using tools from matrix analysis, we show that there are optimal solutions
within our abstract model. Along the way, we will prove some results that are interesting
in their own right, and develop some aspects of the multiplicative Lidskii’s inequality
with respect to log-majorization (see Appendix A). Then, in Section 5.2 we apply these
results to the initial frame design problem.

5.1. A matriz model for S(P(s s)(F))

In order tackle the problem of the existence and computation of optimal perturbations
by equivalent frames of a fixed frame we introduce the following matrix model: given
SeMy(C)F,0<d<1andse[(1-9)%(1+6)9 then consider

O (S) = {VSV*: V egi(d), [V —TI|| <6, |det(V)| > s}. (21)

With the notation of Section 3.2 and Egs. (6), (7), since Sy.x = VSzV* then Eq. (8)
becomes S(Ps,5)(F)) = O(s,6)(SF).

The following result, that is the multiplicative analogue of Lidskii’s (additive) inequal-
ity, will play a key role in our work on frames. We develop its proof in Appendix A.

Theorem 5.1. Let S € Gl(d)™ and let v € (RL,)Y. Then, for every V € Gl(d) such that
AV*V) =~ we have that

A(S) 07" <10g A(VSV*) <1 A(S) 07 € (RL)*. (22)

Moreover, if A(V.SV*) = (A(S) o yN)¥ (resp. A\(VSV*) = X(S) o) then S and |V|

commute and moreover there exists an o0.n.b. {v;};e1, of C¢ such that

S=> N(S)i@v and V= 73 v (23)

i€lq i€lq
(resp. S = Zie]ld Ai(S)v; @ v; and |V| = Zieﬂd 73/2711. ®uv;). O

The previous result allows to show the existence of optimal (minimal spectral spread)
elements in O, 5)(5) (see Eq. (21)); we further compute their geometric structure.

Theorem 5.2. Let S € GI(d)T, 0 < 6 < 1 and let s € [(1 —6)4, (1 + 8)?]. Define the
following data: X = log \(S) = (log A\i(9))ie1, € (RY)Y,

52 - det(S 1+0
t= log((l_—(5)<2d)> >tr(A) and e= 2log<1—> > 0.
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Let p = pg,e)(M,0) € Ay )(A,0) be as in Theorem 4.3. Denote by p = puss)(S) the
vector

p=(1-07% expp=((1-08)2"),., € ([RL)" (24)
Then,

1. There exists So € O 5)(S) such that A(So) = p
2. For every S € O(s,5)(S) we have that

k k
H“i < H Xi(S)  for every k € 1. (25)
i=1 i=1

3. Given S = VSV* ¢ O(s,5)(S) then equality holds in Eq. (25) for every k € Ig
(i.e. = X\(S)) <= |det(V)| = s and there exists an 0.n.b. {v;}ic1, for C* such that

i
S:ZAZ»( v Qv; and V¥V = ZA(S)UZ(@UZ (26)
i€ly i€lly

Proof. First notice that

ttr(A)Qlog((l_86)> d- 2log<1fg) —d-e.

Hence, we can compute p(¢)(A,0) as in Theorem 4.3.
Let {v;}ier, be an o.n.b. for C? such that Sv; = \;(S)v; for i € I;. Then we define

1/2
_ Hi ) ) + _
Vo = %1: ( i S)) v; @ v € GU(d)T  and Sy = VoSV, (27)

It is clear that A\(Sp) = u. Since p — A = (p — )T by Theorem 4.3, then
log AT (Vi) = 2log(1 —8) - 14+ p — A. (28)
Hence, for any i € Iy

2log(1 —6) < logA (VO) 2log(1 —6) + & = 2log(1 + )
= (10 <X(VF) < (1+96)?

which is equivalent to ||[Vy — I|| < 4. Also, det(VZ) = (1 — §)2? det(S) " exp(tr(p)) = s2
so that So € O(;,5)(S) with A(Sp) = p.

In order to show items 2 and 3, let us first assume that V € Gi(d)". Then, by
Theorem 5.1,
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AS) 0 A(V?) " <iog A(VSV) and  (A(S) o A(V2) ) = A(VSV)
if and only if there exists an o.n.b. such that Eq. (23) holds. Therefore
log(A(S)) +log(A(V2))" =log(A(S) o A(V2)T) < log(A(VSV)). (29)

Assume further that det(V) > s and || — V|| < 6. Then (1 —6)% < \(V?) < (1 +6)?
and hence 2log(1 — §) < log()\;(V?)) < 2log(1 + §) for every i € I;. On the other hand

trlog(A(V?)) = log(det V?) > 2log(s).

Hence v = log(A(V2))T — 2log(1 —§) -1 € (]Rféo)T is such that

tr(y) > 210g<ﬁ) and
146

0 <7 <2(log(1+6) —log(l —46)) = 2log<m>, 1€ 1g.

Thus, using the notation in the statement we see that
log(A(S)) +7=A+7 € A1o(\,0) = p=<uwA+7.

Therefore, in this case we have that p 4+ 2log(1 — §) - 1 <, A+ log(A(V?))T. These facts
together with Eq. (29) imply that

p+2log(1—6) - 1 <y log(A(S)) +log(A(V2))" < log(A(VSV)).

Since the exponential function is increasing, the submajorization relation above implies
Eq. (25). Moreover, if equality holds in Eq. (25) for every k € I; then, by the previous
majorization relations, we conclude that (1 — §)Zexp(p) = (A(S) o A(VHT)F = A(VSV).
Hence, by Theorem 5.1, we see that there exists an o.n.b. {v; };e1, that satisfies Eq. (26).
Conversely, notice that if there exists an o.n.b. {v;};er, for which Eq. (26) holds then it
is straightforward to show that equality holds in Eq. (25) for k € 1.

Finally, if V' € Gl(d) is arbitrary, the result follows from the positive case by taking the
polar decomposition V = U|V|, using that A(VSV*) = A(|V|S|V|) and that || — V| >
|1 — V|| by Lidskii’s theorem for singular values. Then [V|S|V] € O, 5)(S) and hence
1 =<10g AVSVT) = A([VIS|V]). O

Remark 5.3. Consider the notation of Theorem 5.2 and let V) and Sy be as in Eq. (27).

1. Then, Sy € O,,5)(S5) is such that A(Sp) = p.

2. If V € Gl(d) is such that VSV* € O, 5)(S) and A(VSV*) = p then by Eq. (26) there
exist unitaries U, W such that WS = SW and V = UVyW, so that ||[UVuW —I| < 4.
It could be the case that W # I and U # W*.
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3. Given a unitary U then, even when A((UV;)S(UVy)*) = u, it could be the case that
UVo - F & Os,6)(S) (e.g. when ||[U — I| is not sufficiently small).

4. From the proof of Theorem 5.2 it is possible to derive conditions that guarantee that
the distance between V{, and the identity will equal é. For example, if we assume
that

A1 (S) 1+6\°
2(B) = (ﬁ) ’ (30)

then ||[Vo — I|| = 0. Indeed, following the notation of Theorem 5.2 and its proof, the
condition in Eq. (30) is equivalent to

A1 — Ag = log A1 (S) —log A\g(S) > e. (31)

Moreover, notice that ||Vp — I|| = § if and only if A\; (V) =1+ or A\g(Vp) =1 — 9.
By Eq. (28) this is possible if and only if p; = A1 or if pg = Ay + €. If we assume
that pg < Ag + &, then p = v(\,t) by construction (see Theorem 4.3). Then, p; =
v(\, t)1 = A1; otherwise, we must have

A <pr=v(\t) =v(\t)g = pa < Aa+e,
which contradicts Eq. (31). A
Consider the notation of Theorem 5.2 and set s = (1 — 6)¢. In this case we have that
O(s,5)(S) ={VSV*: V egi(d), |V —1I|| <6} (32)

By inspection of the proof of Theorem 5.2 we get that Vo = (1 — )1, Sp = (1 — )25 €
0(575)(5) and

(1—0)°S <VSV* for VSV* € O 6)(S). (33)
The operator inequality in (33) implies that (1 —§)2S has minimal spectral spread (with

respect to log-majorization) within O, 4)(S) and the problem has no interest in this
case.

5.2. Computation of optimal perturbations by equivalent frames

We begin with the following result, which is a consequence of Theorem 5.1, and the
relations between submajorization and increasing convex functions described in Sec-
tion 2.3.

Theorem 5.4. Let F = {fi}ic1, be a frame for C, with frame operator Sz € Gl(d)*,
and fix an increasing function h € Conv(R>o). Given v € (RL )¢ then,



560 P.G. Massey et al. / Linear Algebra and its Applications 469 (2015) 539-568

1. If V € Gl(d) is such that A(V*V') = v then we have that

Y hA(SE)var1-i) < Pu(V - F), (34)

i€ly

and this lower bound is attained.
2. If we assume further that h € Convg(R>o) then equality holds in Eq. (34) iff there
exists an o.n.b. {v;}ic1, such that

Sr = Z Xi(SE)v; @v; and VIV = Z%lﬂﬂ'vi ® v;. (35)

i€ly i€ly

Proof. Recall that if V and F are as above then Sy.» = V.SzV*. Hence, by Theorem 5.1
and the remarks in Section 2.3 we conclude that

ASE) o ANV W) <ig ASvz) = ASE) o AV V)T <4 A(Sv 7).

The submajorization above together with the fact that h is an increasing and convex
function imply Eq. (34). On the other hand, it is clear that this lower bound is attained.
Assume now that the lower bound in Eq. (34) is attained for some V as above. Using the
fact that h is (an increasing) strictly convex function and the submajorization relation
above then we conclude that (A(Sz) o A(V*V)T)¥ = A(Sy.7) (see the remarks in Sec-
tion 2.3). Thus, again by Theorem 5.1, we conclude that there exists an o.n.b. {v;}icr,
for C? for which Eq. (35) holds. 0O

Notation 5.5. Let F = {f;}ic1, be a frame for C? with frame operator Sz € Gl(d)*. Let
0 <46 < 1andlet s> 0 be such that (1 — )% < s < (1 + )% Then, with the notation
from Egs. (6), (7) and (21) then, the identity in Eq. (8) becomes

S(Ps,5)(F)) = Os.6)(SF).

Thus, the following result is a direct consequence of the previous identity and Theo-
rem 5.2.

Theorem 5.6. Let F = {fi}ic1, be a frame for C¢ with frame operator Sy € Gl(d)*. Let §
and s as in Notation 5.5. Define the following data: A = log A(Sx) = (log A\i(SF))ic1, €
(R,

2, 1
t= log(%i;)(fd)> >tr(\) and &= 210g<%) > 0.

Let p = pey(N0) € Apoy(X,0) be as in Theorem 4.5. Denote by p = (5.5 (F) the
vector

p=(1=0)% expp=((1-0)%"), € (RLo)".
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Then,

1. There exists Vo - F € Ps,5)(F) such that A(Sv,.7) = p.
2. For every V - F € P, 5)(F) we have that

k k
H#i < H)‘i(SV-]-') for every k € 1. (36)
i=1 i=1

3. Given V-F € P, 5)(F), equality holds in Eq. (36) for every k € g (i.e. \(Sv.7) = )
<= |det(V)| = s and there exists an 0.n.b. {v;}ic1, for C* such that

Sr = Z Ni(SF)v;i @v; and V¥V = Z %vi ® v;. O (37)

i€ly i€lg

The previous result establishes the existence of perturbations V' - F € P, 5)(F) by

equivalent frames, that are optimal in a rather structural sense. For example, these op-

timal perturbations are minimizers of convex potentials. In turn, these convex potential

can be used to obtain a direct and simple (scalar) quantitative measure of performance

of arbitrary perturbations within P, 5)(F). We formalize these remarks in the follow-

ing:

Corollary 5.7. Fiz an increasing function h € Conv(Rx>q). With the notation and termi-
nology of Theorem 5.6:

1. For every V - F € P, 5)(F) then

S hiws) < PV - F), (38)

i€lg

and this lower bound is attained.

2. Assume further that h € Convy(Rxq). Then, V - F € P 5 (F) attains the lower
bound in (38) iff |det(V)| = s and there exists an o.n.b. {v;}ic1, for C? such that
Eq. (37) holds.

Proof. With the notation above and using the fact that Sy.» = VS£V™*, then the
remarks in Section 2.3 and Theorem 5.2 imply that

(log pts)ien, <w (IOg()‘i(SV'F)))ieﬂd = [t <w A(Sv.F).

Then, the submajorization above together with the fact that A is an increasing and
convex function imply Eq. (38). Assume further that the lower bound in Eq. (38) is
attained for some V as above. Using the fact that h is (an increasing) strictly convex
function and the submajorization relation above then we conclude that p = A(Sy.x).
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Hence, by Theorem 5.2, we conclude that there exists an o.n.b. {v;};er, for C? for which
Eq. (37) holds. O

Remark 5.8. Consider the notation and terminology of Theorem 5.6. Let

1/2
_ M , , +
V()—iGZHUZ()\i(S)) v; @ v; € Mg(C)™.

1. Then, Vo - F = { fi}ie1, € Ps.5)(F) and A(Svy.7) = .
2. In this case, since ||Vo — I]| < 4, for every j € I,, we have that

1f5 = Fill = | (T = VTF)(e))|| < IV = IITF| < SI|TF]|.
In particular ||| f;]| — || f;lI| < 0| T, for j € I,. A
5.3. Ezpansive perturbations by equivalent frames

Arguing as in proof of Theorem 5.2 above, in terms of Theorem 5.1 and the results
from [19] described in Remark 4.1, we can get the following perturbation result which is

of independent interest.

Theorem 5.9. Let S € Gl(d)" and let s > 1. Define

A= (logAi(9)),, € RN and t=2logs+trA>trA.

i€ly
Let v =v(\ t) € A(N) be as in Remark j.1. Denote by p = (€"");er,. Then,
1. There exists Vo € Gl(d) expansive (i.e. ViV > I) such that
|det Vol =5 and A(VoSVY) = .
2. If V € Gl(d) is expansive and such that |det V| = s, then p <igg A(VSV™).
3. Equalities hold in item 2 <=> there exists an o.n.b. (of eigenvectors) {v;}icr, for C2

such that S and V*V satisfy Fq. (26). O

We shall consider expansive perturbations of a fixed frame F by equivalent frames,
with a fixed determinant parameter: Let F = {fi}ic1, be a frame for C¢ and let s > 1.
Denote by

PE(F)={V-F:V €Gl(d), |detV|=sand V*V > T}.

Note that, in contrast with P, 5)(F), the sets PE;(F) are closed by unitary equivalence.
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Corollary 5.10. Let F = {fi}ic1, be a frame for C* with frame operator Sx € Gl(d)T
Let s > 1. Consider the data \,t,v and p as in Theorem 5.9 with S = Sg. Then,

1. There exists Vo - F € PE(F) such that A(Sv,.7x) = p.

2. For every other V - F € PEs(F) we have that Hle i < Hle Xi(Sv.r7) for k €1y.

3. Equality holds in item 2 for every k € 1y (i.e. A(Sy.x) = u) < there exists an
0.n.b. {v;}ier, for C¢ such that Sx and V*V satisfy Eq. (37). O

Appendix A. Multiplicative Lidskii’s inequality

Although majorization and log-majorization are not total relations in R? they appear
naturally in many situations in matrix analysis. Some examples of this phenomenon are
the Schur—Horn theorem characterizing the main diagonals of unitary conjugates of a
selfadjoint matrix A, and Horn’s relations between the eigenvalues and singular values of
matrices. Another interesting example of a majorization relation is Lidskii’s inequality
for selfadjoint matrices; namely, if A, B are selfadjoint matrices then A\(A4) + AT(B) <
A(A + B). Lidskii’s inequality has a multiplicative version obtained by Li and Mathias
n [14]. In the positive invertible case, Li and Mathias’s results can be put into the deep
theory of singular value inequalities developed by Klyachko in [12]. Next, we describe
these results in detail and characterize the case of equality in Li-Mathias’s multiplicative
inequality. The following inequalities are the multiplicative version of Lidskii’s inequality:

Theorem A.l. (See [1/].) Let S € Mq(C)* and V € Gl(d). Let J C 1; be such that
|J| =k and X\;(S) > 0 fori € J. Then we have that

" k
H)\d+1ZVV<H VSV H (Vv*v). ©

We complement this result by characterizing the case of equality in the inequalities
above. We shall use some results of [20, Section 8], where we study the case of equality
in the additive Lidskii’s inequalities, and also some combinatorial problems. We begin
by revisiting the following well known inequality from matrix theory. Our interest relies
in the case of equality.

Lemma A.2 (Weyl’s inequalities). Let A, B € M4(C) be Hermitian matrices. Then,
Mi(A+ B) < XN(A)+ M (B)  for every i € 1. (39)

If there is i € Ig such that \i(A+ B) = X\i(A) + A\1(B) then there is a unit vector x such
that

Az = N\ (A)x  and Bx = A\ (B)zx.
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Proof. It is a particular case of [20, Lemma 8.1]. O

Proposition A.3 (Ostrowski’s inequality). Let S € Mq(C)t and let V € My(C) be such
that V*V > I. Then, fori € 1y we have that

Ai(S) < X (VSVF). (40)

Moreover, if there exists J C Iy such that \;(S) = \;(V.SV™*) for i € J, then there exists
an o.n.s. {v;}ier C C? such that

[V|vi=v; and Sv; =X(S)v; foriel.

Proof. The first part of the statement is well known (see for example [6, Theorem 5.4.9]).
Hence, we prove the second part of the statement by induction on |J|, the number of
elements of J. Assume first that V € My(C)T is such that V2 > [ ie. that V is a
positive expansion. Fix ¢ € J and notice that, by Sylvester’s law of inertia, \;(V (S —
Ai(S) V) =0, since A;(S — A\;(S)I) = 0. By Lemma A.2 we have that

A(VSV) = Mi(S)Aa(V?) = M(VSV) + A (=Ni(S)V?)

A.

> XN (V(S=X(SI)V) =0. (41)

[V}

Since A\g(V?2) > 1 and \;(VSV) = \;(S) (i € J) we conclude that \y(V?2) = 1. Moreover,
by the equality in Eq. (41) and Lemma A.2, there is x € C¢, ||z|| = 1 such that V.SVz =
Ai(VSV)z and

XSV = M (= Mi(S)V)z = —Xi(S)Aa(V)x = —\i(9)a.

Hence V2x = x and then Vz = z. Thus, VSVz = \;(VSV)r = Sz = \;(VSV)z =

This proves the statement for |J| = 1. If we assume that |J| > 1 then we fix v; = z
and consider W = {v;}*, which reduces both A and V. Therefore an easy inductive
argument involving the restriction S|y, and V|, shows the general case.

If we now consider an arbitrary V' € My(C) such that V*V > I, then let V = U|V|
be the polar decomposition of V. In this case, U is a unitary operator and V.SV* =
U|V|S|V|U* so that \;(VSV*) = \,(|[V|S|V]) for every i € I and |[V|?> = V*V > I.
These last facts together with the case of equality for positive expansions prove the
statement. O

In order to state our results we introduce the following notion.

Definition A.4. Let S € GI(d)* and let V € Gi(d). We say that V is an upper multi-
plicative matching (UMM) of S (resp. lower MM or LMM of S) if there exists a family
{Jk}ker, such that Ji C Jpy1 Clyfor 1 <k <d-1,|Jg| =k for k € I and such that
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N(VSVF) £ .
ATPY DTNV, kel
Zg )\Z_(S) 11;[1 ( ) d

(resp. TIiy AL (VV) =TTy Ao (V*V) = Ty, 28052, k€ la). A

Theorem A.5. Let S € Gl(d)" and let V € Gl(d) be an UMM or an LMM of S. Then S
and |V | commute.

Proof. We can assume that V' is not a multiple of the identity. We use the splitting
technique considered in [14]. Let V be an UMM of S and assume further that V € Gi(d)™.
Denote by A = (A1,...,Aq) = A(V) € (R%,)¥ and fix be an o.n.b. {u;}ier, for C? such
that V = Zieﬂd Ait; @ u;. Fix an index 2 < k < d be such that A\p_; > A\r and denote
by V,, = )\EIV, which is also an UMM for S. In this case \;(Vy) = ;\‘—; for every ¢ € I.
In particular Ag_1 (Vi) > A\p(Vi) = 1. Let

n = (>\1 (Vk), Ceey /\k—l(Vk)a 1d—k:) S (Rio)¢ and By = Z My @ Uy € gl(d)+
i€ly

Notice that Wy, = ker(By — I) = span{u; : k < i < d} = dimW}, =d+ 1 — k. Also
notice that the orthogonal projection Py def Py, coincides with the spectral projection
of V' corresponding to the interval (0, A].

On the other hand, by construction of By, we see that B > I and Vk_lBk =
Bka_l > I. Using that Vj; is an UMM of S, we can take Jy_1 C I; such that
|Jk—1] =k — 1 and

k-1
11 V’“S V’“ H X (V). (42)

i€Jp_1

Then, by Ostrowski’s inequality we get that

i (ViSV;,) (40) N((BVy HY(VeSVi) (Vi 'By)) \i(BrSBy)
I =5 = 1l B Ry

i€JK—1 i€Jp_1 i€Jp_1

Using Ostrowski’s inequality again, we see that Mf%g)&‘) > 1 for every i € Iy and

therefore

(VkSVk BkSBk) )\i(BkSBk)
I = = 1 R =1175E

i€Jrp_1 i€ly

det(BySB o
_ W — det(B}) = [[ M(V2).

i=1
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By Eq. (42) we see that the previous inequalities are actually equalities. Hence, if we let
Ji_y =1g\ Jg—1 then |[J{_,|=d+1—Fk and

H Xi(BrSBy)

e L = Xi(BuSBy) = \i(S) forie Jo_,.

ieJe_,

By the case of equality in Ostrowski’s inequality in Proposition A.3 we conclude that
there exists an o.n.s. {v;}iese | C C? such that

Biv; =v; and Sv; = N\(S) forie Jp_;. (43)

Then we conclude that {v;}icse , is another o.n.b. of Wj. Hence P, = ZiEJ;ifl v; @ ;
and, by Eq. (43), we conclude that Py and S commute. Finally, since V' can be written
as a linear combination of its spectral projections Py (for A\x—1 > A\x) and the identity I,
we see that V' and S commute in this case. The general case for arbitrary V € Gl(d)
follows from the positive case with the reduction described at the end of the proof of
Proposition A.3.

Assume now that V € GI(d)" is a LMM of S. Then V! is an UMM for V.SV Indeed,
if J C I is such that

k
Frooy A(VSV)
then we have that
k k —1 1 B B
(V-2) — T (12 _ Mi(VSV) _ N(VH VSV
[ ) (11_11& v >) () - s

By the first part of this proof, we conclude that V! and VSV commute, which im-
plies that S and V commute. If V' € GI(d) is arbitrary we conclude that S and |V
commute, using the reduction to the positive case described at the end of the proof of
Proposition A.3. 0O

Now we can re-state and prove Theorem 5.1:

Theorem 5.1. Let S € Gl(d)™ and let v € (RL,)¥. Then, for every V € Gl(d) such that
AV*V) =~ we have that

A(S) 07" <10g A(VSV*) <10 A(S) 07 € (RL)*.

Moreover, if \(VSV*) = (A(S) oy")t (resp. A\(VSV*) = X\(S) o y) then there erists an
0.n.b. {v;}ier, of C¢ such that
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SZZ)\i(S)Ui(@vi and |V|= 27d+1 Vi @ (44)

i€l i€lg
(resp. S =3 i, Ai(S)vi @v; and [V| =37, ’yil/Qvi ®v;).

Proof. Let S and V be as above. Assume further that V € GI(d)* and notice that then
MV SV) = \(SY/2V281/2), By Theorem A.1 we get that, for every J C Iy with |J| = k,

(Q—1/2/q1/21/2 q1/2 —1/2 k

ieJ iceJ i=1

This shows that A o AT(S) <i0g A(V.SV) or equivalently, that A(S) o AT <1og A(VSV).
Moreover, the previous facts also show that if A(V.SV) = (A(S) o AT)* then S~=1/2 is an
UMM of §'/2V281/2. By Theorem A.5 we see that S~/2 and S¥/2V25%/2 commute,
which in turn implies that S and V' commute.

Since S and V commute we conclude that there exists an o.n.b. {w;}ier, of C? such
that

S:Z)‘i( Jw; ®w; and V = Z)‘o(l V)w; @ w;

i€lly i€lg

for some permutation o € S4. That is, in this case we have that
(A(S) 0 XT(V2))* = A(VSV) = (A(5) 0 A (V2)*.

Notice that by replacing S and V' by ¢S and ¢tV for sufficiently large ¢ > 0 we can always
assume that S — I € GI(d)T and V — I € GI(d)*. Using the properties of the logarithm,
we conclude that the vectors log A(S) and log A(V2) € (Rsq)* are such that

(log A(S) +log AT(V2))* = (log A(S) + log AL (V2))*.

By [20, Proposition 8.6 and Remark 8.7] we conclude that log A(S) = log A,(S). That
is, if we set v; = wy-1(;) for i € Iy then the o.n.b. {vi}ien, satisfies the conditions in
Eq. (44). The general case, for V € Gl(d), follows by the reduction described at the end
of the proof of Proposition A.3.

On the other hand, notice that a direct application of Theorem A.1 shows that

k

HA, VSV* SH (vv) = J[rvsve) < [[AS)N V).

i=1 Ai( i=1 i=1 i=1

kS

Hence, we conclude that A(V.SV*) <iog A(S) 0 A(V*V) € (R%)*. Finally, in case that
AVSV*) = A(S) o A(V*V) we see that S is an UMM for S and therefore S and |V|
commute. In this case it is straightforward to check that there exists an o.n.b. {v;}icr,
with the desired properties. O
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