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Summary
In this Thesis, formal studies were carried out in the framework of possible real-time extensions of the
ADS/CFT duality. In particular, by integrating elements from the prescriptions of Skenderis and van Rees
(SvR) and Banks Douglas Horowitz and Martinec (BDHM) or extrapolate, applications were studied to build
a family of excited states of the theories on both sides of the duality.
The SvR prescription incorporates elements of Schwinger-Keldysh (SK) formalism for the study of nonequilibrium systems by means of paths in the complex temporal plane to give a real-time extension of the
Gubser Klevanov Poliakov and Witten (GKPW) prescription for the computation of correlation functions.
The latter identifies the partition functions of both dual theories. In general, for the SvR prescription an SK
path is separated into segments of defined signature to which a dual geometry is assigned. These are then
joined together to form a holographic description of the complete SK path in terms of a manifold that has
signature jumps, which we will call a mixed signature manifolds. The Lorentzian segments of the SK path
are associated with the physical evolution of the system while the Euclidean segments define the state of the
system. The correlators in real time are obtained deriving the generator function with respect to external
sources located in the Lorentzian regions of the manifold.
The BDHM prescription is an operator map between the dual theories, associating canonically quantified fundamental fields of gravity theory with primary single-trace operators of field theory. In particular,
the prescription accounts for the factorization that occurs in the planar limit of a field theory, prescribing that operators may be written perturbatively in terms of the ladder operators of the dual gravitational
theory. We shall see that this prescription will give us great computing power and provide checks on the
consistency of the proposed interpretations for the states under study.
The states studied in this work are defined as deformations by external sources of the Euclidean regions
of the SK paths within the framework of the SvR prescription. We will be able to write non-perturbative
expressions for the states in terms of the degrees of freedom of each dual theory and show that by construction these always have associated dual geometry on the gravity side of the duality. Incorporating the
BDHM prescription, we will see that a perturbative study in 1/N will allow us to observe that, to leading order, the states are coherent excitations of Hilbert’s space, in accordance with their semi-classical character.
Then, in this limit, the states under study can be considered an over-complete base of the Hilbert’s space
under study, where each element of the base has a classical geometry associated with it. The consideration
of corrections shows that the defined states are only coherent in the strict N → ∞ limit and are corrected
with increasing powers of the ladder operators of the theory of gravity. However, it can be shown at any
order that the calculation of observables in these states admit diagrammatic interpretation on the mixedsignature manifold. This shows that the constitutive property of these states is not their coherence, which
is only given in first order in 1/N , but the fact that they always have an associated dual geometry.
Concrete constructions from these states are studied for SK paths associated with systems at T = 0 and
then for the case T 6= 0. In the first case, the essential tools for the construction of the excited states and the
study of their properties are described, such as the calculation of its eigenvalues in the N → ∞ limit, where
these are coherent. It is also verified that the states are defined independently of the particular SK path
under study. Then, a particular example of a system at T 6= 0 is studied, whose associated SK path presents a
holographic dual whose properties will be discussed in detail. We will also study excited states on this path,
checking the general properties for these discussed in the previous paragraph.
In Chapter 1 there is a brief historical introduction to the discoveries in theoretical physics that culminated in the formulation of the AdS/CFT correspondence. The areas of research involved are also presented
in general terms and the way in which they are articulated throughout the work is outlined.
In Chapter 2 the necessary formal tools of quantum field theory (QFT) as well as general relativity (GR)
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are introduced. On field theories, the formalism of Schwinger-Keldysh (SK) is presented to describe physical problems in terms of time evolution on paths in the complex temporal plane. In particular, the so-called
In-Out, In-In and Thermal paths are presented, distinguishing them according to whether they are open or
closed paths in the complex plane. The latter, described by a closed path, allows the study of finite temperature field theories. The formalism of thermal field theory (TFD), which also allows the study of theories at
finite temperature, is described and shown to be equivalent to a particular case of the thermal path. This
double description of the system will be useful for the objectives of this Thesis. Two physical realizations
of TFD are also presented, the Rindler space and the eternal black holes. Then, the group of conformal
symmetries SO(d , 2) will be studied. Some of the salient properties of conformal field theories or CFT in the
general d dimension will be studied and in particular it will be shown how the conformal group restricts
the correlators of a theory. As a consequence of this, we will see that the study of conformal theories is performed in a standard way by means of, for example, the Bootstrap program and other procedures that do
not rely on an action principle. In the framework of the AdS/CFT duality we can study properties of conformal field theories by means of variational techniques. Finally, we present general properties of coherent
states in quantum mechanics and field theories and a way to realize them by means of evolution of systems
coupled to classical external sources. From the gravity side, we define Einstein-Hilbert’s action with cosmological constant Λ in d + 1 dimensions and its maximally symmetric solutions in Euclidean and Lorentzian
signatures with Λ < 0, H and AdS respectively in terms of embedded surfaces in larger dimensional spaces.
The isometries of these spaces will be studied, observing that they coincide with the group of conformal
symmetries for one dimension less, SO(d , 2), and the different coordinate patches with which these manifolds and their level surfaces will be covered are presented. It will be noted that the metric induced on
the asymptotic boundary defines the geometry over which the dual CFT will be defined. For example, the
Global AdS patch describes a CFT defined on a sphere. From a holographic point of view, the asymptotic
AdS spaces will describe different states of the dual CFT. As a concrete example of this, black hole solutions
for spaces with Λ < 0, dual to a thermal equilibrium CFT state, are introduced for both signatures as well. After presenting the general case, we will introduce the BTZ geometries in Lorentzian and Euclidean time and
the conformal diagrams of both geometries will be studied. These geometries are 2 + 1 dimensional locally
AdS/H2+1 but they have a conical singularity. This will give them some similar properties to the black hole
solutions and their low dimensionality will allow us to perform analytically all the calculations of interest.
Chapter 3 formally introduces the duality of AdS/CFT or gauge/gravity correspondence. For this purpose a preliminary study of what is known as the planar limit of field theories or N → ∞ limit and a summary
of string theory results that will be relevant are presented. The first example of a realization of the AdS/CFT
duality, presented by Juan Maldacena at the end of the 1990s, is then presented. Through two equivalent
descriptions of the low energy spectrum of a brane configuration, he relates the field theory N = 4 SYM to a
string theory type IIB on AdS5 ×S 5 . These examples and other concrete realizations of the duality are collectively referred to as top-down approaches. Next, a presentation of what are called bottom-up approaches
is made, where general relationships are proposed for holographic systems that connect the observables of
both theories. We will present the GKPW prescription and the BDHM dictionary, two equivalent prescriptions. The GKPW prescription relates in Euclidean signature the partition functions of the dual theories and
shows how a Euclidean 2-point function is obtained according to it. The BDHM prescription is instead an
operator map between the theories. The use of both prescriptions together will be key to the observations
in this paper. Inconsistencies with the Holographic Principle that follow from an innocent formulation of
ADS/CFT in real time are presented as well as the Skenderis and van Rees (SvR) prescription, which resolves
these inconsistencies by extending the GKPW prescription to real time incorporating tools of SK formalism.
Given a problem of a CFT in terms of an SK path, a holographic dual path is constructed as the gluing of Euclidean and Lorentzian signature manifolds so that a changing signature manifold is built. The techniques
of gluing manifolds and fields involved in the SvR prescription are then studied. Finally, the central contribution of this work is presented, which is the construction of a family of holographic excited states that by
construction always have a geometry associated with the gravity side. Some of their general characteristics
will be studied and it will be verified in particular that in the strict N → ∞ limit they are coherent states. We
will calculate the eigenvalues of this approximation of the states and we will also check that 1/N corrections
break the coherence of the states, but not their geometric interpretation.
Chapter 4 presents the applications of these holographic states at T = 0. First, the In-Out case is de-
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scribed in detail for the semi-classical boundary of large N and a CFT defined in a compact space. The dual
geometry is assembled by gluing pure AdS Euclidean and Lorentzian sections according to the SvR prescription, the more general classical solutions to the equations of motion of the fields in each region are found,
and it is shown how the gluing ensures that the solution in the entire manifold is unique. The on-shell action of this configuration is derived, which contains all the information of the objects to be calculated: the
internal product between the excited holographic states, the matrix elements of the dual operators between
the states as well as the correlators of the theory. The calculation of the correlators will always be a tool to
check the consistency of the correct gluing of the geometry and the field solutions. It is corroborated that
the correlators are well ordered temporally, demonstrating the correct gluing of the geometry. The inner
product is obtained between the excited states and it is verified that they are not orthonormal. The inner
product is recalculated after normalizing the states and it is possible to define with this an inner product
in the space of the functions defined on the conformal Euclidean boundaries of the geometry. This inner
product, moreover, is reminiscent of the traditional form of the inner product between standardized coherent states. This example is concluded by studying the matrix elements of the holographic CFT operators
in this state basis, which is equivalent to completely determining the operator in this subspace of the total
Hilbert space, and an exact agreement is found between the eigenvalues of the coherent states obtained in
this formalism and the one suggested by the BDHM prescription. Secondly, the same problem is presented
in Poincaré coordinates, now including interactions in the theory of gravity. The dual problem describes a
CFT in flat space where the N of the symmetry group is large but finite and order-by-order corrections in
1/N can be obtained pertubatively. The correctly ordered 2-point functions of the theory are obtained and
then the excited states in this case are studied. The interactions deform the coherent nature of the states,
which at first order in 1/N behave as coherent-squeezed states. The example allows us to suggest a diagrammatic method to calculate the corrections to the contributions of the excited states to any order. The cases
where several fields interact in the theory of gravity, where excited states describe interlocked states, are
also discussed. For completeness, the results of the In-In case are included where it is explicitly shown that
the gluing of the geometry determines the causality of the correlators of the theory regardless of the ansatz
from which it starts. This example will highlight the role of asymptotic boundary conditions in combination
with geometry gluing to obtain the appropriate correlator in each region of the manifold.
Chapter 5 presents the case studies at T 6= 0. It begins by describing the details that differentiate it
from the T = 0 case, such as the duplication of degrees of freedom and the different relevant temporal arrangements as well as how T 6= 0 cases are typically resolved in the literature and how this conflicts with
the holographic principle. The dual geometries for the real-time problem which is an original result of this
Thesis are presented. The high-temperature dual geometry is described in great detail essentially following
steps analogous to the In-Out example in the previous chapter. The Lorentzian regions of this geometry
are connected by an Einstein-Rosen wormhole, as well as being connected through the Euclidean regions,
which imposes extra conditions on the gluing of the geometry and special detail must be put into the analysis of the geometry within the manifold. It is verified that the geometry univocally defines the solution of
the fields inside it in terms exclusively of information accessible from the dual CFT, recovering the agreement with the holographic principle. It is first checked that this geometry reproduces the correlators in the
correct temporal order. The excited states are still described in terms of a single source at the conforming
edge, but the excitation is naturally defined in terms of a Bogoliuvob rotation of the degrees of freedom of
the Lorentzian regions of the geometry rather than exciting each one separately. The low temperature geometric dual, Thermal AdS, is less interesting and is essentially a duplication of the cases at T = 0 described
in the previous chapter. To conclude, a work in progress is discussed where the results obtained for these
examples are applied in combination with tools of algebraic field theory to obtain modular hamiltonians
for states outside the thermal equilibrium in holographic theories.
Finally, the Chapter 6 contains a brief summary of the results, discussion and conclusions. The impact
of these results in the area is also discussed, as well as the future perspectives for the work in the short and
long term.
Appendices A and B discuss the formalism of holographic renormalization and some integrals too extensive for the body of the text. Holographic renormalization formalism is the standard mechanism by which
the action of gravity in aAdS spaces is regularized to remove divergences over conforming edges. The integrals relegated to the second appendix are mostly integrals Fourier trasforms leading to the configuration
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space version of the bulk to boundary and boundary to boundary correlators. In the appendix the differences between the various time arrangements and how these relate to the integration paths in the complex
frequency plane are discussed in detail. The calculation of the 3-point function in Poincaré coordinates is
also presented for completeness, where the use of AdS isometries is essential for its resolution.

7

Chapter 1

Introduction
The theoretical physics of fundamental interactions in the 20th century was dominated by two theories.
On the one hand, Quantum Field Theory successfully unified three of the four fundamental interactions:
it provided the framework for studying weak and strong nuclear interactions, as well as electromagnetism.
This unified theory, called the Standard Model, has been tested during the last 40 years in large accelerators
such as SLAC and LHC [1], showing an excellent fit of the experimental data. This imposes QFT as the most
finished way to describe fundamental matter in the quantum regime, at least at the energy scales at which
we can do controlled experiments. On the other hand, Einstein’s general relativity has explained classical
gravity very successfully. Gravitational wave measurements from LIGO in 2016 [2] and images of the center
of galaxy M87 from the Event Horizon telescope in 2019 [3] confirm and reinforce the validity of GR as the
best gravitational theory so far.
However, both theoretical frameworks still fail to merge into what is usually called a Theory of Everything. From the general framework of QFTs, incorporating the metric as one more field has failed to satisfactorily integrate gravity, resulting in a theory that is non-normalizable (with no predictive power) or
effective at best. Nor would such a quantization be entirely satisfactory in a more general sense, since it
would require the choice of a temporal foliation in the process, which conflicts with the invariance of GR
diffeomorphisms. In the opposite sense, by integrating the forces into the GR framework, either through
extra dimensions and KK reduction or from string theory, the predictions that can be made at the measurable scales are either indistinguishable from the existing models or fail to reproduce the experimental
results. Even if this is not a demonstration that there is no supersymmetry or extra dimensions, it is clear
that from the theoretical approach a new guiding principle is needed to help connect gravity with the rest
of the fundamental interactions.
A little over 20 years ago, the Maldacena conjecture [4] inaugurated the area now known as gauge/gravity
correspondence or AdS/CFT. Originally formulated as a strong/weak duality between an IIB string theory
on AdS5 × S 5 and a N = 4, SU (N ) SYM theory on d = 3 + 1, the correspondence now refers to a broader
connection between string theories, gravity and geometry on the one hand, and gauge field theories in one
dimension less on the other, which is why it is also called holographic duality. Because of its strong/weak duality character, it introduced the possibility of describing strongly coupled gauge theories in terms of weakly
coupled string theories propagating in small curved space-time and, reciprocally, it allowed the study of
strongly curved space-time dynamics in terms of weakly coupled gauge theories. Since then, the AdS/CFT
correspondence has become a useful tool to study non-perturbative aspects of gauge theories, such as the
phenomena associated with quantum gravity. In this work we will focus on formal aspects of the first possibility. The prerogative that all the information of a bigger dimension theory can be accessed through a
smaller dimension theory and vice versa is known as the Holographic Principle, which will be a guiding
principle for the development of this work.
It is interesting to mention that the strong/weak character of duality represents both an attraction and a
weakness. The appeal, as mentioned above, is the perturbative description of a dual theory of processes that
would otherwise be difficult to obtain in the original theory. However, for the very same reason a complete
demonstration represents a formidable task. Except for a few important methods (integrability, for example
[5]), perturbation theory is the standard tool for calculating observables in a theory. By construction, a perturbative expansion cannot be valid in both theories at the same time, so only a complete solution of both
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theories in all regimes could establish a complete map of the observables and thus prove duality. In case
studies with large number of (super)symmetries, for example the case N = 4, SU (N ) SYM in d = 3 + 1 mentioned above, some observables can be calculated exactly for all values of parameters and thus compared
with the perturbative predictions of the dual theory. This type of non-trivial check is known as precision
holography [6]. So far, the AdS/CFT duality has passed these and other types of consistency checks [7, 8].
Then, even in its conjectural character, the gauge/gravity correspondence forms a robust tool in the area of
theoretical high-energy physics.
Although the original proposal arises within the framework of string theory and specifically for the case
of the mentioned example of an IIB type string theory on AdS5 × S 5 and a N = 4 theory, SU (N ) SYM on
d = 3 + 1, duality has found an increasing number of accurate maps between complete theories, such as
the case of N = 6 super Chern Simons and ABJM theory [9]. Case studies, such as those above, where two
specific theories are considered to be dual and one or the other is studied using duality, are usually called
top-down approaches.
On the other hand, one could argue that there should be a general framework in which to give a dictionary between theories without it depending drastically on the specific case study. From this perspective,
one seeks to establish general rules for the holographic study of systems without resorting to a detailed description of the theories under study. In this sense, there is consensus in the community that the topological
and causal properties of space-time geometry are codified in the states and dynamics of dual-field quantum theory. In particular, the conjecture is that a gravity theory defined over an asymptotically Anti-deSitter
space-time (AdS), will be dual to a conformal field theory (CFT) which could be thought to be defined over
the conformal boundary of the AdS space. Solutions of AdS spaces interpolating between two values of cosmological constant between their asymptotic boundary and Killing horizon is interpreted as the flow of the
renormalization group of the dual field theory between two fixed points [8]. Also, an asymptotic black hole
geometry in AdS will describe the physics of dual field theory at the same temperature [10]. We will call this
kind of approach to duality bottom-up. This will mainly be the way we will discuss duality in this paper.
An interesting aspect to comment about a dual system description is that it requires a reinterpretation
of what are usually called the degrees of freedom (DOFs) of a system. It could be said that in a classical study
of field theory, one can write an action that could be any number of fields coupled together by interactions
that admit a perturbative description. In this example the DOFs are thought to be the matter content defined by the lagrangian of free theory, the coupling constant is a small parameter λ ¿ 1 to be determined
by the experiment and the observables of the interacting theory are obtained as perturbations from the free
results with the desired order of precision. Quantum field theory shows that finite predictions will only be
obtained after renormalizing the theory, which leads to the value of the effective coupling constant of the
theory depending on the scale at which the experiments are being done λ = λ(E ). This means that there
will generically be regions where λ ∼ 1 or even λ À 1 will exist. In these regions, not only does perturbative
expansion lose validity, but it is also questionable whether we can extrapolate to this region our definition
of DOFs from the weakly coupled case: for λ À 1 there is no sense in which the part we call free is distinguishable or dominant with respect to the other terms so that it would be arbitrary to prioritize it in order to
characterize the theory. In this sense for field theories, except for free theories, the DOFs of a general theory
is not something proper of a system but there are only effective DOFs with validity within a regime of energies. However, between one regime and another typically effective DOFs will change radically in nature.
Elementary examples of this are QED and QCD. For the former, at low energies the theory is described by
electrons and gauge fields. However at high energies the charge of the electron becomes a non perturbative
parameter and it cannot be said that the fundamental excitations of the vacuum are still states with photons
and electrons, but new degrees of freedom will arise. The case of QCD is reversed, being described by quarks
(even non-massive ones) at high energies, while at low energies the theory becomes strongly coupled. The
fact that the theory has asymptotic freedom means that we do have numerous phenomenologies of vacuum excitations at low energies, which are confined states of quarks that form hadronic matter, protons
and neutrons among others. Although effective models are known to describe hadronic phenomenology,
it would be interesting to find a fundamental description of QCD at low energies, which will no longer be
the known action of QCD, but will have new DOFs. The aim of this discussion is to present AdS/CFT as a
tool for providing non-perturbative descriptions of field theories in terms of a radically different theory with
dynamic spacetime and in a different number of dimensions.

11

The first prescriptions for working in holography were defined on Euclidean signature [11, 12]. In this
presentation of the holographic dictionary the partition functions of the dual theories are connected, establishing a map between external sources for local single trace operators in the CFT and conformal boundary
conditions for the fundamental fields of AdS. In particular, and as will be explained in more detail in the
body of this work, the n-point functions or correlators of the CFT are obtained by taking derivatives with
respect to these external sources. In this signature, the only boundary of the AdS space is its conformal
boundary where the dual CFT is defined. However, a direct real-time extrapolation of this prescription leads
to apparent contradictions with the holographic principle: the information corresponding to the initial and
final states must be obtained either from non-holographic borders or from the interior of the geometry
and neither of these regions nor their information is accessible from the dual field theory. It should be
mentioned that in the physical interpretation of the Euclidean analogue there is no such conflict, since the
system is by construction in the equilibrium state. A consistent real-time construction of duality is then of
interest at least as a consistency check: there is no reason why duality has to admit only a Euclidean description. In a less formal sense, the Euclidean calculation of observables does not always admit of an obvious
analytical extension in real time. In particular, quantities such as the shear viscosity in field theory, defined
as the limit at low energies of a quotient of correlators, are difficult to obtain in the absence of methods
of analytical extension of Euclidean results, where the results are usually given in terms of discrete sums
of Matsubara frequencies and a limit of low energies is not possible [13, 14]. A simpler example of this is
presented in this Thesis, where correlators are obtained from real time theory that would be non-trivial to
obtain from the Euclidean correlator alone.
An alternative way to work with the AdS/CFT correspondence is the BDHM map or extrapolate [15].
This second map, equivalent to GKPW [16], is a map between operators of dual theories and allows for a
description of the operators of a CFT at the planar boundary in terms of ladder operators of the fundamental
fields of AdS. In a strict sense, in the literature the extrapolate map consists of the calculation of field theory
correlators by extracting the dominant order of correlators in AdS when their points are brought to the
conformal boundary. However, if one assumes the BDHM operational prescription, one can immediately
demonstrate the extrapolation prescription and vice-versa. Then, in this work we will talk indistinctly about
both prescriptions although we will prefer the name of BDHM, the operational version, which is the one that
will be more useful to our purposes. The inverse operatorial relationship of quantifying CFT theory to obtain
quantum gravity information in AdS is known as HKLL map [17]. From this approach it is usually discussed
how much CFT information is needed to determine a trader as he moves further in the holographic radial
direction. This problem and its developments, however, are outside the scope of this Thesis and the reader
is referred to, for example, [18] for discussion.
An extension of the GKPW prescription to processes with real-time evolution in accordance with the
Holographic Principle was given by Skenderis and van Rees (SvR) in [19, 13].In this, physical problems are
represented in the CFT in terms of Schwinger-Keldysh paths (SK) in complex time [20]. What is sought then
is to provide a dual geometry to the full SK path, which will invariably be a manifold of changing signature,
as is the SK path itself. The result is a complex time prescription where the Lorentzian regions represent the
actual evolution of the system while the Euclidean regions define the state in which the system is, in line
with the Hartle-Hawking (HH) wave function for Euclidean quantum gravity [21].
The construction of the geometric dual will be done by separating the SK path in segments of definite
signature, assigning a dual to each segment and then gluing the pieces together to assemble the complete
manifold. The gluing conditions are derived directly from the formalism of the integral of roads by demanding that each region define a good variational problem and that the contributions from the gluing regions
cancel each other out. With this prescription, it can be shown that the problem in gravitational theory
is completely determined by information accessible from dual field theory, resolving the conflict with the
holographic principle. The counterpart of this is dealing with a complex path integral. This method of finding the complete geometric dual by means of pieces that are then assembled, suggests a holographic map
also by parts for each segment. We will go into this idea further in the body of the work.
Another aspect that is built in the SvR prescription, being embedded in the formalism of SK, is that
it manages to reproduce without ambiguity the different types of temporal arrangements. For example,
correlators at T = 0 in field theory and the linear response of a system at T 6= 0 require a Feynman and
causal temporal ordering respectively. From traditional Euclidean prescription the appropriate regulators
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must be imposed by hand and with physical intuition, which can be non-trivial, especially in interacting
theories. This ambiguity has no place in SK formalism: both problems correspond to different paths in the
complex temporal plane and lead directly to the correct results in each case. The correct arrangement of the
correlators obtained by holographic calculations, contrasted with the expected results of direct calculations
in the CFT, will be used during the Thesis as a consistency check that the geometries considered are well
constructed.
A relevant aspect of this prescription is that it suggests the existence of two types of external sources that
one can turn on in the theory. The external sources in the Lorentzian regions are immediately interpreted
as the objects analogous to the Euclidean external sources in the GKPW prescription, i.e. those upon which
it is derived to find the correlators of the theory. On the other hand, Euclidean regions also appear in this
formalism over which sources can be switched on. As mentioned, in their original paper [19, 13] the authors
considered the case of null Euclidean sources, in accordance with HH’s proposal for the vacuum wave function. The insertion of sources in the Euclidean regions of the path and the characterization of their effects
in the framework of AdS/CFT will be the central axis of this Thesis.
The most important result of this work is the generalization of the SvR prescription to holographic excited states by inserting Euclidean sources. By holographic excited states we refer to states that can be
defined in a non-perturbative way in terms of the DOFs of each theory on both sides of duality and that by
construction always have associated dual geometry in the gravitational theory. The study carried out allows
us to characterize these at the planar limit of the CFT as coherent excitations of the vacuum in terms of
the ladder operators of the theory of gravity. In this limit then the states under study represent an (over)
complete basis of Hilbert’s space. Corrections to this limit will break the coherent character, but at all perturbative orders they maintain a dual geometry. Moreover, thanks to its geometrical character, a set of diagrammatic rules will be given to calculate corrections to the coherent behavior in any order. We will study
applications of this construction to different SK paths that describe systems at T = 0 and T 6= 0. The latter
will be especially interesting as their state is defined by a density matrix and the description of the excited
states in this case requires a more detailed study.
The tools needed for the studies to be carried out in this Thesis are presented in Chapters 2 and 3 below.
Section 3.5 presents the formal construction and characterization of the holographic excited states, the
central point of the Thesis. In Chapters 4 and 5 we will present the applications of this construction to
systems at T = 0 and T 6= 0 respectively. In the Apps. A and B, we present the procedure of holographic
renormalization and integrals left outside the body of the work.
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Chapter 2

Holographic Excited States
In this section we present a recipe for including excited states in the SvR prescription. Once exposed, we will
be able to make the construction independent of the SvR prescription, constituting then a basis (or at least a
family) of excited states of the Hilbert space of states that have guaranteed by construction a dual associated
geometry. We will give a non-perturbative definition of this family of states and then a perturbative study
of these states at N → ∞, we will see that they are at leading order coherent and acquire increasing powers
from the ladder operators with increasing corrections in 1/N .
This mechanism and the study of its applications are the central axis of this Thesis and is an original
work by the author and its directors, published in [63, 77, 78, 79] and in the essay uploaded to the network
[80]. The properties of these were studied in other works, including [81, 82, 83, 84, 85, 86, 87, 88, 89, 90],
where entropic properties are studied in these states, among other applications.
We will now begin with the inclusion of excited states in the SvR prescription. Although it is initially
written as a single path integral over a complex path, the proposed resolution methodology of splitting the
path integral into segments of defined signature, proposes an alternative interpretation in terms of a piece
wise holography, at least in cases where this mechanism leads to the solution that minimizes the complete
action. This will always be the case in this Thesis, supported by the fact that the divergences that arise from
gluing two segments are canceled only by taking into account the intervening segments. Incorporating SK
path arguments, where the Lorentzian segments were associated with the physical evolution of the system
and the Euclidians as a whole with the state of the system in combination with Glauber’s construction of
excited states where the inclusion of external sources in Euclidean segments describes excited states of the
Hilbert space, we defines
Z
R
|Ψφ 〉 ≡ e − O φ |0〉 ,
〈φΣ |Ψφ 〉 ≡ DΦφ e −S E [Φ] = Ψφ [φΣ ] ,
(2.0.1)
where it should be imposed that the external source φ turns off adiabatically in the vicinity of Si g ma, both
because of the bonding conditions and to ensure the construction of an excited state of the theory with the
undeformed Hamiltonian. Note that we have written the state in terms of the degrees of freedom of the
field theory and the gravity theory, in a non-perturbative definition. Here, φS i g ma〉 is the eigenstate basis
of the field Φ over Si g ma, such that Φ|φΣ 〉 = φΣ |φΣ 〉 and Ψφ [φΣ ] is the wave functional of the state. These
definitions are the backbone of this work. This construction is schematized for both sides of the duality in
Fig. 2.1.
In this formalism each segment of an SK path is being separately associated with a holographic interpretation of its own, identifying each with states/operators of Hilbert’s space, which if AdS/CFT holds, is the
same for both theories1 .
From an GR perspective, the right-hand side of (2.0.1) represents a generalization of Hartle-Hawking’s
prescription for vacuum wavefunctional in a theory of gravity. The original definition imposed zero boundary conditions for all fields of the theory, while this prescription leaves them turned on for dual fields to CFT
operators.
Another interesting aspect of (2.0.1), is that it realizes in both theories the Glauber’s mechanism, based
on the insertion of external sources over a finite period of time, leading to the construction of excited states.
1 The construction of this could be thought of as the analogous eigenstate basis for O , with a normalization inherited from the

theory of gravity. We won’t explore this map in detail in this work.
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∝ r∆φΣ

φ
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φO

φΣ

∝ r∆φΣ

ΦN

Σ

CFT d

Σ

AdSd+1

(a)

(b)

Figure 2.1: In the figure the states are represented in their prescription on both sides of the duality. The
source φ is in the field theory and generates about Si g ma an excited state of the theory. In dual theory the
source is the boundary condition for a field in AdS, which in its classical solution will have generically a normalizable part ΦN and a non-normalizable part ΦN N , linear in the source φ. Both contributions generate a
solution over Σ that describes the dual state in AdS to the excited state of the CFT.
What is remarkable about this formalism in this case is that AdS spaces, having a boundary, allow two different types of sources to be considered depending on whether they are in the bulk or at the boundary. Within
the framework of duality, this second case joins the standard mechanism to compute generating functions
of dual CFT operators to fundamental fields of the dual gravity theory. Glauber’s mechanism from the CFT
is also manifested on the AdS side, but now as asymptotic sources, which in the formalism of integral paths
appear not in the integrand but in defining the measure of integration. We will take advantage of this in a
free toy model to obtain some properties of the states defined in (2.0.1).
Incorporating (2.0.1) to the In-Out path one gets,
〈Ψφ+ |T {e −i

R

O φL

}|Ψφ− 〉 =

X
φΣ±

(Ψφ+ [φΣ+ ])∗ Z [φL ; φΣ− , φΣ+ ] Ψφ− [φΣ− ] ,

(2.0.2)

where Ψφ± [φΣ± ] is the wave functional of the final/initial state and Z [φL ; φΣ− , φΣ+ ] is the generating function
for the real time n point functions.
As a non-perturvative example of the formulation of these states, we will start from (2.0.2), for the case
where the final state is given by a general wave functional Ψφ+ [φΣ+ ] which may or may not have a geometric
dual. The wave functional of the initial state Ψ0 [φΣ− ] will be that of the vacuum state. The Lorentzian
evolution will be divided into 2 parts in a t = T̃ , as shown in Fig. 2.2. The process is written
〈Ψ f |T [e

−i

R

∂r M 0
L

O φ0L −i

∂r M˜ O

R

φ̃

]|0〉 =
µZφ +
¶ µ Zφ
¶ µZφΣ−
¶
X
Σ
Σ̃
∗
−i
S
[Φ]
−i
S̃[Φ]
−S
[Φ]
L
−
(Ψ f [φΣ+ ])
[DΦ]φ0L e
[DΦ]φ̃ e
[DΦ]0 e
, (2.0.3)

φΣ̃ ,φΣ±

φΣ̃

φΣ−

0

where φΣ̃ indicates the value of the field in Σ̃. Comparing to Glauber’s formalism, the final state of the
evolution of the system in Σ̃ is an excited state, where the classical sources are located on the asymptotic
edge. We will consider the combination of these two regions as defining the initial state for the second
Lorentzian region.
One can (at the price of losing the normalization of the state, as we will see below) make a rotation of
Wick over the Lorentzian space M˜ that defines the state and thus achieve a single Euclidean evolution (now
with sources) describing the initial state for the single Lorentzian region, which now describes the physical
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Figure 2.2: The figure can be interpreted as dividing the Lorentzian section of In-Out into 2. The state Ψ f is
replaced by a generic one that in principle might not have a geometric dual.

evolution of the system, i.e.
〈Ψ f |T [e

−i

R

∂r M 0
L

R
O φ0L − ∂r M˜ O φ̃

]|0〉 =

X
φΣ+ ,φΣ̃

(Ψ f [φ ])
Σ+

∗

µZφ

Σ+

φΣ̃

[DΦ]

φ0L

e

−i S L [Φ]

¶ µ Zφ

Σ̃

0

[DΦ]φ̃ e

−S[Φ]

¶

.

On this expression, one can take the limit in which there is no Lorentzian evolution, in order to turn the
object into an internal product between states,
〈Ψ f |e

R
− O φ̃

¶
µZφ +
X¡
Σ
¢∗
−S[Φ]
[DΦ]φ̃ e
.
|0〉 =
Ψ f [φΣ+ ]

(2.0.4)

0

φΣ+

Then, the arbitrariness of |Ψ f 〉, makes (2.0.4) equivalent to (2.0.1), which was what was intended to be
demonstrated.
The connection of this formalism with other more canonical ways of constructing excited states in CFT,
such as the application of primary operators over the vacuum under the correspondence operator state
direct. By expanding the source around the origin one gets the vertex operator that builds our excited state.
The novelty of this section is to define a new family of states whose holographic interpretation is always
possible and whose connection with the above-mentioned formalism is, at least from the formal point of
view, also explicit. In particular, Fig. 2.3 shows, in the context of AdS/CFT, the same state constructed
as the temporal evolution of the vacuum state of a system under the effect of an external source and as a
deformation of the HH path integral, as defined in Fig. (2.0.1).

2.1 Semiclassical Limit
The construction of these states in terms of external sources on a given evolution in terms of a path integral
on the degrees of freedom of gravity and matter, in our notation absorbed in Φ, makes this always admit a
semiclassical limit that will be that of the path integral that defines it. In addition, the limit N → ∞ decouples matter and gravity at leading order and imposes according to our normalization a theory of free matter,
where the polynomials interactions of increasing power n ≥ 3 appear as subleading corrections N 2−n . In
the remainder of this section we will take the semi-classical limit on the gravity side and explore in various
ways the properties of these states in this limit. The states (2.0.1) in this boundary can be written
|Ψφ 〉 ≡ e −

R

Oφ

|0〉 ,

0

〈φΣ |Ψφ 〉 ≡ e −S E [φ,φΣ ] = Ψφ [φΣ ] ,

where S E0 [φ, φΣ ] is the Euclidean gravity on shell action.
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(2.1.1)

φ

{

φ

|Ψφ  ≡ e

−i∫Oφ

|Ψφ  ≡ e−∫Oφ |0

|0

(a)

(b)

Figure 2.3: In the figure, the two forms to create excited states, from evolution with real time sources from
a vacuum state, or as the deformation directly applied to the Euclidean path integral, are presented. In the
figure the representation of the normalizable modes is omitted.

2.1.1 Inner product and GKPW
We will start by considering an inner product of the form (2.0.4), but where now both the initial and final
state are given by (2.0.1). This can be seen in Fig. 2.4. The main point is to recognize that this object, which
describes a complete vertical line of Euclidean evolution, is nothing more than a reinterpretation of the
generator function calculated for the GKPW prescription in [11, 12], where the sources are no longer objects
on which it is derived, but external sources that define each state,
〈Ψφ+ |Ψφ− 〉 =

X¡ φ
¢∗
Ψ + [φΣ ] Ψφ− [φΣ ] = ZE [φ− , φ+ ] .

(2.1.2)

φΣ

The semi-classical approach is,
0

〈Ψφ+ |Ψφ− 〉 = e −S E [φ+ ,φ− ] = e −
= e −{

R R
−

−

R R
x

y

φ(x)G(x,y) φ(y)

R R
R R
φ− (x)G(x,y) φ− (y)+ + + φ+ (x)G(x,y) φ+ (y)+ 2 − + φ− (x)G(x,y) φ+ (y)}

,

(2.1.3)

where G(x, y) is the 2 point function calculated in the appropriate coordinates, and the subscript ± in the
integrals are notation for those integrating over t au ≷ 0. The first result that can be extracted is that since
the inner product between states of this type is the exponential of a Euclidean action, a positive defined
object, the states (2.0.1) are not orthogonal2 . We will calculate their normalization below.
For this, it is necessary to define the map between input and output states. This map is the Euclidean
analog of the † operation, and its rules were defined by Jackiw in [91]. It can be shown that the output state
P si p hi − is constructed with a mirrored source in τ → −τ. In global coordinates of AdSd +1 , for example,
φ?
± (τ, Ω) ≡ φ± (−τ, Ω).
The norm of |Ψφ− 〉 is

(2.1.4)
?

〈Ψφ− |Ψφ− 〉 = kΨφ− k2 = e −S E [φ− ,φ− ] ,
0

(2.1.5)

2 In particular, it can also be seen that this internal product is real, which is not a general property of internal products of states,
although neither is it a restriction for our objectives. We won’t elaborate on this point.
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where, using (2.1.4)
S E0 [φ?
− , φ− ] =

Z0

Z0

0

0

Z∞

Z∞

d τ φ− (τ)G(τ, τ ) φ− (τ ) +
dτ
d τ0 φ− (−τ)G(τ, τ0 ) φ− (−τ0 )
0
0
Z∞
+2
dτ
d τ0 φ− (τ)G(τ, τ0 ) φ− (−τ0 )
−∞
0
Z0
Z0
Z∞
Z0
dτ
=2
d τ0 φ− (τ)G(τ, τ0 ) φ− (τ0 ) + 2
dτ
d τ0 φ− (τ)G(τ, τ0 ) φ− (−τ0 ) .
dτ
Z0

−∞

0

−∞

−∞

−∞

0

−∞

The integrals of the angular variables Omeg a, Ω0 are omitted to simplify the notation. To find this result we have also used the properties of the boundary to boundary propagator G(−τ, −τ0 ) = G(τ, τ0 ) and
G(τ, τ0 ) = G(τ0 , τ). Therefore, the inner product between two normalized excited states defined within the
SvR formulas is
+
−
〈Ψφ
|Ψφ
〉=
N
N

1

0

kΨφ+ kkΨφ− k

¡

1

0

0

?

1

0

?

¢

e −S E [φ+ ,φ− ] = e − S E [φ+ ,φ− ]− 2 S E [φ+ ,φ+ ]− 2 S E [φ− ,φ− ] ,

(2.1.6)

where the exponent
φ+

Z0

φ−

ln〈ΨN |ΨN 〉 = 2

−∞

dτ

Z∞
0

¶
µ
1
1
0
0
0
0
0
0
d τ φ− (τ)G(τ, τ ) φ+ (τ ) − φ+ (τ)G(τ, τ ) φ+ (−τ ) − φ− (τ)G(τ, τ ) φ− (−τ ) ,
2
2
0

can be written as
+
−
ln〈Ψφ
|Ψφ
〉≡−
N
N

=−

Z0
−∞
Z0
−∞

dτ
dτ

Z∞
0

Z∞
0

¡
¢
¡
¢
d τ0 φ− (τ) − φ+ (−τ) G(τ, τ0 ) φ− (−τ0 ) − φ+ (τ0 )

(2.1.7)

¡
¢
¡
¢
0
0
? 0 ?
d τ0 φ− (τ) − φ?
.
+ (τ) G(τ, τ ) φ− (τ ) − φ+ (τ )

(2.1.8)

¡
¢
?
? 2
This can also be written as (φ− − φ?
+ ) , (φ− − φ+ ) = |φ− − φ+ | where an inner product has been defined

(φ1 , φ2 ) ≡

Z0
−∞

dτ

Z0
−∞

d τ0 φ1 (τ)G(τ, −τ0 ) φ2 (τ0 ) ,

(2.1.9)

of the space of functions C ≡ {φ± , φ1 , φ2 , . . . } over the hemi-sphere −∞ < τ < 0 which sets the initial CFT
states. Of course, the internal product can be equivalently defined on the hemi-sphere of the output states.
Note that this product is positive defined and not degenerated since G(τ, −τ0 ) ∼ (τ + τ0 )2 , which is only null
when both τ < 0 and τ0 < 0 do so.
This result is the first holographic check of our statement on the consistency of the states (2.1.1), since
the product of two (normalized) states can be written in terms of a positively defined inner product as
? 2

〈ΨNφ+ |ΨNφ− 〉 = e −|φ− − φ+ | ,

(2.1.10)

consistent with coherent states.
It is interesting to highlight here the role played by the construction of the excited states as a pure Euclidean evolution or as a vacuum built by a Euclidean segment followed by a Lorentzian evolution with
sources. In the second case, it is trivial to demonstrate that the states are normalized by definition, by virtue
of the unitary nature of the Lorentzian evolution operator. The construction we have made in terms of Euclidean evolution, however, breaks the unitarity of the evolutionary operator, so that in the internal product
cancellation no longer occurs. The nature of the states, however, is not affected by this.
If the case of the inner product is a reinterpretation of the GKPW problem, then the corrections that
arise from AdS interactions can also be obtained in this language, in terms of Witten diagrams, which now
calculate the corrections because the states are no longer exactly coherent, as we will demonstrate in the
next section. What is interesting about this is that the states (2.0.1) admit a perturbative treatment in terms
of Witten diagrams. This will extend even when we consider paths with real segments.
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M–

Σ
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Figure 2.4: The configuration considered in Fig. 2.2, with holographic initial and final states becomes an
H-space when the Lorentzian cylinder is set to zero.

2.1.2 Coherence from the path integral
Let’s consider the excited state for a massive free scalar toy model,
Z
Z
Z
1
1
p
p 1
〈φΣ |Ψφ 〉 ≡ DφΣ ;φ Φe −S E [Φ] ;
S E [Φ] =
gL =
g ( (∂0 Φ)2 + (∇Φ)2 + m 2 Φ2 ) .
2
2
2
On this action, we will make a rigid displacement of the field as Φ → Φ + Υ, where Υ meets the classical
equations of motion, in addition to the boundary conditions over the asymptotic boundary Υ∂ = φ 3 . The
measure of the path integral is invariant to this displacement, except on its boundary conditions
DφΣ ;λ Φ → DφΣ −ΥΣ ;0 Φ ,
where ΥΣ is Υ evaluated on Σ an the action becomes
Z
Z
Z
p
p
γ∂ Φ∂n Υ +
γΣ Φ∂n Υ .
S E [Φ] → S E [Φ] + S E [Υ] + Φ(ä − m 2 )Υ +
∂

Σ

Of these, the first of the terms remains inside the integral while the second comes out. The third is trivial
by definition of Υ. We will now argue that the fourth term is null, while the fifth term comes out of the path
integral.
Consider now the term over the asymptotic boundary ∂. Any calculation on it must be made on a space
regulated by a cutoff, say R. In this regulated space, although the expansion of Υ will diverge in the limit
R → ∞, the field Φ is identically null by construction in each step of this limit, so that
Z
Z
p
p
γ∂ Φ∂n Υ =
γ∂ (0)∂n Υ = 0 .
∂

∂

The time border term is not null, but because it is evaluated on Σ it can be written as
Z
Z
p
p
γΣ Φ∂n Υ =
γΣ ΦΣ ∂n Υ ,
Σ

Σ

where the integration variable Φ no longer appears and therefore this term is outside the integral. The result
is then
Z
〈φΣ |Ψφ 〉 ≡ DφΣ ;λ Φe −S E [Φ]
Z
R p
= e −S E [Υ] e Σ γΦΣ ∂n Υ DφΣ −ΥΣ ;0 Φe −S E [Φ]
= e −S E [Υ] e

R p
Σ γΣ ΦΣ ∂n Υ

= e −S E [Υ] 〈φΣ |e

〈φΣ − ΥΣ |Ψ0 〉
R p
R p
− Σ γΣ Π̂Σ ΥΣ + Σ γΣ Φ̂Σ ∂n Υ

|Ψ0 〉

(2.1.11)

3 It is relevant to note that since we are working with half H space, these conditions are not sufficient to uniquely define Υ. This
will not be important for the development and result of this section and therefore we will leave implicit an extra condition on Υ
that defines it univocally
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where we have reflected the change in measurement through a change in the basis element and have in turn
rewritten this in terms of the original basis element under the action of a shift operator using the canonically
conjugated moment of the field, Π. In the above expression, as a consequence of the Euclidean treatment,
we have written the displacement exponentials as real exponentials instead of imaginary ones. The recreation of this argument with sources in a segment in real time leads to the correct reinsertion of the i . This
can also be seen by remembering that ∂n ∼ ∂t on Si g ma and that the Π of both signatures are glued incorporating an i as well. The important sign in the above expression is the relative sign that allows us to
interpret what accompanies the operator as the expectation value of its conjugate, as we’ll see below.
Since 〈φΣ | is an arbitrary element of a complete base, we’ve proven that for a toy model of a free theory
|Ψλ 〉 = e −S E [Υ] e −

R p
R p
Σ γΣ Π̂Σ Υ+ Σ γΣ Φ̂Σ ∂n Υ

|Ψ0 〉 .

(2.1.12)

This form for our states in N → ∞ was suggested in [84], and this demonstration is original to this work. It
is immediate to show, using that [Φ, Π] ∼ i δ, that
ΥΣ = 〈Ψλ |Φ|Ψλ 〉 ;

Υ̇Σ = 〈Ψλ |Π|Ψλ 〉 .

The reflection symmetry in t au, see (2.1.4), forces
Z∞
¡
¢
Υ̇Σ = 〈Ψλ |Π|Ψλ 〉 ∝
d τ0 ∂τG(0, τ0 ) − ∂τG(0, τ0 ) φ(−τ0 ) = 0 ,

(2.1.13)

(2.1.14)

0

where we’ve used the notation of (2.1.3) for the 2-point function. We will not explore in detail the consequences of this, although the author considers it natural because of the way we generate the state, as an
external source coupled to the field and not to its conjugated moment and being that λ is a real source,
while for general coherent states the factor that accompanies a † is complex.
In the above argument, we found it interesting to keep the generic Υ̇ until the end since the outcome
(2.1.12) does not depend on this.
Having demonstrated the coherent nature of holographic states in the ∞ limit, it is natural to assume
that they form a complete basis on which to expand an arbitrary |Γ〉 state even if it lacks an associated dual
geometry,
X
|Γ〉 = C φ |Ψφ 〉 ,
(2.1.15)
φ

as in the case of the low energy eigenstates. This possibility was explored by the author in [80] and also by
other authors in [92].
Before we continue, we’ll discuss how the inclusion of 1/N corrections affect the outcome of the (2.1.12).
In general, the argument will not allow a closed identification of the states since the action will no longer
be completely separated by separating Φ from Υ. This is reasonable since it shows that a external source
turned on, can both give and take energy from the system, thus modifying the quantum system under study.
More specifically, the solution Υ will generically be present in the equations of motion of Φ. To exemplify
this, we will take the case of a self-interacting scalar field without mass with a cubic potential,
1
g
L (Φ) = ∂µ Φ∂µ Φ + Φ3 ,
2
3

g ∝ N −1 ;

(−äΦ + g Φ2 ) = 0 .

(2.1.16)

The splitting Φ → Φ + Υ now leads to
L (Φ + Υ) = L (Φ) + L (Υ) + ∂µ Φ∂µ Υ + g Φ2 Υ + g Υ2 Φ .

(2.1.17)

The boundary terms follow a process analogous to that described above. The equations of motion of Υ
make the linear volume term in Φ to vanish. The path integral is then
Z
〈φΣ |Ψλ 〉 ≡ DφΣ ;λ Φe −S E [Φ]
Z
R p
R 2
−S E [Υ] Σ γφΣ ∂t f
DφΣ − f Σ ;0 φe −S E [Φ]+g Φ Υ
=e
e
µ
¶
Z
R p
R p
(2.1.18)
= e −S E [Υ] 〈φΣ |e − Σ γΣ Π̂Σ ΥΣ + Σ γΣ Φ̂Σ ∂n Υ 1 + g ΥΦ2 + O(g 2 ) |Ψ0 〉 .
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Note that each step of the above derivation is valid also for the interacting case, but that the remaining path
integral is no longer the vacuum of the original theory and is coupled with the external source, in this case
R
g ΥΦ2 . Naturally, it is observed that for g → 0 we recover the limit of coherent states, but that the first
correction will already deform this property in a non-trivial way.
It is interesting to note that an analogous procedure could be also done on the CFT side for the case
of a free theory with an external source coupled to a fundamental field. The field decomposition follows
A → A + Υ, where now Υ meets the EOMs coupled to the external source. The coupling to the source gives
j A → j A + j Υ, the second term leaves the path integral and becomes part of the normalization of the wave
functional, and the first is cancelled by the equations of motion of Υ. Then, as Φ in the above example, A
becomes a free field with vanishing bc and decoupled from the external source. The result is then analogous
to (2.1.12), i.e. a free system that was coupled in the past to an external source for its fundamental fields will
evolve into a coherent state of the original theory. This is just an alternative path integral derivation of the
original Glauber result, [22].
We will now see the information accessible on these states from the BDHM prescription, where the
expansion in ladder operators will allow us a more pragmatic treatment.

2.1.3 Coherence from BDHM
The approach of the states (2.1.1) from the BDHM prescription allows a treatment of them in terms of scale
operators of the AdS theory. Taking advantage of the BCH (Baker-Campbell-Hausdorff) dissentangling theorems, we will give a more complete perspective of their properties for interacting cases.
In the N → ∞ limit, one can use the BDHM prescription [15, 16, 45] from (2.1.1),
Z
P
†
∗
∗
|Ψφ 〉 ∝ e nl λnl ânl |0〉 ,
λnl = −O nl
e ωnl τ Yl mi (Ω) φ(τ, Ω) = −O nl
φ̄nl ,
(2.1.19)
where φ̄nl is Laplace’s transform of φ in this space. This shows in this prescription to leading order in N the
coherent character of (2.1.1). From a completely Euclidean point of view for constructing the states, it is to
be expected that the eigenvalues of the constructed coherent states are always real. Consequently, it is also
to be expected that only the field or its conjugated moment has a value of not zero expectation on these.
From this expression it is direct to calculate any n points functions in this limit in these states including the internal product. In particular, for different input and output states, one can calculate the matrix
elements of the O operator on this basis to obtain
〈Ψφ+ |O (t , Ω)|Ψφ− 〉
〈Ψφ+ |Ψφ− 〉

=

X + ∗ ∗ iω t
∗ −i ωnl t
Yl∗mi (Ω) .
(λnl ) O nl e nl Yl mi (Ω) + λ−
nl O nl e

(2.1.20)

nl

This result can be directly compared with holographic calculations in the SvR prescription and we will use
it repeatedly as a consistency check of our construction. Note that this object does not necessarily have to
be real, even if the fields involved are all real, since the matrix elements of an operator on a non-diagonal
basis are not restricted to being so. In particular, if the input and output states are the same, and since O is
Hermitian, you can check that (2.1.20) is real. In the same way you can get the connected 2 point function,
which can be shown that for coherent states is the same as for the vacuum.
The incorporation of interactions is especially interesting from the BDHM approach, since it allows a
systematic order-by-order study in the coupling constants. Of particular interest will be to consider the
cubic case (2.1.16), where the operator O is quadratic in the first order ladder operators in g . Then, at
leading order in g ∼ N −1 , the states will be
nX
o
† 2
†
|Ψφ 〉 ∝ exp
λnl â nl
+ g γnl (â nl
) |0〉 ,
λnl ∼ φnl ,
γnl ∼ φ2nl ,
(2.1.21)
nl

which are generally known as generalized Gaussian states, or coherent-squeezed.
To conclude this analysis of the states (2.0.1), we wish to emphasize once again that their definition is
not focused on their coherent character, but rather on the fact that they have a geometric dual guaranteed
by construction. The coherence to leading order necessarily arises as a consequence of this construction,
but the incorporation of corrections to the calculation will immediately break this property. The geometrical interpretation, however, is kept at every order in the semiclassical corrections and we will see that all
21

the corrections for the n points functions can be obtained by means of a diagrammatic process that is the
extension to mixed-signature geometries to the rules of the Witten diagrams.
This chapter closes the main part of the introduction of the conceptual contents and presents the central construction of this Thesis, which are the states 2.0.1 and its semiclassical approximation (2.1.1). The
remaining chapters of this work contain mainly the applications and explicit examples, published in [63, 77,
78, 79].
The only exception to this will be the adaptation of this formalism to the case of closed paths and in
particular for the symmetric Thermal path σ = β/2, where we will take advantage of both SK and TFD tools
to interpret the excitations that the states (2.0.1) describe to finite temperature.
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1

Introduction

The Skenderis and van Rees (SvR) prescription [1, 2] allows the calculation in real time
of n-point correlation functions of local CFT operator O using the gauge/gravity correspondence. It can be understood as an extension of the GKPW prescription which in the
supergravity approximation can be summarized as [3, 4]
h e−

R
∂H

O φE

0

i ≡ e−SE [φE ] .

(1.1)

The integration over ∂H in the lhs, giving the generating functional for O correlation
functions, suggests the well known statement that the Euclidean CFT lives in the boundary
0 [φ ] on the r.h.s.
of the bulk H (hyperbolic or Euclidean AdS) space shown in figure 1a. SE
E
is the on-shell action for the bulk field Φ, dual to O, having φE as boundary condition on
the conformal boundary ∂H. The bulk field boundary condition φE acts as the source for
the dual CFT operator O.
A generalization of (1.1) to real time situations requires the specification of both the
initial and final states in addition to the boundary condition φL on the timelike boundary
(see figure 1b) [5, 6]. In their original work SvR gave a prescription for building out the
CFT vacuum state, both as initial and final states, in terms of boundary conditions for the
bulk fields on a manifold constructed out by gluing Lorentzian and Euclidean sections (see
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1 Introduction

φE

φL

Ψf |

|Ψi 

(a)

AdS

(b)

Figure 1. (a) Euclidean AdS (hyperbolic space) and the insertion of a source at its conformal
boundary. (b) Lorentzian AdS with a source at its boundary. We also depict the initial and final
wave functions.

t

φL

φ+
M+

T+

+

Σ

ML

φ–
–

Σ

M–

T–
Φ

(a)

(b)

Figure 2. (a) In-Out contour in complex t-plane appropriate for scattering problems showing a
temporal evolution ∆T = T+ − T− . (b) SvR geometry dual to In-Out QFT contour obtained by
gluing together Lorentzian ML and Euclidean M± AdS sections. We explicitly depict the gluing
surfaces Σ± . On the bottom we show the glued geometry and a generic smooth configuration on
the spacetime.
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t

H

figure 2b). From a QFT perspective one could envisage, at zero temperature, computing
either scattering amplitudes or expectation values. The appropriate formalism for these
problems goes under the name of Schwinger-Keldysh and involve contours in the complex tplane known as In-Out or In-In respectively [7–9]. For scattering problems, the appropriate
contour is shown in figure 2(a), the prescription given by SvR yields
h0| e

−i

R
∂ r ML

OφL

0

0

0

|0i ≡ eiSL [φL ;φΣ− ,φΣ+ ]−S− [0;φΣ− ]−S+ [0;φΣ+ ] .

(1.2)
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The l.h.s. gives the generating function of time ordered correlation functions of O in a
Lorentzian CFT that lives in the timelike conformal boundary ∂r ML of the bulk spacetime.
In the rhs, SL0 [φL ; φΣ− , φΣ+ ] is the Lorentzian on-shell action for a bulk field ΦL which takes
boundary values φΣ± on the spacelike boundaries Σ± ≡ ∂t ML and φL over ∂r ML . The
0 [0; φ
exponents S±
Σ± ] are the bulk field on shell actions on the Euclidean sections M± for
boundary values φ± = 0 on ∂r M± and φΣ± on Σ± .
It is worth noticing that (1.2) implicitly assumes the bulk fields, and its conjugated
momenta, to be continuous through the Σ± gluing surfaces. These conditions follows
from a complete quantum treatment: continuity of the fields is implicit in every path
integral treatment, which also requires the integration of the r.h.s. of (1.2) over all possible
configurations φΣ± . In a semi-classical approximation, the leading contribution arising
from minimizing the (complex) on shell action with respect to the boundary conditions
φΣ± leads to continuity of momenta.
In their original proposal, Skenderis and van-Rees have stressed that their prescription
was in line with the Hartle-Hawking construction [10], which as we will review below, is
implicitly assumed and plays a crucial role in prescribing the initial/final wave functionals
for the ground state of the gravity side. Thus, one of the motivations for the present work
is to learn from the AdS/CFT setup how this construction is generalized to compute wave
functions of excited states in (quantum) gravity.
The authors suggested in [1] that in order to describe non-vacuum states, one should
consider turning on boundary conditions over ∂r M± , but they didn’t explore this idea any
further. In this paper, we pursue a two-fold purpose: on the one hand we verify explicitly
this claim, and on a second hand we characterize the properties of the (AdS/)CFT states
constructed by this prescription. Non trivial boundary conditions φ± 6= 0 will be turned
on in the conformal boundaries ∂r M± . As a result we will confirm the SvR claim and, in
addition, the computation will show that the resulting excitations correspond to coherent
states. For previous work regarding excited states in Lorentzian signature see [11–21].
This article is organized as follows. In section 2 the SvR proposal is revised, while
in section 3 the SvR claim is generalized for excited states and, arguing consistency with
other well known prescriptions existing in the literature [14], it is argued that the initial
and final states can be considered coherent in a AdS Fock space representation. In section 4
non vanishing boundary conditions are imposed in the Euclidean regions of the spacetime
shown in figure 2, and the main calculations carried out. Finally, in section 4.6 we check
that our final results are consistent with our claim on coherent states. Concluding remarks
are collected in section 5, where we stress what this result learns us on generalizing the HH
construction of quantum gravity states in arbitrary spacetime asymptotics.

2

Review of the SvR construction

For a free field Φ on a (asymptotically) AdS Euclidean spacetime ME , the GKPW prescription [3, 4] beyond the semi-classical gravity approximation reads
Z
R
R
− ∂M O φE
− ∂M OφE
E
E
he
i ≡ h0|e
|0i = Z[φE ] ≡ [DΦ]φE e−SE [Φ] ,
(2.1)

φ Σ±

The partition function in (2.1) turns into the Feynman’s path integral for the transition
amplitude from an initial condition φΣ− to a final condition φΣ+ at (spacelike) surfaces
Σ− and Σ+ respectively of the Lorentzian AdS cylinder ML shown in figure 2b,. In the
Lorentzian setup φL denotes the (asymptotic) boundary condition for Φ at the timelike
boundary
Z φ +
Σ
Z[φL ; φΣ− , φΣ+ ] ≡
[DΦ]φL eiSL [Φ] .
(2.3)
φ Σ−

The problem with this formula is that a priori, one does not have a precise prescription for
the values of φΣ± , nor the form of the initial/final states described by the wave functionals
Ψ0 [φΣ± ] on the Σ± surfaces. Thus, the crucial steps of the SvR construction are: firstly
to identify the CFT vacuum |0i with the wave functional of the fundamental state in the
bulk theory
|0i ⇔ Ψ0 [φΣ− ] ≡ h φΣ− | Ψ0 i ,
where it is implicitly assumed that φΣ± on the spacelike surfaces Σ± constitutes a (configuration) basis for the Hilbert space of the second-quantized bulk scalar field, so that the
identity can be expressed as1
X
| φΣ± ih φΣ± | = 1 .
(2.4)
φ Σ±

The r.h.s. of (2.2) can therefore be rewritten as
X
∗
Ψ0 [φΣ+ ] Z[φL ; φΣ− , φΣ+ ] Ψ0 [φΣ− ] = hΨ0 | U [T− , T+ ]φL | Ψ0 i ,
φ Σ±

where U is the real-time evolution operator of the bulk theory. Secondly, they use the
Hartle-Hawking (HH) prescription for vacuum wave functionals [10]
0

φ Σ−

Z

Ψ [φΣ− ] ≡

[DΦ]0 e−S− [Φ] .

0
1

More precisely, |φΣ± i are eigenstates of the field operator Φ.
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where [DΦ]φE denotes that the functional integral should be computed over configurations
which satisfy Φ = φE on the conformal boundary of ME . Thus, the natural generalization
of this formula to Lorentzian AdS spacetime involves vacuum wave functionals Ψ 0 as
R
X
−i
Oφ
h0| T [e ∂r ML L ] |0i =
(Ψ0 [φΣ+ ] )∗ Z[φL ; φΣ− , φΣ+ ] Ψ0 [φΣ− ] .
(2.2)

τ��

τ �cte

τ �

M–

M–
(a)

(b)

Figure 3. In standard global coordinates, the point τ = ±∞ is mapped to the origin of the
conformal boundary of M± .

This functional integral is computed summing over the field configurations on a half of
Euclidean AdS: M− (see figure 2b and figure 3).
Skenderis and Van Rees have defined this Euclidean path integral with timelike boundaries, like AdS, considering decaying field configurations at the asymptotic (radial) conformal boundary, and so the vacuum state is prepared at the asymptotic boundary by imposing vanishing boundary conditions. This is denoted by the [DΦ]0 , where the subindex
0 instructs to sum over field configurations with vanishing boundary conditions on S− ≡
∂r M− − {τ = −∞}, and the 0 in the lower limit of the (path) integral denotes the value
of the field configuration at (Euclidean) infinite past Φ(τ = −∞) (see figure 3). Moreover,
SvR have also claimed that excited wave functionals would be obtained by imposing nonvanishing boundary conditions on the asymptotic Euclidean boundary [1]. Their suggestion
for an excited wave functional can be expressed as
Ψ

φ−

φ Σ−

Z
[φΣ− ] ≡

[DΦ]φ− e−S− [Φ] .

(2.6)

0

Here the non-trivial smooth function φ− stands for the value of Φ at S− , and in what
follows the value of Φ at the poles τ = ±∞ is set to zero, motivated by the fact that in
ordinary QFT this value only affects the normalization of the wave function.
Finally, plugging expression (2.3) and (2.5) into (2.2), results in
R
−i
O φL
h0|T [e ∂r ML
]|0i

=

X
φΣ ±

Z

0

[DΦ]0 e

−S+ [Φ]

! Z

φΣ +

φ Σ+
φΣ −

[DΦ]φL e

iSL [Φ]

! Z

φΣ −

[DΦ]0 e−S− [Φ]


.

0

(2.7)

Notice that the integration is taken over three intervals with different signatures, and
therefore, the full action turns out to be a complex-valued functional of the fields, and the
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τ��
τ �cte
τ �

r.h.s. of (2.7) can be written as single path integral over field configurations on an AdS
manifold with both Lorentzian and Euclidean pieces as shown in figure 2 b.
Performing a saddle-point approximation for each interval, one obtains
R
X
0
0
0
−i
Oφ
h0|T [e ∂r ML L ]|0i =
e−S− [0;φΣ− ]+iSL [φL ;φΣ− ,φΣ+ ]−S+ [0;φΣ+ ] .
(2.8)
φ Σ±

The SvR prescription (1.2) is recovered upon performing a second saddle point approximation which consists in finding the term with maximal contribution to the φΣ± sum.
Minimizing the complex action w.r.t. the field values on the gluing surfaces, results in
(2.9)

For a free scalar field, this equation sets the continuity of the normal derivative of the
field through the gluing surfaces Σ± [2], which completes the SvR prescription. The SvR
proposal (2.6) for excited states is precisely the statement that we are going to investigate
in the forthcoming sections.

3

Excited Ψφ± states

We now turn to show that the (bulk) wave functionals with a smooth boundary condition
φ− defined in (2.6) are in fact excited CFT states precisely given by
|Ψφ− i = e

−

R
∂ r M−

O φ−

|0i ,

(3.1)

provided that φ− = 0 at τ = −∞.
For completely arbitrary initial/final states, the prescription (2.2) reads
hΨf |T [e

−i

R
∂ r ML

O φL

]|Ψi i =

X

(Ψf [φΣ+ ])∗ Z[φL ; φΣ− , φΣ+ ] Ψi [φΣ− ] .

(3.2)

φ Σ±

Now, let us split the Lorentzian AdS cilinder in figure 2, whose global time coordinate
belongs to the interval [T− , T+ ] ⊂ R in two pieces ML = M0L ∪ M̃ joined by the space-like
hypersurface Σ̃ at T̃ (T− ≤ T̃ ≤ T+ ). The non trivial boundary condition on its conformal
(radial) boundary φL also splits accordingly: {φ0L , φ̃}. Let us also consider |Ψφ− i ≡ |0i,
and keep the final state |Ψf i arbitrary. The corresponding geometry is shown in figure 4,
where no geometric dual is associated to the final state |Ψf i.
According to the prescription (2.7), expression (3.2) now takes the form
hΨf |T [e
=

−i

X
φΣ̃ ,φΣ±

R

∂ r M0
L

O φ0L −i

(Ψf [φΣ+ ])∗

R
∂r M̃

Z

O φ̃

φ Σ+
φΣ̃

]|0i =

[DΦ]φ0L eiSL [Φ]

! Z

φΣ̃
φ Σ−

where φΣ̃ denotes the value of the field on Σ̃.
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(3.3)

φ Σ−
−S− [Φ]
[DΦ]0 e
,

! Z
0
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0 + iS 0 )
δ (−S±
L
= π± + iπL = 0 .
δφΣ±


φ

φL
ML

Ψf |


M


Σ



Σ


T

T+

M–

–

T–

ML

Figure 4. The manifold shown can be interpreted as taking figure 2 and splitting it the Lorentzian
piece, and also removing M+ since in principle, the final state Ψf is not necessarily expressed as
any (Euclidean) path integral.

Now, the key step is to consider a Wick rotation t → −iτ only in the piece M̃. One
can then interpret the whole M̃ ∪ M− as describing the initial state; in fact, this manifold
is completely diffeomorphic to M− (a half of Euclidean AdS, H). Then, expression (3.3)
becomes
hΨf |T [e

R
R
−i ∂ M0 O φ0L − ∂ M̃ O φ̃
r
r
L

X

]|0i =

Z

(Ψf [φΣ+ ])∗

φΣ +
φΣ̃

φΣ+ ,φΣ̃

[DΦ]φ0L eiSL [Φ]

! Z

φΣ̃

[DΦ]φ̃ e−S[Φ]


.

0

Finally, taking the limit |T+ − T̃ | → 0, the real time region M0L squeezes out, and the
surfaces Σ̃ and Σ+ coincide, such that φΣ+ = φΣ̃ . Thus, the previous equation becomes
hΨf |e

−

R
∂r M̃

O φ̃

|0i =

X

(Ψf [φΣ+ ])

∗

φ Σ+

Z
0

φ Σ+

[DΦ]φ̃ e

−S[Φ]


.

(3.4)

Since this holds for any state |Ψf i at the Hilbert space, and recalling (2.4), the initial state
can be identified with the ket
|Ψ

φ−

i≡e

−

R
∂r M̃

O φ̃

|0i = e

−

R
∂r (M̃∪M− )

O φ−

|0i = e

−

R
S−

O φ−

|0i ,

(3.5)

where we have redefined S− ≡ ∂r (M̃ ∪ M− ) − {τ = −∞}, and define φ− as 0 over
(−∞ , T− ), and φ̃ as [T− , T̃ ). Notice that T− can be chosen arbitrarily close to −∞.
Result (3.5) explicitly shows the relation between the form of the excited state and the
boundary conditions φ− on ∂r M− . In fact, expanding the above exponential in a Taylor
series about the origin of ∂r M− , a combination of primary operators and their descendants
arise that act on the vacuum and create CFT excited states.
On the other hand, the projection of the state in the bulk configuration basis is given
by the expression within the parenthesis on the r.h.s. of the equation (3.4), which agrees
with the proposal (2.6). This remarkably generalizes the HH method to asymptotically AdS
spacetimes, since it allows to define and evaluate (at least perturbatively on the gravity
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side) the wave functional for a family of excited states of the theory characterized by the
(radial) boundary data. In fact, we are going to argue below that these excitations shall
correspond to coherent states. In a forthcoming paper, this aspect and its consequences in
quantum gravity will be explored more in depth.
3.1

Quantum coherence from other prescriptions

k

where fk (t, r, Ω) stands for the positive frequency normalizable modes, fixed such that
satisfy the orthonormality relations
(fk , fk0 ) = δkk0 ,
where k schematically denotes all the numbers that label a particular positive-frequency
solution and ( , ) is the Klein-Gordon product on AdSd+1 . Thus, the coefficients a∗k ,
and ak can be promoted to operators by canonical quantization as [11]

X †
Φ̂(t, r, Ω) =
âk fk∗ (t, r, Ω) + âk fk (t, r, Ω) .
k

Therefore, the BDHM prescription identifies the dual CFT operators as [14, 22]
X †
Ô(t, Ω) ≡ lim r∆ Φ̂(t, r, Ω) =
âk Fk∗ (t, Ω) + âk Fk (t, Ω) ,
r→∞

(3.6)

k

which defines a basis of functions on the conformal boundary
Fk (t, Ω) ≡ lim r∆ fk (t, r, Ω) = Nk e−iωk t Yk (Ω) .
r→∞

(3.7)

Here Yk (Ω) stand for the spherical harmonics on S d−1 , and Nk are numeric factors.2
2

For instance, for AdS2+1 in global coordinates one finds
s
Γ[∆ + n + |l|]Γ[∆ + n] 1 −iωnl t+ilϕ
√ e
=⇒
Fnl (t, ϕ) =
n!(Γ[∆])2 Γ[n + |l| + 1] 2π
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s
Nnl =

Γ[∆ + n + |l|]Γ[∆ + n]
.
n!(Γ[∆])2 Γ[n + |l| + 1]

(3.8)
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One of our claims in the present work is that, the states (3.5) prescribed by the SvR framework, correspond to coherent ones as represented in the gravity/AdS Hilbert space. The
following sections will be devoted to compute time ordered correlation functions between
excited states following SvR, and check this statement holographically. Nevertheless if one
takes into account other prescriptions for AdS/CFT existing in the literature, and claims
consistency with the SvR formalism, this hypothesis can be easily argued. So in particular,
let us briefly recall the recipe [14, 15], referred to as BDHM. Essentially, if r ∈ [0, ∞) stands
for the global radial coordinate, one canonically quantizes the bulk scalar fields and then
identifies the dual CFT operator with the product r∆ Φ near the asymptotic boundary,
p
with ∆ = d/2 + d2 /4 + m2 , m the field Φ mass and d the CFT dimension.
Consider a classical real scalar field Φ on ML in global coordinates (t, r, Ω), where Ω
stands for the angular coordinates in AdSd+1 with boundary condition φL = 0 on ∂r ML .
It is well known that the general solutions are

X
Φ(t, r, Ω) =
a∗k fk∗ (t, r, Ω) + ak fk (t, r, Ω) ,

φ+
M+

M–

Σ

φ–

Finally, if we demand consistency of (3.5) with (3.6), we conclude that the SvR
state (3.5) is coherent and can be written as
|Ψφ− i ∝ e
where
λ±
k

Z
=−
∂ r M−

P

k

†
λ−
k âk

|0i ,

dτ dΩ Fk∗ (−iτ, Ω) φ± (τ, Ω) ,

(3.9)

(3.10)

which requires the analytical extension of the functions (3.7) to
Fk∗ (−iτ, Ω) = Nk eωk τ Yk (Ω) .
This is what will be checked in the following sections through explicit holographic SvR computations of one- and two-points correlation functions. In fact, since coherent states (3.9)
are eigenstates of the annihilation operators
φ±
âk |Ψφ± i = λ±
k |Ψ i ,

we are able to compute the eigenvalues λ±
k and then construct the state (3.9) explicitly.
Precisely, by virtue of (3.6) and (3.9), we can notice the following useful relation
hΨφ+ |O(t, Ω)|Ψφ− i X + ∗ ∗
=
(λk ) Fk (t, Ω) + λ−
k Fk (t, Ω) ,
hΨφ+ |Ψφ− i

(3.11)

k

which will allow us to identify the eigenvalues computed holographically and to test this
construction.
Let us end this section by stressing that expression (3.6) results from the fact that we
are considering a free theory on the bulk, which according to the AdS/CFT dictionary,
implicitly assumes the large N limit (see ref. [14] for a more detailed discussion).
3.2

The inner product between asymptotic states in the SvR prescription,
and first holographic check of coherence

Noticeably, the SvR prescription allows to compute the inner product between arbitrary
initial/final states. In fact, if one squeezes the Lorentzian manifold ML by taking the limit
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Figure 5. The configuration considered in figure 2b becomes an Euclidean AdS space when the
Lorentzian cilinder M length is set to zero.

|T+ − T− | → 0 in (3.2), one obtain a remarkable holographic formula for the inner product
of (in/out) CFT-states
∗
X 
hΨφ+ |Ψφ− i =
Ψ φ+ [φΣ ]
Ψφ− [φΣ ] = ZE [φ− , φ+ ] ,
(3.12)
φΣ

Then, using the well known result [3, 4], we find and holographic expression for the inner
product
0

hΨφ+ |Ψφ− i = e−SE [φ+ ,φ− ] = e−
=e

−

nR

R
S−

S−

R

φ− (x) G(x,y) φ− (y)+

Sd

R

dx

R

R
S+

S+

Sd

dy φ(x) G(x,y) φ(y)

(3.13)

dxdy φ+ (x) G(x,y) φ+ (y)+ 2

R

R
S−

S+

dxdy φ− (x) G(x,y) φ+ (y)

o

,

where G is the boundary-to-boundary Green function defined in [4], φ is defined on the
(open) intervals S− ≡ (−∞, 0) × S d−1 and S+ ≡ (0, ∞) × S d−1 by the smooth functions
{φ− (x) , φ+ (x)} respectively, and the points x, y are parameterized by coordinates (τ, Ω) ∈
IR×S d−1 . Then, one can use this formula in particular to compute the norm of states (3.1),
which in principle are not normalized. However we shall first define the corresponding
(conjugate) dual hΨφ− |. Since the two hemispheres S± are diffeomorphic, one can extend
the definition of functions (and operators) into each other through the dualization map 3
φ?± (τ, Ω) ≡ φ± (−τ, Ω).

(3.14)

This is the standard conjugation prescription in Euclidean CFT theories [24], where, in the
setup known as radial quantization, the “radius” r = e−τ maps to r−1 = eτ (and τ 7→ −τ ).
The norm of an arbitrary state, say |Ψφ− i, is therefore given by
0

?

hΨφ− |Ψφ− i = kΨφ− k2 = e−SE [φ− ,φ− ] ,

(3.15)

where, using (3.14)
0
SE
[φ?− , φ− ]

Z

0

Z

=

0

dτ
−∞

Z

0

0

0

dτ 0 φ− (τ ) G(τ, τ 0 ) φ− (−τ 0 )
0

Therefore, expressions as (3.12) should be interpreted as

∗
?
Ψ φ+ (φ) ≡ Ψ φ+ (φ).

– 10 –

dτ 0 φ− (−τ ) G(τ, τ 0 ) φ− (−τ 0 )

dτ

∞

Z

∞

Z

0

dτ
−∞

∞

Z

dτ φ− (τ ) G(τ, τ ) φ− (τ ) +
−∞

+ 2
3

0

0
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where φΣ is the value of Φ on a hypersurface surface Σ embedded into Euclidean AdS, that
intersects the boundary at the equator that divides the S d sphere into two hemispheres
∂r M± , and φ± denotes the respective boundary values, as shown in figure 5. In the saddle
point approximation (3.12) reads
√
√
R
R
0 [φ ,φ ]
− ∂r M
|γr |φ− nµ ∇µ Φ(φ± ) − ∂r M
|γr |φ+ nµ ∇µ Φ(φ± )
φ+
φ−
−SE
+ −
−
+
hΨ |Ψ i = e
=e
.

0

Z

Z

=2

0

dτ 0 φ− (τ ) G(τ, τ 0 ) φ− (τ 0 )+2

dτ
−∞

−∞

Z

0

∞

Z

dτ 0 φ− (τ ) G(τ, τ 0 ) φ− (−τ 0 ) .

dτ
−∞

0

Ω, Ω0

The integrals on the angular variables
are implicit to simplify the notation. To find
this result we have also used the properties of the boundary-to-boundary Green function
G(−τ, −τ 0 ) = G(τ, τ 0 ) and G(τ, τ 0 ) = G(τ 0 , τ ).
So therefore, the inner product between two normalized excited states defined within
the SvR formulae reads
hΨφN+ |ΨφN− i =

1 0
1 0
0
?
?
1
0
e−SE [φ+ ,φ− ] = e−(SE [φ+ ,φ− ]− 2 SE [φ+ ,φ+ ]− 2 SE [φ− ,φ− ]) ,
kΨφ+ kkΨφ− k

(3.16)

1 0
1 0 ?
0
SE
[φ+ , φ− ] − SE
[φ+ , φ?+ ] − SE
[φ− , φ− ] =
2
2
!
Z 0
Z ∞
1
1
0
0
0
0
0
0
0
=2
dτ
dτ φ− (τ ) G(τ, τ ) φ+ (τ ) − φ+ (τ ) G(τ, τ ) φ+ (−τ ) − φ− (τ ) G(τ, τ ) φ− (−τ ) ,
2
2
−∞
0

can be regrouped as
Z

0

−

∞

Z
dτ

−∞


dτ 0 (φ− (τ ) − φ+ (−τ )) G(τ, τ 0 ) φ− (−τ 0 ) − φ+ (τ 0 ) =

0

Z

0

=

Z

0

dτ
−∞

dτ 0

∞


?
φ− (τ ) − φ?+ (τ ) G(τ, τ 0 ) φ− (τ 0 ) − φ?+ (τ 0 ) . (3.17)


This expression can be written as (φ− − φ?+ ) , (φ− − φ?+ ) = |φ− − φ?+ |2 if we define the
inner product
Z 0
Z 0
(φ1 , φ2 ) ≡
dτ
dτ 0 φ1 (τ ) G(τ, τ 0 ) φ?2 (τ 0 ) ,
(3.18)
−∞

∞

on the space of functions C ≡ {φ± , φ1 , φ2 , . . . } defined on one of the hemispheres −∞ <
τ < 0 that parameterize the CFT states. Note that this product is given by a nondegenerate metric on this space of functions, whose matrix elements are given by the
(boundary-to-boundary) two points function. Let us observe that in the second line
of (3.17) we have written the integral in a symmetric way, on the interval (∞, 0) × S d−1 in
place of S+ , which properly expresses the integration as ordered from the (north) pole to
the boundary of S+ (equator).
This result constitutes the first holographic check of our claim on the coherence of the
in/out states in the SvR proposal, since the product of two (normalized) states can indeed
be written in terms of the norm, induced by a scalar product on the space of states as
? 2

hΨNφ+ |ΨNφ− i = e−|φ− − φ+ | .

(3.19)

Reinserting the 1/GN ∼ N 2 factor in front of the sugra scalar action (3.13), one finds that
the Gaussian width in (3.19) is controlled by N . It is immediate to see that the r.h.s.
of (3.19) becomes localized in C as N → ∞, as expected for (semi-)classical states.
Although in this paper we work with real scalar fields, let us finally comment that
for complex ones φ ≡ φR + iφI , the action decouples into two independent terms and the
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where the exponent

derivation above follows straightforwardly for each component field, such that regroups as
a sum of two terms as (3.17) for each component,


R ?
R
R ?
I
I ?
I
I ?
(φR
− − (φ+ ) ) , (φ− − (φ+ ) ) + (φ− − (φ+ ) ) , (φ− − (φ+ ) ) ,

(3.20)

with the inner product ( , ) rule as given in (3.18) and the rule (3.14) assumed separately
for both φR/I . Thus, the final result can be written as
hΨNφ+ |ΨNφ− i = e−(|φ− − φ+
R

R? |2

2
+ |φI− − φI?
+ | )

.

(3.21)

Z

0

(φ1 , φ2 ) ≡

Z

0

dτ
−∞

∞

dτ 0 φ1 (τ ) G(τ, τ 0 ) (φ?2 (τ 0 ))∗ ,

(3.22)

where ()∗ stands for the standard complex conjugation operation.

4

Expectation values of local operators

In this section we generalize the SvR computation [1] to the case of excited states obtained by turning on boundary conditions in the Euclidean sections as discussed before
(see figure 2). Our aim is to characterize the excited state.
We will work with the simplest model, a real massive scalar field Φ in AdSd+1 , and
for the ease of computations we will consider the semiclassical approximation and d = 2.
This setup allows to compute correlation functions of dual local scalar operator O with
p
conformal dimension ∆ = d/2 + d2 /4 + m2 , with m being the mass, in terms of classical
bulk solutions.
At the formal level the scalar field action
Z
Z
p

1
S[Φ] = −
dt drdϕ |g| ∂µ Φ∂ µ Φ + m2 Φ ,
(4.1)
2 C
is defined over the contour C on the complex t-plane shown in figure 2a [1] (see [23]
for related work). Without loss of generality we can take T± ≡ ±T . Calling Φ− (τ ) ≡
Φ(−T − iτ ), with τ ∈ (−∞, 0] the field on the left vertical piece, ΦL (t) ≡ Φ(t), t ∈ [−T, T ]
the field on the horizontal piece and Φ+ (τ ) ≡ Φ(T − iτ ), τ ∈ [0, ∞) the field on the right
vertical piece, equation (4.1) becomes
S = iS− + SL + iS+ ,
where
Z
p

1
S± = +
dxd+1 |g| ∂µ Φ± ∂ µ Φ± + m2 Φ2±
2 M±
Z
p

1
=−
dxd+1 |g| Φ±  − m2 Φ±
2 M±
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Therefore, for the space of complex fields defined on S− the product (3.18) can naturally
be generalized to

+

1
2

Z

dxd
∂ r M±

Z
q
p
1
|γr | Φ± nµr ∂µ Φ± +
dxd |γΣ | Φ± nµΣ ∂µ Φ± ,
2 Σ±

(4.2)

and
Z
p

1
SL = −
dxd+1 |g| ∂µ ΦL ∂ µ ΦL + m2 Φ2L
2 ML
Z
Z
p
p

1
1
=+
dxd+1 |g| ΦL  − m2 ΦL −
dxd |γr | ΦL nµr ∂µ ΦL
2 ML
2 ∂r ML
Z
Z
q
q
1
1
−
dxd |γΣ | ΦL nµΣ ∂µ ΦL −
dxd |γΣ | ΦL nµΣ ∂µ ΦL .
2 Σ+
2 Σ−

(4.3)

Φ− (r, 0, ϕ) = ΦL (r, −T, ϕ) ,
∂τ Φ− (r, τ, ϕ)

τ =0

= −i∂t ΦL (r, t, ϕ)

ΦL (r, T, ϕ) = Φ+ (r, 0, ϕ) ,
t=−T

,

−i∂t ΦL (r, t, ϕ)

t=T

= ∂τ Φ+ (r, τ, ϕ)

(4.4)
τ =0

.

As it is standard [3], the problem must be regularized by imposing the boundary conditions
φ± , φL at a finite radial cut-off R, at the end the limit R → ∞ is taken.
4.1

Solution over ML

For the Lorentzian region we write the AdS metric in global coordinates as (setting the
AdS radius R =1)
dr2
ds2 = −(1 + r2 )dt2 +
+ r2 dϕ2 .
1 + r2
Plugging the ansatz ΦL (r, t, ϕ) ∝ e−iωt+ilϕ f (ω, l, r) with l ∈ Z, into the Klein Gordon
(KG) equation following from (4.3) gives



1 
ω2
l2
2
2
∂r r(1 + r )∂r +
−
− m f (ω, l, r) = 0 .
r
1 + r2 r2
The regular solution to this equation is
√

f (ω, l, r) = (1 + r2 )

√
ω 2 /2

r|l| 2 F1

ω 2 + |l| + ∆
,
2

4

√

ω 2 + |l| − ∆ + 2
; 1 + |l|; −r2
2

!
,

A possible boundary contribution arising from Σ hypersurfaces at τ → ±∞ in (4.2) is absent since, as
discussed in section 2, the boundary conditions turn off at these points.
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In these expressions an integration by parts led to boundary terms involving outer normal
vectors to the bulk nµ . These terms are of two distinct types: conformal boundaries denoted
either by r or ∂r (boundaries at infinity) and Σ-type spacelike boundaries as shown in
figure 2b.4 Finally, γr and γΣ are the induced metric determinants over the corresponding
p
p
surfaces, and φ ≡ ( |g|)−1 ∂µ ( |g|g µν ∂ν φ) is the standard scalar Laplacian.
The task is to find a smooth classical solution to (4.1) with φ± , φL 6= 0. In order to find
such configuration, as explained in section 2, we will solve the appropriate field equation
on each section and impose continuity of Φ and its conjugated momentum at t = ±T .
Explicitly, we shall demand

where 2 F1 (a, b; c; x) is Gauss hypergeometric function. A general solution to the KG equation can be obtained as
XZ
ΦL (r, t, ϕ) =
dω cωl e−iωt+ilϕ f (ω, l, r) .
(4.5)
l∈Z

The regularized boundary condition to be imposed is
ΦL (R, t, ϕ) = R∆−2 φL (t, ϕ).

(4.6)

cωl =

R∆−2
4π 2

Z

0

dt0 dϕ0 eiωt −ilϕ

0

φL (t0 , ϕ0 )
.
f (ω, l, R)

Inserting this expression in (4.5) one finds
Z
R∆−2 X
f (ω, l, r)
0
0
ΦL (r, t, ϕ) =
dωdt0 dϕ0 e−iω(t−t )+il(ϕ−ϕ ) φL (t0 , ϕ0 )
.
2
4π
f (ω, l, R)

(4.7)

l∈Z

R
Notice that this expression is ill defined since f (ω, l, R) = 0 for ω = ±ωnl
such that
R
ωnl
≡ ωnl + (R) ,

(4.8)

where ωnl = 2n + |l| + ∆, (n = 0, 1, 2, . . .), and (R) ∼ o(1/R2∆−2 ). Modes (4.8) become
the standard Dirichlet AdS normalizable modes in the R → ∞ limit. Following [1] we
give meaning to (4.7) by choosing the Feynman path on the complex ω-plane as shown
in figure 6a. As a consequence the general solution to the KG equation satisfying (4.6) is
given by
Z
R∆−2 X
f (ω, l, r)
0
0
ΦL (r, t, ϕ) =
dωdt0 dϕ0 e−iω(t−t )+il(ϕ−ϕ ) φL (t0 , ϕ0 )
2
4π
f (ω, l, R)
l∈Z F

X
Rt
Rt
−iωnl
+iωnl
+
L+
+ L−
eilϕ gnl (r) ,
nl e
nl e

(4.9)

n∈N
l∈Z

where the L±
nl coefficients will be determined once we impose boundary conditions (4.4) at
Σ± -hypersurfaces (see (4.20)), and
R
gnl (r) ≡ f (±ωnl
, l, r) .

4.2

(4.10)

Solutions over M±

The Euclidean sections solutions follow straightforwardly from the Lorentzian ones. For
concreteness, consider the action (4.2) and metric on M+ . Writing the metric as
ds2 = (1 + r2 )dτ 2 +

dr2
+ r2 dϕ2 ,
1 + r2
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From (4.5) and (4.6) one obtains



–



M–

Σ

(a)

(b)

Figure 6. (a) Feynman path F in the complex ω-plane chosen to define (4.9). Σ± indicate the
appropriate contour one should choose near each hypersurface to compute the integral by residues.
(b) ω-plane location of zeroes of f (−iω, l, R) appearing in (4.15). M± represent the appropriate
integration path for residues computation.

and separating variables as
Φ+ (r, τ, ϕ) ∝ e+iωτ +ilϕ h(ω, l, r) ,

(4.12)

h(ω, l, r) = f (−iω, l, r).

(4.13)

one readily finds that

Writing the general to solution to the KG equation as
Φ+ (r, τ, ϕ) =

XZ

dω dωl eiωτ +ilϕ f (−iω, l, r) ,

l∈Z

and imposing
Φ+ (R, τ, ϕ) = R∆−2 φ+ (τ, ϕ),

(4.14)

one finds
Z
R∆−2 X
f (−iω, l, r)
0
0
Φ+ (r, τ, ϕ) =
dωdτ 0 dϕ0 eiω(τ −τ )+il(ϕ−ϕ ) φ+ (τ 0 , ϕ0 )
.
2
4π
f (−iω, l, R)

(4.15)

l∈Z

In the Euclidean case the ω-integral is well defined and the poles of the integrand lie on
the imaginary axis as shown in figure 6b.
R
As pointed out in [1], considering the imaginary frequencies ω = ±iωnl
in (4.12) yields,
using (4.10) and (4.13),
R

Φ+ (r, τ, ϕ) ∝ e∓ωnl τ +ilϕ gnl (r) .
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M+

+

Σ

R

Since τ ∈ [0, ∞) for M+ one immediately notices that a linear combination of the e−ωnl τ
modes could be added to (4.15).5 Therefore, the solution to the KG equation over M+
satisfying (4.14) is
Φ+ (r, τ, ϕ) =

Z
0
0
R (τ +iT )+ilϕ
f (−iω, l, r) X + −ωnl
R∆−2 X
dωdτ 0 dϕ0 eiω(τ −τ )+il(ϕ−ϕ ) φ+ (τ 0 , ϕ0 )
+
E e
gnl (r) .
2
4π
f (−iω, l, R) n∈N nl
l∈Z

l∈Z

(4.16)

The solution over M− can be found in a similar fashion and reads
Φ− (r, τ, ϕ) =

Z
X − ωR (τ −iT )+ilϕ
0
0
f (−iω, l, r)
R∆−2 X
dωdτ 0 dϕ0 eiω(τ −τ )+il(ϕ−ϕ ) φ− (τ 0 , ϕ0 )
+
E e nl
gnl (r) .
2
4π
f (−iω, l, R) n∈N nl
l∈Z

(4.17)
±
The Enl
coefficients will be determined by the set of equations (4.4) (see (4.20)). The
existence of normalizable modes in Euclidean signature is a consequence of M± being a
half of the hyperbolic space, containing either τ = ∞ or τ = −∞, but not both. In the
following we will consider non-trivial Euclidean boundary conditions vanishing smoothly
R
as τ → ±∞ and near Σ± as required by the SvR prescription [2]. The e−iωnl T phases
in (4.16)–(4.17) are convenient for the contour C.

4.3

Matching the solutions

In order to perform the matching (4.4) the asymptotic behavior of (4.9), (4.16) and (4.17)
around Σ± is needed. These expressions can be easily computed by residues since the
sources vanish smoothly near the space-like boundaries [1, 2]. Closing the ω-integrals
appropriately as shown in figure 6 one finds

X
R (τ +iT )
R (τ +iT )
+ −ωnl
ωnl
Φ+ (r, τ, ϕ) ∼
Enl
e
+ R∆−2 ResR
φ
e
eilϕ gnl (r), τ ∼ 0
nl +;n(−l)
nl

Φ− (r, τ, ϕ) ∼

X


R
R (τ −iT )
− ωnl
−ωnl
Enl
e (τ −iT ) + R∆−2 ResR
φ
e
eilϕ gnl (r),
−;n(−l)
nl

τ ∼0

nl

ΦL (r, t, ϕ) ∼

X 

ΦL (r, t, ϕ) ∼

X

L+
nl

∗
ResR
nl φL;nl

+ iR

∆−2

Rt
−iωnl
L+
nl e





!
e

Rt
−iωnl

+

Rt
iωnl
L−
nl e

eilϕ gnl (r),

t∼T

nl

+

L−
nl

+ iR

∆−2

ResR
nl



φL;n(−l) e

!
Rt
iωnl

eilϕ gnl (r),

t ∼ −T

nl

where in the first two lines
φ+;nl ≡

1
2π

∞

Z

R

dτ dϕ e−ωnl (τ +iT )+ilϕ φ+ (τ, ϕ) ,

φ−;nl ≡

0

1
2π

Z

0

R

dτ dϕ e+ωnl (τ −iT )+ilϕ φ− (τ, ϕ) , (4.18)

−∞

and for the Lorentzian piece
φL;nl
The residues

ResR
nl

1
≡
2π

Z

T

R

dtdϕ e−iωnl t+ilϕ φL (t, ϕ) .

−T

R
are defined encircling the points ω = −ωnl
in a counterclockwise sense
I
1
dω
ResR
.
(4.19)
nl ≡
2πi
f (ω, l, R)
R
ω=−ω

5

nl

The converse happens for M− .
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l∈Z

From the orthogonality of eilϕ and gnl (r), equations (4.4) yield
∆−2
L±
ResR
nl φ∓;n(−l) ,
nl = R


+
∗
Enl
= R∆−2 ResR
iφ
+
φ
−;n(−l) ,
nl
L;nl


−
Enl
= R∆−2 ResR
iφ
+
φ
L;n(−l)
+;n(−l) .
nl

(4.20)

4.4

On shell action

In the present section the R → ∞ limit is performed. The on shell evaluation of (4.1)
results in a boundary term that takes the form
S0 = −
=−

1
lim
2 R→∞

Z

1
lim
2 R→∞

Z

dt dϕ

p

|γr | Φ nµr ∂µ Φ



∂r M

(4.21)
r=R

 Z
dϕ (1 + r2 ) R∆−2 −i

0

Z

T

−∞

∞

Z
dt φL r∂r ΦL − i

dτ φ− r∂r Φ− +
−T


dτ φ+ r∂r Φ+

0

,
r=R

where Φ(R, t, ϕ) = R∆−2 φ(t, ϕ) has been used. The three terms in (4.21) have identical
radial behavior. Taking the Lorentzian piece for concreteness, we now show that an expansion in R  1 picks contributions from both φL and L±
nl terms in (4.9). The leading
behavior of the radial derivative in (4.21) is


r∂r f (ω, l, r)
±
2
∆−2
∆
∆−2
(1+r ) R
(r∂r ΦL ) ∼ R
R
φL
+ Lnl r∂r gnl (r) ,
R  1 . (4.22)
f (ω, l, R)
The contribution from the first term in (4.22) is the standard one. From the r  1
expansion of f
f (ω, l, r) ∼ A(ω, l)r∆−2 + B(ω, l)r−∆ ,
(4.23)
where
Γ(∆ − 1)Γ(|l| + 1)

,
+ ∆ − ω) Γ 12 (|l| + ∆ + ω)
Γ
Γ(1 − ∆)Γ(|l| + 1)

,
B(ω, l) =
1
Γ 2 (|l| − ∆ − ω + 2) Γ 12 (|l| − ∆ + ω + 2)
A(ω, l) ≡

1
2 (|l|

one finds, to leading order in R,
R∆−2

r∂r f (ω, l, r)
f (ω, l, R)

∼ S[l, R] − 2(∆ − 1)R−∆
r=R

B(ω, l)
(1 + o(R−2 )) .
A(ω, l)

(4.24)

The first term S[l, R] being a regular series in l is disregarded since, giving contact terms
in configuration space, it can be subtracted by adequate counter-terms.
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These equations generalize the expressions found in [1] and reduce to them upon setting
φ± (τ, ϕ) = 0. It is worth noticing that Euclidean boundary conditions turn on normalizable
modes in the Lorentzian section. We will show below that the R∆−2 factors in (4.20) ensures
a smooth R → ∞ limit.

The gnl (r) expansion for r ∼ R  1 is
R
R
gnl (r) ∼ A(ωnl
, l) r∆−2 + B(ωnl
, l) r−∆ ,
R given by (4.8) so that g (R) = 0. Thus, to leading order in R one has A(ω R , l) ∼
with ωnl
nl
nl
R
−B(ωnl , l)R−2∆+2 which inserted above gives
 

r ∆−2  r −∆
R
−∆
gnl (r) ∼ −B(ωnl , l) R
−
.
R
R

L±
nl r∂r gnl (r)

r=R

∼ −2(∆ − 1)R−∆ Bnl Resnl φ∓;n(−l) (1 + o(R−2 )) ,

(4.25)

where the R dependence found in (4.20) was taken into account and using (4.19)
I
1
1
R
Bnl ≡ lim B(ωnl
, l) ,
Resnl ≡ lim R∆−2 ResR
=
dω
.
nl
R→∞
R→∞
2πi ω=−ωnl
A(ω, l)
Inserting (4.24) and (4.25) into (4.22) results schematically in a finite piece given by


B(ω, l)
lim (1 + r2 ) R∆−2 r∂r ΦL ∼ −2(∆ − 1)
φL + Bnl Resnl φ± .
R→∞
A(ω, l)
Carrying out similar calculations for the remaining pieces, the on-shell action becomes
XZ

S 0 = (∆ − 1)

F

l

+2

XZ

dω φL (ω, l)φ∗L (ω, l)

B(ω, l)
A(ω, l)

(4.26)



dtdϕ φL (t, ϕ) φ+;nl eiωnl t−ilϕ + φ−;n(−l) e−iωnl t+ilϕ Bnl Resnl

nl

−i

XZ

dω (φ+ (ω, l)φ∗+ (ω, l) + φ− (ω, l)φ∗− (ω, l))

X
B(−iω, l)
− 4πi
φ+;nl φ−;n(−l) Bnl Resnl
A(−iω, l)

!
,

nl

l

where
1
2π

Z

1
φL (ω, l) ≡
2π

Z

φ+ (ω, l) ≡

∞

dτ dϕ eiωτ +ilϕ φ+ (τ, ϕ) ,

φ− (ω, l) ≡

0
T

1
2π

Z

0

dτ dϕ eiωτ +ilϕ φ− (τ, ϕ) ,
−∞

dtdϕ e−iωt+ilϕ φL (τ, ϕ) ,

−T

and
Bnl Resnl =

2 (−1)n Γ[1 − ∆] Γ[n + |l| + ∆]
Γ[∆ + n + |l|]Γ[∆ + n]
= 2(∆ − 1)
. (4.27)
n! (n + |l|)! Γ[1 − n − ∆] Γ[∆ − 1]
n!(Γ[∆])2 Γ[n + |l| + 1]

Notice that (4.27) is positive for all nl, which can be readily seen from the r.h.s.
4.5

Inner product and n-point correlation functions between excited states

In the present section we devote to analyze the outcomes of (4.26). We will evaluate the
inner product between excited states and the 1,2-pt correlation functions.
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With this expression at hand, on can readily see that to leading order in R, the second
term in (4.22) is

Inner product: as a consistency check, we will calculate the inner product from (4.26),
the result will match with [3, 4]. The inner product between excited states can be computed
by collapsing the Lorentzian piece, taking ∆T → 0, in the absence of Lorentzian sources.
This amounts to consider just the third line in (4.26).6 Explicitly one finds
lnhΨφ+ |Ψφ− i = lim iS 0
∆T →0

!
X
B(−iω, l)
= (∆ − 1)
dω
+
+ 4π
φ+;nl φ−;n(−l) Bnl Resnl
A(−iω, l)
l
nl

 B(−iω, l)
XZ
= (∆ − 1)
dω φ+ (ω, l)φ∗+ (ω, l) + φ− (ω, l)φ∗− (ω, l) + 2φ+ (ω, l)φ∗− (ω, l)
A(−iω, l)
l
Z




1
=
dτ dϕ dτ 0 dϕ0 φ+ (τ, ϕ) + φ− (τ, ϕ) P(τ, τ 0 , ϕ, ϕ0 ) φ+ (τ 0 , ϕ0 ) + φ− (τ 0 , ϕ0 ) ,
(4.28)
2
XZ

(φ+ (ω, l)φ∗+ (ω, l)

φ− (ω, l)φ∗− (ω, l))

which is the Euclidean 2-pt function on the cylinder, recovering GKPW [4]. Expression (4.28) is the explicit form of (3.13) with P ≡ −G when Euclidean AdS is parametrized
as (4.11).
1-pt correlation function: the second line in (4.26) is the relevant one for computing
the 1-pt function. The first derivative of (4.26) with respect to the Lorentzian source in
the φL → 0 limits yields
hΨφ+ |O(t, ϕ)|Ψφ− i
δS 0
=
−
δφL (t, ϕ)
hΨφ+ |Ψφ− i
= −2(∆ − 1)

(4.30)
φL =0

X



Bnl Resnl φ+;nl eiωnl t−ilϕ + φ−;n(−l) e−iωnl t+ilϕ .

nl

This non-zero result arises from considering non-zero boundary conditions φ± in the Euclidean sections.
One could also notice that if we consider identical initial and final states in (4.30)
(φ+ ≡ φ?− ) in the T → 0 limit, being O Hermitean, the result (4.30) should be real. This
condition yields
(φ+;nl )∗ = φ−;n(−l) ,
or equivalently, from (4.18), one finds
φ+ (τ, ϕ) = φ− (−τ, ϕ) ,
which remarkably agrees with the Euclidean dual conjugate prescription given in (3.14).
6

Notice that the T dependence in (4.18) disappears in this limit.
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where in the second line we have turned a sum over residues into an integral over ω and in
the third line we have defined
Z
∆−1X
0
0 B(−iω, l)
0
0
P(τ, τ , ϕ, ϕ ) ≡
dω eiω(τ −τ )+il(ϕ−ϕ )
2
2π
A(−iω, l)
l∈Z

−∆
(∆ − 1)2
= ∆−1
cosh(τ − τ 0 ) − cos(ϕ − ϕ0 )
,
(4.29)
2
π

Connected 2-pt function: only the first line in (4.26) is relevant for the second derivative with respect to φL . This gives the time ordered 2-point connected correlator, yielding
hΨφ+ |T [O(t, ϕ)O(t0 , ϕ0 )]|Ψφ− i
hΨφ+ |Ψφ− i

δ2S 0
(4.31)
δφL (t, ϕ)δφL (t0 , ϕ0 )
φL =0
Z
∆−1X
B(ω, l)
0
0
=
dω e−iω(t−t )+il(ϕ−ϕ )
2
2π i
A(ω, l)
l∈Z F
−∆
(∆ − 1)2 
= ∆−1
cos((t − t0 )(1 − i)) − cos(ϕ − ϕ0 )
.
2
π
≡ −i

c

4.6

Checking the coherent character of the initial/final states

In section 3.1 we have shown that assuming (3.6) and considering states of the form (3.1),
the 1-pt function (3.11) is linear in φ± . Moreover, an explicit expression for λ±
k can be
written down using (3.8) and (3.10).
On the other hand, using only the SvR prescription we computed the 1-pt function (4.30) that, compared to expression (3.11), gives
√ p
λ±
≡
−
2π 2(∆ − 1)Bnl Resnl φ±;n(∓l) .
(4.32)
nl
It is now straightforward to check from (3.8) and (4.27) that
s
Bnl Resnl
Nnl =
,
2(∆ − 1)
such that (4.30) remarkably coincide with the expression (3.11) up to a normalization factor
which just rescales the operator.
In a similar fashion one could consider (3.1) and (3.6) and compute the inner product (4.28) and the 2-pt function (4.31) finding that they also match with our results. The
independence of (4.31) on φ± can be better understood from the definition of the connected
2-point function
hΨφ+ |T [O(t, ϕ)O(t0 , ϕ0 )]|Ψφ− i
hΨφ+ |Ψφ− i

≡
c

hΨφ+ |T [O(t, ϕ)O(t0 , ϕ0 )]|Ψφ− i
hΨφ+ |Ψφ− i
−

hΨφ+ |O(t, ϕ)|Ψφ− i hΨφ+ |O(t0 , ϕ0 )|Ψφ− i
.
hΨφ+ |Ψφ− i
hΨφ+ |Ψφ− i

One can see that the φ± dependence cancels out between the first and second terms in the
r.h.s.
Every result so far is consistent with the claim that the excited states (3.1), built by
turning on Euclidean boundary conditions φ± in the SvR prescription satisfy
 √ p

ânl |Ψφ− i = − 2π 2(∆ − 1)Bnl Resnl φ−;n(−l) |Ψφ− i ,
(4.33)
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which is independent of the boundary conditions φ± . This, perhaps unexpected result, will
be explained in the next section.

 √ p

hΨφ+ | â†nl = hΨφ+ | − 2π 2(∆ − 1)Bnl Resnl φ+;nl ,

(4.34)

which define |Ψφ± i as coherent states. Therefore, the states (3.1) can be explicitly written
in the bulk Hilbert (-Fock) space HAdS as
P
P √
†
|Ψφ± i = e nl 2π(∆−1)Bnl Resnl φ±;n(l) φ±;n(−l) e− nl 4π(∆−1) Bnl Resnl φ±;n(∓l) ânl |0i , (4.35)
in agreement with our expectations.

5

Concluding remarks

(0 , h0 )

The measure [D(g, M− )]h− stands for the d + 1-dimensional spaces M− that fit into the
boundaries Σ− ∪ S − , endowed with Riemannian metrics g. They induce d-dimensional
metrics hΣ− , h− on the respective boundaries, as usual in Euclidean Quantum Gravity [10].
While hΣ− can be arbitrary fixed, h− shall be defined as a suitable deformation of the
conformal structure induced by Euclidean AdS on the asymptotic boundary h0 , provided
the deformation vanishes in the limit τ → −∞.
In spacetimes with no asymptotic boundary, more investigation is required but this
observation suggest that this generalization could come up by inserting suitable extra
boundaries in the Euclidean manifolds where one sums over. This idea will be explored in
depth in a future work.
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Through explicit holographic computations we have probed the Skenderis and van Rees
proposal for excited states. We computed the time ordered 1- and 2-point functions in
arbitrary states and have also found a noticeable expression to calculate the inner product
between them, which can be easily computed in the semi-classical approximation. The
results support the hypothesis that the states built out by turning on Euclidean boundary
conditions are coherent states. This could have also been argued by demanding consistency
with other holographic recipes [14, 15, 22].
This scenario gives a more precise insight on the nature of the CFT-states that shall
be associated to semiclassical gravity configurations in the large N -limit, i.e, states where
the spacetime geometry and the bulk fields behave classically. Our results are also in line
with previous observations done in the AdS/CFT literature [13, 19, 20].
We have also learned that asymptotic boundary conditions play a crucial role when
defining excited states in the Euclidean path integral description of the wave functionals.
The outcome of our computations is that the HH construction [10] can be generalized to
excited states in (quantum) gravity through the formula (2.6), which properly generalized
to include the gravitational degrees of freedom reads
Z (φ − , h − )
Σ
Σ
φ− ,h−
Ψ
[φΣ− , hΣ− ] ≡
[DΦ]φ− [D(g, M− )]h− e−S− [Φ,g]−SEH [g] .
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Introduction

At its inception, large N two- and three-pt correlators for local CFT operators in the
vacuum were computed in the AdS/CFT framework using a prescription that requires to
solve for classical dual fields on Euclidean AdS in the presence of boundary sources [1–4].
Even though these results can be extrapolated to the Lorentzian AdS spacetime by analytic
extension, some important ingredients of the real time description are left out from the
beginning. For instance, amplitudes in arbitrary excited states hout|O(x1 ) . . . O(xn )|ini
and the analysis of intrinsic real time phenomena such as response functions. See [5–8] for
previous related work.
Skenderis and van Rees (SvR) have proposed a setup that extends the GubserKlebanov-Polyakov-Witten (GKPW) prescription [2, 3] to Lorentzian signature and allows
the calculation of n-point correlation functions of local CFT operators in real time. Among
its virtues one finds the natural emergence of the causal Feynman propagator [9, 10].
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1 Introduction

For the case of vacuum to vacuum scattering amplitudes, the SvR prescription requires
to consider a Lorentzian AdS cilinder ML smoothly glued to two halves of Euclidean AdS
M± along the past/future spacelike surfaces Σ± that limit the Lorentzian region, as shown
in figure 1(a). The outcome of their construction is that time ordered correlators for CFT
operators O, inserted at the timelike boundary ∂ML , are computed in the large N limit,
through the formula
R
L ±
−i
O φL
h0|T [ e ∂ML
] |0i ≡ eiS [φ ;φ =0] .
(1.1)

|φ− i ≡ P[e

−

R
∂M−

Oφ−

]|0i ,

(1.2)

where P stands for Euclidean time ordering. Consistency with the alternative holographic
prescription called BDHM [18], then permitted infer that (1.2) are coherent states [11].
The prescription for the generating functional given by (1.1) thus generalizes, for arbitrary
in/out states φ± , as
in/out

ln ZCF T [φL ] ≡ lnhφ+ |T [e

−i

R
∂ML

OφL



]|φ− i = iS φL ; φ± .

(1.3)

Here the right hand side denotes the bulk field action evaluated on the classical solution
for Φ satisfying non-trivial boundary data φ± on the Euclidean boundaries of M as shown
in figure 1(a). As customary, time ordered n-pt O correlators are obtained by taking n
derivatives with respect to φL and then setting φL → 0. The glued manifold M can be
thought of as dual to a (complex) time evolution as shown in figure 2.(a).
The purpose of the present work is to study the formalism presented above in the
presence of bulk interactions.2 To get some intuition we recall that the (free) field theory
solution to the Lorentzian bulk equation of motion reads
Z
Φ0 (z, t, x) = dt̃dx̃ K(z, t, x; t̃, x̃) φL (t̃, x̃) + Φ0(N ) (z, t, x) .
(1.4)
The first term consists of the familiar boundary-bulk propagator K carrying the information
contained in the source φL into the bulk, while the second term, Φ0(N ) , encodes the excited
1

For previous work regarding excited states in Lorentzian signature see [12–17].
Bulk interactions have been already been studied, for example in [19, 20], but not in the context of
semiclassical excited states as far as the authors are aware.
2
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On the right hand side S φL ; φ± = 0 stands for the on-shell action for Φ, the bulk field
dual to the CFT operator O, which is solved on a multi-pieces geometry with: (i) vanishing Dirichlet conditions φ± = 0 on the Euclidean asymptotic boundaries ∂M± and (ii)
arbitrary non-trivial φL boundary condition on ∂ML , the latter being the external source
from the CFT perspective. A picture of the whole manifold M, and Φ as a single field, is
presented in figure 1(b).
In [9] it was also conjectured that in order to describe non-vacuum states, one should
consider turning on non-trivial boundary conditions φ± 6= 0 on ∂M± . A detailed proof of
this claim was given in [11] where it was explicitly analyzed for the case a free scalar field,1
and it was also shown that states constructed this way were precisely given by

φL

φ+
M+

+

Σ

ML

φ–
Σ

–

M–

Φ

(a)

(b)

states structure into the normalizable mode.3 In fact one can verify that whenever Φ0(N ) 6=
0 the expectation value for O(t, x), obtained by the standard prescription [2, 3, 9], becomes
non-trivial

δS0
hφ+ |O(t, x)|φ− i
≡ L
∼ O Φ0(N ) (z, t, x) .
+
−
hφ |φ i
δφ (t, x) L
φ =0

This well known result [11, 14–16, 21] is interpreted as a manifestation of the CFT being
shifted from its symmetric vacuum state. Bulk interactions of the form λΦm will induce
corrections to (1.4) so that, to first order in λ, the on-shell configuration Φ will now
contain a polynomial in φL of degree m, thus modifying every n-point function n ≤ m.
In the following we will compute in the SvR setup time ordered 2- and 3-pt amplitudes
of conformal (scalar) local operators for states (1.2), and explicitly verify that adding
interactions to the gaussian bulk action result in the states losing their coherent character. 4
In particular, we show that to first order, the cubic self-interacting field turns (1.2) into
squeezed states.
The paper is organized as follows: in section 2 we specify the scalar field model in which
we are going to study eq. (1.3), this is, a cubic self-interacting real massive scalar field in
AdS, dual to a scalar local operator in the CFT. In section 3 we construct the free field
solution to the field in the presence of boundary sources, this is the necessary building block
for computing the first order λ-correction to the on-shell action. In section 4.1 we analyze
the standard boundary term of the on-shell action arising from the quadratic piece, and in
section 4.2 the (bulk) self-interacting contribution. An analysis of the results is made in
section 5. Finally, section 6 summarizes the results and suggest prospects for future work.
We relegate to the appendixes many explicit computations and technical details.

2

Interacting scalar field theory on AdS

Let us consider the simplest example of interacting fields on a global AdS spacetime background: a real massive scalar field with a cubic self interaction, which should be enough to
3

We would like to remind the reader that the normalizable modes are uniquely defined once the propagator ambiguities present in the Lorentzian context are fixed.
4
Possible multi-trace operator and back-reaction issues that may come from considering non vanishing
data φ± [22], are avoided, as suggested in [3], by taking the scalar field’s mass m2BF ≤ m2 ≤ 0, with m2BF
the Breitenlohner Freedman mass [23, 24].
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Figure 1. Bulk dual to the In-Out formalism as a gluing of Lorentzian and Euclidean AdS
manifolds.


 − m2 Φ = λΦ2 ,

(2.2)

which we solve perturbatively in λ expanding the field as
Φ = Φ0 + λΦ1 + λ2 Φ2 + · · · ,

(2.3)

obtaining

 − m2 Φ 0 = 0 ,


 − m2 Φ1 = Φ20 ,


 − m2 Φ2 = 2Φ0 Φ1 , . . . .

(2.4)

Here the free field solution Φ0 meets the {φ± , φL } boundary conditions on ∂M, whereas
every other Φi have Dirichlet conditions over the asymptotic boundary.
The on shell action results
Z
Z
 λ
1
√
√ 3
g ∂µ Φ∂ µ Φ + m2 Φ2 −
gΦ ,
S=−
2 M
3 M
Z
Z
Z

1
1
λ
√
√ 3
√
µ
2
gΦ −m Φ−
gΦ ,
=−
∂µ ( g Φ∂ Φ) +
2 M
2 M
3 M
Z
Z
Z
1
λ
√
√ 3 λ
√ 3
=−
γ Φnµ ∂µ Φ +
gΦ −
gΦ
(2.5)
2 ∂M
2 M
3 M
where γ is the induced metric on the boundary ∂M and nµ is the outgoing unit normal
vector. When writing the third line we have used the equation of motion (2.2). These expressions are rather formal though, as an appropriate prescription is required for imposing
the asymptotic boundary conditions on Φ to avoid divergences. We will choose to work
with the so called -prescription [2, 25] which consists in regularizing the problem by setting
the boundary conditions at a fixed radial distance z =   1 in Poincare coordinates, with
the  → 0 limit taken at the end of the computations. Inserting (2.3) into (2.5) one finds
S = S0 + λS1 + λ2 S2 + . . .

Z
Z
Z
1
λ
√
√
√
µ
µ
3
=−
γ Φ0 n ∂ µ Φ0 −
γ Φ0 n ∂ µ Φ1 −
g Φ0
2 ∂M
2
M
∂M
Z
λ
√
−
g Φ03 + O(λ2 ) ,
3 M
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see corrections to the 1- and 2-pt functions and also to the inner product between the (1.2)
states. The generalization to multiple scalar field becomes straightforward after considering this minimal example. The action we are going to work with in the In-Out formalism
(figure 2(a)) is,
Z
Z
 λ
1
√
√
µ
2 2
g ∂µ Φ∂ Φ + m Φ −
g Φ3 ,
(2.1)
S=−
2 M
3 M
S
S
where the integration runs over the d + 1 dimension manifold M ≡ M+ ML M−
obtained by appropriately gluing Euclidean and Lorentzian AdS regions as shown in figure 2(b) (see [9, 11] for details). The equation of motion following from (2.1) is

t

φ+

M+
+

T+

Σ

T+

ML

T–

–

φ–
(a)

T–

M–
(b)

Figure 2. (a) In-Out path in the complex t-plane (b) Holographic SvR dual set-up in Poincare
coordinates.

where the first term is the contribution of the free field action, the second term 5 will be
shown to be zero in appendix A and the third term will give rise to first order corrections
in correlation functions. Being the second term in (2.6) absent, Φ0 is the only relevant
piece of Φ necessary to compute the first order corrections in λ to correlation functions.
We will devote the next section to build such a solution for the In-Out path.
A somewhat technical but relevant comment regarding the structure of this work is
related to the treatment of the expression coming from the free on shell action, containing
only boundary terms, and the one coming from the interaction terms, containing bulk integrals. As noticed in [4], there is a slight difference between the Asymptotic prescription
as performed in [3] and the -prescription as defined in [2] when regularizing the divergences appearing from the asymptotic boundary of AdS. The two techniques give different
normalizations for the CFT 2-pt function (which gets its contribution from the boundary
term), but give identical results for any other higher point function, which arise from bulk
terms. While the first prescription leads to easier computations, the latter is more natural
in the sense that it automatically meets the Ward identities between two and higher order
point functions. With this in mind, we are going to follow the -prescription when treating
the free contribution of the on-shell action and follow the asymptotic prescription in the
interacting terms.

3

Free field solution Φ0 on in-out path

In this section we build the leading order solution Φ0 in M by solving the first equation
in (2.4). To this end we will first find the most general solutions on ML and M± and
afterwords impose continuity of the fields and their conjugated momenta across the Σ ±
gluing surfaces. This procedure will determine uniquely the solution.
5

The contribution

√

R
∂M

γ Φ1 nµ ∂µ Φ0 is absent in (2.6) since, as stated above, Φ1 = 0 on ∂M.
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Σ

φL

3.1

Lorentzian section

The Klein-Gordon equation of motion in ML is
( − m2 ) ΦL
0 = 0.

(3.1)

with the Poincaré AdSd+1 metric given by
ds2 = z −2 (−dt2 + dx2 + dz 2 ) ,

x = (x1 , . . . , xd−1 ) ,

z ∈ [, ∞) ,

t ∈ [T− , T+ ].
(3.2)


00
0
z 2 fωk
(z) + (1 − d)zfωk
(z) − z 2 k2 − ω 2 fωk (z) − m2 f (z) = 0 .

(3.3)

In the -prescription equation (3.1) is supplemented by a boundary condition at z = 
given by
Φ(, t, x) = d−∆ φL (t, x).
(3.4)
p
where ∆ ≡ d/2 + ν and ν = d2 /4 + m2 . In the present work we consider the case where
ν ∈ N.6
The most general solution to (3.1) satisfying (3.4) can be written as
Z
L
Φ0 (z, t, x) = dt̃dx̃ K (z, t, x; t̃, x̃) φL (t̃, x̃)
Z


dωdk
+
θ ω 2 − k 2 L+
e−iωt + L−
eiωt
ωk
ωk
d
+ (2π)
 p
 K (qz) p

ν
ikx d2
2
2
2
2
.
(3.5)
Jν
ω −k z −
Jν
ω −k 
×e z
Kν (q)
The first line, which we will refer as NN-solution, fulfills (3.4) provided we take the
boundary-bulk propagator K to be given by [2, 25]
K (z, t, x; t̃, x̃) ≡ 

d−∆

Z

dωdk z d/2 Kν (qz) −iω(t−t̃)+ik(x−x̃)
e
,
(2π)d d/2 Kν (q)

q≡

p
k2 − ω 2 − i0+ .

(3.6)
Here Jν is the Bessel function of the first kind and Kν the modified Bessel function of the
second kind. A small imaginary piece −i0+ is added to q to properly define the momentum
integrals appearing in (3.6) as shown in figure 3(a). As discussed in [10, 14–16], this choice
leads to the Feynman propagator. The second line in (3.5), or (Normalizable) N-modes,
specify the form of Φ0(N ) that we mentioned in (1.4). They involve a combination of
Bessel functions and correspond to solutions which by construction vanish at z = . We
have written the second independent solution to (3.1) (second term in the last parentheses
of (3.5)) as a Kν Bessel function with imaginary argument. Normalizability demands the
momentum domain for N-modes to be timelike, i.e. (ω 2 − k2 ) ≥ 0. We have explicitly
R
separated the positive and negative frequencies in (3.5), and in the following, ± denote
6

The ν = 0 case (Breitenlohner Freedman mass lower bound [23, 24]) requires some special treatment.
We briefly address this in App A. In what follows we take positive integer ν ≥ 1.
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−iωt+ikx f (z) in (3.1) one finds
Inserting the ansatz ΦL
ωk
0 =e




i|k|

+

–|k| + i0

+

|k| – i0

(a)

(b)

Figure 3. (a) Position of the branch cuts (red) in the ω-complex plane and integration contour
(blue) in (3.6). (b) Position of cuts and integration path for the boundary-bulk propagator in the
euclidean regions.

that the integration in the first differential variable runs over R± . Every other integration
variable should be taken over R. We will show below that the coefficients L±
ωk in (3.5),
arbitrary in principle, will get determined after imposing continuity conditions for Φ 0 across
Σ± (see [9, 11]).
3.2

Euclidean sections

The metric and the equations of motion for the field in the Euclidean section can be
obtained by Wick rotating (3.2) and (3.3). The crucial feature for M± is that τ runs over
the half line R± , allowing for the existence of Normalizable modes. The general solutions
to the Klein-Gordon equation in M± are therefore
Z
±
Φ0 (z, τ, x) =
dτ̃ dx̃ K (z, τ, x; τ̃ , x̃) φ± (τ̃ , x̃)
±
Z
 ± ∓ωτ +ikx d
dωdk
Θ ω 2 − k2 Eωk
e
z2
+
d
+ (2π)
 p
 K (qz) p

ν
2
2
2
2
,
(3.7)
ω −k z −
Jν
ω −k 
× Jν
Kν (q)
with Euclidean boundary-bulk propagator
K (z, τ, x; τ̃ , x̃) ≡ 

d−∆

Z

√
dωdk z d/2 Kν ( k2 + ω 2 z) iω(τ −τ̃ )+ik(x−x̃)
p
e
.
(2π)d d/2 Kν ( k2 + ω 2 )

The main difference with the Lorentzian form (3.6) is that no cuts appear along the integration contour, as can be seen from figure 3(b). Notice that the N-modes involve real
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–i|k|

exponentials in τ with ω > 0, thus normalizability admits the e∓ωτ behavior for M± .
±
The coefficients Eωk
are the euclidean counterparts of L±
ωk and are fixed by the continuity
±
conditions across Σ .
3.3

Gluing the Euclidean and Lorentzian sections

The continuity conditions across Σ± ,
±
ΦL
0 (t, x, z) − Φ0 (τ, x, z)



Σ±

= 0,

±
∂ t ΦL
0 (t, x, z) + i∂τ Φ0 (τ, x, z)



Σ±

= 0,

(3.8)

L±
ωk

ν
ν
2 − k2 2
2 − k2 2

π
ω
π
ω
∓
±
∓iωT±
L
±iωT∓ ∓
= e±iωT∓
φ
+
e
φ
,
E
=
e
iφ
±ωk
±iωk
ωk
±iωk ,
2ν−1 Γ(ν)
2ν−1 Γ(ν)
(3.9)

±
where φL
ωk and φωk are the Fourier components of the sources defined in (B.5) and (B.9).
See appendix Bfor a derivation of these expressions. Similar relations were obtained for
the In-In formalism in [22].

4

On-shell action perturbation theory

4.1

Free field boundary term

In this section we generalize to Poincare coordinates and d dimensions the results obtained
in [11]. In particular, we compute for the excited states (1.2) the inner product and the 1and 2-point functions of local operators of conformal dimension ∆. To this end we need to
evaluate the on-shell action.
We start with the Gaussian contribution S0 in (2.6). Inserting the solutions (3.5)
±
and (3.7), with L±
ωk , Eωk coefficients given by (3.9), back into S0 we find a sum over the
three sections displayed in figure 2(b)7
S0 = S0+ + S0L + S0−
Z
Z


1
i
+
−∆ +
dτ dx  φ z∂z Φ0 z= +
dtdx −∆ φL z∂z ΦL
=−
0
2 +
2
Z

i
−
dτ dx −∆ φ− z∂z Φ−
0 z= .
2 −

z=

(4.1)

√
We have explicitly replaced the volume element γ = −d , inserted the boundary conditions (3.4) and omitted the arguments of the functions to shorten the expression. Only
the asymptotic (z = ) boundary contribution appear in the expression since the gluing
procedure guarantees that the on shell action pieces arising from the Σ± surfaces cancel
each other [10].
7

The on-shell action, both the free and interacting parts, should be understood as a functional only of
the boundary sources S[φL , φ± ], for the ease of notation in what follows we will suppress these dependences.
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±
uniquely fix the L±
ωk , Eωk coefficients in (3.5) and (3.7) to be

The asymptotic analysis of the boundary terms in (4.1) shows that both the NNsolution and N-modes contribute to the physical observables. We work out explicitly the
Lorentzian piece, the Euclidean cases being analogous. The NN-solution in (3.5), for z ≈ 
behaves as



1−ν

∂z z d/2 Kν (qz)
2
2
∆ 2ν
ν−1 4
d−∆
+ O( ) .
= (d − ∆)
Pν−1 q +  q ln(q) (−1)
ν−1 Kν (q)
Γ(ν)2
z=

(4.2)

Notice that a leading ∆ behavior was factored out, both in (4.2) and (4.3), which compensates the divergent −∆ factors appearing in (4.1). Higher  orders in (4.2) and (4.3) are
thus unimportant as they will give vanishing contributions to (4.1) in the  → 0 limit. Notice that the contribution from (4.3) does not yield contact terms in spite of being analytic
in (ω 2 − k2 ) since the N-modes are solely integrated over a timelike domain (see (3.5)). See
appendix C for detailed calculations.
We now have all the ingredients to obtain the on-shell action S0 . Inserting (4.2)
and (4.3) in (4.1) leads to momentum integrals that we carry out in detail in appendix C.
The expressions adopt a compact form if we define the distance between points on the
contour in figure 2(a) as

T− − iτ τ ≤ 0
for M−



|xµ − x̃µ |2 ≡ (x − x̃)2 − (η − η̃)2
η≡ t
(4.4)
t ∈ [T− , T+ ] for ML ,



T+ − iτ τ ≥ 0
for M+
where the complex time variable η parametrizes the In-Out path shown in figure 2(a).8
For example, we shown in the appendix C that the term bilinear in the Lorentzian sources
8

One may alternatively parametrize the time path as

T− − i(λ − T− ) λ ≤ T−
for M−



η(λ) ≡ λ
λ ∈ [T− , T+ ] for ML



T+ − i(λ − T+ ) λ ≥ T+
for M−

where λ ∈ (−∞, ∞).
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As it is well known [2, 3], the above expansion shows two distinct features: an analytic

(leading) piece given by a polynomial Pν−1 q 2 of order (ν − 1) and a non-analytic (subleading) piece given, for integer ν, by the ln q terms. The former give rise to contact terms
in S0 and will be dropped in the following. This is formalized in appendix A. The latter
give rise to the familiar CFT propagator when transformed back to configuration space.
As for the N-modes, second line in (3.5), an -expansion gives

p
p


d Kν (qz)
d
±
2
2
2
2
2
2
Jν
Lωk  ∂z z Jν
ω −k z −z
ω −k 
Kν (q)
z=
 1−ν

ν

2
∆
= L±
ω 2 − k2 2
+ O(2 )
ωk 
Γ(ν)

 1−ν

4
2
±iωT∓ ∓
∆
2
2 ν
(4.3)
φ±iωk + O( ) .
πe
= ω −k
Γ(ν)2

come up Feynman regulated with |xµ − x̃µ |2 = (x − x̃)2 − (t − t̃)2 + i0+ , for xµ ∈ ML and
x̃µ ∈ M+ the result is |xµ − x̃µ |2 = (x − x̃)2 − (t − (T+ − iτ̃ ))2 .
For the Lorentzian section ML the free on shell action becomes
 Z
Z
i 2νΓ(∆)
φL (t, x)φL (t̃, x̃)
L
S0 = +
dtdx
d
t̃dx̃
2 π d2 Γ(ν)
|xµ − x̃µ |2∆

Z
Z
φL (t, x)φ− (τ̃ , x̃)
φL (t, x)φ+ (τ̃ , x̃)
dτ̃ dx̃
+
,
dτ̃ dx̃
−i
|xµ − x̃µ |2∆
|xµ − x̃µ |2∆
−
+

Notice the appearance of crossed terms between the Lorentzian and Euclidean sources
in these expressions which add up in (4.1). Their consequences will be explored below.
In particular, using (1.3) we will evaluate the inner product between excited states and
compute the 1- and 2-pt correlation functions.
Inner product: the inner product between excited states (1.2) can be computed by
collapsing the Lorentzian section (∆T = (T+ − T− ) → 0) in the absence of Lorentzian
sources [11]. This amounts to consider only the first terms in S0+ and S0− . Defining
φE (τ, x) ≡ Θ(τ ) φ+ (τ, x) + Θ(−τ ) φ− (τ, x) ,

(4.5)

the inner product can be rearranged to give [11]
ln hφ+ |φ− i|λ=0 = lim iS0 |φL =0
∆T →0

1
=
2

Z

Z
dτ dx

dτ̃ dx̃

!
φE (τ, x)φE (τ̃ , x̃)
,
d
2
2 ∆
π 2 Γ(ν) ((x − x̃) + (τ − τ̃ ) )
(4.6)

2νΓ(∆)

in agreement with the well known expression in [3].
the 1-point function arises from the linear terms in φL in S0 ,
!
Z
δS0
2νΓ(∆) φE (τ̃ , x̃)
(4.7)
=− L
= − dτ̃ dx̃
d
µ
µ 2∆
δφ (t, x) L
π 2 Γ(ν) |x − x̃ |

1-pt correlation function:
hφ+ |O(t, x)|φ− i
hφ+ |φ− i

λ=0

φ =0

Notice that this expression corresponds to a propagation of the boundary conditions φ±
on the Euclidean sections to the Lorentzian section. When performing the integral recall
that x̃µ = (T± ∓ iτ̃ ) for τ̃ ≷ 0.
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and similar expressions are obtained for the Euclidean sections M±
 Z

Z
Z
i 2νΓ(∆)
φ+ (τ, x)φ+ (τ̃ , x̃)
φ+ (τ, x)φ− (τ̃ , x̃)
+
dτ dx
S0 ≡ −
dτ̃ dx̃
+
dτ̃ dx̃
2 π d2 Γ(ν) +
|xµ − x̃µ |2∆
|xµ − x̃µ |2∆
+
−

Z
φ+ (τ, x)φL (t̃, x̃)
,
+ i dt̃dx̃
|xµ − x̃µ |2∆

 Z
Z
Z
φ− (τ, x)φ+ (τ̃ , x̃)
i 2νΓ(∆)
φ− (τ, x)φ− (τ̃ , x̃)
−
dτ̃ dx̃
+
dτ dx
S0 ≡ −
dτ̃ dx̃
2 π d2 Γ(ν) −
|xµ − x̃µ |2∆
|xµ − x̃µ |2∆
+
−

Z
φ− (τ, x)φL (t̃, x̃)
.
+i
dt̃dx̃
|xµ − x̃µ |2∆

Connected 2-pt function: the second term in (4.1) is the relevant one for computing
the 2-pt connected correlator. The result is
hφ+ |T [O(t, x)O(t̃, x̃)]|φ− ic
hφ+ |φ− i

≡ −i
λ=0

=

δ 2 S0
δφL (t, x) δφL (t̃, x̃)

2νΓ(∆)
d
2

π Γ(ν) ((x −

x̃)2

φL =0

1
.
− (t − t̃)2 + i0+ )∆

(4.8)

Eqs. (4.6)–(4.8) review and generalize the results in [11], where they have been thoroughly
analyzed.
Self-interaction bulk contribution

In this section we compute the first order correction in λ to the on shell action. We already
mentioned that the second term in (2.6) vanishes (see appendix A), thus the term we are
going to work with is
Z
λ
√
S1 = −
(4.9)
dz dη dx g (Φ0 (z, η, x))3 ,
3 M
where we have used the complex time variable η introduced in (4.4). As mentioned in
section 2, we will work out the bulk integrals involving the non-linear interaction in the
Asymptotic prescription. Appealing to results in [4], we will find a closed analytic expression for the contributions. In passing we will give a diagrammatic interpretation of
the results.
To compute (4.9) we need the expression for Φ0 in the Asymptotic prescription. This
can be obtained from expressions (3.5), (3.7), (3.9) by taking  → 0. For the NN-piece, the
first line in (3.5), the limit leaves a momentum integral which can be computed analytically,
giving [3, 10]
!
Z
Z
∆
Γ
(∆)
z
lim dt̃dx̃ K (z, t, x; t̃, x̃) φL (t̃, x̃) = i dt̃dx̃
φL (t̃, x̃) ,
d
∆
→0
π 2 Γ(ν) (|xµ − x̃µ |2 + z 2 )
(4.10)
notice that the boundary-bulk propagator comes Feynman regulated as mentioned in the
paragraph below (4.4).
We now show that the N-modes containing the information of the excited states (second
line in (3.5)) can be written as a convolution involving the boundary sources φ± and a
generalized boundary-bulk propagator. Taking the  → 0 limit on the N-modes piece, with
L±
ωk given by (3.9), one again finds a momentum integral which can be explicitly carried
out (see appendix C)
Z
p

 2
ν
dωdk
21−ν π
L
2
2
2 2 d2
2 − k2 z
J
ω
z
Φ0 (N ) (z, t, x) =
Θ
ω
−
k
ω
−
k
ν
Γ(ν) + (2π)d
Z
×
dτ̃ dx̃ e−iω((T+ −iτ̃ )−t)+ik(x−x̃) φ+ (τ̃ , x̃)

+
Z
−iω(t−(T− −iτ̃ ))+ik(x−x̃) −
+
dτ̃ dx̃ e
φ (τ̃ , x̃) .
−
!
Z
z∆
Γ (∆)
φE (τ̃ , x̃) ,
(4.11)
= dτ̃ dx̃
d
∆
µ
µ
2
2
π 2 Γ(ν) (|x − x̃ | + z )
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4.2

with φE defined in (4.5) and the distance |xµ − x̃µ |2 in (4.4). Analogous expressions are
obtained for the fields on M± . Recalling the complex time variable η introduced in (4.4)
motivates the definition of a single source

−


φ (τ, x) on ∂z M−
φ(η, x) ≡

φL (t, x)


φ+ (τ, x)

on ∂z ML

(4.12)

on ∂z M+

Inserting the expression above in (4.9) leads to an integral over M which is known to
give [4],
Z
λ
√
dz dη dx g (Φ0 )3
−
3 M
!
!
Z
Z
3
dzdηdx Y
z∆
λ
Γ (∆)
φ(ηi , xi )
=i
dηi dxi
3 M z d+1
π d/2 Γ(ν) (|xµ − xµi |2 + z 2 )∆
∂Mi
i=1
3
 3 Z

Y
Γ ∆
φ(η1 , x1 )φ(η2 , x2 )φ(η3 , x3 )
λΓ ∆
2
2 +ν
dηi dxi
=
µ
µ ∆ µ
µ ∆ µ
µ ∆
3
d
3
|x
2π Γ (ν)
∂Mi
1 − x2 | |x2 − x3 | |x1 − x3 |
i=1

3 Z
λY
(4.14)
dηi dxi φ(η1 , x1 )φ(η2 , x2 )φ(η3 , x3 )R(xµ1 , xµ2 , xµ3 ) ,
=
3
∂Mi
i=1

where the arguments xµi of the sources φ defined in (4.12) lie on ∂M
S
S
∂z M− ∂z ML ∂z M+ , and the expression for R is given by
R(xµ1 , xµ2 , xµ3 )

=

1 Γ (∆/2)3 Γ (∆/2 + ν) Γ (ν)−3
≡ d µ
.
2π |x1 − xµ2 |∆ |xµ2 − xµ3 |∆ |xµ1 − xµ3 |∆

Since (4.14) contains powers of φL up to cubic order, we get corrections to the inner
product and connected 1-, 2- and 3-pt correlators. The leading order on shell action for
our system is thus
Z
Z
1
λ
√
√
S=−
γ Φ0 nµ ∂ µ Φ0 −
g (Φ0 ) 3 = (4.1) + (4.14) .
(4.15)
2 ∂M
3 M
Inner product λ-correction: from the on-shell action we can obtain the inner product
between the excited states. This is found by turning off the Lorentzian sources and setting
the (real time) interval of evolution to zero [11]
lnhφ+ |φ− i ≡ lim (4.15)|φL =0

(4.16)

∆T →0

3

= (4.6) −

λY
3
i=1

Z
∂Mi


dτi dxi φE (τ1 , x1 )φE (τ2 , x2 )φE (τ3 , x3 )R(xµ1 , xµ2 , xµ3 ) ,
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which allows to write Φ0 over the mixed signature manifold M as a single complex integral
which puts together the contributions from the Lorentzian and Euclidean sources. Summarizing, the final expression for Φ0 in the Asymptotic prescription taking into account all
sources is
!
Z
z∆
Γ (∆)
φ(η̃, x̃) .
(4.13)
dη̃dx̃
Φ0 (z, η, x) ≡ i
π d/2 Γ(ν) (|xµ − x̃µ |2 + z 2 )∆
∂M

φ+
φ+

φ+
(t,x)

(a)

(b)

Figure 4. (a) Example of a a diagram contributing to the inner product correction. The bulk and
Euclidean sources insertion points are integrated over M and ∂M± respectively. The final result is
given by (4.16). (b) Example of a first order correction diagram contributing to the 1-pt function.
It is obtained from (4.14) by stripping away one Lorentzian source and removing its accompanying
integral. The final result for the first order correction is given by (4.18).

(˜t,x)
˜
(˜t,x)
˜
(t,x)

(˜t,x)
˜

˜

(t,x)

φ–

(a)

(b)

Figure 5. Examples of diagrams contributing to the 2- and 3-pt functions corrections. The diagram
in figure(b) manifests the source independence of the first order correction to the 3-pt function.

with φE defined in (4.5). In analogy with the non-interacting case [11], the left hand side,
which reduces to the computation of the generating functional for a source φE on the
boundary of the Euclidean AdS, matches [4].
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φ–

φ–

The excited states given by (1.2) are not normalized. Defining |φ± iN ≡ N± |φ± i, the
appropriate normalizing factors follow from


λ
± ±
2 iS0
− 2i S0
1 − i S1 ,
(1 + iλS1 ) = 1 =⇒ N± = e
N hφ |φ iN = |N± | e
2

s=±

∂Ms

which naturally gives one when (φ+ (τ, x))? ≡ φ+ (−τ, x) = φ− (τ, x). This is the conjugation rule given by [26]. The norm |φ− − (φ+ )? |2 = (φ− − (φ+ )? , φ− − (φ+ )? ) built in [11],
is induced by the inner product on the space of smooth fields defined on ∂M− as9
!
Z
Z
φ1 (τ, x) φ2 (τ̃ , x̃)
2νΓ(∆)
.
(φ1 , φ2 ) ≡
dτ dx
dτ̃ dx̃
d
2
2 ∆
−
−
π 2 Γ(ν) ((x − x̃) + (τ + τ̃ ) )
The factor in parentheses modifying the Gaussian in (4.17) indicates that, in the presence
of interactions, the excited states deviate from being strictly coherent.
1-pt function λ-correction: the first order correction to the 1-pt function (4.7) is
obtained by taking the derivative of (4.14) with respect to φL . It yields
hφ+ |O(t, x)|φ− i
δ (4.15)
≡ L
+
−
hφ |φ i
δφ (t, x)
= (4.7) + λ

(4.18)
φL =0
2 Z
Y
i=1



∂Mi

dτi dxi φE (τ1 , x1 )φE (τ2 , x2 ) R(xµ1 , xµ2 , xµ ) .

In the ∆T → 0 limit, i.e. when no time evolution takes place, the expression above becomes
the matrix element of O between the states |φ± i. The correction is again in line with the
deformation of coherence, as the matrix element are no longer linear in the Euclidean
sources [11, 14–16].
2-pt function λ-correction: taking the second derivative of (4.14) with respect to φL
yields the first order correction,
hφ+ |T [O(t, x)O(t̃, x̃)]|φ− i
δ 2 (4.15)
≡
hφ+ |φ− i
δφL (t, x) δφL (t̃, x̃) L
φ =0
Z
= (4.8) − 2λ
dτ1 dx1 φE (τ1 , x1 )R(xµ1 , x̃µ , xµ ) .

(4.19)

∂M

9

Notice that the denominator is not exactly the bulk to boundary propagator as it contains (τ + τ̃ )
rather than (τ − τ̃ ), see [11].
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where we have expanded to first order in λ. Recall that upon taking ∆T → 0 limit, iS0
and iS1 become real, see (4.6), (4.16). After some manipulations, the inner product of
normalized states becomes
Z

λ
+ −
− 21 |φ− −(φ+ )? |2
1−
φ− (τ1 , x1 ) − (φ+ (τ1 , x1 ))?
N hφ |φ iN = e
3 ∂M−
!

X Z
φs (xµ2 )φs (xµ3 ) R(xµ1 , xµ2 , xµ3 )
(4.17)
×
s

Notice that the correction, depending on the arbitrary profile φE , does not correspond to
an anomalous dimension as other type of corrections coming from bulk interactions, cf. [20].
3-pt function:
operator O,

a third φL differentiation of (4.14) leads to the 3-pt function of the scalar

˜ x̃)]|φ
−i
˜
hφ+ |T [O(t, x) O(t̃, x̃) O(t̃,
δ 3 (4.15)
≡
˜ x̃)
hφ+ |φ− i
˜
δφL (t, x) δφL (t̃, x̃) δφL (t̃,

˜µ ) .
= 2λ R(xµ , x̃µ , x̃
φL =0

Diagrammatic interpretation of the results: the result (4.13) and the bulk interaction vertex (4.9) allow a diagrammatic interpretation of the corrections found above (see
figures 4 and 5). The boundary-bulk propagator, given by the parentheses in (4.13), carrying the information of φ(η, x) from ∂M to a point inside M, is represented as a wavy
line. The cubic interaction (4.9) maps to three wavy lines meeting at a point. Higher
order λ corrections involve bulk-bulk propagators joining bulk vertices which can also be
represented by wavy lines. The colored wavy lines (red/blue) emphasize dependence on the
initial/final states. By construction (see (1.3)), only connected tree level diagrams should
be considered.
As a general rule, the λk corrections to the n-th correlation function arise from: (i)
attaching n dots to the Lorentzian boundary ∂ML , denoted by (t, x), (t̃, x̃), . . ., (ii) placing
k vertices in the bulk and (iii) considering all possible tree level connected diagrams reaching
the Lorentzian dots. Vertex legs which do not reach the Lorentzian dots should be attached
to the Euclidean cups and manifest dependence on the initial/final states. To first order
in λ we have depicted in figures 4 and 5 some sample diagrams.
It is easy to understand why no Euclidean sources appear in the 3-pt function correction (4.20) as no vertices legs are available to reach the Euclidean regions from a single
bulk vertex point. This also gives a alternative way for understanding the result in [11]
showing that (4.8) was independent of the euclidean sources at 0-th order in λ.

5
5.1

Analysis of the results
Squeezed states

Generically the AdS/CFT correspondence in the large N limit amounts to consider classical
bulk dynamics at leading order. This manifests in the full fledged quantum theory in
terms of coherent states as discussed in [11]. In the present section we will consider the
consequences of turning on bulk interactions of the form (4.9) on the quantum states and
show that the coherent states (1.2) deform into squeezed ones.
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(4.20)
This is the time-ordered Lorentzian extension of the result in [4]. One notices no dependence on φE in (4.20). This happens as a consequence of the cubic nature of the bulk
interaction vertex form, and is similar to the result found in [11] for the 2-pt function in
a free bulk theory. However, in the present case, the φE sources independence in (4.20) is
only valid up to linear order in λ. This will become clear below from a diagrammatic point
of view.

To this end, we take profit of the BDHM prescription [18, 27]. The equivalence between the boundary sources technique (GKPW) developed in [2, 3, 9] and the Fock space
construction (BDHM) [18, 27] was shown in [28]. The BDHM framework consists in canonically quantizing AdS bulk fields and obtaining dual CFT operator through the relation 10
b t, x) .
O(t, x) ≡ Nν lim z −∆ Φ(z,
z→0

(5.1)

b 0 (z, t, x)
O0 (t, x) ≡ Nν lim z −∆ Φ
z→0
√
Z

 2
ν 
dωdk
π
†
−iωt+ik x
iωt−ik x
2
2
2 2
.
a
e
+
a
e
Θ
ω
−
k
ω
−
k
= ν−1
ωk
ωk
2 Γ(ν) + (2π)d/2
(5.3)
The first order quantum correction to the quantum field which follows from (2.4) is
Z
2

p
b
b 0 (z̃, t̃, x̃) :
Φ1 (z, t, x) =
dt̃dx̃dz̃ g̃ G(z, t, x; z̃, t̃, x̃) : Φ
M

where G(z, t, x; z̃, t̃, x̃) is the (standard) bulk-bulk AdS propagator [49] and : Â : denotes
normal ordering of the operator Â [31]. Using the relation [25]
!
z∆
Γ (∆)
z̃ ∆
z∆
lim G(z, t, x; z̃, t̃, x̃) = − K(t, x; z̃, t̃, x̃) = −
,
z→0
2ν
2ν π d/2 Γ(ν) (|xµ − x̃µ |2 + z̃ 2 )∆
the first λ correction to the CFT operator becomes
Z

2
p
b 1 (z, t, x) = −
b 0 (z̃, t̃, x̃) : .
O1 (t, x) ≡ Nν lim z −∆ Φ
dt̃dx̃dz̃ g̃K(t, x; z̃, t̃, x̃) : Φ
z→0

M

(5.4)
To first order we therefore get
O(t, x) ≈ O0 (t, x) + λ O1 (t, x) ,

(5.5)

showing that the correction O1 leads to quadratic terms in the ladder operators.
10

Here we work in Poincaré coordinates. We refer the reader interested in the implementation of (5.1) in
other coordinate systems to the nice discussion in [27].
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The normalization factor Nν ≡ 2ν is required for a precise match between the prescriptions [11, 28, 30].
b as a perturbative λFrom the action (2.1), one builds an interacting quantized field Φ
b
expansion. The free field Φ0 is a linear combination of the orthonormal set of eigenfunctions
of the KG equation with ladder operators as coefficients, i.e. [14–16]
Z
 d p


√
dωdk
†
−iωt+ikx
iωt−ikx
2
2
2 − k2 z .
b 0 (z, t, x) ≡ π
2J
z
a
e
+
a
e
Θ
ω
−k
ω
Φ
ν
ωk
ωk
d/2
+ (2π)
(5.2)
From this last expression and (5.1) we obtain the 0-th order CFT operator,

ωk

ωk6=ω̃ k̃

takes the vacuum state into a squeezed state



X
X
αωk (t)a†ωk +
ζωk;ω̃k̃ (t)a†ωk a†ω̃k̃ |0i .
exp


ωk

(5.7)

ωk;ω̃ k̃

with the parameters αωk (t) and ζωk;ω̃k̃ (t) determined by the coefficients in (5.6) [32]. In
short, to linear order in λ, the states (1.2) can be dissentangled as squeezed states. In the
present case we get
Z
Z p
π
−
dx φ (τ, x)
g̃K(τ, x; z̃, t̃, x̃) z̃ d
fωk;ω̃k̃ (τ ) ≡ λ
(2π)d
M

p
 q
2
2
× Jν
ω 2 − k z̃ Jν
ω̃ 2 − k̃ z̃ ei(ω̃+ω)t̃−i(k̃+k)x̃ ;
Z
Z p
2π
−
dx φ (τ, x)
gωk;ω̃k̃ (τ ) ≡ λ
g̃K(τ, x; z̃, t̃, x̃) z̃ d
(2π)d
M

p
 q
2
2
ω 2 − k z̃ Jν
ω̃ 2 − k̃ z̃ e−i(ω̃−ω)t̃+i(k̃−k)x̃ ;
× Jν
√
Z
ν
21−ν π
hωk (τ ) ≡
dx φ− (τ, x) ω 2 − k2 2 eiωτ −ik x ;
ωωk (τ ) ≡ gωk;ωk (τ )
d/2
(2π) Γ(ν)
The “time” dependence in (5.7) is understood to be evaluated at Euclidean time τ = 0
corresponding to an evolution along the whole M− manifold.
5.2

Multiple scalar fields and entanglement

Through this work we have consistently worked with a single scalar field. Nevertheless, the formalism can straightforwardly be generalized to the case of many fields by
using (4.13).11 We show below that generically, interactions among bulk fields lead to
entangled CFT states.
As a simple example, let us consider three scalar fields ΦI , I = 1, 2, 3 with an interaction term given by
Z
√
g Φ I ΦJ Φ K .
−λIJK
M

Therefore, the states space can be expressed as H1 ⊗ H2 ⊗ H3 .
11

A thoroughly discussion considering many fields can be found in [18].
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The final step is to notice that the path ordered exponential in (1.2) can be
thought, for computational purposes, as a time evolution operator with Hamiltonian
R
dx O(τ, x)φ− (τ, x), evolving in Euclidean time the ground state to our initial excited
state (1.2). From (5.5) we see that the “time evolution” is quadratic in the ladder operators. We now make use of the results in [32] where, by use of disentangling theorems, it
was shown that a generic quadratic operator



X 
X
1
†
+
fωk;ω̃k̃ (t)a†ωk a†ω̃k̃ + h.c.
H(t) =
ωωk (t) aωk aωk +
2
ωk
ωk;ω̃ k̃
 X


X
1
†
hωk (t)a†ωk + h.c.
+
gωk;ω̃k̃ (t) aωk aω̃k̃ + δωk;ω̃k̃ +
(5.6)
2

The BDHM prescription [18, 27] gives us the operator
Z p


b J;0 (z̃, t̃, x̃) Φ
b K;0 (z̃, t̃, x̃) :
OI (t, x) ≈ OI;0 (t, x) − λIJK
g̃K(t, x; z̃, t̃, x̃) : Φ
M

≈ OI;0 (t, x) − λIJK OJK;1 (t, x) .

(5.8)

b I;0 (z, t, x) in terms of the ladder operators aI , the λ correction OJK;1
By expressing Φ
becomes a linear combination of the operators

So for instance, the excited states associated only to sources φ1 6= 0 read as

 Z

|φ1 i = P exp −
φ1 (τx , x) (O1;0 (τx , x) − λ1JK OJK;0 (τx , x)) |0i

(5.9)

(5.10)

∂M−

thus the second term in the exponent, proportional to the coupling λ1JK , involves products
a†J a†K that typically characterize maximally entangled states in the space HJ ⊗ HK . As
an aside, notice that thermal states in the TFD formalism also have this form [33–36].
This result suggests a possible connection with some recent ideas and results pointing
that (emergent) classical geometry, and field configurations on it, should be intimately
related to entangled states in the boundary quantum field theory [37–42]. More recently
these ideas have been developed in the context of MERA networks [43–45].

6

Conclusions

In a previous article [11] it was argued that the states (1.2), prescribed by the SvR set up
for a free bulk theory are coherent states. This can be understood by the fact that the
large-N approximation describes the semiclassical regime of the bulk theory, such that only
semiclassical states should make sense. Moreover, these states are strictly coherent in the
bulk representation of the Hilbert space, since the N → ∞ limit of supergravity reduces
to a free theory, in the sense that, with a suitable normalization [22], only two point
correlation functions remain non-vanishing. In the present work, motivated by previous
literature [4, 18], we have considered the simplest toy model for an interacting bulk theory. 12
We have analyzed the nature of these excited states and explicitly shown in section 5 that
the bulk interaction slightly deviates the in/out states from coherent to squeezed states.
After setting notations in sections 2 and 3 we computed in section 4.1 the 0-th order
contributions to the inner product, 1- and 2-pt function. In section 4.2 we analyzed the
first order corrections arising from the self interacting (bulk) contribution to the on-shell
action, in particular we gave a (Witten) diagrammatic representation for the contributions
to correlation functions in the SvR framework in figures 4 and 5, matching the intuition
one has from classical perturbation theory. It is important to stress that Euclidean and
12

We would like to mention that our work may have some applications also to the context of rigid
holography [46], this is non-gravitational field theory on AdS space which are dual to a sector of the CFT
dual to the full string theory background.
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A

Holographic renormalization in -prescription

In this appendix we pursue two objectives: first, we show explicitly the vanishing of the
second term in (2.6), which leads to the first order correction to the on-shell action arising
solely from (4.9); secondly, we construct the adequate counter-terms needed to take care
of the contact terms in (4.2). The Holographic Renormalization method in the regularized
space (i.e. -prescription), which we will review in what follows, will take care of both
issues. We start by ignoring the N modes in the solutions, thus considering only the NN
solutions involving the bulk-boundary propagator K defined in (3.6). We then show that
considering the N modes leaves the results unaffected. For the sake of self-consistency, we
present some formulae that will become useful in what follows. The first order solution
to (2.2) disregarding the N modes is
Z
p
Φ(z, t, x) = Φ0 (z, t, x) + λ
dz̃dt̃dx̃ g̃ G (z, t, x; z̃, t̃, x̃) (Φ0 (z̃, t̃, x̃))2 + O(λ2 ) . (A.1)
ML

with Φ0 given only by the first line in by (3.5) and G the Feynman bulk-bulk Green function
in the regularized space, i.e.13

1
 − m2 G (z, t, x; z̃, t̃, x̃) = √ δ(x − x̃)δ(t − t̃)δ(z − z̃)
g
13

See section 3.2.1 in [25] a more thorough study.
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Lorentzian sources stand in different footing. Euclidean sources are never turned off and
prescribe the in/out states, concomitantly fixing the normalizable modes propagating into
the Lorentzian bulk. On the other hand, Lorentzian sources serve as tools to obtain the
correlation functions and are set to zero at the end of computations.
From the results in section 4.2, we can infer some general properties of the CFT n-pt
correlation functions arising from a self interacting λΦm bulk dual: up to linear order in
λ, the correction to the n-pt correlation function will arise from the on-shell action term
involving m−n Euclidean sources. These can be pictured as diagrams analogous to figures 4
and 5. Therefore, up to leading order in λ we can conclude that n-pt functions with n < m
will depend on the excited states profile, while the (connected) m-pt function will be nonzero but independent of the excited states. It is worth noticing that the squeezed character
of states (1.2) only follows for a cubic interaction.
In a future work, we aim to study a more realistic set up based on supergravity models
that captures the space-time back-reaction and how the coupling with the spin 2 field hαβ
would affect the form of excited states (1.2). Typically, the bulk interaction between many
SUGRA fields should produce entangled states as pointed out in section 5.

The relevant property of G we will use in what follows is the relation between the bulk-bulk
and boundary-bulk propagators
z∂z (G (z, t, x; z̃, t̃, x̃))|z= = −∆ K (z̃, t̃, x̃; t, x) .

(A.2)

+

1  q −ν d −ν
2
2 2

k=0
ν−1
X

(−1)k

k=0

(ν − k − 1)!  q 2k
,
k!
2

ν∈N

(A.3)

where ψ(x) is the DiGamma function. The divergent terms in the on-shell action will
mainly come form the second line above, containing integer powers of q 2 that lead to
contact terms in configuration space and an additional logarithmic divergence arise from
the first line for k = 0 that leads to a matter conformal anomaly [50]. We build below
appropriate counter-terms for each of these divergent terms.
Inserting (A.1) in (2.5) we find to first order in λ
Z
Z
1
λ
S=
−∆ φL (z∂z Φ0 ) |z= +
−∆ φL (z∂z Φ1 ) |z=
2 ∂ML
2 ∂ML
Z
Z
p
p
λ
λ
3
+
g̃ (Φ0 ) −
g̃ (Φ0 )3 + O(λ2 ) ,
(A.4)
2 ML
3 ML
where the outward normal is nµ ∂µ = −z∂z . The cancellation between the second and third
term in (A.4) follows by using (A.2) in the second term in (A.4), giving [25]

Z
Z
Z
p
λ
λ
L
−∆ L
2
K (z̃, t̃, x̃; t, x) φ (t, x)
 φ (z∂z Φ1 ) |z= = −
g̃ (Φ0 )
2 ∂ML
2 ML
∂ML
Z
p
λ
=−
g̃ (Φ0 )3 .
(A.5)
2 ML
which exactly cancels the third term in (A.4). One may worry that in the presence of
N-modes, the integral in parentheses no longer gives Φ0 , since the second line in (3.5)
is missing. Nevertheless, the cancellation persists upon considering the S ± contributions
in (2.1). A nice outcome of the SvR construction is that one can write, on the complete
manifold M, the field solution to (2.2) as (4.13) packaging both the NN- and N-modes
information in terms of a boundary-bulk propagator. Therefore (A.5) remains valid as long
as we integrate over the whole manifold M.
We now devote ourselves to build the counter-terms needed to obtain a finite on shell
action. The -divergences in (A.4) arise from the first term.14 Each of these divergences
take the form of boundary terms, and as such, can be subtracted without altering the
14

The bulk terms do not contain -divergences, see [4].
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The on-shell action (4.1) involves radial derivatives of the boundary-bulk propagator
K , which lead to divergences (see (4.2)) upon taking the  → 0 limit. The expansion that
will become useful below is
∞
q 
d
1  q ν d +ν X ψ(k + 1) + ψ(k + ν + 1) − 2 log 2  q 2k
ν
 2 Kν (q) = (−1)
2
2 2
(ν + k)!k!
2

equations of motion. We will work out the ν = 1 example, the general ν ∈ N case
follows the same procedure. For completeness we mention that the treatment of the ν =
0 case, corresponding to the Breitenlohner-Freedman lower mass bound [23, 24], differs
slightly from the general integer case. The reason being a logarithmic decay in the field
when approaching the boundary. The boundary condition (3.4) modifies to Φ(, t, x) =
∆ ln() φ(t, x) and an interesting outcome to point out is that the coefficient in (4.8)
changes to Γ(∆)/(2π ∆ ), which can be readily seen to be necessary since ν/Γ(ν) would
make the result trivial otherwise [4].

(z∂z Φ0 ) |z= (t, x)
!
d
Z
Z
z 2 K1 (qz)
dωdk
L
−iω(t−t̃)+ik(x−x̃) d2 −1
φ (t̃, x̃)e

z∂z
=
d
(2π)d ∂ML
 2 K1 (q) z=
Z
Z
d
dωdk
φL (t̃, x̃)e−iω(t−t̃)+ik(x−x̃)  2 −1
≈
d
(2π) ∂ML

 γ 


e 
d
2 2
2 2
− 1 + q  ln
+ q  ln(q)
×
2
2


d
≈
− 1 Φ0 |z= − ln (˜
) (γ Φ0 )|z=
2
Z
Z
d
dωdk
φL (t̃, x̃)q 2 ln(q)e−iω(t−t̃)+ik(x−x̃)
+  2 +1
(2π)d ∂ML

(A.6)

where we used the relation (3.4), ˜ ≡ 21 eγ , γ is the Euler-Gamma number and γ ≡
2 η ij ∂i ∂j , with i, j = 1, . . . , d is the induced D’Alambertian on the boundary. The first
term of (A.4) can therefore be written as
Z
1
φL −∆ (z∂z Φ0 ) |z=
2 ∂ML

Z
Z
1 d
1
√
√
=
−1
γ (Φ0 )2 − ln (˜
)
γ Φ 0  γ Φ0
2 2
2
∂ML
∂ML
Z
Z
Z
dωdk 2
1
L
L
φ (t, x)
φ (t̃, x̃)
q ln(q)e−iω(t−t̃)+ik(x−x̃)
(A.7)
+
2 ∂ML
(2π)d
∂ML
The first line of (A.7) shows that the divergent terms of the on shell action (in the  → 0
limit) can be written as local functions of the boundary values Φ0 | = d−∆ φL , therefore
they can be removed by adding identical terms with opposite signs. The second line
in (A.7) is the relevant term in (4.2) and gives rise to the expected 2-pt function for a
conformal operator with conformal weight ∆, as we show in appendix C. We would like to
mention that in the -prescription we follow in the present work, the relationship between
the boundary condition for the field at the radial boundary and the CFT source is simply
Φ0 | = d−∆ φL as compared to Φ0 = z d−∆ φL +. . . for z  1 in the Asymptotic prescription.
The simple boundary condition (3.4) avoids the iterative procedure one finds in determining
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Counter-terms for ν = 1. By using the expansion (A.3) for ν = 1, the leading -terms
for the normal derivative in the first term on (A.4) turn into

the counter-terms in [50]. The second term in the first line of (A.7) involving ln  gives rise
to the matter conformal anomaly of the dual CFT [25, 50]. Notice that this term appears
as a consequence of ν being a positive integer.
The counter-term action to be added, for ν = 1, can be written as
Sct;ν=1

1
= − (d − ∆)
2

√

Z
∂M

1
γ (Φ0 ) +
2
2

√

Z

γ ln (˜
) Φ0 (γ )ν Φ0 .

(A.8)

∂M

Sct;ν=2

B

Z
Z
1
1
√
√
2
γ (Φ0 ) +
γ Φ0  γ Φ 0
= − (d − ∆)
2
2
∂M
∂M
Z
1
√
−
γ ln (˜
) Φ0 (γ )2 Φ0
4 ∂M

(A.9)

Solutions near Σ±

In this appendix we derive the equations (3.9) from the continuity conditions (3.8). We
start by reminding the reader that the continuity condition following from the path integral
formulation is imposed on the field and its conjugated momentum. Starting from the
definition,
δL
Π(z, η, x) ≡
δ(∂η Φ(z, η, x))
and using the complex time variable η defined in (4.4), it follows from the action (2.1) that
(ΠL (z, t, x) − Π± (z, τ, x))|Σ± = 0

(∂t ΦL (z, t, x) − i∂τ Φ± (z, τ, x))|Σ± = 0 ,

⇐⇒

which is the second equation in (3.8).
The continuity conditions (3.8) on Σ± give linear relations between L± and E ± which
determine them uniquely in terms of the Euclidean sources φ± . To compute the relations
we can safely take the  → 0 limit from the outset. This is allowed because the sources φL,±
turn off at the vicinity of Σ± . The absence of sources guarantee that the field configuration
can be expanded in terms of N-modes, for which the  regularization is superfluous. From
a mathematical point of view, this manifests in (4.3) where one sees that the leading ∆ in
front only requires the 0 information of the coefficients L± , see discussion below (4.3).
We will transform to momentum space via
2

Θ ω −k

2



Z
dx e

−ikx

∞

Z

d

dz z 1− 2 Jν
0
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Counter-terms for general ν. Carrying the same procedure for general ν ∈ N one
finds: (i) ν divergent (local) terms of the form Φ0 (γ )i Φ0 with i = 0, . . . , (ν − 1), (ii) a
single logarithmic divergent term of the form (−1)ν ln()Φ0 (γ )ν Φ0 leading to the matter
conformal anomaly and (iii) a ln(p)p2ν term that gives rise to the expected 2-pt function
∼ |x − y|−2∆ . For non integer ν the ln  term is absent.
For concreteness we quote the ν = 2 case,

and make use of the following properties [51, 52]

p

Z ∞
 q
2
2
2
2
Θ (ω̃) δ k − k̃
ω − k z Jν
ω̃ − k̃ z
dz zJν
0

=

δ k − k̃

∞

Z

dz zJν

δ(ω̃ − |ω|)
,
|ω|

(B.2)

p

ω 2 − k2 z Kν (q̃z)

0

(B.3)

with q defined in (3.6). We will now find the behavior of (B.1) near the surfaces Σ± for
the Lorentzian and Euclidean solutions (3.5) and (3.7) in the  → 0 limit.
Lorentz section: we will analyze the NN- and N-pieces in Φ separately. The momentum
components of the NN-piece in (3.5) read
L
Z
 dω̃dk̃ φω̃,k̃
ν
2
2
Θ ω −k
ω 2 − k2 2 e−iω̃t
ν−1
d
(2π) 2 Γ(ν)
 Z
Z

p

−ix(k−k̃)
2
2
dz zJν
dx e
×
ω − k z Kν (q̃z)
!
Z
−iω̃t
2 ν2
φL
 2
ω̃,k e
2
2 (ω − k )
=Θ ω −k
dω̃
(B.4)
2ν πΓ(ν)
(ω̃ − (|ω| − i0+ )) (ω̃ + (|ω| − i0+ ))
with the Fourier Transform of the source φL
ωk given by
Z
dt̃dx̃ φL (t̃, x̃) eiωt̃−ikx̃ .
φL
ωk ≡

(B.5)

∂ML

The ω̃ integral in (B.4) is solved by the Residue theorem, with the integration contour
closing in the upper/lower half plane depending on Σ± . As an example, taking into account
that the CFT sources φL (t̃, x̃) lie before Σ+ , for t close to Σ+ it follows that (t − t̃) ∼
(T+ − t̃) > 0, therefore the ω̃-path must be closed from below. For Σ− the opposite contour
is needed. Summarizing, the NN contribution to (B.1) gives
ν
 ∓iωt
π ω 2 − k2 2
Θ(ω 2 − k2 )
L
±
(B.4) =
(B.6)
iχωk φ±ωk e
, t near Σ ;
χωk ≡
2ν−1 Γ(ν)
2πω
where we dropped the i0+ and the absolute value since ω > 0 for N-modes. Notice that
only the time-like Fourier components of φL excite the normalizable modes (see [14–16]).
The momentum components of the N-modes are
Z


dω̃dk̃  2
2
+
−
2
2
−iω̃t
iω̃t
Θ
ω̃
−
k̃
Θ(ω − k )
L
e
+
L
e
d
ω̃,k̃
ω̃,k̃
+ (2π)
Z
q

 Z
p
2
i(k̃−k)x
2
2
2
×
ω̃ − k̃ z
dxe
dz zJν ( ω − k z)Jν
=


Θ(ω 2 − k2 ) + −iωt
Lωk e
+ L−
eiωt ,
ωk
2πω
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ν
ω 2 − k2 2 q̃ −ν
.
=
(ω̃ − (|ω| − i0+ )) (ω̃ + (|ω| − i0+ ))

where we have used (B.2). Notice that one of the Θ functions can be thrown away as it
becomes redundant.
Euclidean section:
NN piece gives
Z

we perform similar calculation for the Euclidean solution (3.7). The

ν

±
2 + k̃2 2
φ
ω̃
dω̃dk̃ ω̃,k̃

where we defined the Euclidean Fourier transform of the source as
Z
dτ̃ dx̃ φ± (τ̃ , x̃)e−iωτ̃ −ikx̃ ,
φ±
≡
ωk

(B.9)

±

The ω̃ integral follows from similar arguments as the lorentzian case. Near Σ+ , (τ − τ̃ ) < 0,
so eiω̃(τ −τ̃ ) requires the path to be closed from below, picking up the pole at ω̃ = −i|ω|.
For M− one closes in the upper half plane. We can summarize both cases as
(B.8) =

Θ(ω 2 − k2 )
±ωτ
χωk φ±
,
∓iωk e
2πω

τ near Σ± .

(B.10)

Notice from (B.9) that φ±
∓iωk have the appropriate imaginary frequency sign to give a
convergent integral.
The Euclidean N modes contribute as
Θ(ω 2 − k2 ) ± ∓ωτ
,
Eωk e
2πω

τ near Σ±

(B.11)

Finally, adding up (B.6), (B.7), (B.10) and (B.11) one can write (B.1) as the set of
linear equations
 −iωT+
+
iωT+
+ iχωk φL
L−
ωk + Lωk e
ωk e
 −iωT+
+
iωT+
L
+
L
L−
e
−
iχ
φ
ωk
ωk
ωk e
ωk
 iωT−
−
−iωT−
L
+ L+
iχωk φ−ωk + Lωk e
ωk e

−
iωT−
−iωT−
iχωk φL
− L+
−ωk + Lωk e
ωk e

+
= χωk φ+
−iωk + Eωk
+
= χωk φ+
−iωk − Eωk
−
= Eωk
+ χωk φ−
iωk
−
= Eωk
− χωk φ−
iωk

which lead to the solution given by (3.9).

C

Useful mathematical results

For completeness, we devote this appendix to carry out some sample integrals that lead to
the results (4.6)–(4.8).
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eiω̃τ
2ν−1 Γ(ν)
(2π)d
 Z
Z
q

p

2
−ix(k−k̃)
2
2
2
×
dz zJν
dxe
ω − k z Kν
ω̃ + k̃ z
!
Z
iω̃τ
2 ν2
2
φ+
ω̃,k e
2
2 (ω − k )
(B.8)
= Θ(ω − k ) ν
dω̃
2 πΓ(ν)
(ω̃ − i|ω|) (ω̃ + i|ω|)

Θ(ω 2 − k2 )

p
Example 1: the present paper considers theories for which ν = (d/2)2 + m2 is a positive integer. This leads to the appearance of logarithms in the Bessel functions expansions,
see (4.2), which we must transform back to configuration space. As an example, (4.8) is
obtained from (4.1) by performing
(−4)1−ν
Γ(ν)2


dωdk 2ν
−iω(t−t̃)+ik(x−x̃)
.
q
ln(q)e
→0
(2π)d
(C.1)
The momentum integral in parenthesis is not convergent in the traditional sense and should
be understood in the sense of distributions. We make sense of the momentum integral
in (C.1) by defining

Z
Z
dωdk 2ν
1
dωdk 2ν −iωt+ikx
−iωt+ikx
(C.2)
∂
q
ln(q)e
≡
lim
q
e
ν
ν→N 2
(2π)d
(2π)d

lim −∆ z∂z ΦL
0 |z= =

Z

dt̃ x̃ φL (t̃, x̃)



Z

where q 2 = k2 − ω 2 − i0+ . We will make use of Lorentz invariance to simplify our calculations, computing the above integral first for a space-like interval (xµ )2 = X2 > 0 and then
in a purely time-like (xµ )2 = −T 2 < 0, from where the general result can be recovered.
Space-like frame: a Lorentz transformation allows to go to the frame xµ = (0,√X).
Writing k in spherical coordinates and using 3.915 5. in [51] leads to ω and k = k2
integrals that can be explicitly computed.
Z
ν
dωdk
−ω 2 + k2 − i0+ eikX
d
(2π)
d−1
Z ∞
Z ∞
ν
dk k 2
1
J
(kX)
dω −ω 2 + k 2 − i0+
= d−3
d−3
d+1
2
−∞
X 2 0 (2π) 2

√
Z ∞
1
+
πΓ −ν − 2 (1 − i0 )
1+d+4ν
dk k 2 J d−3 (kX)
=i
d−3
d+1
2
0
X 2 (2π) 2 Γ(−ν)
C(d, ν)
=i
(1 − i0+ ) .
X 2∆
where only leading terms in i0+ were kept. Turning back to the original frame, one gets
Z

dωdk 2ν −iωt+ikx
C(d, ν)
q e
=i
1 − i0+ ,
for (xµ )2 > 0 .
(C.4)
∆
d
(2π)
(x2 − t2 )
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with ν in the right hand side understood as a continuum parameter. In what follows, both
d and ν are understood as continuous parameters. The integrals are done within a domain
where they converge in the traditional sense, and the desired integral is defined as the
analytic continuation of the regular result. We refer the reader to [53, 54] for a complete
formalization of these concepts.
We are interested in showing

Z
4ν Γ d2 + ν
dωdk 2ν −iωt+ikx
C(d, ν)
,
(C.3)
, C(d, ν) ≡ d
q e
=i
(2π)d
(x2 − t2 + i0+ )∆
π 2 Γ(−ν)

Notice the sign change of the i0+ displacement with respect to (C.4) as a result of negative
coefficient coming out from the last integral. Returning to the original frame one has
Z


C(d, ν)
dωdk 2ν −iωt+ikx
q e
=i
1 + i0+ ,
∆
d
2
2
(2π)
(x − t )

for (xµ )2 < 0 .

(C.5)

General frame and Feynman ordering: having carried i0+ up to the end in both (C.4)
and (C.5) we can summarize both results in terms of the Feynman propagator. Indeed,
expanding in i0+ the Feynman propagator [55]
1
(x2 − t2 + i0+ )∆

≈

1
(x2 − t2 )∆



2∆
1 − i0 2
x − t2
+


(C.6)

we check that it coincides with the i0+ prescriptions of (C.4) and (C.5), thus obtaining (C.3).
Conclusion:
Z

from the definition (C.2) we find,

dωdk 2ν
1
q ln(q)e−iωt+ikx ≡ lim ∂ν
ν→N 2
(2π)d

Z

dωdk 2ν −iωt+ikx
q e
(2π)d



i C(d, ν) ln x2 − t2 + i0+
i
∂ν C(d, ν)
+
lim
= lim
ν→N 2
ν→N 2 (x2 − t2 + i0+ )∆
(x2 − t2 + i0+ )∆
=i

2



(−4)ν−1 Γ(∆)Γ(ν + 1)

π d/2 (x − x̃)2 − (t − t̃)2 + i0+

∆

where we used that C(d, ν) in the second line vanishes in the limit ν → N. Inserting
in (C.1) we finally find,
Z

L

dt̃ x̃ φ (t̃, x̃)




Z
(−4)1−ν
dωdk 2ν
−iω(t−t̃)+ik(x−x̃)
q ln(q)e
Γ(ν)2
(2π)d
Z
2νΓ(∆)
φL (t̃, x̃)
= i d/2
dt̃ x̃
∆ .
π Γ(ν)
(x − x̃)2 − (t − t̃)2 + i0+
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Time-like frame: we choose the frame xµ = (T, 0), write k in spherical coordinates,
and perform the angular integral obtaining
Z
ν
dωdk
−ω 2 + k2 − i0+ e−iωT
d
(2π)

Z ∞
1−d Z
∞

(4π) 2
2
2
+ ν −iωT
d−2

dω −ω + k − i0
e
dk k
=
πΓ d−1
−∞
0
2
5
Z ∞

3
2 2 −d+ν (1 − i0+ )
1
=i d
dk k d+ν− 2 Kν+ 1 ikT (1 − i0+ )

ν
1
+
d−1
2
π 2 Γ 2 Γ(−ν) (−T 2 ) 2 4 0

C(d, ν)
=i
1 + i0+ .
∆
(x2 − t2 )

Euclidean case: this case is completely similar to the spacelike case considered above,
now including ω as part of the vector to be written in spherical coordinates. As a result,
no i0+ is needed and no i factor appears in the front of the integral,
Z
C(d, ν)
dωdk 2
.
(ω + k2 )ν eiω(τ −τ̃ )+ik(x−x̃) =
d
((τ − τ̃ )2 + (x − x̃)2 )∆
(2π)

where we have only kept the integral over M+ term for concreteness, the integral over M−
is analogous. Two key points in (C.7) are: the Heaviside function restricts the integration
domain to timelike momenta and the ω integral has τ as a built in regulator e−ωτ̃ , since
τ̃ > 0. Using the notation (T+ − t) → T and (x̃ − x) → X we write
Z

ν
dωdk
θ ω 2 − k2 e−ωτ̃ e−iωT +ikX ω 2 − k2
d
+ (2π)
Z
 −ωτ̃ −iωT d−1 2
ν
1
dωdk
2
2
= d−3
e
e
k 2 ω − k 2 J d−3 (kX)
d+1 θ ω − k
2
X 2
(2π) 2

Z ∞
Z ∞
ν
d+1
dk
1
−rkτ̃ −irkT
2
+2ν
2
dre
e
r −1
J d−3 (kX)
= d−3
d+1 k
2
1
X 2 0 (2π) 2
d
Z ∞
d
2ν− 2 Γ(ν + 1)
= d
dkk 2 +ν J d−3 (kX)Kν+ 1 (ik(T − iτ̃ ))
d−3
1
+1
ν+
2
2
π 2 X 2 (i(T − iτ̃ )) 2 0
νΓ(ν)Γ(∆)
1
(C.8)
=
d
2
2 ∆
21−2ν π 2 +1 (−(T − iτ̃ ) + X )
where we have written k in spherical coordinates, got rid of the Heaviside function in the
second line by introducing r = ωk −1 with r ∈ [1, ∞). Returning to (C.7), we get
Z
φ+ (τ̃ , x̃)
2νΓ(∆)
−∆
L
lim  (z∂z Φ0 )|z= = d/2
dτ̃ dx̃
.
(C.9)
→0
(−(t − (T+ − iτ̃ ))2 + (x − x̃)2 )∆
π Γ(ν) +
Note that this result can be obtained from the Lorentzian one with time interval (t − t̃) by
changing t̃ → (T± − iτ̃ ) for ∂M± . Concomitantly, this prescription is consistent with the
convergence of the momentum integrals carried out in (C.8). This motivates and justifies
the complex distance defined in (4.4).
Example 3: we now prove (4.11) which shows that the normalizable modes in the
Lorentzian section can be written in terms of a (comlpex valued) boundary-bulk propagator convoluted against the Euclidean sources. We consider only the term containing φ−
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Example 2: the momentum integrals leading to (4.7) are quite different in nature. The
integrand arises from expansion (4.3),
Z
−∆
L
dτ̃ dx̃ φ+ (τ̃ , x̃)
lim  (z∂z Φ0 )|z= =
→0
+
 1−ν Z

 −iω((T+ −iτ̃ )−t)+ik(x̃−x) 2

dωdk
4
2
2
2 ν
× π
+ ...
θ ω −k e
ω −k
Γ(ν)2 + (2π)d
(C.7)

for concreteness
Z

p
 2
ν
dωdk
21−ν π
2
2
2 2 −iω(t−(T− −iτ̃ ))+ik(x−x̃) d2
2 − k2 z .
e
z
J
ω
Θ
ω
−
k
ω
−
k
ν
Γ(ν) + (2π)d
Profiting from the previous example, we first consider the Lorentzian case
Z

p
 2
ν
21−ν π
dωdk
2
2
2 2 −iω(t−t̃)+ik(x−x̃) d2
2 − k2 z .
ω
J
Θ
ω
−
k
ω
−
k
e
z
ν
Γ(ν) + (2π)d
and afterwards analytically continue to t̃ → (T± − iτ̃ ) for ∂M± .

21−ν π
Γ(ν)

consider the frame xµ = (0, X)


p
 2
dωdk
2
2
2 ν2 ikX d2
2 − k2 z .
Θ
ω
−
k
(ω
−
k
)
ω
(C.10)
e
z
J
ν
d
+ (2π)
√
writing k in spherical coordinates and making a = kX and b = k −1 ω 2 − k 2 with a, b ∈
[0, ∞), the integral becomes
Z

d

21−ν π z 2
(C.10) =
Γ(ν) X d−3
2
d
2

dωdk

Z

ν

2
2 2
d+1 (ω − k ) k

(2π)
−d−ν Z ∞
+

2

d+1
2

J d−3 (kX)Jν

p

ω2 − k2 z

2

 z
∞
d
21−ν π z X
bν+1
+ν+ 12
2
√
(a)
da
a
=
J
J
db
d−3
ν ba
2
Γ(ν) (2π) d+1
X
b2 + 1
2
0
0
r r
d
Z
 az 
d
21−ν π 2 X z 2 X −d−ν ∞
+ν
2
da
a
(a)K
=
J
1
d−3
ν+ 2
2
Γ(ν)
π z (2π) d+1
X
2
0
=

Z



Γ(∆)
z∆
.
π d/2 Γ(ν) (X 2 + z 2 )∆

Time-like frame:
21−ν π
Γ(ν)

Z
+

consider now xµ = (T, 0)


p
 2
dωdk
2
2
2 ν2 −iωT d2
2 − k2 z ,
ω
e
z
J
Θ
ω
−
k
(ω
−
k
)
ν
(2π)d

(C.11)

We write k in spherical coordinates and we fulfill the Heaviside condition by defining
√
b̃ = ω −1 ω 2 − k 2 and integrating in b̃ ∈ [0, 1],
!!
1−d
Z
Z ∞
−i √kT 2 d+ν−1
21−ν (4π) 2 d 1
b̃ν+1
b̃kz
1−b̃ k
z2
(C.11) =
db̃
Jν p
dk e
ν+3
2) 2
Γ(ν) Γ d−1
0
0
(1
−
b̃
1 − b̃2
2


1−d
Z

 d−3
1
2
41−∆ π 2 Γ(2∆) z ∆
1
2
ν+1
2
2z

db̃ b̃
1 − b̃
=
+ ∆; 1 + ν; b̃ 2
2 F1 ∆,
2
T
ν Γ d−1
Γ(ν)2 (−T 2 )∆ 0
2
=

Γ(∆)
z∆
π d/2 Γ(ν) (−T 2 + z 2 )∆

Notice that the prescription for obtaining the mixed signature point result is the appropriate one to give a convergent integral in the first line above. Using the prescription discussed
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Space-like frame:

above we obtain
21−ν π
Γ(ν)

Z
+

p

 2
ν
dωdk
2
2
2 2 −iω(t−(T− −iτ̃ ))+ik(x−x̃) d2
2 − k2 z
Θ
ω
−
k
J
ω
−
k
e
z
ω
ν
(2π)d
=

Γ (∆)

z∆

d

π 2 Γ(ν) (−(t − (T− − iτ̃ ))2 + (x − x̃)2 + z 2 )

∆

.

which, alongside an analogous integration for the φ+ piece, demonstrates (4.11).
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Abstract: We present a spherically symmetric aAdS gravity solution with SchwingerKeldysh boundary condition dual to a CFT at finite temperature defined on a complex
time contour. The geometry is built by gluing the exterior of a two-sided AdS Black Hole,
the (aAdS) Einstein-Rosen wormhole, with two Euclidean black hole halves. These pieces
are interpreted as the gravity duals of the two Euclidean β/2 segments in the SK path, each
coinciding with a Hartle-Hawking-Maldacena (TFD) vacuum state, while the Lorentzian
regions naturally describes the real-time evolution of the TFD doubled system.
Within the context of Skenderis and van Rees real-time holographic prescription, the
new solution should be compared to the Thermal AdS spacetime since both contribute
to the gravitational path integral. In this framework, we compute the time ordered 2pt functions of scalar CFT operators via a non-back-reacting Klein-Gordon field for both
backgrounds and confront the results. When solving for the field we find that the gluing
leads to a geometric realization of the Unruh trick via a completely holographic prescription.
Interesting observations follow from hOL OR i, which capture details of the entanglement of
the (ground) state and the connectivity of the spacetime.
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1

Introduction

The study of the gravity/gauge correspondence at finite temperature was initiated by
Witten in [1], where the CFT was formulated in periodic imaginary time, i.e. the Matsubara
formalism. In this setup, the conformal field theory (CFT) is formulated on the S d−1 × Sβ1
boundary. Since the work of Hawking-Page [2], two aAdS gravity solutions are known to
fulfill the boundary conditions: the so-called Thermal AdS and the Euclidean AdS black
hole, which dominate in the low temperature and high temperature limit respectively.
However, a real time extension of the formalism is needed for the study of nonequilibrium and finite temperature dynamical processes. The initial steps in this direction
started with [3] (see also [4, 5]) where, with a Schwinger-Keldysh perspective, the CFT finite
temperature propagator matrix elements were reproduced using the maximally extended
AdS-BH geometry. Nevertheless, the procedure involved imposing infalling boundary conditions at the horizon, which contrasts with the holographic viewpoint.
In [6] (see [7–10] for previous work), a Lorentzian formulation of the correspondence
was presented. By gluing Euclidean and Lorentzian regions, the prescription relied only
on boundary data without resorting to boundary conditions inside the bulk. Within this
setup, the Thermal AdS real time extension was easily built [11]. The high temperature
CFT matrix elements were re-obtained, but at the expense of requiring two copies of the
maximally extended AdS black hole [11, 12].
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1 Introduction

2

Holography for a closed time-contour and TFD

This section is devoted to elaborate on the SvR prescription when considering a conformal
field theory defined on a closed time contour in the complex plane which involves two
imaginary-time intervals (of length β/2) as shown in figure 1a [13–15]. It will be argued
how the external sources on these intervals univocally define states of the CFT, which
can be described as pure bra/kets in the TFD framework so that the CFT path integral
describes a in/out scattering process. Finally, we will discuss the gravitational dual to the
thermal SK path in the large N approximation, and present a new solution involving a
two-sided black holes that solves the boundary problem and dominates over Thermal AdS
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The Skenderis-van Rees (SvR) prescription [6, 11], provides the natural framework to
study gravity duals to Schwinger-Keldysh (SK) closed paths [13–16]. Among the possible
closed path in the complex t-plane, Umezawa singled out a particular one which connects
the SK and Thermofield Dynamics (TFD) formalisms [15, 17, 18]. It is worth mentioning
that already in [3] the authors stress that their prescription acquires nice properties for the
SK contour highlighted by Umezawa. It is this particular path that we will elaborate on in
this work. The TFD interpretation is central in our study and it has already proved useful
in the AdS/CFT context in [19] where, based in the Hartle Hawking construction [20],
Maldacena showed that the half Euclidean black hole geometry maps to the TFD vacuum
state in the boundary field theory. See [21, 22] for other works on maximally extended AdS
black holes.
In this work, we present an exact spherically symmetric solution to Einstein gravity
dual to the CFT on a SK path mentioned above. It is genuinely holographic geometry in
the sense that is completely determined by asymptotic boundary data, and in addition, is
the natural real-time extension of the Euclidean AdS-BH by inserting the two-sided exterior
of a single black hole. This is in line with Israel’s interpretation of the TFD degrees of
freedom as being physically realized within the two-sides of BH geometry [23]. The present
solution can also be thought of as the real time evolution of the Hartle-Hawking-Maldacena
state [19] under the TFD Hamiltonian.
This work is organized as follows: in section 2, we review the SvR prescription and its
relation to SK thermal paths, i.e. closed time contours. We will describe the CFT theory
defined by our contour in the TFD picture and study the predictions for the bulk theory
via the duality. We will consider the large N limit and the two contributions to the saddle
point approximation of the gravitational path integral, noting that the path admits also
a second Thermal-AdS dual which we should compare our results with. In section 3 we
describe in detail the construction of the geometry as well as the boundary conditions for
the field inhabiting our geometry. Section 4 will deal with the KG field computations inside
our geometry and the gluing procedure. For completeness in section 4.2 we briefly describe
the Thermal-AdS geometry. Section 5 compares the 2-pt bulk correlators obtained for both
geometries with the CFT predictions. We find specially interesting the correlators between
the two disconnected CFT’s. Finally, section 6 summarizes the results and possibilities for
future work.

F

I

t

L

L

R

F
R

TF

(a)

I
(b)
Figure 1. (a) Closed Schwinger-Keldysh path in the complex t-plane. The horizontal lines represent
real time evolution and the vertical lines give imaginary time evolution. Regions I and II have
identical lengths equal to β/2. The red dots are identified, resulting in a closed path. (b) Dual
bulk geometry filling the path on the left. The semicircular pieces represent the Euclidean sections,
while the horizontal plane depicts the two sided AdS BH exterior represented as triangular wedges
L and R. The arrows along the boundary display the path ordering shown in the left figure. The
red dot from the path is also represented. Angular coordinates have been suppressed.

at high temperatures. We will also highlight the relation between the Lorentzian part of
the geometry and the TFD-extended evolution operator in the dual field theory.
The SvR holographic prescription can be summarized in the following formula
ZCFT [φ(C)] = Zgrav [Φ|∂ = φ (C)]

(2.1)

where the l.h.s. is the generating function for correlation functions of CFT operators O
with the sources φ having support on any continuous path C in the complex t-plane. The
r.h.s. is the partition function for the bulk field Φ, dual to O, on an aAdS spacetime with
asymptotic boundary conditions φ.
This is a remarkable path integral expression that captures all possible spacetimes
combining regions of both signatures for a specific contour choice C [6, 11]. In particular,
it applies to the purely Euclidean set up [24, 25], and e.g. the current closed-contour case.
In the Schwinger-Keldysh context the path C is closed and the l.h.s. of (2.1) is expressed
as follows
R
ZCFT = Tr U

U ≡ P e−i

C

dθ (H+O φ(θ))

(2.2)

where U is the evolution operator for a (CFT) Hamiltonian deformed with the source φ.
Here we consider the path in figure 1a: it consists in four intervals and the evolution
operator factorizes as U = UL UF UR UI , where UL/R are ordinary real time evolution operators, and UI,F , on imaginary time intervals, are naturally associated to the states of the
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TI

system at different times. The path ordering P defined in figure 1a, corresponds to the
arrowed lines depicted in figure 1b, on the boundary of the spacetime.
The simplest check for this interpretation is by taking TI,F → 0 and vanishing sources,
then one recovers the conventional thermal density matrix
ρ0 ≡ lim

φI,F →0

UF UI = e−βH .

(2.3)

In the next section we will show that via the TFD formalism we can associate the operators
UI,F ≡ P e−i

R
I,F

dθ (H+O φ(θ))

(2.4)

2.1

The TFD formulation and the in/out scenario

The Thermo-Field Dynamics (TFD) formalism [18] is entirely equivalent for the computation of time ordered correlation functions at finite temperature to the conventional
Schwinger-Keldysh (SK) method with σ = β/2 [17]. Nevertheless, an expected feature
of the TFD formulation is that deviations from the thermal vacuum state constructed by
inserting sources in the imaginary-time intervals, immediately get interpreted as in/out
excitations of a scattering set up in a thermal bath.
Let hn|Uφ |mi denote the matrix elements of the evolution operators in an Euclidean
piece, say I of eq. (2.4), where n, m belong to a complete basis of the Hilbert space H
of the field theory (CFT). In the TFD formalism, one constructs a second copy of the
e so that the total new system consist of
system by taking the CPT conjugate,1 namely H,
the original CFT and its TFD copy living on disconnected asymptotic boundaries of the
e Within this context, the TFD in-states
gravity dual, whose total states space is H ⊗ H.
|Ψφ ii are defined as
(hn| ⊗ hm̃|) |Ψφ ii ≡ hn|Uφ |mi
(2.5)
e respectively.
where |ni, |m̃i are orthonormal basis of H and H
Using this definition, the dual, hhΨφ |, of an initial (excited) state constructed with the
source φ(τ ) in the lower half of S 1 (τ ∈ (−π, 0)) is related to the adjoint of its matricial
form: (Uφ )† , and this is obtained by defining on the upper half (τ ∈ (0, π)) of the circle [26]:
(φ(τ ))∗ ≡ φ(−τ ). This relation has been argued in the holographic context in [27].
The solution to (2.5) is
|Ψφ ii = (Uφ ⊗ I)|1ii = Uφ |1ii ,
where the unit state |1ii is defined as [28]
X
|1ii ≡
|ni ⊗ |ñi .
n
1

The precise rules to construct the tilde states/operators can be found in [18].
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to the in/out states of a scattering process in a Hilbert space duplicated according to the
TFD rules. Notice that θ is pure imaginary in this sections. The matrix elements of UI,F
represent amplitudes so as pure states do, and its explicit connection with TFD kets is
described below.

n|
m|
˜

n|

τ
φ

φ

E-AdS

τ
(b)

|m
(a)
Figure 2. (a) A finite Euclidean time evolution depicted in terms of matrix elements hn|Uφ |mi.
(b) The same geometry can be also understood as the component (hn| ⊗ hm̃|) |Ψφ ii of a ket |Ψφ ii
defined in the TFD Hilbert space H ⊗ H̃.

This can be verified by noticing that hm̃|(Uφ ⊗ I)|1ii = Uφ hm̃|1ii = Uφ |mi. Expression (2.5)
is schematically represented in figure 2: Uφ is depicted on the left as an evolution operator on a single Hilbert space, and the corresponding TFD-ket |Ψφ ii is illustrated on the
right with its two ends now representing the d.o.f. of the TFD double intersected at some
spacelike surface of fixed time t.
From |Ψφ ii one can define an Hermitian (reduced) density matrix
ρφ ≡ TrHe |Ψφ iihhΨφ | = TrHe Uφ |1iihh1| Uφ† = Uφ Uφ† ,

(2.8)

where we have used
TrHe |1iihh1| =

X

|nihn| = IH .

(2.9)

n

Hermiticity of ρφ follows immediately

†  †
ρ†φ ≡ Uφ Uφ† = Uφ†
Uφ† = ρφ

(2.10)

where in the last step, we have transposed and then commuted. These expressions explicitly
show the connection between the pure state (2.6) in the TFD setup and the mixed matrix
density (2.8) in a single Hilbert space, both univocally determined by the evolution operator
Uφ through β/2 Euclidean time.
Working in the large N limit, we have shown in [27] that non-trivial Euclidean sources
φ on open contours lift the system from the vacuum to coherent excited states, with
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E-AdS

t
TI

TI

TF

L

→

R

TF
(b)

Figure 3. (a) Schwinger-Keldysh path in the complex t-plane. The vertical lines set up the initial
and final states, while the horizontal lines represent the real time evolution of the TFD system. (b)
Two-sided exterior regions of the AdS-BH showing the surfaces on which we insert the in/out-wave
functions. The arrows depict the boost like character of the TFD evolution.

eigenvalues essentially given by the Fourier modes of φ. In the present context, we can carry
a similar analysis to conclude that holographic excitations, built by imposing sources in
the Euclidean boundaries as in (2.4) and (2.6), correspond to thermal coherent states [29]
in the bulk Fock space at large N [30]. However, we postpone the analysis of Euclidean
sources to an upcoming paper [31].
We would like to conclude this section with two important observations. First, by
virtue of (2.6), as φ → 0 the state reduces to the TFD vacuum:
β

lim |Ψφ ii = e− 2 H |1ii ≡ |Ψ0 ii .

φ→0

(2.11)

As shown in [19], the high-temperature gravity dual of (2.11) is the Hartle-Hawking wave
functional which in the semi-classical approximation is given by half of the Euclidean black
hole solution. Secondly, the on-shell action evaluated on the Lorentzian part of the solution
(see figure 3) nicely represents the CFT evolution operator that connects the initial/final
states, namely
(2.12)
U ≡ P UL ⊗ UR = e−i ∆t (H⊗ I−I ⊗H) = e−i ∆t (H−H̃ ) ,
where ∆t ≡ TF − TI ≥ 0 corresponds to the standard boost-like time in the gravity dual.
The operator (2.12) is obtained by considering only the path ordering of the two real time
components of C. It preserves the state |Ψ0 ii.
Summarizing, the TFD framework re-interprets the CFT partition function as an InOut process in a duplicated space. Combining expressions (2.11) and (2.12) allow to express
the l.h.s. of (2.2) as
ZCFT = hhΨ0 | U[φL , φR ] |Ψ0 ii ,
(2.13)
where Lorentzian sources φL/R shall be considered for computational purposes. These
remarks will be studied more in-depth and generalized to include excited states in [31].
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TF

TI

(a)

2.2

The Schwinger-Keldysh boundary problem in the large N limit

ZCFT [φ(C)] ≈ e−SAdS [φ(C)] + e−SBH [φ(C)]

(2.14)

where each term is the exponential of the on-shell action valued on each of both aAdS
solutions, depending only on the boundary data φ on S d−1 × C. They are topologically
distinct solutions, and the second term based in the new geometry, is the main object
in our study. This situation resembles the conventional description of the Hawking-Page
phase transition but now with a real time interval t ∈ [TI , TF ] inserted between the two
Euclidean halves (see figure 1). The bulk Euclidean actions are nothing but the free energies
of each solution, determining the preferred background at a given β, while the Lorentzian
terms provide the n-point correlation functions for boundary operators. The high/low
temperature regimes are dominated by the BH/Thermal solution.
In the forthcoming sections we study the dual geometries to figure 1a via 2-pt correlators for a non-backreacting scalar field. The causal properties of these correlators are
completely determined by the path ordering shown in figure 1a. Therefore, the structure
of the l.h.s. of eq. (2.2) is known providing expressions to directly compare the bulk results
we are going to compute. Differentiation w.r.t. the Lorentzian sources φl , l = {L, R}, give
the Schwinger-Keldysh propagator,
!
Z
δ 2 ln ZCFT
OL (k)OL (k) OL (k)OR (k)
d −ik(x−y)
−i
≡ dk e
hhΨ0 |
|Ψ0 ii ,
(2.15)
δφl δφl0
OR (k)OL (k) OR (k)OR (k)
where the matrix elements are
hhΨ0 |OL (k)OL (k)|Ψ0 ii =

eβω
1
GR (k) − βω
GA (k) ,
eβω − 1
e −1

hhΨ0 |OR (k)OL (k)|Ψ0 ii = 2
hhΨ0 |OR (k)OR (k)|Ψ0 ii =

eβω/2
(GA (k) − GR (k)) = hhΨ0 |OL (k)OR (k)|Ψ0 ii ,
eβω − 1

1
eβω
G
(k)
−
GA (k) .
R
eβω − 1
eβω − 1
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The CFT path integral over fields on the Schwinger-Keldysh closed path described above,
see figure 1a, corresponds to consider all non-trivial gravitational solutions with such contour as asymptotic boundary.
Noticeably, this problem has two classical solutions such as in the purely Euclidean
closed path: the first one is the pure AdS torus whose global time coordinate must be
substituted by the complex parameter of the path C (see figure 6 below); and the second
one is the solution presented in this work. It involves the exterior of the maximally extended
AdS black hole in real time properly glued with Euclidean black hole pieces as depicted in
figure 1b.
On these gravitational backgrounds, one may also consider, for example, a non-back
reacting scalar field with aAdS boundary conditions given by the SK path in the CFT. In
the large N semi-classical limit, the holographic recipe simplifies by using the saddle point
approximation on the right hand side of (2.1). This can be expressed as

In the expressions above, GR/A (k) stand for the Fourier transform of the retarded and
advanced propagators of the theory, analytic in the upper and lower half of the complex
ω ≡ k 0 plane. The symmetric property of the matrix is a consequence of the two Euclidean pieces having equal β/2 length. The general matrix was presented in [3], where
this particular path was already seen to appear naturally in gravity.

3

Building up the gravity solution

dr2
+r2 dϕ2 ,
r2 − rS2
(3.1)
in Lorentzian and Euclidean signature respectively. In these metrics, t ∈ R, ϕ ∼ ϕ + 2π
and τ ∼ τ + β with β = T −1 = 2π/rS . Rescaling the coordinates as


ds2 = − r2 − rS2 dt2 +

dr2
+r2 dϕ2
r2 − rS2

r → rS r ,

t→


ds2 = r2 − rS2 dτ 2 +

and

t
,
rS

τ→

τ
,
rS

ϕ→

ϕ
,
rS

(3.2)

turn the metrics (3.1) into
ds2 = −(r2 − 1)dt2 +

dr2
+ r2 dϕ2
(r2 − 1)

ds2 = (r2 − 1)dτ 2 +

dr2
+ r2 dϕ2 (3.3)
(r2 − 1)

with τ ∼ τ +2π and the BH temperature absorbed in the angular periodicity ϕ ∼ ϕ+2πrS .
We will work with metrics (3.3) for our geometry throughout this paper.
3.1

Continuity conditions

We now show that our geometry meets the appropriate C 1 gluing conditions, this is, continuity of the metric and extrinsic curvature across constant time surfaces. The metrics
on any constant Lorentzian and Euclidean time slices coincide and can therefore be continuously glued. The staticity of the spacetime guarantees that this can be done at any
value2 of t and τ . The continuity of the conjugate momentum of the metric is equivalent to
demand continuity of the extrinsic curvatures Kµν across the gluing surface [11]. Explicitly,


1
1
Kµν ≡ Ln Pµν = nα ∂α gµν − n2 nµ nν + ∂µ (nα ) gαν − n2 nα nν
2
2
2

(3.4)

By writing metrics (3.3) in Kruskal coordinates one can check continuity at u = 0 and v = 0 surfaces,
i.e. in the t → ∞ limit.
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In this section we describe in detail the construction of the geometry, depicted in figure 1b,
dual to the SK path shown in figure 1a. We will define the coordinates we will work with
and take care of the gluing conditions between the different signature regions. We will
work in 2 + 1 dimensions for the ease of calculation, but the whole construction follows
straightforwardly to higher dimension examples.
The geometry is built from the Lorentzian AdS-BH exteriors L and R and the Euclidean
BH manifold halved in two pieces as shown in figure 4. The two Euclidean pieces are glued
to the constant t-hypersurfaces (red lines in figure 4a) located at t = T± . The standard
metrics for the BTZ black hole are (RAdS ≡ 1) [32, 33]

TF

TI

L

t
r

τ

r

F

r
R

TI

TF

r

I
τ

(a)
(b)
Figure 4. (a) Static patches of the AdSBH with constant t, r surfaces depicted. Time runs upward
in the left wedge (L) and downward in the right wedge (R). The angular variable ϕ in (3.1) has
been suppressed. (b) Euclidean AdSBH: time becomes an angular variable τ ∼ τ + 2π. The two
pieces are identical and their temporal extension is β/2.

where Pµν = gµν − n2 nµ nν is the first fundamental form of a hypersurface with normal nµ .
In the present case, the unitary time-like vector is nµ ≡ δ0µ (r2 − 1)−1/2 . The first term
in (3.4) vanishes due to staticity while the second gives
!
!


−r
−r
P00 = 0
Kµν = ∂µ (nα ) gαν −n2 nα nν = δµr
g0ν −n2 n0 nν = δµr δν0
3
3
2
2
(r −1)
(r2 −1) 2
(3.5)
which follows from P00 = 0. The expression above shows the C 1 continuity of the metric
across the Σt and Στ gluing surfaces. The point r = 1 shows no special pathology, as
limr→1 Kµν = 0.
We stress that the L and R sections, depicted in figure 4, are connected through the
wormhole, located at r = 1, as in the standard Kruskal extension. This gluing is a natural
assumption to avoid boundary conditions at r = 1 when solving for the bulk field. The
final outcome of the construction is the geometry depicted in figure 1b.
Regarding the parametrization on each region, we define t on L and R as the real part
of their respective position in the complex t plane of figure 1a, i.e. t ∈ [TI , TF ] both in
L and R running from left to right. We will take −TI = TF = T /2 to simplify notation
in the explicit computation. The Euclidean regions are parametrized τ ∈ [0, π] in F and
τ ∈ [−π, 0] in I.
We now discuss the boundary conditions on the fields defined on this geometry. These
follow directly from the saddle point approximation on the r.h.s. of 2 and can be understood
as a C 1 gluing of the fields, i.e. continuous field and conjugated momentum, through the
(bulk) hyper-surfaces joining the pieces of the SK path. The explicit signs in the gluing
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t

conditions, specifically on the conjugated momentum, depend on the time parametrization
on each region. Our choice is shown in figure 4a and leads to
ΦL = Φ I ,

−i∂t ΦL = ∂τ ΦI ,

on t = TI , τ = 0

ΦL = Φ F ,

−i∂t ΦL = ∂τ ΦF ,

on t = TF , τ = 0

ΦR = Φ I ,

−i∂t ΦR = ∂τ ΦI ,

on t = TI , τ = −π

ΦR = Φ F ,

−i∂t ΦR = ∂τ ΦF ,

on t = TF , τ = π .

(3.6)

4

Bulk massive scalar field

In the present section we will find the classical bulk solutions for a real massive scalar field
in the two geometries dual to the SK path shown in figure 1a (cf. (2.14)). The field will be
subject to arbitrary boundary conditions on the Lorentzian asymptotic regions. This will
provide us with the necessary data to reproduce the high and low temperature behavior of
the propagator matrix (2.15).
4.1

Two-sided black hole geometry

We now proceed to build the solution for the scalar field Φ on the complete geometry with
non-zero source φL on the L wedge. The solution with non-zero φR can be found following
an analogous procedure, and the full solution is easily obtained due to the linearity of the
problem. The action and EOM are given by
Z
p


1
dtdrdϕ |g| ∂µ Φ∂ µ Φ + m2 Φ2 ,
 − m2 Φ = 0 ,
(4.1)
S[Φ] = −
2
in the Lorentzian metric (3.3). The field is subject to Φ ∼ r∆−2 φL (t, ϕ) on region L, where
√
∆ = 1 + 1 + m2 , and trivial sources everywhere else. Writing Φ = e−iωt+ilϕ f (ω, l, r),
where rS l ∈ Z, one obtains from (4.1)
ω



∆ 1
1 i2
∆ 1
1
−∆
f (ω, l, r) ≡ Nωl∆ r
1− 2
+ i(ω − l), + i(ω + l); iω + 1; 1 − 2 ,
2 F1
r
2
2
2
2
r


∆
∆
1
1
Γ 2 + 2 i(ω − l) Γ 2 + 2 i(ω + l)
Nωl∆ ≡
.
(4.2)
Γ(∆ − 1)Γ(iω + 1)
The normalization factor Nωl∆ fixes the asymptotic behavior of the solution to be,3


f (ω, l, r) ≈ r∆−2 + · · · + α(ω, l, ∆)r−∆ ln(r2 ) + β(ω, l, ∆) + . . . ,
r→∞
(4.3)


i
2−∆
i
2−∆
2 + 2 (ω − l) ∆−1
2 + 2 (ω + l) ∆−1
∆−1
αωl∆ ≡ (−1)
,
(4.4)
(∆ − 2)!(∆ − 1)!




∆
i
∆
i
βωl∆ ≡ −ψ
+ (ω − l) − ψ
+ (ω + l) ,
(4.5)
2
2
2
2
3

We remind the reader that the ln(r2 ) term appears only for ∆ ∈ N and becomes relevant in KK
compactifications. This will not be important in our discussion. We refer the interested reader to [34, 35]
and appendices in [39].
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We refer the reader to [11, 27] for explicit computations in several examples. Notice that
the time coordinate in R runs opposite to the path ordering. This is in agreement with the
TFD interpretation of the dofs in R as being the CPT dual of those in region L.

where (x)y stands for Pochhammer symbols and ψ(x) for the Digamma function. It is
important to note that the normalization factor introduces simple poles at ω = ±l + i(2n +
∆), with n ∈ N. They are depicted by crosses in figure 5a. Notice that f (±ω, l, r) results
analytic in the lower/upper half plane respectively.
Contrary to the case of pure AdS, the BH geometry shows two linearly independent
regular NN solutions: e−iωt+ilϕ f (±ω, l, r). They can be chosen to behave as outgoing and
ingoing waves at the horizon, respectively. A general solution on the L wedge is then
built from,

l

(4.6)
with ω ∈ R. To meet the asymptotic boundary condition we demand
−
L+
ωl + Lωl = 1 .

(4.7)

Although not mandatory, introducing L±
ωl becomes handy for gluing the complete solution.
Their difference parametrize the normalizable modes on the geometry. To gain physical
−
intuition, the quotient L+
ωl /Lωl can be interpreted as the relative weight of outgoing and
infalling modes through the horizon in the NN solution.
Normalizable (N) modes are built from the combination e−iωt+ilϕ [f (ω, l, r)−f (−ω, l, r)]
as is evident from (4.3). These are the appropriate modes to expand the solution on regions
R, I and F
Z
1 X
ΦR (r, t, ϕ) = 2
dω e−iωt+ilϕ Rωl [f (ω, l, r) − f (−ω, l, r)] ,
(4.8)
4π rS
l
Z
1 X
ΦF (r, τ, ϕ) = 2
dω e−ωτ +ilϕ Fωl [f (ω, l, r) − f (−ω, k, r)] ,
(4.9)
4π rS
l
Z
1 X
dω e−ωτ +ilϕ Iωl [f (ω, l, r) − f (−ω, k, r)] .
(4.10)
ΦI (r, τ, ϕ) = 2
4π rS
l

Since ω ∈ R, (4.9) and (4.10) seem to be ill defined at high frequencies, nevertheless, the
gluing provides Iωl and Fωl which guarantee a regular solution.
We relegate the details of the gluing procedure to [31], where a general solution including non-zero Euclidean sources will be presented. Imposing (3.6) on (4.6), (4.8)–(4.10), one
finds
iωT /2
−iωT /2
φ̃L
= Fωl , Fωl e−πω = Rωl e−iωT /2 , Rωl eiωT /2 = Iωl eπω , Iωl = L+
−L−
ωl e
ωl φ̃L e

(4.11)
yielding via (4.7)
L+
ωl =

−1
,
2πω
e
−1

L−
ωl =

e2πω
.
e2πω − 1

The remaining coefficients can be obtained from (4.12) and (4.11).
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Z
Z


0
0
1 X
−
ΦL (r, t, ϕ) =
dω dt0 dϕ0 e−iω(t−t )+il(ϕ−ϕ ) φL (t0 , ϕ0 ) L+
ωl f (ω, l, r) + Lωl f (−ω, l, r) ,
2
4π rS

ω

ω

(b)

Figure 5. (a) The blue line denotes the ω-integration contour in the Lorentzian solution (4.6).
Crosses show the location of the poles of f (ω, l, r) while circles those of f (−ω, l, r). (b) The
Feynman-like blue line represents the integration path in (4.17). The red crosses and circles represent the poles of s(ω, l, r), which lie on the real axis.

Comments.
1. Uniqueness: “no source free solutions to the scalar field EOM exist ”.
Consider N modes in every region:
Z
1 X
dωe−iωt+ilϕ Lωl [f (ω, l, r) − f (−ω, k, r)] ,
ΦL (r, t, ϕ) = 2
4π rS

(4.13)

l

in L region, (4.8)–(4.10) in regions R, I, F and impose (3.6). As a consequence one
obtains
Iωl = e2πω Iωl .
This condition on Iωl can be understood as manifesting the −iβ thermal periodicity
of the geometry.4 For arbitrary ω it implies Iωl = 0, but for ω = im, m ∈ Z the
possibility of arbitrary I(im)l arises. This set of solutions is nevertheless ruled out
since the cancellation at infinity no longer works: f (im, l, r) = 0 for m > 0. We
conclude that Iωl = 0 is the only possible solution.
2. Analyticity though the wormhole: “the Lorentzian solution results analytic in the two
sided BH ”.
The solution above involved uncorrelated ‘Rindler’ modes ΦL and ΦR . The gluing
conditions (4.11), lead to
ωπ
−ωπ
Rωl = φ̃L L+
= − φ̃L L−
,
ωl e
ωl e
4

(4.14)

Recall that the temperature was absorbed in the angular periodicity, turning β = 2π (cf. (3.3)). Thermal
periodicities of 2π must be understood in units of β.
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(a)

3. Regularity: “Euclidean pieces (4.9) and (4.10) become finite after the gluing”.
The final expressions for the bulk field in the Euclidean sections are


Z
2πω
1 X
−iωT /2 e
−ωτ +ilϕ
−
φ̃
e
[f (ω, l, r)−f (−ω, k, r)] ,
dω
e
L
4π 2 rS
e2πω −1
l


Z
1
1 X
ΦI (r, τ, ϕ) = 2
dω e−ωτ +ilϕ −φ̃L e+iωT /2 2πω
[f (ω, l, r)−f (−ω, k, r)] ,
4π rS
e −1

ΦF (r, τ, ϕ) =

τ ∈ (−π, 0)
τ ∈ (0, π) .

l

The resulting coefficients regulate adequately the ω integrals, thus validating our
procedure.
4.2

Thermal AdS geometry

We summarize here the computations and results for the second bulk dual to the path in
figure 1a, i.e. Thermal AdS. The geometry is built by gluing together pure AdS cylinders
resulting in a torus like solution as shown in figure 6b. We carry over the notation above
calling L and R the Lorentzian sections t ∈ [−T /2, T /2]. We will consider the Euclidean
pieces to posses different temporal extensions: σ for I and β − σ for F as shown in figure 6a.
We will thus choose τ ∈ [σ − β, 0] in F and τ ∈ [0, σ] in I, which for σ = β/2 reduces to
the symmetric path of the previous section. It is important to stress that for the present
geometry no physical connection appears between L and R regions.
The Lorentzian regions are defined for the AdS3 metric
ds2 = −(r̃2 + 1)dt̃2 +

dr̃2
+ r̃2 dϕ̃2 ,
+1

r̃2

(4.15)

the “tilde” notation carried over from (3.1), for ϕ ∼ ϕ + 2π in both metrics. Inserting the
ansatz Φ ∝ e−iωt̃+ilϕ̃ s(ω, l, r̃) into the equation of motion (4.1) gives
s(ω, l, r̃) =

Γ

1
2 (|l|+∆−ω)

Γ 21 (|l|+∆+ω)
Γ(∆−1)Γ(|l|+1)



1+r̃2

ω/2

r|l| 2 F1



ω+|l|+∆ ω+|l|−∆+2
,
; 1+|l|; −r̃2
2
2


,

(4.16)
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relating the L and R coefficients. We would like to emphasize that the e±ωπ factors
were not imposed a priori and arose as a consequence of regions I and II having a β/2
temporal extension.4 It is well known that these relations are associated with global
analytic modes [36]. This is one of the important outcomes of our construction: the
β/2 extension of the Euclidean geometry imply that the fields in the bulk end up
being analytic. One could have carried out the computations above for other arbitrary
Euclidean sections lengths, but the fields living in the Lorentzian regions would not
have been analytic, thus invalidating the solution. Equal length Euclidean sections
as naturally associated to BH geometries was noticed previously in [3]. This property
is particular to BHs, for the Thermal AdS setup we will see that no constraint arises,
modes are analytic all over the geometry for any Euclidean temporal extension.

β–σ

t

L

I

F
L

F
R

I

TF

(a)

σ
(b)
Figure 6. (a) SK contour for Thermal AdS. The Euclidean pieces have different extensions: σ for
I and β − σ for F . (b) Dual real time Thermal AdS geometry. Notice that the L and R regions are
only connected through the Euclidean sections. The pieces are ordered as dictated by the contour
order in figure (a).

as the only solution regular in the interior. The overall normalization is fixed, so that for
generic {ω, l}, s(ω, l, r̃) ≈ r̃∆−2 + . . . asymptotically. The general solution on L is
Z

X
1 X
+ −iωnl t̃
− +iωnl t̃
lnl
e
ΦL (r̃, t̃, ϕ̃)= 2
+lnl
e
dωe−iωt̃+ilϕ̃ φ̃L (ω, l)s(ω, l, r̃)+
eilϕ̃ snl (r̃) ,
4π
F
n∈N
l∈Z

l∈Z

(4.17)
±
with the lnl
coefficients parametrizing the normalizable modes
I
snl (r̃) ≡
dω s(ω, l, r̃) ,
ωnl = 2n + ∆ + |l| .

(4.18)

ω=−ωnl

These will become fixed once we glue the different pieces. Equation (4.17) requires a choice
of contour in the complex ω-plane to avoid the singularities in the real axis depicted in
figure 5b. We refer the reader to [6] for details. An analogous expression for the R region
can be written.
For the Euclidean regions normalizable modes suffice, then
X
 ilϕ̃
−ωnl τ̃
ωnl τ̃
ΦI (r̃, τ̃ , ϕ̃) =
i+
+ i−
e snl (r̃) ,
(4.19)
nl e
nl e
n∈N
l∈Z

and similarly for region F. Following analogous steps as in [11, 27], the gluing condi± ±
tions (3.6) uniquely fix the coefficients lnl
, inl as well as their R and F counterparts.
The result of the gluing for a non-zero source on the L region, leads to
±
lnl
=

1 φ̃L (∓ωnl , l)
.
4π eωnl β − 1
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TI

R

By inserting (4.20) back into (4.17), one can rewrite the bulk field as
Z
1 X
eωβ
0
0
ΦL (r̃, t̃, ϕ̃) = 2
φL (t̃0 , ϕ̃0 )s(ω, l, r̃)
dωdt̃0 dϕ̃0 e−iω(t̃−t̃ )+il(ϕ̃−ϕ̃ ) ωβ
4π
e −1
R
l∈Z
Z
1 X
1
0
0
φL (t̃0 , ϕ̃0 )s(ω, l, r̃)
− 2
dωdt̃0 dϕ̃0 e−iω(t̃−t̃ )+il(ϕ̃−ϕ̃ ) ωβ
4π
e −1
A

(4.21)

l∈Z

where R and A stand for the retarded and advanced integrations paths respectively. Notice
that (4.21) mimics the structure of (4.6) when using (4.12).

Bulk correlators

We will now obtain the 2-pt large N CFT correlators from the field solutions obtained
in the previous section following prescription (2.1) and compare our results with CFT
predictions. We build the complete bulk action as a sum over four pieces
iSC = −SI + iSL − SF + iSR .
The saddle point approximation evaluates each action on-shell, leaving only boundary
terms for each piece. Since Euclidean sources have been turned off contributions from I
and II vanish, then
iSC0 [φL , φR ] = −

i
2

√

Z
C

i
γ Φ nµ ∂ µ Φ = − r ∆
2

T

Z

T

Z

0


.

dtdϕ φR (r∂r ΦR )

dtdϕ φL (r∂r ΦL )−
0

r→∞

(5.1)
Evaluating (5.1) on metrics (3.3) and (4.15) provide the real time propagator matrices
in the high and low temperatures regimes of the dual CFT. The sign difference between
the terms arises from the choice of time parametrization, see figure 3b. The correlation
functions will be contour-time-ordered as shown in figure 1a.
We will first concentrate on the diagonal elements of the matrix (2.15). For the BH
geometry depicted in figure 1b one obtains
hhΨ0 |T {OL (t, ϕ)OL (t0 , ϕ0 )}|Ψ0 ii

BH

δ 2 SC0
δφL δφL
Z
(∆−1) X

≡ −i

dωe−iω∆t+il∆ϕ
2π 2 irS
l


−1
e2πω
× 2πω αωl∆ βωl∆ + 2πω α(−ω)l∆ β(−ω)l∆
e −1
e −1
X (∆−1)2
=
[cosh(∆ϕ+2πrS j)−cosh(∆t(1−i))]−∆ .
2∆−1 π

=

j∈Z

(5.2)
We have relegated the momentum integration to appendix A. Some comments on (5.2)
regarding causality are in order: the pole structure of β±ωl∆ guarantees that the second
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line in (5.2) appropriately reproduces the expected advanced/retarded propagators shown
in (2.16). The result is in agreement with [3, 11] and, in line with the holographic real time
viewpoint, the sign of the i regulator leading to time ordering is fixed by convergence,
see appendix A. The propagator (5.2) can be seen to meet the KMS condition, i.e. it is
invariant under ∆t → ∆t + iβ. As stressed in [19], it vanishes exponentially as ∆t →
∞, manifesting that, at high temperature, correlations are quickly lost. As in the pure
AdS spacetime [6], mapping the initial/final data to (Euclidean) asymptotic boundary
conditions unambiguously lead to propagators with the correct i-insertions.
The result for Thermal AdS follows analogously from (4.17) and (5.1), the result is

Th

=

X (∆ − 1)2
j∈Z

2∆−1 π

[cos(∆t(1 − i) + iβj) − cos(∆ϕ)]−∆ .
(5.3)

Again, from its momentum expansion, which can be read off from (4.17), one finds the
expected structure shown in (2.16). The result can be understood as a sum over t-images,
with period β, of the zero temperature 2-pt function, thus ensuring the KMS condition.
Propagation of information in this solution, in contrast with (5.2), is oscillatory as expected
at low temperature. Finally, expressions (5.2) and (5.3) which respectively dominate in the
β ≶ βc ,5 describe the CFT dynamics for any temperature.
Computations for correlators in the R region easily follow using the solutions analogous
to the ones found in the previous section. The result is,
hhΨ0 |T̄ {OR (t, ϕ)OR (t0 , ϕ0 )}|Ψ0 ii

BH

δ 2 SC0
δφR δφR
X (∆−1)2

≡−i
=

j∈Z

2∆−1 π

[cosh(∆ϕ+2πrS j)−cosh(∆t(1+i))]−∆ ,
(5.4)

where T̄ stands for the reverse time-ordering, which agrees with the path ordering shown
in figure 1a. It is reassuring to see that the answer is consistent with the following TFD
property: the second diagonal element in (2.15) is the reverse time-order propagator, which
can be obtained as the complex conjugate of the first diagonal element. Similar arguments
hold for the low temperature propagator, which can be obtained as the complex conjugate
of (5.3). Notice that the diagonal elements of the matrix in the high and low temperature
regime, e.g. (5.2) and (5.3), are related via the standard double Wick rotation φ → it,
t → iφ.
An interesting analysis comes from the off-diagonal elements of the propagator matrix.
These element require field solution with sources on L and R turned on. In the CFT setup,
the case σ 6= β/2 leads to non-symmetric propagator matrices. However, as observed
in [3], the holographic computation in the semi-classical limit always leads to a symmetric
5

Recall that βc = 2πRAdS = 2π in our units.
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hhΨ0 |T {OL (t, ϕ)OL (t0 , ϕ0 )}|Ψ0 ii

propagator matrix,
hhΨ0 |OL (t, ϕ)OR (t0 , ϕ0 )|Ψ0 ii ≡ −i

δ 2 SC0
δ 2 SC0
=
−i
≡ hhΨ0 |OR (t0 , ϕ0 )OL (t, ϕ)|Ψ0 ii .
δφL δφR
δφR δφL
(5.5)

This imposes σ = β/2 to have a well defined holographic dual to a SK contour on the
boundary. Nevertheless, one can compute for the Thermal bulk scenario the off-diagonal
propagator for general σ, yielding
δ 2 SC0
δφL δφR

Th

=

1 X (∆ − 1)2
[cos(∆t + iβj − iσ) − cos(∆ϕ)]−∆
∆−1
π
2
2
j∈Z

+

1 X (∆ − 1)2
[cos(∆t + iβj − i(β − σ)) − cos(∆ϕ)]−∆ .
2
2∆−1 π

(5.6)

j∈Z

This expression arises from two contributions, which can be understood as the two possible
paths connecting the points in L and R segments through the σ and β − σ Euclidean
sections. The images sum accounts for the windings of these paths. Each of the inequivalent
contributions are in fact what is expected for the off-diagonal elements of the σ 6= β/2
propagator matrix. One can see that the semi-classical limit is taking the mean of the two
quantum behaviors, although the shorter path dominates exponentially over the longest
one. The contributions add up in the σ = β/2 case, recovering the symmetric matrix (2.15).
One should note that no i regulator is needed for convergence in this case.6
The black hole geometry, dual to the σ = β/2 path gives
hhΨ0 |OR (t, ϕ)OL (t0 , ϕ0 )|Ψ0 ii

BH

δ 2 SC0
δφL δφR
Z
2(∆−1) X

≡ −i
=

=

4π 2 ir

S

l

X (∆−1)2
j∈Z

dω e−iω∆t+il∆ϕ

2∆−1 π

eπω
e2πω −1

−αωl∆ βωl∆ +α(−ω)l∆ β(−ω)l∆



[cosh(∆ϕ+2πrS j)+cosh(∆t)]−∆ ,

(5.7)
where the sign difference in the second line agrees with (2.17) and the third line matches [19].
We now make some comments regarding (5.6) and (5.7). First, notice that in contrast
to the case of diagonal matrix elements, one cannot relate the results via the double Wick
rotation φ → it, t → iφ. This stems from the σ terms in (5.6) which do not rotate. The
result is related to the topology of the solutions: unlike the Thermal solution, the black hole
admits paths connecting L and R through the wormhole, cf. figures 1b and 6b. The fact
of (5.6) and (5.7) not being connected by a double Wick rotation manifest the importance
of understanding the correspondence in the a real-time setup.
One can also interpret these correlators as providing information on the entanglement
between the L and R dof’s [37]. Results (5.6) and (5.7), understood as lower bounds on
mutual information, behave as expected in disentangling experiments.
6

Except for the σ = 0 or σ = β cases which were considered in [11].
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Conclusions

In this work we constructed a novel geometry dual to the symmetric SK path presented
in figure 1. The solution was obtained by gluing Euclidean and Lorentzian sections of
the AdS black hole and represents the gravity dual to the real-time extension of a finite
temperature CFT in the high temperature limit. The particular SK path chosen shows
several appealing properties that we explored.
We would like to mention the following remarkable properties of the solution:

2. The SK path with two equal β/2 lengths allows to formulate the problem in accordance with the TFD approach [17]. Our solution gives the dual description of
the TFD evolution. In other words, the gravitational dual of the operator U, defined in (2.12), is represented by the two sided BH under the boost time evolution
as shown in figure 3. Indeed, the Hartle-Hawking-Maldacena wave function given
by the Euclidean semi-disk geometry, remains invariant throughout its Lorentzian
evolution.
3. The Euclidean regions on their own have also a physical interpretation, providing
initial and final states in the TFD viewpoint. This matches the observation that the
HHM-state is the TFD thermal vacuum [19], whose gravity dual is precisely identified
with the regions I/F of the actual geometry.
4. The complete manifold is made from three spacetimes and covers the four pieces of
the path in figure 1a: L ∪ R belongs to a single black hole. This is in line with
the intuition that high temperature regime increasingly entangling the system, made
holographic by connecting the regions through the wormhole [37, 38].
5. For the chosen SK path, the analyticity of the fields in the bulk interior is forced
by the gluing conditions (3.6). This is relevant for the Lorentzian regions since the
field configurations end up being analytic through the wormhole. In this sense, our
solution geometrically captures the Unruh trick. The traditional analytic extension
required to obtain global positive energy modes on a L ∪ R spacelike surface, is
automatically incorporated by the Euclidean regions I/F .
6. The solution, together with the real time Thermal AdS (depicted in figure 6) extend
the two saddle points Hawking-Page scenario to real-time. We have explored the
transition studying 2-pt functions in the two different regimes. We have recovered
the propagator matrix and checked the path ordering in the CFT.
7. Based on analyticity arguments, it does not seem to exist an analogous BH solution
for SK paths other than the symmetric one. While the Thermal scenario admits
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1. It removes the black hole interiors and therefore the singularities, as it happens for
the Euclidean AdS BH, but its Lorentzian region remains two-sided, i.e. with R- and
L-wedges. In this sense, it is a natural real time evolution of the TFD state built
from the Euclidean pieces.

arbitrary Euclidean path lengths, the σ = β/2 path is privileged in the sense that
the CFT matrix propagator becomes symmetric which is always the case from the
bulk viewpoint, at least in the semi-classical limit.

9. The off-diagonal elements in the matrix propagator provide information on the entanglement of the dof’s and the classical connectivity between the two sides of the
spacetime.
As mentioned in the main text, the immediate outlook from this work is to study
holographic excited states in our solution by turning on Euclidean sources [27, 39]. Since
we have been able to reinterpret the finite temperature problem as a scattering process in a
thermal bath, we expect the excitations to be associated to (thermal) coherent states [30].
It will be interesting however, to study how this prescription defines the nature of the new
coherent states in terms of the normal modes in the duplicated TFD Hilbert space. We
would also like to study whether this excited states scenario favors, in a similar fashion
as the comments in 7., the symmetric σ = β/2 SK path. We will pursue this objectives
in [31].
It would be also interesting to study backreaction in some perturbative set up, upon
imposing boundary sources that excite the TFD ground state, and study how the present
geometry would eventually be deformed [40]. One might also consider gluing multiple copies
of the Lorentzian wedges for OTOC computations [41]. Generalizations of our geometry
that include charge and angular momentum would also be of interest. Another line of future
research would be deforming the TFD (decoupled) field theory Hamiltonian HR − HL , with
a local coupling term ∼ g OR OL leading to a traversable wormhole [38, 42–45].

Acknowledgments
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A

Propagator in configuration space

In this appendix we show that
hhΨ0 |T {OL (t, ϕ)OL (t0 , ϕ0 )}|Ψ0 ii

δ 2 SC0
δφL δφL
Z
2(∆−1) X

≡−i
BH

=

4π 2 ir

S

dωe−iω(t−t

0

)+il(ϕ−ϕ0 )

l


×

e2πω
−1
αωl∆ βωl∆ + 2πω
α(−ω)l∆ β(−ω)l∆
2πω
e
−1
e
−1
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8. We found that the off-diagonal elements of the propagator matrix in the high and
low temperature regimes are not connected through the double Wick rotation which
connects the metrics (3.3) and (4.15). The result is related to the topology of the
solutions, in the BH the Lorentzian regions are connected through the wormhole.
This represents a non-trivial example stressing the importance of a better real-time
understanding of the correspondence.

=

(∆−1) X
2π 2 irS

Z

dωe−iω∆t+il∆ϕ −nω αωl∆ βωl∆ +(1+nω )α(−ω)l∆ β(−ω)l∆



l

(A.1)
=

X (∆−1)2
j∈Z

2∆−1 π

[cosh(∆ϕ+2πrS j)−cosh(∆t(1−i))]−∆

(A.2)

• αωl∆ is a polynomial in ω and therefore analytic in the whole complex-plane.
• nω has poles at ω = is, s ∈ Z. However, the product (nω αωl∆ βωl∆ ) is regular
at ω = 0.
• βωl∆ has poles at ω = ±l + i(2n + ∆), n ∈ N, i.e. the upper half plane.
The proof of (A.2) will be split in 3 parts: first, show that the only poles that contribute
to the 2-pt function are the ones arising from βωl∆ and β(−ω)l∆ . Second, we get from (A.1)
to the expression (A.2) in a space-like frame. Thirdly we show that ∆t(1 − i) is the
mandatory regulator starting from (A.1). Every other momentum integral in our BH
solution follows, albeit details, from this one.
1. Residues from nω do not contribute.
Consider
I(∆t, ∆ϕ) ≡

(∆−1) X
2π 2 irS

Z

dωe−iω∆t+il∆ϕ −nω αωl∆ βωl∆ +(1+nω ) α(−ω)l∆ β(−ω)l∆



l

=

Z
(∆−1) X
2π 2 irS

dωe

−iω∆t+i rl ∆ϕ
S




−nω αω

l∈Z

l
rS

∆ βω rl ∆ +(1+nω ) α(−ω) rl ∆ β(−ω) rl ∆
S

S

,

S

(A.3)
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where nω ≡ (e2πω − 1)−1 , αωl∆ and βωl∆ coefficients where defined in (4.4) and (4.5) and
the Feynman regulator  > 0 is mandatory for convergence. The black hole mass has been
transferred to the periodicity of the polar angle ϕ ∼ ϕ + 2πrS , therefore, the l-summation
is over l = k/rS with k ∈ Z, see (3.2).
One comment regarding the normalization of 2-pt functions is at hand. The factor
2(∆ − d) = 2(∆ − 1) in the numerator of the second line onwards does not follow directly
from the field solutions found in (4.6), which yields 2∆. The correction arises from the
different ways of regularizing the divergences arising in the asymptotic boundary. This
is however not related to our concrete problem and has already been extensively covered
in the literature, see e.g. [39, 46, 47]. We emphasize that the correct coefficient from an
AdS/CFT perspective is the one kept in (A.2).
In order to do this, we will pick a space-like distance, find the correct  > 0 needed
for convergence near the contact points. Take ∆φ > ∆t > 0 such that ∆φ + ∆t > 0 and
∆φ − ∆t > 0. Analyticity forces the result everywhere else in the {t, φ} plane away from
the light-cones. We are left with the task to infer the i prescription implicit in (A.1). This
will be done taking ∆φ = 0 and 0 < ∆t  1 and −1  ∆t < 0 in turn to see that the
Feynman prescription, i.e. (A.2) is correct.
The ω-integral in (A.1) will be performed by making use of the residue theorem, so we
need to know the pole structure of the integrand:

where we made explicit the rS factor in the angular momentum sum, see (3.2). To
explicitly compute the integral we choose ∆t > 0. This demands to close the ωintegral in the lower half complex ω-plane. In the following we will only consider the
contributions arising from the residues of nω . Closing the contour through the lower
half-plane one find


(∆−1) X X −n∆t+i rl ∆φ
S
e
α
β
−α
β
l
l
l
l
(−in) r ∆ (−in) r ∆
(in) r ∆ (in) r ∆ +(β residues) .
2π 2 rS
S
S
S
S

I(∆t, ∆ϕ) =

l∈Z n=1

m∈Z

l∈Z

m∈Z

l∈Z

(A.4)
Inserting it into the above expression yields
Z

(∆−1) X X
dl e−n∆t+il(∆φ+2πrS m) α(−in)l∆ β(−in)l∆ −α(in)l∆ β(in)l∆ +(β residues) ,
2
2π

I(∆t, ∆ϕ) =

n=1 m∈Z

(A.5)
now, one can see that the integrand between parenthesis, for integer ∆ ≥ 2 and
n ≥ 1, becomes l polynomials which have no poles: each terms has poles that cancel
each other among themselves. The l integral now can be closed either in the upper or
lower half plane due to the exponential, so the lack of poles means that these terms
do not contribute. The ∆t < 0 case follows the same way.
2. Residues from βωl∆ .
We now consider the contributions from the poles in βωl∆ . From (A.3),
Z

(∆−1) X
dωe−iω∆t+il∆ϕ −nω αωl∆ βωl∆ +(1+nω ) α(−ω)l∆ β(−ω)l∆
I(∆t, ∆ϕ) = 2
2π irS
l

we consider ∆t > 0, close downwards and pay attention to the poles ω = ±l − i(2s +
∆), s ≥ 0 coming from β(−ω)l∆ leading to
I(∆t, ∆ϕ) =

XX
2(−1)∆−1 X
(−s−∆+1)∆−1 e−(2s+∆)∆t
eil(∆ϕ∓∆t) (1+n±l ) (∓il−s−∆+1)∆−1 ,
πirS Γ(∆−1)2
±
s≥0

l

where we have used that n±l−i(2s+∆) = n±l for (2s+∆) ∈ Z and the explicit definition
of α(−ω)l∆ (4.4). We remark that the l = 0 term is regular for the n0 singularity
cancels. We focus now on the sum on l, again by Poisson re-summation (A.4),
M≡

XX
±

l

=

eil(∆ϕ∓∆t) (1+n±l ) (∓il−s−∆+1)∆−1

X

eil(∆ϕ−∆t) (1+nl ) (−il−s−∆+1)∆−1 +eil(∆ϕ+∆t) (1+n−l ) (+il−s−∆+1)∆−1

l

= rS

XZ

dl ei(2πrS m)l



eil(∆ϕ−∆t) (1+nl ) (−il−s−∆+1)∆−1 +eil(∆ϕ+∆t) (1+n−l ) (+il−s−∆+1)∆−1



.

m∈Z

(A.6)
7

The convention for Fourier transformation are: f˜(k) =
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R

dx f (x)e−i2πkx and f (x) =

R

dk f˜(x)ei2πkx .
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Making use of the Poisson re-summation trick we can translate the sum over l into
an integral and a sum over images7
XZ
X  l 
X
X l
˜
dl f (l) ei(2πrS m)l .
= rS
f (ma)
=⇒
f
=a
f
a
rS

We now pick the left spacelike (lightcone) quadrant where ∆φ ± ∆t > 0, such that
both l integrals close downwards, giving
M ≡ irS
= irS

∞
XX



ei(2πrS m)l

m∈Z j=1
∞ X
XX

e−j(∆ϕ−∆t) (+j−s−∆+1)∆−1 −e−j(∆ϕ+∆t) (−j−s−∆+1)∆−1



(±1)ei(2πrS m)l e−j(∆ϕ∓∆t) (±j−s−∆+1)∆−1

m∈Z j=1 ±

so that (A.1) becomes

m∈Z j=1

s≥0

which can be summed for 2 < ∆ ∈ Z and extended for general values giving
X (∆ − 1)2
[− cosh(∆t) + cosh(∆φ + 2πrS m)]−∆ .
2∆−1 π

m∈Z

This result extends by analytic extension to other points outside of the lightcone. We
now show that (A.1) is so that it forces the Feynman regulator.
3. Feynman Regulator.
To uncover the regulator we go back to (A.6)
XX
M=
eil(∆ϕ∓∆t) (1 + n±l ) (∓il − s − ∆ + 1)∆−1
l

±

and take the limiting case ∆ϕ = 0 and ∆t(1 − i) ∼ −i recalling that we needed
∆t > 0 to get there. We now have
X
M=
e−l (1 + nl ) (−il − s − ∆ + 1)∆−1 + e+l (1 + n−l ) (+il − s − ∆ + 1)∆−1 ,
l

where each term on its own is well behaved in the l → ±∞ limits. The Pochhammer symbols are polynomials while e∓l (1 + n±l ) are exponentially convergent. The
analogous result for ∆t < 0, yields
XX
M0 =
eil(∆ϕ∓∆t) n±l (±il − s − ∆ + 1)∆−1
l

±

but now ∆t(1 − i) ∼ +i leading to
X
M0 =
el nl (+il − s − ∆ + 1)∆−1 + e−l n−l (−il − s − ∆ + 1)∆−1
l

which again contains the correct regulator for each separate term. This completes
the demonstration of (A.2). Our result agrees with [11].
Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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∞ X
XX
2(−1)∆−1 X
−(2s+∆)∆t
(−s−∆+1)
e
(±1)ei(2πrS m)l e−j(∆ϕ∓∆t) (±j−s−∆+1)∆−1
∆−1
πΓ(∆−1)2
±
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Introduction

AdS/CFT [1] is mostly developed in Euclidean time [2, 3]. Conceptually, there is no
fundamental principle forcing an Euclidean formulation of the duality. However, a direct
approach to real time holography give raise to subtleties [4]. In particular, real time
evolution demands initial and final conditions which are not immediate to characterize
from both sides of the duality, in conflict with a strict holographic viewpoint.
The Skenderis and van Rees (SvR) prescription [5, 6] provides a completely holographic
real time extension of the GKPW standard prescription [2, 3]. It essentially maps the
initial/final state information, through auxiliary Euclidean regions, to boundary data in
the CFT. The general set-up of the SvR prescription thus deals with manifolds of mixed
signature, the philosophy being to require only holographic/boundary data.
In the SvR framework, sources on the Lorentzian asymptotic boundary are thought of
as devices to obtain n-point correlation functions. On the other hand, Euclidean sources
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play a very different role and prepare the state of the system at a given time. The foundational works [5, 6], for example, showed that turned off Euclidean sources prepare the
vacuum state. Turned on sources, in turn, allow to prepare (holographic) excited states of
the CFT [7], see also [8] for related work.
In [7] we began the study of general non-trivial sources in manifolds with mixed signature complementing the bulk treatment with the BDHM dictionary [9]. With this machinery we were able to show that, in the large N approximation, the excited states obtained
by turning on Euclidean sources are coherent states. Interacting fields in the bulk lead to
states of a modified nature, which we analyzed in [10]. A more systematic understanding
of these excitations is under development. These holographic excited states have been of
interest in recent literature [11]–[16].
In a recent work [17], we presented a novel geometry dual to a Schwinger-Keldysh
(SK) contour [18, 19] describing real time evolution of a finite temperature CFT in which
standard Thermo Field Dynamics (TFD) [20] computations can be carried holographically.
We studied the geometry, its two-point functions and its role in the context of the HawkingPage (HP) transition. For comparison, in this same work we studied the real time extension
of Thermal-AdS. The main objective of the present work is to study holographic excited
states on these finite temperature geometries.
We will provide a review of the formalism developed in [7] and derive its extension to
the finite temperature set-up. The most relevant result of [7] that we will exploit in the
present paper is the In-Out formulation, that allowed to split and interpret the Euclidean
and Lorentzian path integral pieces as initial/final states and real time evolution of the
system respectively. This splitting permitted us to study of the excited states as objects
(kets) independently of the precise SK path it is glued to, e.g. a semi-infinite Euclidean
path integral with non-zero sources corresponded to a precise holographic state, coherent
in the large-N limit. In this work we pursue an analogous objective for the geometry we
built in [17]. Its TFD interpretation will provide the required In-Out structure. Previous
thermal geometries [6, 22, 23] were not suitable for this interpretation.
We will compute inner products and matrix elements of CFT local operators for holographic excited states, the latter directly related to linear response quantities in standard
TFD formalism. The inner products, which require collapsing the real time segments, can
be understood as a reinterpretation of standard Euclidean result with non-zero sources.
The kernels in these objects, due to the coherent nature of the excited states, define Kähler
potential in the space of states which may be of interest for the developments in [24]. The
matrix elements on their own help to recognize the thermal coherent character of the states
and to determine its eigenvalues.
The path integral approach demands finding a general solution to the equations of
motion with non-trivial Euclidean and Lorentzian sources turned on. We will build it in
detail, checking that CFT information is enough to give a unique analytic solution inside
the bulk. This result is non-trivial once we notice that the Lorentzian Rindler-like patches,
dual to real time evolutions, end up being glued analytically through an Einstein-Rosen
(ER) wormhole. We will show that this property relies on the Euclidean sections of the
SK path having identical extensions.

2

The SvR approach, excited states, and In-Out formalism

In this section we define holographic excited states at finite temperature and focus on its
field theory description. We start by reviewing the SvR construction [5] and its extension,
developed in [7], to consider excited states in open complex contours. The open path
scenario motivates a splitting of the standard GKPW formula into a piecewise holographic
prescription. We then clarify some aspects of our results concerning the definition of the
excited states. Using TFD language, we then reinterpret closed Schwinger-Keldysh paths
as finite temperature scattering processes and characterize the structure of the holographic
excited states using the TFD formalism. Finally, we write a piecewise holographic map
which links Euclidean sections to initial/final excited states and Lorentzian ones to (boostlike) time evolution in the black hole (BH) geometry.
2.1

Brief review of the In-Out formalism: open paths

The SvR holographic prescription can be summarized in the following formula
ZCFT [φ(C)] = Zgrav [Φ|∂ = φ (C)]
1

To avoid confusion T will always refer to time. Temperature will solely be denoted by β.
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We will also work with the BDHM formalism at finite temperature, this is the natural
framework both to demonstrate the coherent nature and to compute the eigenvalues of the
holographic excited states. The bulk field will be quantized on a patch covering only the
exterior of a maximally extended AdS black hole (AdSBH) and Unruh-like global modes
over the wormhole will be obtained by demanding analyticity on the radial ER coordinate.
In the end, the excitations over the TFD vacuum state turn out to be thermal coherent
states [25].
The paper is organized as follows. In section 2 we review the SvR prescription in a
general path integral formulation and the rules to construct a TFD double. Specifically,
section 2.2 contains new results: excited states are constructed in terms of evolution operators on the Euclidean pieces of a symmetric closed SK contour, whereas the evolution
operators that arise from the two real segments in the complex t-plane are combined and
identified with that of the TFD double, allowing to interpret the field theory SK path
integral as In-Out scattering process at finite temperature.1 In section 3 excited states are
studied from the path integral SvR approach in the semi-classical limit. We pay particular
attention to the construction of the bulk field solution with general sources and study its
analytical properties. We then compute inner products between our states and matrix
elements of boundary local operators. This will make manifest the fact that initial/final
excitations are not defined in a single Hilbert space but rather in a doubled space. The
details of the computations for the low temperature regime, i.e. Thermal AdS, are relegated to appendix A. In section 4 we complement the study of the states incorporating the
BDHM viewpoint into the analysis. This allows to precisely identify them as coherent in
terms of the Bogoliubov rotated operators, predicting also its eigenvalues. Finally, section 5
summarizes the results and discusses possible future applications.

t
I

TF

φF

φI

F

I

TI

TF

(a)

TI
(b)

Figure 1. (a) In-Out SK path representing a scattering experiment. The (horizontal) Lorentzian
piece describes the system evolution while the (vertical) Euclidean I/F pieces, with blue crosses
denoting local operator insertions, prepare excited initial and final states at times TI/F . (b) The
semi-classical bulk dual description of the same problem fills the time contour with Euclidean and
Lorentzian AdS manifolds. Sources on the Euclidean segments generate holographic excited states.

where the l.h.s. is the generating function for correlation functions of CFT operators O with
the sources φ(C) having support on a specific continuous path C in the complex t-plane.
The r.h.s. is the partition function for the bulk field Φ, dual to O, on an aAdS spacetime
with asymptotic boundary conditions φ(C). This general path integral expression applies
to all contours C, concomitantly the dual spacetimes combine both signatures [5, 6], and
in particular reduces to the purely Euclidean set up [2, 3] as the real-time intervals are
removed, or Wick-rotated.
In the so-called In-Out formalism, investigated in [5, 6], one considers open contours,
let us refer to them as CO . The curve CO ≡ {t − iτ ∈ C} = CI ∪ CL ∪ CF in the time complex
plane is divided in three pieces as depicted in figure 1(a), and the path ordering P follows
the arrowed lines in each subset. Then, the prescription above takes the explicit form
Z

[DΦ] eiS [Φ] ,

h0| U |0i =

(2.2)

Φ|∂ =φ(CO )

where U is the evolution operator given by the CFT Hamiltonian deformed with a singletrace operator O ≡ O(x), multiplied by an arbitrary time dependent source2 φ(x, θ):
U ≡Pe

−i

R
CO

dθ (H+O φ(θ))

(2.3)

The state |0i is the CFT vacuum expressed in the Schrödinger picture and the curve CO is
parameterized so that dθ = −idτ on CI,F , and dθ = dt on CL .
2

To simplify notation, the x-integration is left implicit.

–4–

JHEP04(2019)028

F

In its original form, the above proposal was studied in the semi-classical limit of the
gravitational side, which corresponds to the large N limit in the standard AdS/CFT example [5]:
R
0
ZCFT [φ(CO )] = h0| P e−i L dt (H+O φ(t)) |0i ≈ e−iS [φ(CO )]
(2.4)
with the boundary conditions Φ|CI,F ≡ 0, although, it was also claimed that by imposing
non vanishing asymptotic boundary conditions in the Euclidean regions φI,F = Φ|CI,F 6= 0,
this formula should generalize to account for excited in/out states. This statement was
explicitly verified in [7], splitting (2.3) as U = UF UL UI one gets an explicit formula for
the holographic excitations
R
τ <0

dτ (H+O φ(τ ))

|0i

(2.5)

which become parametrized by the arbitrary source φ(x, τ ) with compact support on the
interval τ ∈ (−∞, 0) [7]. In the interaction picture this state can be written as
|Ψφ i = P e−

R
τ <0

dτ O(x,τ ) φ(x,τ )

|0i

(2.6)

where O(x, τ ) ≡ eτ H O(x)e−τ H , and |0iI = e−τ H |0i = |0i. The corresponding duals
(“bra”) of these kets, are built by taking the Hermitian conjugate of the Euclidean evolution
operator: Uφ → Uφ† ≡ Uφ∗ in (2.5). This operation defines the source φ∗ ≡ φ(x, −τ ) , τ ∈
(−∞, 0) on the interval τ ∈ (0, ∞), see [7, 26]. Thus, in the interaction picture reads
hΨφ | = h0| P e−

R
τ >0

dτ O † (x,τ ) φ∗ (x,τ )

.

(2.7)

It has been stressed that states of this form are holographic in the sense that correspond
to well defined geometric duals [27–30].
From the bulk perspective, one can consider a co-dimension one, spacelike hypersurface
Σ in the bulk, whose boundary intersects the contour CO at the point τ = 0 (∂Σ = S d ). An
arbitrary initial data φΣ := {φ(x) , x ∈ Σ} , representing the eigenvalue of the quantized
b
bulk local field operator Φ(x),
can be inserted in both sides of the path integral (2.2)
at τ = 0, and then summing over, one obtains a piece-wise version of this prescription,
see [7] for more details. The state (2.5) projected on this basis provides the gravity wave
functional on the right hand side [5–7],
Z
hφΣ | Uφ |0i ≡ hφΣ |Ψφ i = Ψφ (φΣ ) = [DΦ](φΣ , φ) e−SE [Φ] ,
(2.8)
which, by virtue of the asymptotic boundary condition (source) φ 6= 0, generalizes the
Hartle-Hawking quantum gravity wave functionals, to excited states [7, 31]. Recall that this
path integral implicitly includes the (formal) sum over the gravitational degrees of freedoms.
One of the most interesting features of (2.6) is that, by canonically quantizing a (nearly)
free non-back reacting field Φ in the bulk, these states become coherent in the large N
Hilbert space [7]
R
†
|Ψφ i ∝ e dk λk ak |0i .
(2.9)
Here ak (a†k ) are the annihilation (creation) operators associated to the canonically quantized bulk field Φ̂ and λk are eigenvalues of ak , given by the Laplace transform of the
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|Ψφ i = Uφ |0i = P e−

φF

I

t

L

F
L

F
R

TF

I
φI

(a)

(b)

Figure 2. (a) Closed Schwinger-Keldysh path in the complex t-plane. The horizontal lines represent real time evolution. The vertical lines give imaginary time evolution, and the regions I and F
have identical lengths equal to β/2. The insertion of sources in the vertical lines generate excitations
over the (vacuum) thermal state. (b) Dual bulk geometry filling the path in figure (a): the semicircular pieces represent the Euclidean sections. The horizontal plane depicts the (static) AdSBH
exterior represented as triangular wedges L and R. The angular coordinate has been suppressed.

Euclidean sources. This result is obtained by using the so-called BDHM prescription that
relates CFT local operators with quantized bulk field operators, i.e, the operators O of (2.6)
are linearly expanded in terms of ak , a†k , see [7, 9, 32].
Below, by working with the TFD formalism, we will see how the In-Out formalism can
be extended to the case of closed paths
2.2

Closed paths: the Schwinger-Keldysh contour and TFD

Let us now apply the construction discussed above to a CFT defined on a closed time
contour C in the complex plane. The symmetric Schwinger-Keldysh path involving two
imaginary-time intervals (of equal length β/2) [18, 19, 33], shown in figure 2(a), was investigated in [17] in the holographic context.
For a closed path, the l.h.s. of (2.1) is expressed as follows
U ≡ P e−i

ZCFT = Tr U

R
C

dθ (H+O φ(θ))

(2.10)

The evolution operator in this case factorizes as U = UR UF UL UI , where UL/R are ordinary
real time evolution operators with the CFT Hamiltonian H deformed by external (local)
sources φ(x, t). The operators UI,F on both imaginary time intervals, univocally describe
the initial/final excited states in terms of the local sources φ(x, τ ) [17]:
Uφ ≡ P e−

R

dτ (H+O φ(τ ))
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TI

R

where the Euclidean time τ runs on the intervals (−β/2, 0) and (0, β/2) on I and F respectively. In fact, in the TFD context these operators are equivalent to pure states, rearranged
as kets in the duplicated states space [17].
Let us consider a conformal field theory, whose states belong to the Hilbert space H.
e so that the
In the TFD formalism, one constructs a second copy of the system, namely H,
total new system consist of the original CFT and its TFD copy, living on disconnected
e total states space [20, 21]. Thus,
asymptotic boundaries of the gravity dual, with H ⊗ H
e on H
e using
for any given operator A, acting on H, one builds the corresponding operator A
the so-called “tilde” conjugating map [20, 25],
(c1 A + c2 B)˜ = c∗1 Ã + c∗2 B̃

(AB)˜ = ÃB̃

(A† )˜ = Ã† .

(2.12)

Alternatively, one can denote the extended operators as AL and AR respectively:
A ⊗ 1 =: AL ,

˜(A ⊗ 1) = 1 ⊗ Ã =: AR ,

(2.13)

The connection between the operators in (2.11) and a pure state |Ψφ ii in the TFD
framework, arises from the identification of the Uφ matrix elements in a single Hilbert
space, with the components of the state in the doubled Hilbert space [17]
Ψφ (n, m̃) = (hn| ⊗ hm̃|) |Ψφ ii ≡ hn|Uφ |mi

(2.14)

e respectively. This expression is schematwhere |ni, |m̃i are orthonormal basis of H and H
ically represented in figure 3: Uφ is depicted on the left as an evolution operator on a
single Hilbert space, the corresponding TFD-ket |Ψφ ii is illustrated on the right with the
two cylinder’s ends now representing the d.o.f. of the TFD double intersected at some
spacelike surface at a fixed time t.
The corresponding bra state is defined naturally in terms of the adjoint of the operator Uφ
Ψ∗φ (n, m̃) = Ψφ∗ (n, m̃) ≡ hhΨφ | (|ni ⊗ |m̃i) = hm|(Uφ )† |ni = hm|(Uφ∗ )|ni ,

(2.15)

where: φ∗ (τ ) ≡ φ(−τ ) , τ ∈ (−β/2 , 0).
The explicit solution to (2.14) is
|Ψφ ii = (Uφ ⊗ I)|1ii = Uφ |1ii ,

(2.16)

where
|1ii ≡

X

|ni ⊗ |ñi .

(2.17)

n

To show that (2.16) satisfies (2.14) we partially project using hm̃|(Uφ ⊗ I)|1ii = Uφ hm̃|1ii =
Uφ |mi. In the absence of sources, the state (2.16) becomes the TFD vacuum |Ψ0 ii. A
useful property of (2.17) that will be used in what follows is that
X
Tr A =
hn|A|ni hñ|ñi = hh1|A|1ii ,
(2.18)
n

for any operator A acting only on H.

–7–

JHEP04(2019)028

[A, B̃] = 0

n|
m|
˜

n|

τ
φ

E-AdS

E-AdS

τ

(a)

(b)

Figure 3. (a) A piece of Euclidean evolution depicted as the matrix element hn|ρφ |mi of the
density matrix ρφ . (b) The same object can be also understood as the coefficient (hn| ⊗ hm̃|) |Ψφ ii
N
of a ket |Ψφ ii defined in the TFD Hilbert space H H̃.

2.2.1

TFD evolution and transition amplitudes

In order to complete our claim that the TFD construction allows to interpret the SK path
integral as an In-Out process, we will show that the transition amplitude from the initial
state |ΨI ii to the final state |ΨF ii is equivalently described by the Schwinger-Keldysh path
integral C, such as in the l.h.s. of eq. (2.1):
ZCFT (C) = hhΨF |U(∆T = TF − TI ) |ΨI ii .

(2.19)

We prove this assuming that there is no source in the real time interval, such that the
evolution operator of the original system is given by U0 (t) = e−itH . The l.h.s. of eq. (2.1)
is, by definition,
ZCFT (C) ≡ Tr U = Tr UF (β/2)U0 (∆T )UI (β/2)U0 (−∆T )

(2.20)

where the reversed time evolution U0 (−∆T ) comes from the path ordering.
Therefore, introducing the TFD double and using (2.18) we substitute the trace by the
expectation value in the unit state, |ni stands for the energy basis. Notice that, according
to the second and third rule of eq. (2.12)
U0 (−∆T )|1ii =

X

ei ∆T En |n, ñii = U˜0 (∆T )|1ii ,

(2.21)

n

explicitly U˜0 (∆T ) = ei∆T H̃ . Using also the definition of the initial and final excited
states (2.16) for generic sources φI,F
UI,F (β/2)|1ii ≡ |ΨI,F ii ,
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φ

|m

we can express finally (2.20) as
ZCFT (C) = Tr UF (β/2) U0 (∆T )UI (β/2) U0 (−∆T )
= hh1|UF (β/2)U0 (∆T ) UI (β/2)U0 (−∆T )|1ii
= hh1|UF (β/2)U0 (∆T ) Ũ0 (∆T )UI (β/2)|1ii


= hhΨF | U0 (∆T )Ũ0 (∆T ) |ΨI ii

(2.23)

= hhΨF |U0 (∆T )|ΨI ii;

where the second term of the extended Hamiltonian is nothing but the operator H̃. This
manifestly shows that the Schwinger-Keldysh CFT partition function expresses a transition
amplitude in TFD formalism.
A remarkable conclusion arises from this analysis: the operator (2.24) represents the
dual of the Lorentzian part of the geometry shown in figure 4(b). Notice finally that the
vacuum state |Ψ0 ii is preserved by the operator (2.24). In other words, the time evolution
generated by the Hamiltonian H is a symmetry for this state.3 Nevertheless, we will see later
that the gravity dual of the in/out states are coherent, and that an arbitrary coherent state
|Ψφ ii is not invariant but remarkably, the coherence property shall be preserved, namely:
|Ψφ 0 ii = U0 (t) |Ψφ ii

(2.25)

where φ 0 = φ 0 (φ; t).
2.2.2

Piecewise holographic map

In this subsection we briefly discuss the structure described above from the bulk perspective, interpreting the different pieces of the geometry of figure 2(b) as states and propagators. A well known fact is that there are two dual geometries to figure 2(a), namely those
shown in 2(b) and 7(b), which dominate at high and low temperature respectively. We will
focus on the former and refer the reader to appendix A for the computations in the low
temperature regime.
Equation (2.19) from the bulk perspective takes the form
Z
hhΨF |U(∆T )|ΨI ii ≡ D[Φ]φ(C) e−iS[Φ] .
(2.26)
At high temperature, the two Lorentzian pieces of figure 2 belong to a single black hole,
so that we can split
!
Z
Z
X
−iS[Φ]
−S[Φ]
D[Φ]φ(C) e
=
D[Φ]φF e
φΣ (TI ) ,φΣ (TF )

Z

φΣ (TF )

φΣ (TF )

D[Φ]φL ,φR e

×

−iS[Φ]

! Z

!

φΣ (TI )

D[Φ]φI e

−S[Φ]

(2.27)

φΣ (TI )

On the other hand, time evolution given by H = (H ⊗ 1 + 1 ⊗ H) will not leave the TFD vaccum
invariant, see [34, 35].
3
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where in the second line, we have used the first rule (2.12): [Ũ0 (∆T ) , UI (β/2)] = 0. In
the last line, the evolution operator of the TFD double (in absence of sources) has been
defined as
U0 (t) ≡ e−i t H = e−i t (H⊗1−1⊗H) = U0 (t) ⊗ Ũ0 (t) ,
(2.24)

φF

φF

φI

F

⇔ ΨF|

F

I

⇔

⇔

⇔

ΨF|

R

|ΨI 

U

⇔

I

φI

(a)

|Ψ I 

(b)

Figure 4. The complex-signature manifolds can be split and studied piecewise. Each Euclidean
piece corresponds to a state preparation, while the Lorentzian pieces describe the real-time evolution
of the system. (a) shows the map at zero temperature, while (b) represents the map at finite
temperature.

where the subindex in D[Φ]φ stand for asymptotic sources. We have also denoted by
φΣ (TI ) := {Φ(x) , x ∈ Σ(TI )} the (complete) Φ̂ configuration basis for a smooth hypersurface Σ at TI intersecting the asymptotic boundary in two disconnected spheres
∂Σ = S d−1 + S d−1 [22]. The topology of Σ, homologous to the (Euclidean) asymptotic
boundary [24, 36], is that of the Einstein-Rosen bridge Σ = S d−1 × I, with I the interval
for the holographic coordinate.4 From the CFT viewpoint there is a similar decomposition
X
hhΨF |U(∆T ) |ΨI ii =
hhΨF |φΣ (TF )iihhφΣ (TF )|U(∆t)|φΣ (TI )ii hhφΣ (TI )|ΨI ii .
φΣ (TI ),φΣ (TF )

(2.28)
Comparing the equations above it is natural to identify bulk path integrals with CFT
expressions as:
φΣ (TF )

Z
hhφΣ (TF )|U(∆T )|φΣ (TI )ii ≡

D[Φ]φL ,φR e−iS[Φ] ,

(2.29)

φΣ (TI )

while the states are prepared by
Z
hhφΣ (TI )|ΨI ii ≡

φΣ (TI )

D[Φ]φ e

Z

−S[Φ]

D[Φ]φ e−S[Φ] .

hhΨF |φΣ (TF )ii ≡
φΣ (TF )

(2.30)
This map is illustrated in figures 4 in complete analogy with the zero-temperature scenario [7].
4

At low temperatures, there is no bulk connection between the boundaries and the path integral is
performed over two separate AdS geometries. In that set-up, see figure 7, the dofs naturally split.
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⇔

L

In our previous work [17] we gave a dual description of the Lorentzian operator U(∆T )
in terms of bulk boost-like evolution of two exterior wedges of a single black hole. Regarding
the states, it is well known that in the absence of sources they correspond to TFD vacuum
states [22]. Turning on sources will create excitations over these backgrounds which we
will study holographically in the forthcoming sections.
We would like to conclude this section by writing the resulting holographic prescription
in the semi-classical limit of gravity. From (2.26) and (2.27), we have
hhΨF |e

i

R TF
TI

(OL φL −OR φR )

|ΨI ii ≈ e−iS

0 [φ(C)]

(2.31)

3

Excited states from the bulk perspective

The aim of this section is to compute matrix elements of local operators O, with mass
dimension ∆, between excited states obtained from non-zero sources in the Euclidean
sections, and inner products between excited states in the geometry shown in figure 2(b).
This is achieved in a standard semi-classical approach by solving the bulk EOMs for general
sources and evaluating the on-shell action. The results represents the CFT behavior for
high temperature. The low temperature CFT behavior is obtained from Thermal-AdS
geometry. We relegate its study to appendix A.
3.1

Bulk geometry and gluing conditions

The geometry is built from a static Lorentzian AdS-BH exterior and an Euclidean BH
manifold halved in two pieces, see figure 5. The two Euclidean pieces are glued along
constant t-hypersurfaces located at t = TI and t = TF shown as red lines in figure 5(a). We
work with a 3d bulk, nevertheless our ideas extend straightforwardly to higher dimensions.
The Lorentzian and Euclidean metrics are [37]
ds2 = −(r2 − 1)dt2 +

dr2
+ r2 dϕ2
(r2 − 1)

ds2 = (r2 − 1)dτ 2 +

dr2
+ r2 dϕ2
(r2 − 1)

(3.1)

with τ ∼ τ + 2π. We have mapped the BH temperature parameter into the angular
periodicity ϕ ∼ ϕ + 2πrS .
Without loss of generality we take the Lorentzian time extension t ∈ [TI , TF ] =
[−T /2, T /2] (cf. complex path in figure 2(a)). Notice that the path ordering and the
time coordinate run in opposite directions in the R-wedge, consistent with the TFD interpretation [38]. For the Euclidean regions we choose τ ∈ [−π, 0] in region I and τ ∈ [0, π] in
region F.
The gluing conditions between the regions follow from a saddle point approximation
of eq. (2.1), which demand C 1 continuity of the fields across the gluing regions. The
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where, for consistency with previous literature [5] we have expressed the evolution operator
U(∆T ) in the l.h.s. in the interaction picture. This is the relation we will work with in the
rest of the paper.

TF

TI

L

t
r

τ

r

F

r
R

TI

TF

r

I
τ

(a)

(b)

Figure 5. (a) Static patches of the AdS-BH with constant t, r surfaces depicted. Time runs upward
in the left wedge (L) and downward in the right wedge (R). The angular variable ϕ in (3.1) has
been suppressed. (b) Euclidean AdS-BH: time becomes an angular variable τ ∼ τ + 2π. The two
pieces are identical and their temporal extension is β/2.

conditions are
ΦL = Φ I ,

−i∂t ΦL = ∂τ ΦI ,

on t = TI , τ = 0

ΦL = Φ F ,

−i∂t ΦL = ∂τ ΦF ,

on t = TF , τ = 0

ΦR = Φ I ,

−i∂t ΦR = ∂τ ΦI ,

on t = TI , τ = −π

ΦR = Φ F ,

−i∂t ΦR = ∂τ ΦF ,

on t = TF , τ = π .

(3.2)

A detailed discussion on the gluing of the geometry pieces themselves was presented in [17].
3.2

Scalar field solution

We will now find the classical solution for a free real massive scalar field subject to arbitrary
boundary conditions on the asymptotic region of the manifold depicted in figure 2(b).
The resulting solution will show up a non-trivial feature: only the choice of identical
β/2 Euclidean pieces guarantee the analyticity of the solution through the wormhole in
the complex r-plane when general sources are turned on. This was stated in [17], we
demonstrate it below and further discuss its consequences in section 3.2.3.
The linearity of the problem allows to build the general solution out of a linear combinations of solutions with non-zero sources on a single region. Thus, we begin by building
the solution for a Lorentzian source. We then build the solution with non-zero Euclidean
sources highlighting the relevant differences with the Lorentzian case. We will also show
that our solution can be easily related to the standard Unruh-like basis φ±± discussed
in [6, 39].
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3.2.1

Lorentzian sources

The action and equations of motion for the L-region are
Z
p


1
S[Φ] = −
dtdrdϕ |g| ∂µ Φ∂ µ Φ + m2 Φ2 ,
 − m2 Φ = 0 ,
2

m2 = ∆(∆ − 2)

The two linearly independent solutions are f (±ω, l, r), where

ω


∆ 1
∆ 1
1
1 i2
F
+
i(ω
−
l),
+
i(ω
+
l);
iω
+
1;
1
−
f (ω, l, r) ≡ Cωl∆ r−∆ 1 − 2
,
2 1
r
2
2
2
2
r2


∆
1
1
Γ ∆
2 + 2 i(ω − l) Γ 2 + 2 i(ω + l)
.
(3.5)
Cωl∆ ≡
Γ(∆ − 1)Γ(iω + 1)
The normalization factor is set so that5


f (ω, l, r) ≈ r∆−2 + · · · + αωl∆ r−∆ ln(r2 ) + βωl∆ + . . . ,
r→∞


2−∆
i
2−∆
i
2 + 2 (ω − l) ∆−1
2 + 2 (ω + l) ∆−1
αωl∆ ≡ (−1)∆−1
,
(∆ − 2)!(∆ − 1)!




∆
∆
i
i
βωl∆ ≡ − ψ
+ (ω − l) − ψ
+ (ω + l) ,
2
2
2
2

(3.6)
(3.7)
(3.8)

where (x)y stands for Pochhammer symbols and ψ(x) for Digamma functions. The analytic
structure of the solutions show simple poles at ω = ±l + i(2n + ∆), with n ∈ N arising
from Cωl∆ , see figure 6(a).
In the BH context one thus finds two linearly independent regular NN solutions:
−iωt+ilϕ
e
f (±ω, l, r). They correspond to purely outgoing and infalling modes at the horizon, respectively. The general solution on the L-region is then,
Z


1 X
dω e−iωt+ilϕ φ̄L (ω, l) L+
ΦL (r, t, ϕ) = 2
f (ω, l, r) + L−
f (−ω, l, r) , (3.9)
ωl
ωl
4π rS
l

where ω ∈ R, the sum is implicit over l ∈ Z/rS , φ̄L (ω, l) is the Fourier transform of the
source φL (t, ϕ) and
−
(3.10)
L+
ωl + Lωl = 1 .
This last condition is required to meet the asymptotic boundary condition Φ L (r, t, ϕ) →
r∆−2 φ(t, ϕ) + . . . as r → ∞ . Introducing L±
ωl becomes handy for gluing the complete
−
solution. To gain some more physical intuition, we notice that the quotient L+
ωl /Lωl gives
the relative weight of outgoing and infalling modes through the horizon in the NN solution.
5

The ln(r2 ) term in (3.6) appears only for ∆ ∈ N and becomes relevant in KK compactifications. This
will not be relevant for our discussion. We refer the interested reader to [40] and appendices in [10].
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(3.3)
in the metric (3.1). Expanding in plane waves as Φ = e−iωt+ilϕ f (ω, l, r), where l ∈ Z/rS
one obtains



ω2
1  2
l2
2
f (ω, l, r) .
(3.4)
∂r r(r − 1)∂r f (ω, l, r) = m + 2 − 2
r
r
r −1

l

The ω-integrals in the last two expressions look divergent at its endpoints, but it turns out
that the final coefficients Iωl and Fωl keep them regular.
The gluing is now performed profiting from the analytic structure of (3.5) in the
complex ω-plane. As illustrated in figure 6(a) by Residues Theorem one has
Z
dω e−iω∆t f (ω, l, r) = 0 ,
∆t > 0 .
(3.14)
Consider the gluing between regions L and F at t ∼ T /2: the source φL (t0 , ϕ0 ) has support
to the past of the gluing surface thus making ∆t = t − t0 > 0 in (3.9). Inserting (3.10) and
using (3.14) one finds
Z

1 X
ΦL (r, t, ϕ) = 2
[f (ω, l, r)−f (−ω, l, r)] , t ∼ T /2
dω e−iωt+ilϕ −φ̄L (ω, l) L−
ωl
4π rS
l

(3.15)
with φ̄L the Fourier transform of the source. Analogously, for the gluing of L and I at
t ∼ −T /2 one finds
Z

1 X
ΦL (r, t, ϕ) = 2
[f (ω, l, r)−f (−ω, l, r)] , t ∼ −T /2
dω e−iωt+ilϕ φ̄L (ω, l) L+
ωl
4π rS
l

(3.16)
It is worth mentioning two important features: (i) (3.15) and (3.16) show that the field
−
consists solely of N-modes at the gluing surfaces, and (ii) the quotient L+
ωl /Lωl determines
−
the causal properties of the solution, e.g. the case L+
ωl = 0 and Lωl = 1 gives the retarded
solution discussed in [39, 41, 42].
Using (3.11)–(3.13), (3.15) and (3.16) the gluing conditions (3.2) give
−iωT /2
−L−
= Fωl ,
ωl φ̄L (ω, l) e

Fωl e−πω = Rωl e−iωT /2 ,
iωT /2
φ̄L (ω, l)
Iωl = L+
ωl e

Rωl eiωT /2 = Iωl eπω ,
6

See [49] for a discussion of normalizable modes in BTZ geometry.
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The N modes are built from the combination e−iωt+ilϕ [f (ω, l, r) − f (−ω, l, r)] as can
−
be seen from (3.6).6 One can then think of L+
ωl − Lωl as defining the N modes content
of the solution on the L-region. The solutions for Φ on regions R-, I- and F-regions are
expanded in N modes as
Z
1 X
dω e−iωt+ilϕ Rωl [f (ω, l, r) − f (−ω, l, r)] ,
(3.11)
ΦR (r, t, ϕ) = 2
4π rS
l
Z
1 X
ΦI (r, τ, ϕ) = 2
dω e−ωτ +ilϕ Iωl [f (ω, l, r) − f (−ω, l, r)] ,
(3.12)
4π rS
l
Z
1 X
dω e−ωτ +ilϕ Fωl [f (ω, l, r) − f (−ω, l, r)] .
(3.13)
ΦF (r, τ, ϕ) = 2
4π rS

yielding via (3.10)
e2πω
−1
−
,
L
=
.
(3.18)
ωl
e2πω − 1
e2πω − 1
This expressions were used in [17] to study correlators in the geometry. From the above
equations one can also extract the relations between the coefficients in the L and R regions,
L+
ωl =

ωπ
−ωπ
Rωl = φ̄L (ω, l) L+
= − φ̄L (ω, l) L−
.
ωl e
ωl e

(3.19)

l

ΦF (r, τ, ϕ) =

1
4π 2 rS

XZ

dω e−ωτ +ilϕ

l



× [f (ω, l, r) − f (−ω, l, r)] ,

e2πω
−φ̄L (ω, l) e−iωT /2 2πω
e
−1
× [f (ω, l, r) − f (−ω, l, r)] ,

τ ∈ (−π, 0)

τ ∈ (0, π)

As anticipated, the Boltzmann factors in the resulting coefficients adequately regulate the
ω integrals, thus validating our procedure.
3.2.2

Euclidean sources

In this section we consider a non-zero source on the asymptotic boundary of region F.
The bulk field consists of N-modes in the R, I and L regions. Then, in addition to (3.11)
and (3.13) we now have
Z
1 X
dωe−iωt+ilϕ Lωl [f (ω, l, r) − f (−ω, l, r)] .
(3.20)
ΦL (r, t, ϕ) = 2
4π rS
l

The solution in region F is written as
Z
 +

i X
−
dω e−ωτ +ilϕ φ̄F (−iω, l) Fωl
f (ω, l, r) + Fωl
f (−ω, l, r) , (3.21)
ΦF (r, τ, ϕ) = 2
4π rS
l

+
−
with Fωl
+ Fωl
= 1. This ansatz appropriately meets the asymptotic boundary condition.
To see this, deform the ω-contour clockwise encircling some poles in the procedure. One is
left with
Z
1 X
ΦF (r, τ, ϕ) = 2
dω eiωτ +ilϕ φ̄F (−ω, l)
4π rS
l
 +

−
× F−iωl
f (−iω, l, r) + F−iωl
f (iω, l, r) + QN(r, τ, ϕ) , (3.22)

where QN collects the residues from the poles depicted in figure 6(b) and correspond to
quasi-normal modes [43]. These contributions decay asymptotically as r−∆ , so the terms
+
−
in brackets guarantee the bc provided F−iωl
+ F−iωl
= 1.
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which we will analyze more in depth after we build the solution with non-zero Euclidean sources.
The study of excited states will require the expressions for the bulk field in the Euclidean sections,


Z
1
1 X
+iωT /2
−ωτ +ilϕ
−φ̄L (ω, l) e
dω e
ΦI (r, τ, ϕ) = 2
4π rS
e2πω − 1

ω

ω
il

–l

l

(a)

(b)

Figure 6. (a) Crosses show the location of the poles of f (ω, l, r) while circles those of f (−ω, l, r).
The blue line denotes the ω-integration contour in (3.9). (b) Location of the poles of f (±iω, l, r)
for the treatment of Euclidean sources. The contour runs along the real axis and the QN(r, τ, ϕ)
contribution in (3.22) arise from the encircled poles. Crosses denote poles of f (−iω, lr) while circles
denotes those of f (iω, lr). Rotating the contour in figure (b) to the imaginary axis counterclockwise
reduces (3.22) to (3.21), recovering figure (a).

The parametrization (3.21) can be easily glued to solutions (3.20) and (3.11). Proceeding as above, the complete gluing leads to
+
Fωl
=

e2πω
,
e2πω − 1

−
Fωl
=

−1
,
2πω
e
−1

eiωT /2 Lωl = Iωl = i φ̄F (−iω, l)

eiωT
(3.23)
e2πω − 1

and
Rωl = eωπ Lωl .

(3.24)

Again, Boltzmann factors in the coefficients make the the ω-integral in (3.21) convergent.
Moreover, each mode in (3.21) is regular at the horizon.
The general solution with non-zero sources in all regions can be straightforwardly built
from the cases studied above by superposition. Before studying the on shell action, we make
some comments on the analytic properties of the solution.
3.2.3

Analyticity through the wormhole

So far we have built the solutions by gluing Rindler-like modes across spacelike regions of
alternating Euclidean and Lorentzian signatures, see (3.2). As an outcome, the procedure
has given a precise connection between the coefficients in the L- and R-regions, this is,
through the wormhole.
We would like to stress that the β/2 lengths of the Euclidean regions turn out to
relate the Lorentzian pieces coefficients L and R by e±ωπ factors, see (3.19) and (3.24).
These are precisely the standard relations that make the combination of L and R Rindler
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– il

3.3

Results from bulk analysis

From the results in our previous sections one can obtain the full on-shell action
Z
Z
i
i ∆
√
0
µ
iS [φ] = −
φ(C) [r∂r Φ]r→∞ .
γ Φ n ∂µ Φ = − r
2 ∂
2
∂

(3.25)

In the following we will present the results for the high and low temperature limit. The
computations for the Thermal geometry (low temperature) are straightforward and for
completeness we have relegated them to appendix A.
We start computing the inner product between the excited states. In the high temperature regime taking ∆T → 0 in (2.19) gives a BTZ BH with non-zero Euclidean sources.
The inner product results
lnhhΨF |ΨI ii

BH

≡ lim iS 0
(3.26)
∆T →0
Z
X (∆ − 1)2
= φE (τ 0 , ϕ0 )
[cosh(∆ϕ + 2πrS j) − cos(∆τ )]−∆ φE (τ, ϕ) ,
∆−1 π
2
∂
j∈Z

where φE (τ, ϕ) ≡ φI (τ, ϕ)Θ(−τ ) + φF (τ, ϕ)Θ(τ ), with Θ the step function. We have
incorporated the appropriate two point function normalization according to [46].
7

As this work was near completion, we became aware of [45], which also stresses the analytical properties
of the field on the radial holographic coordinate.
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modes become Unruh-like, i.e. global analytic [38, 44, 50]. Had we chosen σ 6= β/2 this
would no longer hold. We follow the notation in [6, 39] where the Unruh modes were
denoted as φ±± . The first ± denote pure infalling/outgoing modes in the L quadrant
while the second ± refers to whether the mode is analytic in the lower/upper U -complex
plane. The ‘box’ character of AdS makes each of these four modes φ±± divergent at the
asymptotic boundary. Then, the N-modes in Lorentzian signature arise from adequate
linear combinations.7
From (3.24) we see that turning on sources on F awakens φ±,+ modes. It is important
to stress that the relation (3.24) follows solely from the gluing of the three sourceless pieces
I, L, R. Conversely, it is easy to see that I-sources turn on φ±,− modes. Crucially, the
resulting combination of (Lorentzian) Rindler modes awakened across the Einstein-Rosen
bridge become global N modes. Furthermore the combination is the one related with
positive energy Unruh-like particles. We thus recover the intuition that Euclidean sources
explore excited Hilbert space states and provide a concrete description of them. We will
deepen this analysis in sections to come. For completeness, from (3.19) we quote that
L-sources turn on φ+,+ and φ−,− modes while R-sources excite φ+,− and φ−,+ . However,
these (NN) modes are not associated with particle excitations.
The bottom line is: equal β/2 Euclidean pieces imply that the Lorentzian regions of the
geometry should be understood as the L and R wedges of a single maximally extended BH.
Within this framework, the study of a finite temperature CFT requires only holographic
(boundary) data. The observation that the maximally extended BH is related to identical
β/2 Euclidean segments in the CFT computations was noticed in [39].

In the low temperature limit, the result is
lnhhΨF |ΨI ii

Th

≡ lim iS 0
∆T →0
Z
X (∆ − 1)2
= φE (τ 0 , ϕ0 )
[cosh(∆τ + βj) − cos(∆ϕ)]−∆ φE (τ, ϕ) .
2∆−1 π
∂
j∈Z

(3.27)

hhΨF |OL (t, ϕ)|ΨI ii
hhΨF |ΨI ii
BH
Z


(∆ − 1) X
−iωt+ilϕ
iωT /2
−iωT /2
=
dω
e
φ̄
(−iω,
l)e
+
φ̄
(−iω,
l)e
F
I
2π 2 irS
l

αωl∆ βωl∆ − α−ωl∆ β−ωl∆
×
(3.28)
e2πω − 1
hhΨF |OR (t, ϕ)|ΨI ii
hhΨF |ΨI ii
BH
Z


X
(∆ − 1)
−iωt+ilϕ
πω
iωT /2
−πω
−iωT /2
=
dω
e
e
φ̄
(−iω,
l)e
+
e
φ̄
(−iω,
l)e
F
I
2π 2 irS
l

αωl∆ βωl∆ − α−ωl∆ β−ωl∆
×
e2πω − 1

(3.29)

We would like to highlight some aspects of these results. The e±iωT /2 factors can
be understood as arising from the distance between the location of the sources in the
complex t-plane. Keep in mind that OL/R matrix elements are obtained by taking T →
0 limit. A second observation is that φI/F contribute with both positive and negative
frequencies, contrary to the zero temperature case [7]. This is an expected result related
to the entanglement between L and R dofs and will be thoroughly discussed in the next
section. Along these same lines, entanglement can readily be seen by noting that (3.28)
and (3.29) differ by e±πω = e±βω/2 factors.
In the low temperature regime the relevant geometry is depicted in figure 7. The
result is
"
0
δSTh
∆ − 1 X X ∓iωnl t+ilϕ 
e
φ̄F (∓iωnl , l)eiωnl T /2
=
δφL φL =0
2π 2
±
#
nl
 s (r)
nl
+ φ̄I (∓iωnl , l)e−iωnl T /2
(3.30)
βω
e nl − 1
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As expected from [47], the kernels in (3.26) and (3.27) are connected via a double Wick
rotation. By extending this computation for a complex field ΦE and source φE we can
identify these kernels as the Kähler potentials in the space of states, as observed in [16, 24].
In this sense (3.26) and (3.27), as well as the ones in [7, 10], provide explicit non-trivial
examples. Notice also that the states |ΨI,F ii are not normalized nor orthogonal.
Taking single derivatives of (3.25) with respect to φL/R at high temperature, we get

0
δSTh
δφR

φR =0

"
∆ − 1 X X ∓iωnl t+ilϕ  ∓ωnl (σ−β)
e
φ̄F (∓iωnl , l)eiωnl T /2
e
=
2π 2
±
nl

+e

∓ωnl σ

φ̄I (∓iωnl , l)e

−iωnl T /2



#

snl (r)
βω
e nl − 1
(3.31)

where ωnl and snl , defined in appendix A, are the standard frequencies and normal modes
in global AdS geometry and
0

φ̄I (−iωnl , l) ≡

dτ dϕ e

ωnl τ −ilϕ

σ

Z
φI (τ, ϕ) ,

φ̄F (−iωnl , l) ≡

σ−β

dτ dϕ eωnl τ −ilϕ φF (τ, ϕ) .

0

Notice that for general σ the l.h.s. of (3.30) and (3.31) do not refer to any bra/ket notation.
This interpretation only appears at σ = β/2, where time reflection symmetry between the
Euclidean pieces arises.

4

Canonical quantization of the bulk fields and BDHM dictionary

In this section we will study the excited states (2.16) from the BDHM perspective [9]. We
will work in the large N regime with free AdS fields in the probe limit. For completeness,
we will review some relevant considerations on field quantization in BH geometries. Via
the BDHM map, we will build the CFT OR , OL operators from quantized bulk fields.
The coherent nature of the excited states will be demonstrated upon confronting with the
outcome of the previous section. As a result, the excitations obtained by turning on sources
in the Euclidean sections correspond to thermal coherent states [25].
4.1

Canonical quantization of scalar fields in a BH geometry

Quantization of fields in a BH geometry gives rise to two sets of ladder operators. These
can be seen to arise from the possibility of independent excitations in the L and R patches
or, alternatively, from the two possible analytic extensions of the L-mode solutions to the
R-patch when solving the problem in Einstein-Rosen coordinates. As well known, the
corresponding vacuum states turn out to be non-equivalent. Here we follow the analytic
approach. The outcome makes contact with the TFD dual theory discussed in section 2.2.
We start quantizing the scalar field theory (3.3) on the BTZ metric in Einstein-Rosen
coordinates. Writing u2 = r2 − 1 [48], the metric (3.1) turns into
ds2 = −u2 dt2 +

du2
+ (u2 + 1)dϕ2 .
u2 + 1

(4.1)

The u ≷ 0 regions correspond to the L and R patches respectively, and the t-coordinate
coincides with that of the previous section. See figure 5(a) for a representation of the
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Z

geometry.8 The KG field (3.3) on the ER geometry is expanded as
XZ ∞
(1) (1)
(2) (2)
Φ̂(u, t, ϕ) =
dω dˆωl hωl (u, t, ϕ) + dˆωl hωl (u, t, ϕ) + h.c. .
l

(4.2)

0

(1,2)

The positive energy modes hωl are defined from the L and R modes which have support
on their respective patches (aka Rindler-like modes). Explicitly, the L modes are defined as

 − m2 gL;ωl = 0
∂t gL;ωl = −iωgL;ωl
gL;ωl ≡ Nωl e−iωt+ilϕ [fωl (r) − f−ωl (r)] ,

ω>0

(4.3)

∗
gR;ωl ≡ gL;ωl
.

(4.4)

The u-analytic h-modes are [49, 50]
(1)
hωl (u, t, ϕ)

(

1

=p
2 sinh(πω)

1
(2)
hωl (u, t, ϕ) = p
2 sinh(πω)

(

eπω/2 gL;ωl

on L

e−πω/2

∗
gR;ωl

on R

∗
e−πω/2 gL;ωl

on L

eπω/2 gR;ωl

on R

(4.5)

c-numbers Nωl guarantee that g-modes are orthonormal on their respective Rindler-like
patches.9 The vacuum state defined as
(1)
(2)
dˆωl |Ψ0 ii = dˆωl |Ψ0 ii = 0 ,

(4.6)

corresponds to the so-called TFD vacuum state defined below (2.17).
The h-modes presented in this section are Unruh-like, we have built them from: ER
coordinates, which cover the exterior of the BH, and by demanding analyticity in the
radial coordinate across the wormhole. Our viewpoint aims at studying CFT information
attainable holographically from the BH exterior.
4.2

BDHM at finite temperature, TFD doubling and coherence

In this section we review the BDHM dictionary [9] at finite temperature. The standard prescription defines quantum local CFT operators Ô(t, ϕ) from AdS quantized fields Φ̂(r, t, ϕ)
via the map
Ô(t, ϕ) ≡ 2(∆ − d) lim r∆ Φ̂(r, t, ϕ) ,
(4.7)
r→∞

8

It is important to stress that t has a boost-like character across the ER bridge. This can be seen when
mapping the metric to Kruskal coordinates. Alternatively, one can resort to analyticity of the metric in the
R
complex u plane: for fixed ∆t > 0, proper time ∆t(u) = u dt > 0 at fixed u > 0 flips sign when moving
from L (u > 0) to R (u < 0).
9
The scalar product is defined in standard fashion
Z
√
hφ1 , φ2 i = −i (φ1 ∂µ φ∗2 − φ∗2 ∂µ φ1 ) nµ γdudϕ ,
Σ

with nµ the unit normal to the constant t-hypersurface Σ and γij its induced metric. A sign change in nµ
between L and R patches (u ≷ 0) arises from the boost character of t depicted in figure 5(a).
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whereas the R modes are given by

where r → ∞ defines the unique asymptotic boundary of the bulk theory at zero temperature. The coordinate dependent r∆ factor conspires to give a finite limit and the 2(∆ − d)
factor is required to have a precise matching with the GKPW prescription results [7, 51]. At
finite temperature, in agreement with the TFD approach described in section 2.2, dof’s get
duplicated in the gravity theory, this manifests in two disconnected asymptotic boundaries.
Hence, from (4.2) we define

l

ÔR (t, ϕ) ≡ (2∆ − d) lim Φ̂(u, t, ϕ)
u→−∞
XZ ∞
(1)
(2)
∗
=
dω dˆωl e−πω/2 e−iωt+ilϕ Oωl + dˆωl eπω/2 e+iωt−ilϕ Oωl
+ h.c. ,
l

(4.8)

0

(4.9)

0

where the c-numbers
(2∆ − d)
Oωl ≡ p
Nωl [αωl βωl − α−ωl β−ωl ] ,
2 sinh(πω)

(4.10)

are inherited from the modes normalization.
The excited state (2.16) in the Interaction Picture, built from (4.9) becomes10
(
)
o
n R0
XZ ∞
(1) ˆ(1)†
(2) ˆ(2)†
− −π dτ ÔR (τ )φI (τ )
|Ψ0 ii ∝ exp
|ΨI ii ≡ P e
dω λI;ωl dωl + λI;ωl dωl
|Ψ0 ii .
l

0

(4.11)
where
(1)

∗
λI;ωl = −e−ωπ/2 φ̄I (−iω, l) Oωl

(2)

λI;ωl = −eωπ/2 φ̄I (+iω, l) Oωl .

(4.12)

In obtaining these expressions we exploited standard disentangling theorems [52]. Notice
the similarity of the r.h.s. of (4.11) with the zero temperature expression (2.9). Notice
that the operator multiplying |Ψ0 ii on the r.h.s. of (4.11) is nothing but the form of the
(sourced) evolution operator (2.11), represented in the Interaction Picture in the bulk field
theory, and by virtue of (4.6), this can then be rewritten as a unitary displacement operator
up to a constant factor.
Results (4.11) and (4.12), which are the main result of this work, demonstrate that
the states obtained by turning on sources in the Euclidean sections are thermal coherent states. We conclude that the coherent/ semi-classical character of the states (2.16),
originally developed at zero temperature in [7, 10], remains valid at finite temperature, as
claimed in [17]. In order to put this result into the more familiar finite temperature language [25], the corresponding (unnormalized) density matrix for the excited states (2.16)
using (2.11) is,
ρφ ≡ TrH̃ |Ψφ iihhΨφ | = Uφ Uφ†
10

As can be seen from (4.6), the actions of OL and OR on the TFD vacuum are related. As a consequence,
one can pick any of them to build (2.16) and the excitations over |Ψ0 ii are physically equivalent. This issue
will be further elucidated in the upcoming section.
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ÔL (t, ϕ) ≡ (2∆ − d) lim Φ̂(u, t, ϕ)
u→∞
XZ ∞
(1)
(2)
∗
=
dω dˆωl eπω/2 e−iωt+ilϕ Oωl + dˆωl e−πω/2 e+iωt−ilϕ Oωl
+ h.c. ,

l

(4.14)
where one can immediately recognize the (3.28) and (3.29) structure among the sources.
Further comparison of these expressions provides an analytic expression for |Oωl |2 , determining in turn Nωl , which to the author’s knowledge is not present in the literature.
See [49] for an integral expression of Nωl where the need for a careful computation involving regulators is emphasized. One can check that in the zero temperature limit, as
in the Thermal-AdS regime presented here, where the normalization factors are known,
the corresponding expressions exactly match [7]. Similar observations were made recently
in [53].11 The precise expression for the eigenvalues (4.12) is obtained by comparing the
path integral and BDHM approaches.
4.3

On the Unruh’s trick in the TFD formulation

This section is devoted to show how Unruh’s trick [44, 54], manifestly realized in our
geometry through identical Euclidean sections, plays a crucial role in the field quantization
by defining the vacuum state through a quantum constraint and, moreover, how it naturally
generalizes for excited states. This could also be seen as an alternative formulation of the
Unruh-Hawking effect.
First, recall that in the TFD context Φ̂R and Φ̂L , the quantized counterparts of (3.11)
and (3.20), map into each other by the tilde conjugation rules (2.12), and although they
are independent dof’s, their action on the TFD vacuum state is not. In fact, the TFD
vacuum is completely determined by the constraint,
h
i
Φ̂L (|u|, t = TI , ϕ) − Φ̂R (−|u|, t = TI − iπ, ϕ) |Ψ0 ii = 0 ,
∀u, ϕ ,
(4.15)
complemented with a similar equation for the canonically conjugated momentum fields.
The physical meaning of this is that the vacuum state, whose wave functional is described
by the Euclidean geometry of figure 5(b), is such that acting with an L-operator on it at
TI , is the same as acting with the R-operator at TI but evolved −iπ in imaginary time.
Inserting (4.2) and (4.5) above and using orthonormality of the modes one gets




(1)
(2)
†
dˆωl |Ψ0 ii ∝ L̂ωl − e−ωβ/2 R̂ωl
|Ψ0 ii = 0
dˆωl |Ψ0 ii ∝ L̂†ωl − e+ωβ/2 R̂ωl |Ψ0 ii = 0 ,
(4.16)
11

We thank Raúl Arias for pointing out this reference to us.
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that is manifestly hermitian (see [17]). Thus, by interpreting this expression in the bulk
(free-field) theory, one can express it in the Interaction Picture as ρφ ∝ Uφ e−βH Uφ† , where
Uφ is a displacement operator, consistently with (4.11). This is the standard density matrix
of a thermal coherent state.
Direct computation using (4.8), (4.9) and (4.11) leads to
XZ ∞

hhΨF |ÔL (t, ϕ)|ΨI ii
dω e−iωt+ilϕ φ̄F (−iω, l) + φ̄I (−iω, l) |Oωl |2
(4.13)
=−
hhΨF |ΨI ii
−∞
l
XZ ∞

hhΨF |ÔR (t, ϕ)|ΨI ii
=−
dω e−iωt+ilϕ eπω φ̄F (−iω, l) + e−πω φ̄I (−iω, l) |Oωl |2
hhΨF |ΨI ii
−∞

Φ̂R (TI − iπ) ≡ Uφ (π) Φ̂R (TI ) Uφ† (π) .
Recall that in this formulation all the fields are represented in the Interaction Picture. This
can be used to define an (initial) excited state since the constraint (4.15) now becomes
h
i
Φ̂L (|u|, t = TI , ϕ) − Uφ (π) Φ̂R (−|u|, t = TI , ϕ) Uφ† (π) |Ψφ ii = 0 ,
∀u, ϕ ,
(4.17)
complemented also with the corresponding equation for the canonically conjugated momentum. The frequency decomposition of these equations now yields


(1,2)
(1,2)
dˆω,l − λω,l
|Ψφ ii = 0
(4.18)
where we have used that the (adequately normalized) operator Uφ acts on ladder operators
of the bulk theory as a displacement, i.e.
(1,2)

Uφ (π) dˆωl

Uφ† (π) = dˆωl

(1,2)

(1,2)

+ λωl

according to the arguments below (4.11).
Thus, the solution of (4.18) is clearly the state (4.11). This presents an alternative
perspective on our prescription of section 2.2 for the excited initial/final states in the
boundary field theory.

5

Discussion and conclusions

In a previous article [17], we presented the gravity dual of a finite temperature real time
CFT, casted in TFD formulation, and computed real time two-point functions. The
Schwinger-Keldysh path on which the CFT was defined has two possible dual geometries: a real time extension of Thermal-AdS and a novel geometry consisting of glued
12

Similar formulations in the string context can be found in refs. [55, 56].
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†
where L̂†ωl and R̂ωl
create excitations with support on L and R wedges respectively, and
(1,2)
dˆωl are defined so that they anihilate the state |Ψ0 ii. These relations are known as
thermal state conditions and define the Bogoliubov transformation between both sets of
ladder operators.12 Notice that in (4.16) we have reintroduced the explicit dependence on
the temperature β.
An important consequence of this formulation is that the modes associated to operators
(1,2)
ˆ
dωl are precisely the linear combinations (4.5) of the L, R solutions, which are analytic
through the throat u = 0. This captures the features discussed in section 3.2.3. It is also
worth noticing that this is consistent with the fact that the points on the throat of the
wormhole, i.e. u = 0, are fixed points of the evolution operator U0 (τ ) of the bulk quantum
theory, whose Hamiltonian is the boost generator, and its analytic extension to imaginary
times evolves the hipersurfaces depicted as red lines in figure 5(b). In this sense, |Ψ0 ii is
the thermal KMS state with respect to the generator of the Lorentz boosts [57, 58].
A novel remarkable fact is that by performing an imaginary −iπ time translation with
the sourced evolution operator (2.11) in place of U0 , one gets
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Euclidean and Lorentzian AdS-BH pieces, see figure 2(b), which dominate below and over
the critical Hawking-Page temperature respectively. Both geometries contain two equal
length Euclidean pieces that within the TFD formalism are naturally associated with initial and final states of the system. The geometries also contain two causally disconnected
Lorentzian regions, L and R, which correspond to the two TFD copies of the system.
In this work, following ideas in [7, 17], we have studied holographic excited states by
turning on asymptotic sources on the Euclidean regions. The resulting states were shown
to be coherent states w.r.t. the TFD vacuum, i.e. the excitations are not described in terms
of either the L or R dofs but rather Bogoliubov transformed counterparts. Such excitations
are known as thermal coherent states. A precise expression for the eigenvalues was also
given in terms of the Euclidean sources profile. These results extend the work in [7] to
the case of finite temperature systems. We stress that our main objective here was to
characterize these holographic excited states and not the mixed signature manifold, which
was merely a device to study their properties. For example, we can now consider them as
initial states to study evolution of information in geometries that consider the BH interior
as in the toy model considered in [22].
Our study revealed itself to be particularly interesting in the high temperature limit
where bulk real time regions L and R get connected though an ER wormhole. For this
geometry, we found that the analyticity of the field through the spacelike gluing surfaces,
imposed by construction, extends to the radial coordinate connecting the L and R regions
across the wormhole. As a consequence, the field solution to the equations of motion on the
mixed signature geometry encapsulates Bogoliubov coefficients between the L and R degrees
of freedom. In this sense, our bulk can be interpreted as the geometrical embodiment of the
standard Unruh trick. For the BDHM approach, Unruh-like modes were built solely from
the exterior of the BH and analyticity on the radial ER coordinate across the wormhole.
This is an interesting result for the study of CFT information accessible from the outside
of event horizons.
Two objects were of interest in characterizing our states: inner products and matrix
elements of local single trace operators. The latter, computed with two equivalent prescriptions, was key to determine the eigenvalues of the coherent states. From a path integral
formulation a complete field solution with sources turned on was built, which required the
study of N and NN modes in half Euclidean BTZ geometries. BDHM approach requires
positive energy eigenstates normalization factors, for which we didn’t find an analytic expression in the literature. Thus, by comparing the path integral and BDHM results we
were able to give a closed expression for the eigenvalues and the normalization factors.
The inner product, on the other hand, can be thought as a reinterpretation of the free
energy of the geometry configuration with sources turned on. On that regard, one expects
on general grounds that our results should be valid away from the Hawking-Page critical
temperature. The kernels on the inner product of these holographic excited states for
complex bulk fields has been recently recognized in [16, 24] as the Kähler potential in the
space of states. Though presented for real scalars, our results here as well as in [7, 10] are
immediately extended to the complex scenario.
A number of trails open up for future work. We are currently working on holographic
computations of relative and entanglement entropies using these holographic excited states.

We leave generalizations of our geometry to future works: Euclidean pieces with unequal
lengths might be related to some type of back-reaction, and may play a role in the study of
traversable wormholes [59, 60] and out of equilibrium systems [61]. We also plan to consider
special SK paths in order to compute OTOC’s [62] relevant to the chaos context. Related to
this, it would be interesting to understand the role of multiple Euclidean pieces in relation
to the analyticity of the fields through the wormhole and whether the TFD interpretation
still holds. Further studies on the nature of these holographic excited states are also already
under development. We would also like to explore our coherent states as as a generating
base of the complete Fock space, which should require careful backreaction treatment.

Work supported by UNLP and CONICET grants X791, PIP 2017-1109 and PUE Búsqueda
de nueva Fı́sica.

A

Low temperature excited states: thermal AdS

In this appendix we summarize the computations in the low temperature geometry dual
to the path in figure 2(a). This geometry is built by inserting two Lorentzian pure AdS
segments in the standard Euclidean Thermal AdS geometry. These Lorentzian segments
however evolve in opposite directions. This construction results in figure 7. The Lorentzian
sections L and R are still entangled in this regime though not topologically connected. As
a consequence, analyticity inside the bulk does not restrict the lengths of the Euclidean
sections which we take to be β − σ and σ respectively for I and F. The σ = β/2 path is
still preferred as it recovers the natural map between vectors in the Hilbert space and its
dual. From the CFT point of view, this is a well known result [20] that privileges the TFD
interpretation/framework above other SK paths.
One needs to build a field solution for general sources and obtain inner product and
matrix elements. The computations in this geometry are mostly direct from the zero
temperature case. For the Lorentzian regions, we have the action and EOM (3.3) over the
pure AdS3 metric
dr2
ds2 = −(r2 + 1)dt2 + 2
+ r2 dϕ2 .
r +1
A plane wave expansion Φ ∝ e−iωt+ilϕ s(ω, l, r) leads to a differential equation for s(ω, l, r).
Regularity in the bulk fixes


ω/2 |l|
Γ 21 (|l| + ∆ − ω) Γ 21 (|l| + ∆ + ω)
s(ω, l, r) =
1 + r2
r
Γ(∆ − 1)Γ(|l| + 1)


ω + |l| + ∆ ω + |l| − ∆ + 2
2
,
(A.1)
,
; 1 + |l|; −r
× 2 F1
2
2
with the overall constant fixed so s(ω, l, r) ∼ r∆ +. . . for generic {ω, l}. This normalization
puts singularities on the real ω axis. The residues of these poles ωnl = 2n + ∆ + |l| can be
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used to define the N modes
I
snl (r) ≡

dω s(ω, l, r) ,

ωnl = 2n + ∆ + |l| .

ω=−ωnl

The most general solution on L is
ΦL (r, t, ϕ) =

Z
1 X
dωe−iωt+ilϕ φ̄L (ω, l)s(ω, l, r)
4π 2
l∈Z F

X
− +iωnl t
−iωnl t
L+
e
+
L
e
eilϕ snl (r) ,
+
nl
nl

where the Feynman path F was chosen in the first term and the arbitrary coefficients L±
nl
will be determined once we impose boundary conditions (3.2). An analogous expression
for R can be written and we explicitly present the Euclidean solution in I,
Z
1 X
ΦI (r, τ, ϕ) = 2
dωeiωτ +ilϕ φ̄I (−ω, l)s(−iω, l, r)
4π
l∈Z
X
 ilϕ
+ −ωnl τ
− ωnl τ
+
Inl
e
+ Inl
e
e snl (r) ,
n∈N
l∈Z

to fix notation and conventions. Notice that the subindex F is no longer required as the
poles of s(−iω, l, r) lie away from the real axis. Following analogous steps as in [7], one can
±
use the gluing conditions (3.2) to uniquely fix the coefficients L±
nl , Inl as well as their R
and II counterparts. The computations are more tedious than pedagogical, one essentially
reduces the problem to a set of lineal equations with a unique solution for the coefficients.
±
±
±
As an example, we present the coefficients Inl
, Fnl
, Rnl
due to a source on L which is
related to the eigenvalues of the initial excited states on the OL operator:
L±
nl =

1 φL (±ωnl , l)
4π 2 eωnl β − 1

±
Inl
= e±iωT /2 L±
nl

±
Rnl
= e∓ωσ L±
nl

±
Fnl
= e∓iωT /2 L±
nl ,

which are to be compared to (3.19). Solving for a source on every region leads to the
complete on shell action and from there get the inner product and matrix elements, shown
in (3.27), (3.30) and (3.31).
Regarding the BDHM computations carried on in section 4 for the BH, the analogous
Thermal scenario is much simpler and less rich. The throat is absent and the real time
theories are entirely disconnected if not through the Euclidean regions, cf. figures 2(b)
and 7(b). Each Lorentzian segment has an independent quantization which is the standard
zero temperature computation carried in [7]. Only the σ = β/2 path leads to sensible
Hermitian conjugation rules [20, 33], otherwise ad-hoc factors must be added to successfully
go back and forth. In this set-up, the excited state mimics the structure of (4.11), but the
basis is discreet in Global AdS coordinates,
(
)
n R0
o
X (1) (1)†
(2) (2)†
− −π dτ OR (τ )φI (τ )
|ΨI ii ≡ P e
|Ψ0 ii ∝ exp
λI;nl dnl + λI;nl dnl
|Ψ0 ii
nl
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n∈N
l∈Z

I

t

L

σ

(β – σ)

R

TI

β–σ

F

F

L

R
I

TF

σ
(b)

Figure 7. (a) Variation on the closed Schwinger-Keldysh path of figure 2(a) with Euclidean
segments of lengths σ and β − σ (b) Real time extension of the Thermal-AdS geometry dual of
the path. Contrary to figure 2(b), the Lorentzian pieces are disconnected and thus admit arbitrary
lengths of the Euclidean pieces.

where d(i)† , i = 1, 2 combines positive and negative energy excitations of the L and R
regions mixed by the standard Bogoliubov transformation,
(1)

∗
λI;nl = −e−ωnl π/2 φ̄I (−iωnl , l) Onl

(2)

λI;nl = −eωnl π/2 φ̄I (+iωnl , l) Onl .

and Onl the zero temperature inherited operator coefficients discussed in [7].
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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Abstract
It is commonly accepted that states in a conformal field theory correspond to classical spacetimes with Anti-de-Sitter asymptotics. In this work we give a prescription
for the CFT states with a dual classical spacetime and, using basic holographic rules,
show that they are holographically connected to coherent states in the large-N limit,
or by considering linearized perturbations.
We also point out implications in the spacetime emergence mechanism, for instance,
the (entangled) state dual to the black hole should be properly described as a quantum superposition of products of these states. This also complements the quantum
interpretation of the Hawking-Page transition.

Introduction
The AdS/CFT correspondence represents the paradigmatic case of gravity/gauge duality
where spacetime with fixed (AdS) asymptotics can be defined as emergent from a ordinary
quantum field theory defined on its conformal boundary [1]. However, we do not understand
the mechanism of this emergence in depth.
It is widely accepted that states in the CFT Hilbert space are dual to classical asymptotically AdS (aAdS) spacetimes but we do not know yet which aspects of the classical geometries
are encoded in the states or how to read off such aspects. Moreover, it is unclear which CFT
states actually are dual to some type of classical geometry. An illuminating observation was
made by Van Raamsdonk some years ago [2], who argued that classically connected spacetimes correspond to entangled states in the CFT, and furthermore, that they are a quantum
superposition of basis states supposedly dual themselves to some kind of aAdS spacetimes.
This set up has been used in further developments [3, 4].
The present work is devoted to study the (disentangled) microstates that compose the
spacetime geometry as a quantum superposition, and whether they are dual to geometries
with usual classical properties.
The more fundamental goal is to construct a holographic map that work in the same way
that the paradigmatic cases, namely, the CFT vacuum |0i 7→ AdS, and the thermal TFD state
|0(β)i 7→ AdS-Black hole. In fact, based on well established prescriptions [12, 13, 17, 18],
and the Skenderis & van Rees suggestion to construct excitations, the results of [5] gave us
a clue about how to generalize this mechanism to other (excited) states in the same spirit.
In line with this, and previous literature [6], we will argue that quantum coherence is
also an essential ingredient for the emergence of classical spacetimes, and as a result, that
the (eigen-energy) microstates |En i1 ⊗ |En i2 that superpose to form an AdS Black Hole do
not correspond to any (disconnected) pair of aAdS geometries.
This letter is organized as follows: we first review the original proposal [2], understanding
a BH as a quantum superposition of states living in two CFT theories. We then review the
construction [5], extending the original SvR prescription [12, 13] to build the CFT states
with a well defined dual geometry associated, and then argue that, in the large N limit
the eigen-energy basis cannot be associated to any classical aAdS geometry, although the
holographic states form an overcomplete basis and any state can be described as a quantum
superposition of them. In the last part, we study the AdS black hole with matter fields and
show that it fits into our prescription. The final observations and remarks are collected at
conclusions.
The emergent AdS Black Hole
The standard interpretation is that the exact bulk geometry AdSd+1 corresponds to the
fundamental state |0i of the CFT Hilbert space H defined on its conformal boundary S d × R,
and general classical aAdS spacetimes should be dual to certain excited states.
Let us consider now two (non-interacting) identical copies of this CFT (labeled by a
subindex 1, 2). The asymptotically AdSd+1 spacetime with a eternal black hole corresponds
1

β

e – –2

En

=Σ—
Z

n
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1/2

En

En

(b)

Figure 1:

(a) Penrose diagram of a maximally extended AdS-black hole. The green line is a
connected spacial slice representing the entaglement between the CFT’s. (b) We schematically show
the interpretation of [2], where the resulting state (1) is a linear combination of states |En i1 ⊗ |En i2
supposedly dual to aAdS spacetimes. The blue lines represent the non-interacting CFT theories on
the two asymptotic boundaries.

to the (entangled) state [7]:
X e− β2 En
|0(β)i =
|En i1 ⊗ |En i2 ∈ H1 ⊗ H2 , β ≡ (kB T )−1 ,
1/2
Z
n

(1)

where the |En i are a complete basis of eigenstates of the CFT Hamiltonian H, and En are
its eigenvalues. This describes a thermal state of the CFT system at temperature T in the
thermofield dynamics (TFD) formalism [8, 9, 10]. Recall also that the state (1) is invariant
under the action of the combination H1 − H2 .
One of the arguments of [2] was precisely based in the structure of this state, which
describes a classically connected spacetime (fig. 1a) with two aAdS regions causally separated
by an event horizon [11] using a quantum superposition of states |En i1 ⊗ |En i2 (fig. 1b),
which, if have a classical geometric dual, should correspond to a pair of disconnected aAdS
spacetimes.
The argument for it is that disentangled states |Ψi1 ⊗ |Υi2 ∈ H1 ⊗ H2 of two systems
CFT1 and CFT2 that do not interact in any way, must describe two completely separate
physical systems. Then if |Ψi1 is dual to one aAdS spacetime and |Υi2 is dual to some
other spacetime, the product state must be a geometry dual to the disconnected pair of
spacetimes (see Fig 1b). In particular, the ground state is |0i1 ⊗ |0i2 , that correspond to two
disconnected globally AdS spacetimes [2].
In order to turn this interpretation useful for holographic quantum gravity one should
better understand which is the geometric content of these (micro)states, and whether they
are holographic themselves. Below, we will propose a suitable definition of the states in each
CFT copy that are holographically dual to aAdS spacetimes and show that the elements
2
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Ψf |
t

AdS

H
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Figure 2: (a) Lorentzian AdS with boundary condition φL . We also schematically depict the initial
and final states. (b) Euclidean AdS (hyperbolic space).

|En i1 ⊗ |En i2 do not fit into this definition. The immediate implication is that one should
find another way of representing the |En i’s in the gravity side, perhaps, in terms of other type
of non-conventional microscopic geometry rather than a smooth d-dimensional spacetime,
or more conventionally, as a quantum superposition of good holographic states. The present
approach follow this line.
CFT states with spacetime dual
The prescription [12, 13] allows the calculation of time ordered n-point correlation functions of local CFT operatos O in AdS/CFT (fig. 2a). It can be understood as the real
time version of the standard prescription [14, 15] (fig. 2b), and corresponds to the geometry
shown in figure 3a.
h0| e

−i

R

∂r ML

OφL

0

0

0

|0i = eiSL [φL ;φΣ− ,φΣ+ ]−S− [0;φΣ− ]−S+ [0;φΣ+ ] .

(2)

The lhs gives the generating function of time ordered correlation functions of a scalar
operator O in a Lorentzian CFT that lives in the timelike conformal boundary ∂r ML =
S d × R of the spacetime ML . In the rhs, SL0 [φL ; φΣ− , φΣ+ ] is the Lorentzian on-shell action
for a bulk field ΦL which takes boundary values φΣ± on the spacelike boundaries Σ± ≡ ∂t ML
and φL over ∂r ML . The exponents S±0 [0; φΣ± ] are the bulk field on shell actions on the
Euclidean sections M± for boundary values φ± = 0 on ∂r M± and φΣ± on Σ± . It is worth
noticing that (2) implicitly assumes the bulk fields, and its conjugated momenta, to be
continuous through the Σ± gluing surfaces.
This recipe follows from a complete quantum treatment where the r.h.s. is a path integral,
3
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Figure 3: (a) CFT contour in complex t-plane showing real time interval (t− , t+ ). (b) Geometric
dual to the contour obtained by gluing together Lorentzian ML and Euclidean sections (two halves)
of the AdS spacetime M± . We depict the gluing surfaces Σ± and the green points correspond to
τ = ±∞. On the bottom we show the glued geometry with a generic classical configuration.
and where one can also consider excited CFT initial/final states by giving smooth nonvanishing boundary conditions φ± over ∂r M± for all finite value of the euclidean time1 (see
refs [5] and [12] for details). In this context, in ref. [5], it was explicitly shown that the
(initial) excited CFT states are precisely given by2
−

|Ψφ− i = e

R

∂r M−

O φ−

|0i .

(3)

These states, projected on a complete bulk configuration basis φΣ± on spacelike surfaces
Σ± correspond to wave functionals that can be expressed as euclidean path integrals in the
gravity side,
Z
Ψφ− [φΣ− ] ≡

[DΦ](φΣ− , φ− ) e−S− [Φ] ,

(4)

with boundary conditions φΣ− and φ− on Σ− and ∂r M− respectively. Moreover, in the
large-N limit one can use the saddle point approximation and they can be associated to a
single classical solution for the bulk fields as
0

Ψφ− [φΣ− ] ∼ e−S− [φΣ− ,φ− ] .
1

(5)

They vanish at τ = ±∞, represented as green dots in fig. 3b.
Where |0i denotes the ground state, whose holographic dual is the globally AdS spacetime. These can
also be constructed on other vacua as the thermal one, associated to eternal AdS black holes, but this will
be studied later on.
2

4

This generalizes the Hartle-Hawking construction of wave functionals [16] to excited states
in AdS quantum gravity [5, 12]. Obviously this analysis can be properly extended to include
the gravitational degrees of freedom, although in our arguments here we consider only a
scalar field that probes the spacetime geometry. In fact, the existence of classical fields
implies many classical properties of the background manifold M, such as connectivity and
differentiability.
Summarizing, we conclude that
states (3) can be holographically associated to well defined classical geometric configurations. For a state of the quantum (bulk) theory (4), there is a set of histories (geometries)
associated. Then in the large-N limit, there is a unique path describing a classical (euclidean)
cl
spacetime with matter fields (gµν
, Φcl , . . . ).
This is, furthermore, our prescription on which are the states in the gauge field theory
defined on S d × (time)
that correspond to a connected aAdS spacetime with some classical configuration of fields.
Below, we will give some arguments that support this claim from a basic set up for
quantum gravity.
Holographic states from gravity
In order to better understand the mechanism of the holographic emergence, one should
formulate the question by asking in which cases one has a well defined smooth aAdS geometry
in the duality. If one starts from the strictly quantum gravity (QG) point of view, in the
path integral formalism [16], the states above are those that fulfill the following two basic
conditions:
(i) in the semiclassical limit, one recovers (smooth) classical fields and spacial geometries
b φ− i = Φcl (φ− , φ? ) + “quantum correction00
hΨφ− |Φ|Ψ
−

(6)

for all the quantized fields of the gravitational theory (matter fields + metrics)3 . The
term “quantum correction” stands for any contribution that in AdS/CFT, typically goes
as ~/N 2 → 0 and Φcl denotes the (euclidean) classical solution, depending only on the
boundary data φ− , and φ?− , which is defined from φ− by reflection at the euclidean
time τ = 0 (see [5] and eq. (19) in Appendix).
(ii) And furthermore (conversely), given any classical bulk solution Φcl (φ− , φ?− ) one has
the corresponding state (4), and then (5) in the semi classical limit.
These are the more basic assumptions one might do in order to recover the notion of
classical fields, on classical geometries, as univocally associated to a quantum state.
Since the connection between (3) and (4) has already been clearly established in [5], based
on the SvR approach [12, 13], in the Appendix we will show that states defined as (4) satisfy
these more basic criteria in a path integral formulation of (aAdS) QG.
3

Nevertheless, as explained above, we only study the φ-sector for simplicty.
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The following, rather than a basic condition, is a property that typically present the
states prescribed above. It will be directly noticed from our anaysis in the next Section.
(iii) These states are sufficient (form a basis) to describe certain, pertubatvely defined,
(QG) space of states.
The Large-N limit and quantum coherence
Taking the large-N limit in the above expression (4), the Euclidean action for Φ becomes
gaussian [17] and it also decouples from gravity, since the Newton constant GN ∼ 1/N 2 .
For free fields, another standard prescription [17, 18, 19] identifies the dual CFT operators
with the boundary value of a canonically quantized field in AdS, Φ̂(t, r, Ω), as
X †
ak Fk∗ (t, Ω) + ak Fk (t, Ω) ,
(7)
Ô(t, Ω) ≡ lim r∆ Φ̂(t, r, Ω) =
r→∞

k

where of Fk (t, Ω) ≡ limr→∞ r∆ fk (t, r, Ω) defines a basis of functions on the conformal boundary and fk are the basis of normalizable solutions of the e.o.m. (2 − m2 )Φ = 0 labeled by
k, and m2 = ∆(∆ − 2).
Demanding consistency between both prescriptions, we conclude that in the large-N limit,
the state (3) is coherent and can be represented as
|Ψφ− i ∝ e

P

k

λk a†k

|0i ,

(8)

in the (bulk) Hilbert-Fock space HAdS . The same analysis is possible for linear perturbations
of the background metrics gµν . Notice that these form a overcomplete basis, as an explicit
realization of property (iii).
This expression has been checked through explicit holographic computations of correlation functions and inner products [5]. These states are eigenstates of the annihilation
operators ak are their eigenvalues are precisely given by
Z
λk = −
dτ dΩ Fk∗ (−iτ, Ω) φ− (τ, Ω) .
(9)
(−∞,0]×S d

On the other hand, the (excited) states |Ek i1 ⊗ |Ek i2 of the basis in which the Black Hole
entangled state is expanded in the Van Raamsdonk setup, correspond to eigenstates of the
Hamiltonian operator H = HΦ + Hgravity + · · · + O(1/N ), where
X
: HΦ :=
k a†k ak ,
(10)
k

and . . . denote terms associated with other (matter) fields.
So there are states in the basis that express as |Ek i1 ∼ (a†k )n |0iφ ⊗ |0igravity ⊗ | . . . i, where
|0igravity denotes the exact globally AdS spacetime, or any other aAdS solution of vacuum
6

Einstein equations4 . The key point in our argument is that this type of states (except the
vacuum) are not eigenstates of ak since these operators do not commute with HΦ . Therefore,
these states cannot be associated to classical configurations/solutions in the sense explained
above. In other words, there are states |Ek i1 ⊗ |Ek i2 in the CFT1 ⊗ CFT2 Hilbert space
which are not dual to any classical spacetime with classical fields.
Let us remark that the states (8), belonging to the bulk Fock space, in fact fulfill the
assumptions (i) and (ii), consistently with our expectation for states with a good holographic
dual. This can be directly checked from eq. (8), using (9), that:
b |Ψφ− i = Φcl (φ− , φ? ) ,
hΨφ− | Φ
−

(11)

b : |Ψφ− i = F[Φcl ] .
hΨφ− | : F[Φ]

(12)

which agrees with (6). This is satisfied for coherent states but fails for states (a†k )n |0iφ with
b
n > 0. Moreover, for coherent states this property can be generalized to any functional F[Φ]
of the quantized fields and its derivatives (e.g. the Hamiltonian HΦ ), which, with the proper
normal ordering, coincides with the same functional valued on a classical solution:

The eternal black hole as coherent state

Since the eternal AdS Black Hole is a geometric state of the doubled CFT theory, schematically denoted as CFT2 (≡ CFT1 ⊗ CFT2 ) [3], this indeed fits into the proper extension of
the notion of coherent state.
Thermal Bogoliubov’s transformations Gβ are formally unitary and canonical in the sense
of preserving the canonical commutation relations and the norm of the states in finite volume
systems, so then, the thermal TFD state (dual to a AdS black hole) (1) is an eigenstate (with
eigenvalue = 0) of the thermal annihilation operators
(1)

(1)

† (2)

= Gβ ak G†β

(2)

(2)

† (1)

= Gβ ak G†β

ak (β) ≡ ak − e−βk /2 ak
ak (β) ≡ ak − e−βk /2 ak

(1)

(13)

(2)

(14)

(i)

then, the equations ak (β)|0(β)i = 0, i = 1, 2 are solved by the state [3]:
Y h −βk /2 † (1) † (2) i
−1/2
) ak ak
|0(β)i(Φ) = Gβ |0i = ZΦ
e(e
|0i .

(15)

k

This is the state (1) represented in the scalar field sector of doubled AdS Hilbert-Fock space,
in the same sense that the states (8) in a single CFT theory. This state is also invariant
(1)
(2)
under the action of the extended Hamiltonian HΦ − HΦ [8, 9, 10].
4

As argued above, this state can also be associated to some other background (euclidean) metric that
minimizes the gravitational action, and then give wave functions (3) in the large-N approximation.
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Holographic excitations with two conformal boundaries
In this case our prescription (3) for the holographic states expresses as
φ−

−

|Ψ (β)i = e

R

∂r MBH−

O β φ−

|0(β)i .

(16)

where MBH− denotes the (lower) half of the Euclidean black hole (Fig 4(a)), and Oβ ≡
(1)
Oβ (x, τ ) represents a local operator on ∂r MBH− = [0, β/2] × S d , which is defined from the
CFT1 operators by analitical extension to the Euclidean (past) time. Similiarly, another
(1)
(2)
set of independent (completely commuting with Oβ ) operators, Oβ can be defined from
CFT2 .
By following the procedure used in [5], quantizing the probing free field in this bulk
and using the standard BDHM prescription [17], one can see that the holographic states
correspond to nothing but thermal coherent states5 :
†

∗

|λ(β)i ≡ D(λ)|0(β)i = eλk ak (β)−λk ak (β) |0(β)i

(17)

where the index (i) = 1, 2 is implicit and D(λ) is the corresponding displacement operator
which generates the coherent state D(λ)|0i = |λi. The formula for λk is similar to (9) but the
integration is on the euclidean interval [0, β/2]×S d and the functions Fk∗ (τ, Ω) correspond to
the normalizable modes of the AdS-Schwarschild solution through the BDHM prescription
[17, 18]. An extended study on this excitations in AdS black holes and a detailed proof of
the results mentioned here are being prepared and will be presented in a forthcoming work
[23].
This extends our prescription (3) of states of the theory CFT2 with good classically
connected spacetime interpolating between two (disconnected) asymptotic boundaries S d ×<.
Noticeably, these states/geometries have a similar description that the Black Hole, and
decompose as in Fig. 1 although the coefficients appearing in Fig 1(b) change accordingly.
A brief comment on the Hawking-Page quantum transition
Let us finally point out an implication of our arguments on the Hawking-Page phase transition [20, 21]. It can be be described in a quantum mechanical way as a critical behavior of
the quantum amplitude and standard quantum collapse [3], in line with the Van Raamsdonk
interpretation. Since the AdS-BH spacetime is described by the state (1) in CFT2 (figures
1a and 4a) ; which at low temperatures (compared with the AdS scale β ∼ RAdS ) reads as
β
X
e− 2 E0
|0(β)i =
|0i
⊗
|0i
+
δn (β)|En i1 ⊗ |En i2 ,
1
2
Z 1/2
n6=0

(18)

where |En i are states orthogonal to |0i1 ⊗ |0i2 , and |δk (β)|2  |Z −1 e−βE0 |. as β > E0−1 ∼ R
(here R is the radius of curvature of the AdS space). So at low temperatures, the probability
5

This confirms the guess on which should be the states of CFT2 with geometric dual, pointed out in [3]
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CFT2

CFT1

CFT2

CFT1

φ–

β/2

(a)

(b)

Figure 4: (a) It illustrates the geometry dual to the state (16), where the semi-circle represents
∂r MBH− = [0, β/2] × S d with a source φ− 6= 0. The euclidean section continues into a Lorentzian
evolution with two causally disconnected asymptotic boundaries. (b) At low temperatures (β → ∞
limit) the correlations between both CFTs vanish, and the dual geometry can be described as two
totally disconnected copies of AdS.

of collapsing it, and to “observe” two disconnected global AdS spaces (see fig. 4b) is very
high, compared with other states.
However this description must be complemented with our previous arguments since it
should be explained why, for the high temperature regime where the amplitudes are comparable, the system cannot be observed in some of the excited states |En i1 ⊗ |En i2 upon
measurements, giving place to other geometric transitions. The reason might be that such
(micro)states would not be compatible with direct observations or measurements of local
fields on a spacetime. The only holographic states (3) with probing fields that vanish assymptotically, precisely are the black hole state and the ground state6 |0i1 ⊗ |0i2 . Some
aspects of the present description of the transition [3] are shared by the approach of [22].
Conclusions
Here, we have studied how a classical geometry holographically corresponds to a CFT
state, and prescribed which these states should be. In fact, using basics tools of holography
as the SvR prescriptions and the HH construction for QG, we have explicitly shown that
this is a one to one map between such CFT states and classical (euclidean) geometries.
As evidence we have explicitly shown that the d + 1 dimensional spacetime geometries, as
6
The state |0i1 ⊗ |0i2 here only expresses the gravity sector. For simplicity, we have omitted the other
(thermal) excitations: of the matter fields that include the Φ-normalizable modes.
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probed by non-back reacting free fields, corresponds to coherent states dual to CFT states as
(3) defined on the conformal boundary. In summary, the proposed holographic CFT states
are univocally characterized by the boundary conditions on a half (τ < 0) of the radial
asymptotic boundary of the euclidean spacetime: Ψφ− . As a first consequence of this, we
observed that the basis microstates of the linear superposition (15) should not be directly
interpreted as classical aAdS spacetimes in the gravity side, but in a non standard way, as
quantum superposition of well defined geometries
Another different family of asymptotically AdS spacetimes are obtained by entangling
the CFT with another identical (non-interacting) copy [2, 3], whose microstates are also
coherent states (see for instance, eqs. (15), and (17)).
Interestingly, we would like to stress that holographic states with many component boundaries as the BH or its excitations, have at least two different geometric dual descriptions.
It is fascinating that they describe two very different spacetime topologies. One of these
representations is continuous and classically connected spacetime as in the states (16) whose
dual are slightly deformations of an eternal BH geometry, and the other one, looks like
schematically as the superposition of Fig 1(b), although as we observed in the present work,
the basis microstates should be products of coherent states.
An intriguing question that arises here is if (and why) one of these dual geometric representations (in terms of connected or disconnected geometries) should be “preferred" by
the system. Furthermore, since the coherent basis of holographic states is overcomplete,
how should be interpreted the quantum collapse into some specific element/geometry of this
basis.
Acknowledgements The authors are grateful to CONICET for financial support. Thanks are
due to Guillermo Silva for useful discussions, specially in the context of [23].
Note added: The first version of this work was written as an essay for the Gravity Research
Foundation 2016 Awards for Essays on Gravitation. In the meantime, since the first version appeared
in Arχiv until the present submission, appeared [24] with certain overlap on our claim around
the formula (3) for holographic states. In ref. [24] the authors checked, through a perturbative
construction, that these states have a good dual aAdS spacetime.

Appendix
Proof of (i) Start by defining a family of states of QG (in the path integral formulation
[16]) by the wave functionals (4) projected on a complete bulk configuration basis φΣ on Σ,
?
let us refer to this as HP . Its corresponding dual Ψφ− [φΣ ] ∈ HP∗ was defined in ref [5] as the
path integral
Z
?
φ−
φ?−
(19)
Ψ [φΣ ] ≡ Ψ [φΣ ] = [DΦ](φΣ ,φ?− ) e−S+ [Φ] ,

where φ?− is defined from φ− on the hemisphere ∂ + M , by (euclidean) time reflection in the
equator τ = 0, that glues to real time at tΣ (see fig. 3b or [5] for more details); S+ [Φ] denotes
the action valued on euclidean manifolds anchored by the boundaries ∂ + M and Σ. Recall
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that these states are unnormalized. Then, for instance, the expectation value of the field
operator is
X
b tΣ )|φΣ (x)ihφΣ (x)|Ψφ− i
b tΣ )|Ψφ− i =
hΨφ− |Φ(x,
hΨφ− |Φ(x,
φΣ

=

X

?

φΣ Ψφ− [φΣ ]Ψφ− [φΣ ]

φ

ZΣ
= [DΦ]φ?− ,φ− φΣ (x) e−S [Φ] ,
where we have used that the configuration basis |φΣ (x)i, φΣ (x) ≡ φ(x, tΣ ), is complete and
b tΣ ). Therefore, in the saddle point approximation, the r.h.s
diagonalizes the operator Φ(x,
reads
Z
0 ?
[DΦ]φ?− ,φ− φ(x, tΣ ) e−S [Φ] ≈ Φcl (x, tΣ )e−S [φ− ,φ− ] + O(~/N 2 )
(20)

where Φcl (x, tΣ ) = Φcl (x, τ = 0) is the (euclidean) classical solution for the boundary data
φ?− , φ− . This realizes the condition (6).

Proof of (ii) The computation above manifestly shows that given the state (4) one
univocally recovers the classical configuration of the bulk fields on Σ (including the metric).
Reciprocally, given a classical solution Φcl (x, τ ) one can to define the boundary data:
φΣ (r, x) := Φcl (r, x, τ = 0) ;

φ− (x, τ ) := lim Θ(−τ )Φcl (r, x, τ )
r→∞

(21)

−

and then univocally one can define the state (4). Therefore, the map {Ψφ } ↔ {Φcl [φ?− , φ− ]}
is bijective.
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Chapter 3

Conclusions
In this Thesis, formal aspects were discussed about real time extensions of the AdS/CFT correspondence.
Specifically, aspects of the Skenderis and van Rees (SvR) prescriptions were integrated with that of Banks
Douglas Horowitz and Martinec (BDHM) to construct and characterize a family of holographic excited
states that by construction always have an associated geometric interpretation of the gravity side. The states
|Ψφ 〉, are defined as
|Ψφ 〉 ≡ e

R
− Oφ

Z

|0〉 ,

〈φΣ |Ψφ 〉 ≡

DΦφ e −S E [Φ] = Ψφ [φΣ ] ,

(3.0.1)

where left and right are written in terms of the DOFs of each dual theory independently. In (3.0.1), O is a
local single trace operator of the CFT whose dual field is Φ and the function φ is, according to the standard
rules of duality, both an external source for O in the CFT and a boundary condition for the fields in AdS. In
the expression on the right, |φΣ 〉 is the orthogonal eigenbasis of field configuration on a space-type surface
Σ, Φ|φΣ 〉 = φΣ |φΣ 〉.
In the semiclassical limit of the gravity theory, which is the strongly coupled limit of the CFT one gets
|Ψφ 〉 ≡ e −

R

Oφ

〈φΣ |Ψφ 〉 ≡ e −S E [φ,φΣ ] = Ψφ [φΣ ] ,

|0〉 ,

(3.0.2)

where S E [φ, φΣ ] is the gravity on shell action. Using path integral, it was shown that the gravity side at this
boundary admits rewriting as
|Ψλ 〉 = e −S E [Υ] e −

R p
R p
Σ γΣ Π̂Σ Υ+ Σ γΣ Φ̂Σ ∂n Υ

|Ψ0 〉 ,

(3.0.3)

Υ̇Σ = 〈Ψλ |Π|Ψλ 〉 .

(3.0.4)

where
ΥΣ = 〈Ψλ |Φ|Ψλ 〉 ;

In this way, the states (3.0.3) are a basis for Hilbert’s space. In all this analysis the BDHM map was vital for
the characterization of the states (3.0.3). It can also be shown that by definition ΥS i g ma = 0 although this is
not necessary to demonstrate (3.0.3). In the presence of interactions the expression (3.0.3) is deformed and
the state ceases to be coherent. For this case, a diagrammatic recipe was given to calculate the semi-classical
corrections to any order in 1/N .
The formalism and properties of the states (3.0.1) were tested and confirmed in several case studies at
T = 0 and T 6= 0. For all cases at the N → ∞ limit, the eigenvalues of the coherent states (3.0.3) were determined in a closed manner. The study of the case T 6= 0 required the construction of an ad-hoc holographic
dual original of this Thesis work.
As an example of the way in which the states (3.0.1) are incorporated into an SK path, the expression for
the In-Out path is written,
〈Ψφ+ |T {e −i

R

O φL

}|Ψφ− 〉 =

X
φΣ±

(Ψφ+ [φΣ+ ])∗ Z [φL ; φΣ− , φΣ+ ] Ψφ− [φΣ− ] ,

(3.0.5)

where Ψφ± [φΣ± ] is the wave functional of the final/initial state and Z [φL ; φΣ− , φΣ+ ] is the generating function
for the real time n point functions.
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Chapter 1 provided a historical framework and framed the Thesis project in the current literature on
AdS/CFT. A brief description of the structure of the work was also given.
In Chapter 2 relevant aspects of field theory and general relativity were introduced. On field theories,
Schwinger-Keldysh (SK) formalism was presented focusing on the In-Out, In-In and Thermal paths, distinguishing them according to whether they are open or closed paths in the complex plane. The formalism
of TFD was presented and shown to be equivalent to a particular case of the thermal path and two nontrivial physical realizations of TFD, Rindler’s space and eternal black holes, were also presented. Then, the
group of conformal symmetries SO(d , 2) and its properties coming from conformal field theories or CFT in
dimension d general and its correlators were studied. Finally, the coherent states and Glauber’s formalism
were presented to obtain them in field theories by means of evolution of systems coupled to classical external sources. From the gravity side, the Hd +1 and AdSd +1 spaces were studied, observing that their group of
isometries coincides with that of a CFTd and the coordinate patches relevant to the work were presented.
Then, the black hole solutions for spaces with Λ < 0, dual to a thermal equilibrium CFT state, and the BTZ
geometries in Lorentzian and Euclidean time were presented.
In Chapter 3 a compilation of field theory and string theory results was made which allowed to give an
intuition about the first example of the correspondence of a field theory N = 4 SU (N ) SYM with a string
theory type IIB over AdS5 × S 5 . Next, the bottom-up approaches were presented: GKPW and the BDHM or
extrapolate dictionary. Inconsistencies with the Holographic Principle to which an innocent formulation of
AdS/CFT in real time leads and how the Skenderis and van Rees (SvR) prescription solves them, incorporating tools of SK formalism, in terms of holographic duals of changing signatures, were presented. Finally, the
excited states and their general characteristics were presented. In particular, in the strict N → ∞ limit they
are coherent states. The self values of the states in this approach and the effects of 1/N corrections were
obtained.
Chapter 4 studied the states for the In-Out paths in global coordinates and Poincaré, dual to CFT defined on a sphere and flat space respectively, and the In-In case in global coordinates, all applications at
T = 0. In the first case it was described in detail how to proceed in a general way for all the examples: the
dual geometry was assembled by gluing Euclidean and Lorentzian sections according to the SvR prescription, the most general classical solutions to the equations of motion of the fields in each region were found
and it was shown how the gluing guarantees that the solution in the complete manifold is unique. Once the
solution was obtained, the on shell action was obtained and the internal product between the holographic
excited states, the matrix elements of the dual operators between the states as well as the correlators of the
theory were obtained. The results of this example prove all the general properties proposed in the previous
chapter. The study in Poincaré coordinates incorporated interactions in the theory of gravity to study orderby-order corrections in 1/N . The interactions distort the coherent nature of the states, which at first order at
1/N behave as coherent-squeezed states. A diagrammatic method is also described for calculating corrections to the contributions of excited states to any order. The In-In case is included to show the side-by-side
role played by asymptotic boundary conditions in combination with the gluing of geometries to obtain the
appropriate correlator in each region of the manifold.
Chapter 5 studied the Thermal path σ = β/2, which allows a complete description of the holographic
excited states in terms of excitations over the vacuum TFD and for which the dual geometries at high and
low temperature were constructed. The first of these is constructed by gluing segments of Euclidean and
Lorentzian black holes and in particular the Lorentzian sections can be described as the outside of a single
maximally extended black hole. The dominant order holographic excitations for these cases are formed
as coherent excitations of the duplicated TFD DOFs. A similar description arises for the low temperature
case. For this example all the predictions of the general formulation were also recovered. Finally, a work in
progress was described as an example of the application of this formalism for the calculation of modular
hamiltonians of excited states.
Appendices A and B summarize the formalism of holographic renormalization and some integrals too
long for the main body of the text.
The future prospects of this work can be classified into applications of this formalism within itself or in
other areas. As applications within formalism, different SK paths can still be considered depending on the
physical or observable problem to be calculated. More complex paths or paths with more segments, such
as those needed for the calculation of OTOCs , present a very rich spectrum of possible geometric duals
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that compete in the semi-classical approach. The search for the correct geometric dual for each particular
geometry would be the key point in this line of work. The non-trivial part of this procedure is that the
manifold that minimizes the action in this procedure could be one that connects with wormholes, as was
the case at T 6= 0, different regions depending on the precise shape of the path. The prescription both free
and interactive for our excited states is clear once the right geometry is found.
Another application within the formalism is to continue the study of gluing conditions outside the semiclassical approach. In this work, the resolution methodology for the fields is to obtain a general solution for
each particular region and then glue these solutions through fixed gluing regions. On the one hand, the
gluing of solutions is already a non-trivial problem to solve, as was observed in the case of AdS Poincaré
case, even though the regions chosen were those extended as a time-type killing vector from the edge to the
dual geometry, although as seen, SvR formalism admits more general gluing. To study whether other gluing
regions can be chosen, to solve there a unique field for the whole manifold and to compare with the results
obtained in this work could be of interest to explore formal aspects within SvR formalism. Considering also
gravitational corrections to the geometries by exploring how the gluing surfaces are deformed is another
problem of interest, although possibly a more complex one.
As applications to other areas, three are mentioned. Firstly, the results and techniques obtained in this
work, specifically the study of excited holographic states as well as the applications of the gluing of manifolds of different signatures, can be integrated with tools of information theory and algebraic field theory
(such as entanglement entropy, the modular Hamiltonian and modular flow, relative entropy, mutual information) to better understand the theories on both sides of the holographic duality. The work in progress
described in Chapter 5 aims precisely in this direction.
An equally interesting objective would be to study whether these states modify in any way the characteristics of the black holes they describe, such as their quasi-normal modes. Based on tools described
in [54, 55] and others, quasi-normal modes of a black hole can be studied in terms of 3-point functions on
mixed-signature geometries. This work was proposed by Prof. M. van Raamsdonk and is in a very early stage
of development. In a broader sense, this work could also help to deepen our understanding of the relationship between analyticity in field theory and analyticity in GR. As mentioned in the main body of the text, this
property seems to play a much more important role in the former than in the latter, suggesting a potential
conflict within AdS/CFT. Further study of this formalism in cases of rotating black holes, where analitycity
in the gravity side is trickier, could be another direction in which to study these aspects of correspondence.
A final point that might also be of interest is to see how (if at all) the HRT prescription [69] is modified
for mixed-signature geometries. These prescriptions, covariant generalizations of the original RT proposal
for the calculation of entanglement entropies via holography, require methods of successive maximization
and minimization of different geometrical objects within the theory of holographic gravity that could be
modified on manifolds that present changes of signature, such as those studied in this Thesis.
In summary, in this work the properties of a family of excited states that by construction always admit
an interpretation in terms of a dual geometry were defined and described, see (3.0.1). At leading order in
a planar expansion of field theory, these are coherent excitations, see (3.0.2) and (3.0.3), from which we
can calculate their eigenvalues and therefore represent a basis of Hilbert’s space. Coherence, however, is
broken by including corrections, showing that the immanent property of the states (3.0.1) is its geometric
character and not coherence. The construction was applied to cases with T = 0 and T 6= 0, which in the
latter case required the construction of a new holographic dual. Finally, present and future applications for
the presented formalism were described.
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