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ON FINITE-DIMENSIONAL COPOINTED HOPF ALGEBRAS
OVER DIHEDRAL GROUPS

FERNANDO FANTINO, GASTON ANDRES GARCIA AND MITJA MASTNAK

ABSTRACT. We classify all finite-dimensional Hopf algebras over an algebraically closed field of
characteristic zero such that its coradical is isomorphic to the algebra of functions k™ over a
dihedral group D,,, with m = 4a > 12. We obtain this classification by means of the lifting
method, where we use cohomology theory to determine all possible deformations. Our result
provides an infinite family of new examples of finite-dimensional copointed Hopf algebras over

dihedral groups.

INTRODUCTION

Let k be an algebraically closed field of characteristic zero. This paper contributes to the
classification of finite-dimensional Hopf algebras over k. We address particularly the case where
the coradical of the Hopf algebra is the dual of the group algebra of a non-abelian group G.
This kind of algebras are called copointed Hopf algebras over G.

Let A be a copointed Hopf algebra over a finite group G. We say that A is trivial if A ~ k¢
as Hopf algebras. It is known that all copointed Hopf algebras over G are trivial if G is an
alternating group A, n > 5, [AFGVI], a sporadic group different from Fisy, B, M, [AFGV?2],
or a finite projective special linear group PSL,(q) for a certain infinite family of pairs (n,q)
[ACG]. On the other hand, there are few non-trivial examples and the complete classification
with non-trivial examples is known only for the symmetric groups Sz and Sy, see [AV] and
[GIV2] respectively, and non-abelian groups attached to affine racks [GIV]. In this paper we
give the complete classification of copointed Hopf algebras over the dihedral groups D,,, with
m = 4a > 12. Throughout the paper D,, will denote the dihedral group of order 2m.

The case of the dihedral groups was previously treated in [CDMM], where a particular case
is studied. In this case, the associated graded algebra gr A is isomorphic to a bosonization of a
quantum line over kP» with n > 2. The authors also provide the description in the case where
the coradical is the function algebra over a dicyclic group and when the coradical belongs to a
certain family of cosemisimple non-pointed self-dual Hopf algebras.

The question of classifying Hopf algebras over k is a difficult problem to attack. One of the
main reasons lies on the lack of general methods. The best approach to study Hopf algebras with
the Chevalley property, i. e., the coradical is a Hopf subalgebra, is the lifting method developed
by Andruskiewitsch and Schneider [AS]. Any Hopf algebra A has a coalgebra filtration { A, },>o0,
called the coradical filtration, whose first term is the coradical Ag. It corresponds to the filtration
of A* given by the powers of the Jacobson radical. If Ay is a Hopf subalgebra, then {4, },>0 is
also an algebra filtration; in particular, its associated graded object gr A = @B,,~¢ An/An—1 is a
graded Hopf algebra, where A_; = 0. Let 7 : gr A — Ay be the homogeneous projection. It turns
out that gr A ~ B# Ay as Hopf algebras, where B = (gr A)*°™ ={a € A: (id®n)A(a) =a®1}
and # stands for the Radford-Majid biproduct or bosonization of B with Ag. Here B is not

Date: November 1, 2018.

2010 Mathematics Subject Classification. 16T05.

Key words and phrases. Nichols algebras, Hopf algebras, Dihedral group, deformations.

This work was partially supported by ANPCyT-Foncyt, CONICET, Secyt (UNLP, UNC), NSERC (Canada).
1


http://arxiv.org/abs/1608.06167v3

2 F. FANTINO, G. A. GARCIA, M. MASTNAK

a usual Hopf algebra, but a graded connected Hopf algebra in the category ﬁgyD of Yetter-
Drinfeld modules over Agp. It contains the algebra generated by the elements of degree one,
called the Nichols algebra B(V') of V; here V = B! is a braided vector space whose braiding
c: VeV =>V®Vis called the infinitesimal braiding of A.

Let H be a finite-dimensional cosemisimple Hopf algebra. The main steps to determine all
finite-dimensional Hopf algebras A with coradical Ayg ~ H, in terms of the lifting method, are:

(a) determine all V' € YD such that the Nichols algebra B(V) is finite-dimensional.

(b) for such V, compute all Hopf algebras A such that gr A ~ B(V)#H. We call A a lifting
of B(V) over H.

(c¢) prove that if A is any finite-dimensional Hopf algebra such that Ay ~ H and gr A ~ B#H
with B a braided Hopf algebra in (YD, then B ~ B(V) for some V € {yD.

By [AG] Proposition 2.2.1], we have that ZYD ~ YD as braided tensor categories. Hence, the
questions posed in previous steps (a) and (c) can be answered either in the category 2D or in
the category g: YD. Since all pointed Hopf algebras over D,,, were classified in [EG] by means
of the lifting method, to study copointed Hopf algebras over ,,, we have to deal only with step
(b) and (c). To describe all possible liftings, we use the invariant Hochschild cohomology of the
Nichols algebra. As a consequence, it turns out that all liftings are cocycle deformations.

Recently, it was proved in [AGI] that all liftings of Nichols algebras of diagonal type over a
cosemisimple Hopf algebra H can be obtained as a 2-cocycle deformation of the bosonization
B(V)#H, provided V is a principal realization in YD and the Nichols algebra B(V') is finitely
presented. In particular, all liftings may be described by generators and relations using the
strategy developed in [AAGMY]. Although in our case the braiding is diagonal and k"= is
cosemisimple, the infinitesimal braidings can not be described as principal realizations in Eg: YD,
since kP does not coact homogeneously. Hence, the copointed Hopf algebras we introduce might
not be obtained directly from their method. The strategy developed in [GIV2] seems to be more
appropriate.

A formal graded deformation of a graded bialgebra A over k[t], consists of a k[t]-bilinear
multiplication my; = m+tmi +t>ma+- - - and a comultiplication Ay = A+tA; +t2Ag+- - - with
respect to which the k[t]-module A[t] := A ®k k[t] is again a graded bialgebra (where the degree
of tis 1). At first glance it might seem that the coefficients are in the formal power series k[[t]]
(as is the case in the “ungraded” version of the theory), but the fact that structure maps my, Ay,
are homogeneous of degree 0, yields that for every i, the maps m;, A; are homogeneous of degree
—i, and hence the images of A and A® A under m; and A; always lie in A[t] and (A® A)[t]. For
the sake of simplicity let us now assume that the deformation is a preferred deformation in the
sense that Ay = A (formal graded deformations of graded bialgebras satisfying the assumptions
of Theorem A are equivalent to such deformations). Given such a deformation of A, let r
be the smallest positive integer for which m, # 0 (if such an r exists). Then (m,,0) is a 2-
cocycle in the bialgebra cohomology Z%(A) called an infinitesimal deformation. Every nontrivial
deformation is equivalent to one for which the corresponding (m,,0) represents a nontrivial
cohomology class, see [DCY] (see also [GY] for the ungraded version). Conversely, given a
positive integer r and a 2-cocycle (m’,0) in /Z\g (A), m +t"m’ is an associative multiplication on
the r-deformation A[t]/(t"+!) of A, making it a bialgebra over k[t]/(t"*'). There may or may
not exist M,y 1, Myyo,... for which m 4+ t"m’ + "+ lm, 1 + "+ 2m, 9 + --- endows A[t] with a
bialgebra structure over k[t]. In principle it is hard to know if an r-deformation corresponds to
a formal deformation.

Clearly, any formal deformation U of a graded bialgebra A is a lifting in the sense that
grU ~ A. Conversely, it is well-known that any lifting corresponds to a formal deformation,
see for example [DCY] Theorem 2.2]. If ¢ : A ® A — k is a multiplicative 2-cocycle on A,
see Subsection [[4] then the bialgebra A, is a lifting of A and whence corresponds to a formal
deformation whose infinitesimal part o, is a Hochschild 2-cocycle, see Section 21
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Assume A = B#H is a bosonization of a quadratic Nichols algebra B over H. If the braiding
in YD is symmetric, then any r-deformation given by a 2-cocycle (m’,0) in Z%(A) corresponds
to a formal deformation, since m’ is the infinitesimal part of the multiplicative 2-cocycle given
by the exponentiation o = €™ see [GM] Corollary 2.6]. Hence, to find all possible deformations
it suffices to describe the set IfI% (A). For more details on bialgebra deformations see [GJ], [DCY],

WAMY

We will restrict our attention to the H-bitrivial part of cohomology, i. e., pairs (f,g) where
flagea = 0= flaga, and (7 ®id)g = 0 = (id ®m)g, where m: A — Ag denotes the canonical
projection. We denote the corresponding sets by Zg(A) and Bg(A), and the relevant cohomology
by ICIg(A) = Zg(A)/Bg (A). If H = Ay is a group algebra or a dual of a group algebra, then by
[MW] Lemma 2.3.1], it follows that H7(A) = ﬁg(A) For ¢ € Z, we denote the relevant graded
cohomology by I:Ig(A)g = Zg(A)g/Bg(A)g. Let H2(B,k) denote the Hochschild 2-cohomology
group of B and H?(B, k)H the H-stable part. Under our hypothesis, it holds that there exists
a connecting homomorphism d;: H2(B,k)} — HZ(A),. Suppose B = T(V)/I for some space
V € f¥D and an ideal I € T(V)) = @,50 V" Set M(B) = I/(T(V)*1 +IT(V)") and
denote by YD(M(B), V), the (-homogeneous morphisms between M (B) and V in HYD. As a
particular case of our first result we obtain the following theorem that generalizes [MW] Theorem
6.2.1].

Theorem A. Let ¢ <0 andr = —{. If YD(M(B),P(B)); = 0 and B is generated as an algebra
by elements of degree at most r, then Op: H2(B,k)H — I:Ig(A)g is surjective.

This implies that all homogeneous 2-cocycles (m/,0) € I:Ig(A)g, and consequently also all
deformations, can be described using H-invariant Hochschild 2-cocycles on B, see Remarks
and

Using the machinery described above, we obtain our main result. It turns out that all finite-
dimensional Hopf algebras with coradical Ay isomorphic to kP are liftings of bosonization of
Nichols algebras over semisimple Yetter-Drinfeld modules. These semisimple Yetter-Drinfeld
modules are given by M; = @199 Mi; k), ML = @19-9 My, and My, = M; & My, and are
parametrized by sets I, L of tuples satisfying certain properties, see Subsection All Nichols
algebras over these modules are isomorphic to exterior algebras. The liftings are then encoded
by families of parameters (s, ur, vr, 71, related to this description.

Theorem B. Let A be a finite-dimensional Hopf algebra with coradical Ay isomorphic to kPm
with m = 4a > 12. Then A is isomorphic to one of the following Hopf algebras:

(i) A(Cp) for some I € T and some lifting data (g,
(ii) B(ur,ve, ) for some L € L and some lifting data (ur,vp,7r),
(ii) C(Cr, pr,vL, L) for some (I,L) € K and some lifting data (Cr, i, VL, TL)-

Conversely, any Hopf algebra above is a lifting of a finite-dimensional Nichols algebra in %ig: YD.

The paper is organized as follows. In Section [[] we set the conventions and give the necessary
definitions and results used along the paper. Section [ is devoted to develop the cohomological
tools to describe all possible deformations. In Section Bl we begin by recalling the description of
the simple objects in ﬁgz YD and the Nichols algebras associated to them. Then we introduce the
deformed algebras listed in Theorem [Bl and we prove they are all the possible finite-dimensional
copointed Hopf algebras over D,,.

1. PRELIMINARIES

1.1. Conventions. We work over an algebraically closed field k of characteristic zero. Our
references for Hopf algebra theory are [M], [R] and [Sw].
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Let A be a Hopf algebra over k. We denote by A, ¢ and S the comultiplication, the counit
and the antipode, respectively. Comultiplication and coactions are written using the Sweedler-
Heynemann notation with summation sign suppressed, e.g., A(a) = ag) @ a) for a € A.

The coradical Ay of A is the sum of all simple sub-coalgebras of A. In particular, if G(A)
denotes the group of group-like elements of A, we have kG(A) C Ay. A Hopf algebra is pointed
if Ag = kG(A), that is, all simple sub-coalgebras are one-dimensional. We say that A has the
Chevalley property if Ag is a Hopf subalgebra of A. In particular, we say that A is copointed if
Ayp is isomorphic as Hopf algebra to the algebra of functions k! over some finite group TI.

Denote by {4;}i>0 the coradical filtration of A; if A has the Chevalley property, then by
grA = @,>0gr A(n) we denote the associated graded Hopf algebra, with gr A(n) = A, /An—1,
setting A_; = 0. For h,g € G(A), the linear space of (h, g)-primitives is:

Prg(Ad) ={zc A|Az) =z @h+ g x}.

If g = 1 = h, the linear space P(A) = Py 1(A) is called the set of primitive elements.

Let D be a coalgebra over k and denote by (Dp,),en its coradical filtration. Then there exists
a coalgebra projection 7 : D — Dy from D to the coradical Dy with kernel I, see [M] Theorem
5.4.2]. Define the maps

pr = (m®id)A: D — Dy ® D and pr = (ld®m)A: D — D ® Dy,
and let P, be the sequence of subspaces defined recursively by
Py =0,
Pr={zeD: A(z) = pr(x) + pr(z)} = A" (Do ® I + 1 ® Dy),
P,={zeD: A(z)—pr(z) — pr(z) € Z P,®P,_i}, n>2.

1<i<n—1
By a result of Nichols, P, = D,NI, D, = Dy® P, for n > 0, and D,,, P,, are Dy-sub-bicomodules
of D via pgr and py,.
If M is a left A-comodule via §(m) = m_1) @ m ) € A® M for all m € M, then the space of
left coinvariants is “©°M = {z € M | §(z) = 1 ® 2}. In particular, if 7 : A — H is a morphism
of Hopf algebras, then A is a left H-comodule via (7 ® id)A and in this case

comg= © (eMAL — 14 e A| (r®id)A(a) =1 ®a}.
Right coinvariants, written A°°™ are defined analogously.
1.2. Yetter-Drinfeld modules and Nichols algebras. In this subsection we recall the defi-

nition of Yetter-Drinfeld modules over Hopf algebras H and we describe the irreducible ones in
case H is a group algebra. We also add the definition of Nichols algebras associated with them.

1.2.1. Yetter-Drinfeld modules over Hopf algebras. Let H be a Hopf algebra. A left Yetter-
Drinfeld module M over H is a left H-module (M, ) and a left H-comodule (M, \) with A(m) =
m_1) @ my € H® M for all m € M, satisfying the compatibility condition

)\(h : m) = h(l)WL(_l)S(h(g)) ® h(g) L) Vme M,heH.
We denote by gy@ the corresponding category. It is a braided monoidal category: for any
M,N € gy@, the braiding cpyy v : M @ N — N ® M is given by
CM,N(m®n):m(_1)-n®m(0) VmeMneN.

A braided Hopf algebra is a Hopf algebra in gyp such that all structural maps are morphisms
in the category.

Suppose H is a finite-dimensional Hopf algebra. Then the category g YD is braided equivalent
to gyD, see [AG] Remark 1.1.5 and Theorem 2.2.1]. The functor F : gyD — gin that yields
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the braided tensor equivalence is given as follows: for V' € #YD define F(V) to be V as k-vector
space and with its Yetter-Drinfeld module structure defined by

fov=FSwep)ve, Aw)=> SHNfi)@hi-v forallveV, feH, (1)

where (h;);cr and (f;)icr are dual bases of H and H*.
Assume H = kI" with I" a finite group. In this particular case, a left Yetter-Drinfeld module
over kI is a left kI'-module and left kI'-comodule M such that

/\(gm):ghg_l(@gm, Vm € My,g,h €T,

where My, = {m € M : \(m) = h ® m}; clearly, M = @®per M), and thus M is a I'-graded vector
space such that g - My C Mg,,-1, for all g,h € T. We denote this category simply by EyD.
As kI is semisimple, Yetter-Drinfeld modules over kI' are completely reducible. The irreducible
modules are parameterized by pairs (O, p), where O is a conjugacy class of T" and (p, V') is an
irreducible representation of the centralizer Cp(z) of a fixed point z € 0. The corresponding
Yetter-Drinfeld module is given by M (O, p) = Indgr(z) V =kl ®cp(») V. Explicitly, let 21 = 2,

.., zn be a numeration of O and let ¢g; € I' such that gizgi_l =z for all 1 <i <n. Then
M(O,p) = @i<i<ngi ® V. The Yetter-Drinfeld module structure is given as follows. Write
giv =g, @v e M(O,p), 1 <i<n,veV.ForveVand 1l <i<n, the action of g € I" and
the coaction are given by

g- (giv) = gj(v-v), Agiv) = 2 ® giv,

where gg; = g;7, for unique 1 < j <n and v € Cr(z).

Consider now the function algebra k' and denote by {04}ger the dual basis of the canonical
basis of kI'. By the braided equivalence described above, we have also a parametrization of the
irreducible objects in ]ﬁgjﬂ?. Explicitly, M (O, p) € Hi;yD with the structural maps given by

0g - (9iv) = b, ,-19iv, Agiv) = Z%*l ®g-(giv).
gel

1.2.2. Nichols algebras. The Nichols algebra of a braided vector space (V,¢) can be defined in
different ways, see [Nl [AG] [AS] [H]. As we are interested in Nichols algebras of braided vector
spaces arising from Yetter-Drinfeld modules, we give the explicit definition in this case.

Definition 1.1. [AS Definition 2.1] Let H be a Hopf algebra and V € HYD. A braided
N-graded Hopf algebra B = ®n20 B(n) € gyD is called the Nichols algebra of V if
(i) k~ B(0), V ~ B(1) € By,
(i) B(1) =P(B)={re€ B | Ap(b) =b® 1+ 1® b}, the linear space of primitive elements.
(iii) B is generated as an algebra by B(1).

In this case, B is denoted by B(V) = €P,,50 B" (V).

For any V € {YD there is a Nichols algebra B(V') associated with it. It can be constructed as
a quotient of the tensor algebra T'(V') by the largest homogeneous two-sided ideal I satisfying:

e [ is generated by homogeneous elements of degree > 2.
e A()CIRT(V)+T(V)®1, i e., it is also a coideal.

In such a case, B(V) =T (V)/I. See [AS Section 2.1] for details.

An important observation is that the Nichols algebra %B(V'), as algebra and coalgebra, is
completely determined just by the braiding.

Let T' be a finite group. We denote by B(0O,p) the Nichols algebra associated with the
irreducible Yetter-Drinfeld module M (O, p) € LYD.
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1.3. Bosonization and Hopf algebras with a projection. Let H be a Hopf algebra and B
a braided Hopf algebra in gyi). The procedure to obtain a usual Hopf algebra from B and H
is called the Majid-Radford biproduct or bosonization, and it is usually denoted by B#H. As
a vector space B#H = B ® H, and the multiplication and comultiplication are given by the
smash-product and smash-coproduct, respectively. That is, for all b,c € B and g,h € H

(b#9)(c#h) = blgq) - )#g(2)h,
Ab#g) = bV#OP) _iygay ® 0P) 0)#9(),

where Ag(b) = b @ b denotes the comultiplication in B € #yD. We identify b = b#1 and
h = 14h; in particular we have bh = b#th and hb = h(y)-b#h(y). Clearly, the map ¢ : H — B#H
given by «(h) = 1#h is an injective Hopf algebra map, and the map = : B#H — H given by
m(b#h) = ep(b)h is a surjective Hopf algebra map such that 7 o+ = idy. Moreover, it holds
that B = (B#H)®™.

Conversely, let A be a Hopf algebra with bijective antipode and 7 : A — H a Hopf algebra
epimorphism admitting a Hopf algebra section ¢ : H — A. Then B = A®T is a braided Hopf
algebra in gyD and A ~ B#H as Hopf algebras.

1.4. Deforming cocycles. Let A be a Hopf algebra. Recall that a convolution invertible linear
map o in Homy (A ® A, k) is a normalized multiplicative 2-cocycle if

a(bays cy)o(a,bayc)) = olany, bay)o(a@be), )
and o(a,1) = e(a) = o(1,a) for all a,b,c € A, see [M] Section 7.1]. In particular, the inverse of
o is given by 071 (a,b) = 0(S(a),b) for all a,b € A.

Let B be an algebra and consider Homy (A®™, B) as a k-algebra with the convolution product
given by (f * g)(a) = f(an))g(ag)) for all a € A®" With this notation, the 2-cocycle condition
above reads

(e®o)x[oo(ida@m)] = (c®e)*[oo(m®ida)l. (2)

Using a 2-cocycle o it is possible to define a new algebra structure on A, which we denote by
A, by deforming the multiplication. Moreover, A, is indeed a Hopf algebra with A = A, as
coalgebras, deformed multiplication m, : A ® A — A given by

my(a,b) = a-5b=o(an, b(l))a(g)b(g)a_l(a(3), b)) for all a,b € A,
and antipode S, : A — A given by (see [Dl Theorem 1.6 (b)] for details)
Sy(a) = J(a(l),S(a(g)))S(a(g))a_l(S(a(4)),a(5)) for all a € A.
1.4.1. Deforming cocycles for graded Hopf algebras. Let A = @ A, be a Ny-graded Hopf alge-
bra, where A,, denotes the homogeneous component of A of ggg(;)ree n. Let 0: A® A —- k bea

normalized multiplicative 2-cocycle and assume that o|a,4, = € ® €.
We decompose o = Y2 0; into the (locally finite) sum of homogeneous maps o;, with

i (Ae A= @ 4,04, Sk

p+g=i
We set —i for the degree of o;. Note that due to our assumption o|4,04, = € ® € we have
09 = € ® e. Decomposing 0~ = Z?io nj, where n; = (0_1)|(A®A)j, we have that
Z o x1 =00 ERE = Z 0 * 0j,
itj={ i+j=t

for £ > 1. Note that 79 = € ® € and that for the least positive integer s for which o5 # 0 we
have 7y = —os. Moreover, the cocycle condition (@) implies that

Y (e@oy) xlojo(idem) = Y (o;®¢e) o0 (m@id)]

it+j=t it+j=t
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for all ¢ > 1. In particular,
ER0s+ [os0(id@m)] =05 ® e+ [0s 0 (m ®id)]

which implies that os: A ® A — k is a Hochschild 2-cocycle of A. We call o4 the graded
infinitesimal part of o. We denote the Hochschild 2-cohomology group by H2(A, k).

2. COMPUTING COHOMOLOGY

Let A = P, An be a graded Hopf algebra. We say that a filtered Hopf algebra K is a
lifting of A if gr K ~ A as graded Hopf algebras. The aim of this section is to give a recipe for
computing the set of Ag-bitrivial bialgebra 2-cocycles I:IE(A), see definitions below. For more
details on bialgebra cohomology and the definition of the Hochschild and coalgebra differentials
o and ¢, respectively, we refer to [MW], Section 2].

Remark 2.1. By [DCY] Theorem 2.2], there is a natural bijection between isomorphisms classes
of liftings of a graded bialgebra A and isomorphisms classes of formal deformations of A. Indeed,
for a lifting K of A, we denote by my the product and we identify K, with @{_, 4;. Since K is
a filtered bialgebra, one has that mg : A; ® A; — K;1;. Thus, there exist unique homogeneous
maps m; = m; o my for all j > 0, such that mr(a ®b) = > ,5,m;(a @ b); here m; : Kj — A;
denotes the canonical projection with kernel @{;11 A;. Since gr K = A as graded algebras, one
has that mo = m. The corresponding formal deformation for K is given by (A[t], m;) with

mt(a®b):ij(a®b)tj, a,be A
Jj=0

Remark 2.2. Let 0: A® A — k be a normalized multiplicative 2-cocycle. The cocycle deforma-
tion A, is a filtered bialgebra with the underlying filtration inherited from the grading on A,
i. e., the (-th filtered part is (Ay) ) = @f:o A;. Note that the associated graded bialgebra gr A,
can be identified with A, that is, A, is a lifting of A. As in Remark BX1] decomposing the multi-
plication m, = o *m* o' into the sum of homogeneous components m; of degree —i, allows us
to identify the filtered k-linear structure A, with a k[t]-linear structure (m,);: Alt]® A[t] — A[t]
induced by (my)i|laga = m + tmy + t>mg + ... (as before, we assume that the degree of ¢ is
1). If As: Aft] — Aft] ® A[t] is the k[t]-linear map induced by A4 = A, then the graded Hopf
algebra Alt], = (At], (ms)t, A¢) is a graded formal deformation of A in the sense of [DCY], see
also [GS] [MW]. Note that in case m does not commute with the graded infinitesimal part o5 of
o, then (o5 % m —m 0y, 0), is the infinitesimal part of the formal graded deformation (and is a
2-cocycle in 2§(A)8).

Notation 2.3. Let U,V be graded vector spaces and f: U — V a linear map. For r € N, define
fr: U =V as the linear map given by f,|y, = f and f,.|y, = 0 for r # s. Similarly we define a
linear map f<, by f<,|y, = f for s < r and f<,|y, = 0 for s > r. The map f., is defined by
ferlu, = f for s <rand fo,|y, =0 for s > r.

Recall that the second truncated Gerstenhaber-Schack bialgebra cohomology

H3(A) = Z3(A)/B}(A)
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is given by
Z2(A) ={(f.9) | f: AT @ AT — AY, g AT 5 AT ® AT,
af(b,c) + f(a,bc) = f(ab,c) + f(a,b)c,
cy @ gle)) + ([d@A)g(c) = (A @id)g(c) + g(c)) @ ¢
(fem)A(a®b) — Af(a,b) + (m® f)A(a®b) =
— A(a)g(b) + g(ab) — g(a)A(b) }

and
B(A) = {(f.g) | 3h: AT — A*, f(a,b) = ah(b) — h(ab) + h(a)b,

g(c) = —Cc1) ® h(C(Q)) + Ah(e) — h(C(l)) ® C(2) }

We view f as a map from A ® A to A with the understanding that it is normalized and co-
normalized in the sense that f(id ®u) =0 = f(u®id) and ef = 0. Similarly, we view g as a map
from A to A ® A with the understanding that it is normalized and co-normalized in the sense
that gu = 0 and (e ® id)g = 0 = (id ®e)g. We will restrict our attention to the Ag-bitrivial part
of the cohomology, i. e., pairs (f,g) where f|a,04 = 0= flaga, and (7 ® id)g = 0 = (id ®7)g.
Here m: A — Ag denotes the canonical projection. We denote the corresponding sets by Zg(A)
and BE(A), and the relevant cohomology by

Hi(A) = Z§(A)/Bi(A).
We remark that, if Ag is a group algebra or the dual of a group algebra, then we have that
HZ(A) = HZ(A), see [MW] Lemma 2.3.1]. For £ € Z, we set
Hii(A)e = Z3(A)e /B (A)e,
for the relevant graded cohomology. It is obtained by restricting to maps of homogeneous degree
£. We also point out the following well-known facts: if f: A® A — A is an Ag-trivial Hochschild

2-cocycle,then from the equalities 0" f(h, z,y) = 0" f(x, h,y) = 0" f(x,y, h) and the Ag-triviality
it follows that

f(ha,y) = hf(z,y), f(@h,y) = f(z, hy), f(@,yh) = f(z,y)h,
for all z,y € A, h € Ag. If Ay = H is moreover a Hopf algebra, then one has that A ~ B#H
as algebras, where B = A“H_ Hence, f is H-stable and uniquely determined by its values on
B ® B. This follows from the fact that f(zh,yk) = f(x, ha)yS(he)))hs)k for all 7,y € B and
h,k € H. In particular,

f(hayzS(hey) h@yS(hwy)) = hayf(z,y)S(he)).

2.1. Liftings as cocycle deformations. Let H be a fixed Hopf algebra with bijective antipode
and B a graded connected bialgebra in gy@. Set A = B#H the bosonization of B with H.
Then A is a graded Hopf algebra with A = B and Ay = H, see Subsection 31 We will
study H-bitrivial formal deformations of A. We remark that H-bitriviality is automatic if
H is a semisimple and cosemisimple Hopf algebra such that the integrals in H and H* are
cocommutative, see [MW] Remark 2.3.2].

Recall that H acts on H2(B, k) by (n")(x,y) = n(hqy-x, he)-y) forallh € H,n € H2(B,k) and
2,y € B. Let H2(B, k)" denote the H-stable part. Then we have a morphism (): H2(B,k)# —
H2(A,k) given by f(zh,yk) = f(z,h-y)e(k). If H is semisimple, then this map is an isomor-
phism. Moreover, we have a connecting homomorphism [MW] Theorem 2.3.7]:

9: H2(A, k) — HZ(A)
given by 9(f) = (0°f,0), where
0°f(x,y) = zyyy f (@2, ¥2) — f(xay, ya)r @ ye)-
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Note that for f € Z2(B, k)", one has that d(f) € ZZ(A).

Definition 2.4. For an augmented algebra B with multiplication map m: B ®p B — B define
M(B) := ker (B* @ BT & BY).

Remark 2.5. Tt is known that H2(B,k) ~ Hom(M(B), k), see for example [MW] Subsection 4.1].
If (BT)? denotes the image of the multiplication m: B*®pB* — BT and : (BT)? - BT @pB™*
is any linear section of the multiplication map, then the isomorphism Hom(M(B), k) = H2(B, k)
is given by 4(f) = fo, where fo(z ® y) = f(z @5y — p(zy))-

Let us now fix £ < 0 and let r = —¢. We will show that the results and proofs from [MW]
can be adjusted to show the following: if B is generated as an algebra in degrees at most r and
YD(M(A),P(A))e = 0, then the connecting homomorphism at degree ¢,

Op: H2(B,k)¢' — Hi(A),,

given by d(f) = (f), is surjective. The following generalizes Lemma 4.2.2 of [MW] (see also
Theorem 5.3 of [AKM]). The proof is almost identical.

Lemma 2.6 (cf. [MW] Lemma 4.2.2]). Let A = B#H be as above and (F,G) € Z}(A); for
some £ < 0. Set r = —L. Assume that B is generated as an algebra by elements of degree at
most r and that YD(M(B), P(B)); = 0. If F. = 0, then (F,G) € B}(A).

Proof. Recall the setting of Notation Assume that F,. = 0. By degree considerations, one
has that F, = 0, hence F<, = 0. Analogously, one deduces that G, = 0. Moreover, also from
degree considerations combined with that fact that G is Ag-cotrivial (i. e., (r ® id)G = 0 =
(id ®m)G), it follows that G, = 0.

Now assume that for some s > r, we have that (F,G)<s = 0 (as observed above this holds for
s =r+1). We prove that (F,G) ~ (F',G’) where (F’,G')<; = 0. The conclusion of the lemma
then follows by induction.

We first show that Fi|y;(p) lies in YD(M(B), P(B)); = 0. Let u =Y, u' @ v' € (B® B), N
M (B), with all u', v" homogeneous of strictly positive degree, be such that m(u) =) u'v* = 0.
Then, by degree considerations and the fact that m(u) = 0, we have that

o (Fm)Au=F(u)®1,

e (mM® F)Au = > u’('_l)vé_l) ® F(u%o),vfo)),

* 2 AW)G(v') =0,

o G(3,uv') =0,

o 3 Gu)A@) =0.
Hence, by the compatibility of F and G given by 9°F(u) = —9"G(u), or, in expanded form
(Fom)A(u) — AF(u) + (m® F)Au= =3, A(u)G(") + G(m(u)) — Y, G(u')A(v?)), we have

AF(u) = F(u) ® 1+ Y ul_yvi_y ® F(uly vy).

Therefore, we conclude that F(u) is in P(B). Since F' is H-trivial and consequently also H-
stable, we have that I defines an element of YD(M(B),P(B)), = 0. Hence, Fs|pgp) is an
e-coboundary (see Remark ZH]). Let T: B — k be the map given by Fy(z,y) = T(xy) for
all z,y € BT. With no loss of generality, we assume that T = Ty. Since Fy is H-stable and
the zy’s span By (generation in degrees at most r), we have that T' is H-stable and therefore
F, = —0"T. Now set (F',G') = (F,G) — 0T = (F — O"T,G + 0°T). By construction, we have
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that (F',G') ~ (F,G), FL, =0, and G, = 0. We now prove that G, = 0, which completes
the proof. Let z € A;, y7€ Aj with 4,7 > 0and i+ j =s. As Fc, = 0 and G5 = 0, by the
compatibility of F' and G, we get that G(zy) = 0. From this follows that G/, = 0, since we are
assuming that B, and hence also A, is generated as an algebra by elements of degree at most r,
which implies that the xy’s span As. ]

Remark 2.7. Let A = B#H be as above and let B = T(V)/I for some V € YD and let
I CT(V) ) = B, V" be a graded ideal; here we assume that B is graded by deg(v) = 1 for
v € V with v # 0 (and hence generated as an algebra in degree 1). Then

M(B) = I/(T(V)*T + IT(V)*).

Furthermore, if I is generated by R € gyD, then the canonical map R — M(B) is an epimor-
phism of graded YD modules (see [AKM] Corollary 4.5]). If R is minimal (in the sense that
RN (T(V)"I +IT(V)*) =0), then the map in question is an isomorphism. In particular:
(1) If YD(R,P(B)), = 0 for some £ < 0, then every cocycle pair (F,G) € Z2(A), satisfying
F_y = 0 is cohomologically trivial.
(2) If B=B(V) = T(V)/(R) is a Nichols algebra and YD(R, V) = 0, then every cocycle
pair (F,G) € Z}(A), £ < 0, satisfying F_; = 0 is cohomologically trivial.
From now on we assume that there exists a right integral \: H — k for H* (i. e., id %\ = \)
such that
(1) A(1) =1,
(2) A is stable under the adjoint action of H.

Note that such a map A always exists if H is a cosemisimple unimodular Hopf algebra, . e.,
the space of right and left integrals in H coincide. In case H is finite-dimensional (we are not
assuming this anywhere in this section), the later holds if and only if H is semisimple.

Lemma 2.8. Let (F,G) € Z3(A), for some £ < 0 and write r = —(. Then the map f: BB — k
given by flgep), = Ao I and f|pgp), = 0 for s # r, is an H-stable e-cocycle. Moreover, if
f: A® A =k is the induced e-cocycle, then (F + 9°f), = 0.

Proof. Since F' is H-stable and A is stable under the adjoint action of H, we have that f
is H-stable. Let x,y be homogeneous elements of B of strictly positive degrees such that
r®y € (B® B)s. As in the proof of Lemma 8] we have that F, = 0 and G<, = 0 (by
using degree considerations and the fact that G is H-cotrivial). Hence 9"G(z,y) = 0, and the
compatibility between F' and G yields that

AF(z,y) = z)ya)@F (z(2), y2)) +F(2(1), Y1) @T2)¥(2) = T(~1)Y(—1) D F (2 (0)> Y(0)) + F (2, y) 1.

Applying m(id ®A) to this equality gives (id*A\)(F(z,y)) = z—1y—1)f(2©) Y©) + F(z,9).
Since id*\ = A, we get that F'(z,y) = f(z,y) — vy f(T(0),Y0))- Moreover, as flBes =

flBep and f|<, = 0, we have that (F+9°f)(z,y) = 0. Since F and 0°f are uniquely determined
by their values on B ® B, we conclude that (F + d°f), = 0. O

We end this subsection with the proof of Theorem [A] and two technical remarks which are
useful for calculations.
Proof of Theorem A. Let (F,G) € Zg(A)g for some ¢ < 0 and let r = —/ as above. Let
f: B® B — k be the cocycle from Lemma & and f: A® A — k the induced cocycle on A.
Set (F',G) = (F,G) + 0pf = (F' +0°f,G). By Lemma[ZF it follows that F] = 0. Hence, by
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Lemma we have that (F’,G) € BF(A). Thus, the cohomology classes of (F,G) and —d,f
coincide and consequently, the cohomology class of (F,G) is in the image of 9. g

Remark 2.9. Fix £ < 0 and set r = —(. For f € Z2(B,k)! and (u,v) € (B* ® B*),, it holds
O°(f)(u,v) = u1yv(—1)f (W), v0)) — f(u,v).

Indeed, assume v € By and v € By with k+ /¢ = r. Since B = AC‘”, we may assume that
u € Pi(B) and v € Py(B). Then, A(u) € u® 1+ u(_ Z VA, ® Ap_; and A(v) €
v 1+ v @ug) + Ef;ll A; ® Ap_;. This implies that

O°(f)(u,v) = wayva)f(way ve) — f(uay, va))ueve = u1yv ) f(ue), vo)) — fu,v).

Remark 2.10. Fix £ < 0, set r = — and let f € Z2(B,k)!!. f B=T(V)/(R) with RCV &V,
then the only possible candidate for a lifting corresponding to f is

Ay = (T(V)#H)/(Ry),
where Ry is obtained from R by replacing every relation z =), W@ e RCV®V by
zp=x+0(f)(x) =z — Z (f(ulﬁ)’ U%n)uéz)véz) - ué1)”é1)f(u%2)z U%z)))-
This follows from the fact that ma,|aga), = ma +0°(f). Note that if deg(x) < r, then 2 = =,
and in case deg(x) = r, it holds that
vy == (F(u',0") = uf_yyv({_1)f(ufo) v(o))-
In principle, it is hard to know if the above is indeed a lifting. This is guaranteed if there is
a multiplicative cocycle with infinitesimal part equal to f. In the very special case when the
braiding is symmetric (and henc? R is in degree 2, i. e., R C V ® V), this is always the case as
such cocycles are produced by ef.

2.2. Cohomologically homogeneous liftings. The following results in this subsection are
well-known for graded deformations of algebras [BG] and it is to some extent implicit in [DCY].
We include some sketches of proofs for completeness.

Lemma 2.11. Let B = (B,m,A) be a graded bialgebra and let U = (B[t],m{,AY) be a
graded deformation. If £ € N and f € ]§2(B) ¢, then U is equivalent to a deformation V =
(B[t],m},A}) such that for k < € we have (m{, AV) = (m)/, AY) and (mY, AY) = (m},A))+
f. Moreover, we can additionally assume that there is an isomorphism ®: U — V such that for
k < € we have that ®|p, =id|p, .

Proof. Let s: B — B be the homogeneous map of degree —¢ such that f = d%s and consider
the k[t]-linear map ®: B[t] — B[t] given by ®|p = id +st*. The lemma then follows by setting
V' to be the unique bialgebra structure on Blt] such that ® is a bialgebra isomorphism, i. e.,
m; =dtom{o(®®@®)and A) = (2 1@ d 1) oAV 0. O

Lemma 2.12 (Infinitesimal cohomological difference). Let B be a graded bialgebra and let U =
(B[t], MV, AV and V = (B[t],m},A}) be non-equivalent graded deformations. Then V is
equivalent to a deformation W = (B[t],m}",Al") such that for some { € N we have that
(mU,AY) = (mlV,AY) for k < € and (mY,AY) — (m}V,A)Y) € /Z\g(B)_g represents a non-
trivial cohomology class. The number ¢ and the cohomology class of (mY, AV) — (m}V, A}V) is
uniquely determined by the equivalence classes of U and V.
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Proof. It (mY, AY) — (mY — AY) represents a nontrivial cohomology class, then we are done.
Otherwise, let s1: B — B be a homogeneous map of degree —1 such that (m{, AY) — (m} —
AY) = d%sy and let ®;: B[t] — B[t] be given by ®; = id +s1t. Take W as the unique bialgebra,
structure on Blt] such that ®; is a bialgebra isomorphism; then (m{, AV) = (m}"* — A"Y). 1f
(mY, AY) — (mgv b — AIQ/VI) represents a nontrivial cohomology class, then we are done. On the
contrary, take a homoheneous map so: B — B of defree —2 such that (mY, AY)— (mgv1 —Agvl) =
abSQ, and define ®9: B — B by ®o|p = id +s1t+59t2 = &1 +1t2s9. Let Wy be the unique bialgebra
structure on BJ[t] such that ®, is a bialgebra isomorphism. In a similar fashion as above, we
may define s, @, for k > 3. We claim that this process eventually stops. Indeed, suppose that
it does not. We then define W = limy_, o, W} to be the unique bialgebra structure on B[t] such
that ®: B[t] — B[t] given by ®|p = id+ Y 5o sp = limy_,o @i is a bialgebra isomorphism.
Since the sum )7 s, is locally finite it is therefore well-defined. But in such a case, we would
have that U = W; a contradiction. ]

Definition 2.13 (Infinitesimal difference). Let B be a graded bialgebra and U = (B[t],m{, AV),
V = (B[t],m},A}") be non-equivalent graded deformations. Let W and ¢ be as in the lemma,
above. We define the infinitesimal difference U—.V to be the cohomological class of (mg, A?) —
(m}”, AV). In such a case, we say that the infinitesimal difference is of degree ¢. If U and V'
are equivalent, then we define U —. V' = 0 and say that deg(U —. V') = co. If Ly, Ly are liftings
of B, we define their infinitesimal difference L1 —. Lo to be the infinitesimal difference between
the associated graded deformations.

Note that infinitesimal difference is “associative” in each degree in the following sense: if
deg(L —: S) = deg(S —T) = ¢, then
(a) deg(L —.T)=Cland L—.T=(L—.8)+ (S —T),if L—.S# —(S—-.T),
(b) deg(L —-T) >, if L—. S =—(S—.T).

Definition 2.14. Let (Ly)aeca be a collection of liftings of a graded bialgebra B. We say that the
collection is cohomologically homogeneous, if for every A € A, every £ € N, and every cohomology
class a € Hy(B)_¢, there exists a p € A such that Ly — L, = a.

Definition 2.15. We say that the lifting problem for a graded bialgebra B is obstruction-free
if every partial graded deformation (i. e., deformation over k[t]/(t!) for some ¢ € N) extends to
a formal graded deformation.

We end this section with the following theorem.

Theorem 2.16. Let B be a graded bialgebra such that ﬁ%(B)_ = Pjen ﬁg(B)_k is finitely
graded, i. e., for sufficienly large k € N we have ﬁg(B)_k =0. Then:

(i) The lifting problem for B is obstruction-free if and only if there exists a cohomologically
homogeneous collection of liftings.
(ii) If (Lx)aen is a cohomologically homogeneous collection of liftings, then, up to equivalence,

the collection contains all liftings.

Proof. The only (somewhat) non-obvious part of the theorem is assertion (ii). Suppose on the
contrary, that (Ly)xea is a cohomologically homogeneous collection of liftings such that there
exists a lifting L that is not equivalent to any L. Let ¢ € N be the largest number such
that L —. Ly =: « is of degree ¢. By cohomological homogeneity, there exists ;1 € A such that
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Ly—:L, = —a. But then we either have that L and L, are equivalent or that the cohomological

difference L —. L, is of degree strictly larger then ¢; a contradiction. O

3. COPOINTED HOPF ALGEBRAS OVER DIHEDRAL GROUPS

3.1. The commutative algebra k”=. As in [EG], we use the following presentation by gen-
erators and relations for the dihedral group of order 2m:

Dy, = {g,h| > =1=h", gh=h"1g). (3)

Because of our purposes, we assume that m = 4a > 12, n = ¢ = 2a and we fix w an m-th

primitive root of unity.

A linear basis of the group algebra kD, is given by {e;; = ¢'h/ : i=0,1, j =0,...,m — 1}
Let {¢i; : i=0,1, j=0,...,m — 1} be the corresponding dual basis, i. e., @; j(exs) = & 10;.0-
By definition, we have that
©ij Pkt = Oik050Pij-

1o, = Z” Pig -

e(ij) = 6i,09j,0-

A(pij) = Dk o itk (—1)k(j—b) @ Pt

5(9%‘) = Qi (=1)it+15-

Throughout this section we set H = kP». The group G(H) ~ Zo x Zs is given by Alg(kD,,, k),
which coincides with the group of multiplicative characters ﬁ; given by the one-dimensional
representations of ID,,,. These are given by the following table:

‘z‘ h" \hb,lgbgn—l\ g ‘gh‘

ap| 1 1 1[1
ar | 1 1 —1]-1
a | (—1)" (1) 1|1
az | (=1)" (-1)° —l] 1

TABLE 1. Linear characters of I,,

For 0 < k < 3, write oy, = Z” ar(g'h?)pij; explicitly,
Qg ZZ%’]’ = ZCPOJ'-FZSOU =&
i,J J J
ap = Z(_l)i()@ij = Z%j - Zﬁplj,
J J

iy

az =Y (=i =Y (Vo + Y (=1 o1y,
ivj j j

az =Y (=)= (e = D (-1 ;.
irj j j

It holds that apaz = a1 = ¢, orda; = 2 with i # 0 and G(kP™) = (ag) x (a3) ~ Za x Zy. For
kE=0,1and 0 <r <mn, write 6, =), wMgpk,g e kP It holds that

l=e=000+ 010, a1=00—010, a2=0n+01n a3=>0,—~0,. (4)

)

Oor01,s =0, Op,0ps=04,4s, Torallk=0,1, 0<rs<n. (5)
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3.2. Yetter-Drinfeld modules and finite-dimensional Nichols algebras over k. Aswe
pointed out before, the category g: YD is braided equivalent to gyD. Since finite-dimensional
Nichols algebras in gmyp were classified in [EG], all finite-dimensional Nichols algebras in

]kD'm

.. YD are known. For details concerning simple objects in DmyD see [EG] Section 2].

The irreducible Yetter-Drinfeld modules that give rise to finite-dimensional Nichols algebras
are associated with the conjugacy classes of A and h? with 1 <4 < n, see [EG] Table 2]. In the
following, we describe these modules explicitly as well as the families of reducible Yetter-Drinfeld
modules with finite-dimensional Nichols algebras associated with them.

Recall that the non-trivial conjugacy classes of I,,, and the corresponding centralizers are

Opn = {h"} and Cg,, (h") = Dy,

Opi = {h*,h™~"} and Cp,, (k') = (h) ~
Oy = {gh? : j even} and Cp,, (g) = (g) x
Ogn = {gh’ : j 0odd} and Cp,, (gh) = (g

Z/(m), for 1 <i <n.
(") ~Z/(2) x Z/(2).
h) x (p") =~ Z/(2) X Z/(2).

3.2.1. Yetter-Drinfeld modules and Nichols algebras associated with Oy:, with 1 < i < n. For
0 < k < m, denote by k,« the simple representation of Cp,, (h') = (h) ~ Z/(m) given by the
character x*(h) = w*.

Take e and g as representatives of left cosets in D,,/(h), with h' = eh’e and h™~* = gh'g.

Then M) = M (O, x*) € kmmyD is spanned linearly by the elements y( W) — ¢ ®1 and
(2 k)~ = g ® 1. Its Yetter-Drinfeld module structure is given by
i,k i i,k ik i,k — ik ik
Prs - yg ) = - (PT’S(S(h )) (i-k) - T068 —1 yg )7 Prs * yg ) = — @Ts(s(h ))yé ) - TO(Ssiyé )7
A(yi“’“)) =00,k ® y§ Mo ke ® y(l M A(yé My = 01—k ® y§ "t 0 k® y(l )

The irreducible modules with finite-dimensional Nichols algebra are the ones given by the pairs
(i, k) satisfying that w™* = —1. We set J = {(i,k) : 1 <i <n,1 <k < m such that w'* = —1}.
By [AF] Theorem 3.1], one has B(0y,:, x*) ~ N\ M 1y, for all (i, k) € J, and dim B(Op, xF) = 4.

Example 3.1. Consider M, , = k{ai,a2} € HEEZZJ/D with ¢ odd and 1 <47 <n — 1. If we take
T =a) + ag and y = a; — as we have that
AMx) =00 ®a1 +61, Qa2+ 01, a1+ 60, @az= (Oon+01n) ® (a1 +a2) =02 ® x,
Ay) =b0pn®@ar +b1,®ar— 01, @ar — 0y @az = (0o —010) ® (a1 —a2) = a3 @y,
that is, both elements are homogeneous with respect to the coaction of kPm on M; n- Thus, we

may present M; , € kDm " VD as the Yetter-Drinfeld modules spanned linearly by z and y with its
structure given by

ANz) = @, AMy) = az @y,
T+ Tty -y
Ve - T = Qe - (a1 + ag) = 65,00, —¢a1 + 0k,00; ea2 = 95 0(0i,—¢ — T 0; e 5 )s
T4y r—vy
Ve Y = Pkt - (a1 — az) = 0,005 a1 — 05,005 002 = O.0(0; ¢ 5 i e 5 )s
9T = —x, ag-x = —x,
Q2 Y = —Y, as -y =Y.

Consider now the set Z of all sequences of finite length of lexicographically ordered pairs
((i1, k1), ..., (ir, k) such that (ig, ks) € J and wisFTitks =1 for all 1 < s,t < 7.
For I = ((i1,k1),..., (ir, k) € T, we define My = P, M, ;) By ﬂml Proposition 2.5],

we have that B(M) ~ A\ M; and dim B(M;) = 4Vl where |I| = r denotes the length of I.
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3.2.2. Yetter-Drinfeld modules and Nichols algebras associated with Opn. Since h™ is central,
Opn = {h™} and Cp,, (k") = D,,. The irreducible representations of D, are of degree 1 or 2.
Explicitly, there are:

(i)n—1= mT—z irreducible representations of degree 2 given by py : D,;, — GL(V) with

0 1\*(w 0
pg(g“hb):<1 O> (O w_£>, ¢eNodd with 1 </ <n. (6)

(ii) 4 irreducible representations of degree 1 given in Table Bl

The irreducible Yetter-Drinfeld modules with finite-dimensional Nichols algebra are the ones
given by the two-dimensional representations p, with £ € N odd.
Fix ¢ € N odd with 1 < ¢ < n and consider the two-dimensional simple representation (pg, V')
of D, described in ([@) above. Then M; = M(Opn,ps) € ﬁﬁjj VD is spanned linearly by the
) (6

elements x7 ", x5, and its Yetter-Drinfeld module structure is given by

)\(ﬂjgg)) =0t ® :ng) +01,® ﬂig), )\(ﬂjg)) =01 ¢® ﬂigg) + 6o ® ﬂjg).

By [AE] Theorem 3.1], one has that B(Opn, pp) =~ A\ My, and consequently dim B(Opn, pp) = 4.
Consider now the set £ of all sequences of finite length (¢1,...,¢,) with ¢; € N odd and
1 < /ty,...,4 < n. Then, for L = ({1,...,¢,) € L we define M = P, My,. Clearly,

3

My, € g;zyp is reducible and by [EG] Proposition 2.8], we have that B(Mp) ~ A My and
dim B (M) = 41X, where |L| = r denotes the length of L.

3.2.3. Yetter-Drinfeld modules and Nichols algebras associated with mized classes. Finally, we
describe a family of reducible Yetter-Drinfeld modules given by direct sums of the modules
described above.

Let K be the set of all pairs of sequences of finite length (I, L) with I = ((i1, k1), ..., (i, k) €
Z and L = (¢4,...,4s) € L such that k; is odd for all 1 < j <7 and whitt = —1forall1 <j<r
and 1 <t <s.

As before, for (I,L) € K we define My = (@133’35 M(z'j,kj)> @ (@1§t§5 Mgt). By [EG

Proposition 2.12], we have that B(Mj 1) ~ A\ M; 1, and dim B(My ) = 4/HI2,
We end this subsection with the classification of finite-dimensional Nichols algebras over kPm.
It follows from the braided equivalence between gz)ﬂ? and gﬁ: YD.

Theorem 3.2. [FGl Theorem A] Let B(M) be a finite-dimensional Nichols algebra in kﬁ: VD.
Then B(M) ~ N\ M, with M isomorphic either to My, or to My, or to My, withl € Z, L € L
and (I, L) € IC, respectively. O

3.3. Finite-dimensional copointed Hopf algebras over D,,. In this section we describe
all finite-dimensional Hopf algebras A such that the corradical Ay is isomorphic to k=, for
m = 4a > 12. Note that these algebras have the Chevalley property.

Using again the braided equivalence g;;yp = ﬁﬁ: VD, we have the following result.

Theorem 3.3. [EG] Theorem 3.2] Let A be a finite-dimensional Hopf algebra with Ay = kPm.
Then A is generated in degree one, that is, by its first term Ay in the coradical filtration. O

Remark 3.4. To find all possible Hopf algebras A with Ay = kP we will use the theory developed

in Section Bl Assume gr A ~ B#kP» with B € gﬁ;;yp. Let b € B and denote by A(b) =

b(—1) ® b(g) the coaction of b € g:yp. Recall that the action of kP on B is given by f-b =
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F(S(b(=1)))b(o)- By the definition of the k" -action on Z2(B,k) given in Subsection 2T}, we have
that a 2-cocycle n € Z2(B, k) is kPm-invariant if and only if

F(Sy—nz ) o), yo) = f(n(z,y) for all f € k"™, z,y € B.

As said before, any 2-cocycle deformation of a coradically graded Hopf algebra A is a lifting.
In general, the converse is not known to be true. In case the coradical is kP, the converse holds
by the following result.

Theorem 3.5. Let A be a finite-dimensional Hopf algebra with Ag ~ kP™. Then A is a cocycle
deformation of B(M)#kP= for some finite-dimensional Nichols algebra B(M) € kﬁ: yD.

Proof. Since the coradical Ay is a Hopf subalgebra, we know that gr A ~ B#kP» for some
finite-dimensional braided Hopf algebra B € ﬁﬁjj VD, and A is a lifting of B#kP™. Moreover,
by Theorem B2l B ~ B(M) for some M € %ﬁgzyi). By Remark 1] and Theorem [A] A
then corresponds to a formal deformation with infinitesimal part given by 9°(7}), for some n €
72(B, k)kDm. On the other hand, since the braiding in kﬁ: YD is symmetric, by [GM] Corollary

2.6], the map o = €' = Yoo % :grA®gr A — kis a normalized multiplicative 2-cocycle with

infinitesimal part equal to 77. Hence, by Remark 210l we have that (gr A), ~ A because B is
quadratic. ]

Remark 3.6. Let B = B(V) be a finite-dimensional Nichols algebra in ﬁ;ﬁz YD, {z;}jcs a basis
of V' and {d;};jes its dual basis. Since B is an exterior algebra, by Remark 27 we have that
M(B) is linearly generated by {z; ® x + ) ® ;};res and consequently, by Remark it
follows that Z2(B,k) is linearly generated by the symmetric functionals {d; ® di + dy @ d; }; ke

Let gr A = @, Ai/Ai—1 be the graded Hopf algebra associated with the coradical filtration.
Then gr A ~ B#kPm, where B = (gr A)°™, and B inherits the gradation of A with gr A(n) =
B(n)#Ap. If x € B(1), we will denote again x = x#1 if no confusion arises.

Now we introduce three families of quadratic algebras given by deformations of bosonizations

of Nichols algebras. Then we prove that these families exhaust the possible Hopf algebras with
coradical kP=. We follow the notation of [AV].

3.3.1. Deformation of B(Mj)#k"~. For I € T, define (; = (Giskopia) (5., (pg)er @s a family of
elements in k such that ¢; 5, = 0if ¢ # p. We call (; a lifting datum for I.

Definition 3.7. Let I € Z and (; a lifting datum for /. We denote by A((s) the k-algebra given
by (T(Mp)#kP™)/Je,, where J¢, is the two-sided ideal generated by the elements

(k) Pa) 4y (p.a)y (iK) for all (i,k),(p,q) € I, r=1,2,
i,k , , i,k X
y& )yép 9 + yép q)yg ) — [Ci,k,p,q(l - 90,q—k) - Ci,q,p,kelk—q]v for all (Za k)7 (pv q) el

A direct computation shows that J¢, is a Hopf ideal and thus A((;) is a Hopf algebra. The
coalgebra structure is determined for all (i,k) € I by

A =y o1+ by ooy, e =0,
Aws™) =y @140 oy o eu ™, s@sY) =0

Lemma 3.8. A((;) is a lifting of B(Mp)#kP= and any lifting of B(Mp)#kPm is isomorphic
to A(Cp) for some lifting datum C;. In particular, A(Cr)o = kP and dim A(¢7) = 412m.
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Proof. We begin by proving that A((r) is a lifting of B(M;)#kP=. To see this, it is enough
to show that A((;) is a cocycle deformation of A; = B(M;)#kP=. For this, we apply the
results of Section [ To produce the multiplicative cocycle, we look for an element p in I:Ig (Ag)e,
because the relations in B(M;) are quadratic. By Theorem [A] it is enough to look for n €
Zg(’B(MI),lk)kDm and take p = 9°(7j). Since by Remark B8l Z2(B(M;),k) is linearly spanned
by linear functionals, by [GM] Corollary 2.6] the exponentiation o = €’ yields a multiplicative
cocycle for A;. To obtain the deformation performed by the multiplicative cocycle, we need
to set only the deformation in degree 2, by Remark It turns out that the parameters
describing Z2(B(Mj),k)* P are exactly those that produce the lifting data for 1.

Recall that My is linearly spanned by the elements yglj ki) yg] ’ ), with 1 < j < s := ||,
which are homogeneous in g;;iyp. Let {dlz” ) 23’ }1<]< s denote the dual basis. By Remark
B8 we know that Z2(B(Mj),k) is linearly Spanned by the elements

it = AP @ dPV 4+ dP0 @ dtY), forr =12, (i,k). (p.q) €1,
ngpq — d( k) ® d(il’ q) + d(il’ q) ® d(l k) for all (’i, k’), (p’ q) cl.

Let 1 be a linear combination of 7P and ngpq with (4, k), (p,q) € I. Note that 7 is kP=-invariant
if and only if the non-zero summands n:-"? and n’lgp 7 are kPm-invariant. Write n*? = n,,.. Then

Nyr is not kPm-invariant because

F o (R ) = FRED E P (), y D),

and f(RCD"@HP)) £ £(1) for all f € kP since 1 < i,p < n, see Remark B4l On the other
hand, n’kpq is kPm-invariant if and only if f(h(~P)) = f(1) for all f € kP~ that is, i = p. Let
(1,k), (i,q) € I and write
Ci,k,i,q ikiq
12 = = . 8
! (i,k)%;q)éf 2 "
Then, any possible deformation in degree 2 is given by 9°(n12). By Remark Z10] we have

(y%i”“)) = mz(y&’ "), y%"’“’) — 0o.m—xb m—k7712(y§ 5, y%’ My~ 6, m—k91,k?712(y( 5, yé’ ")

(i.k) - (i:k)

— 00 B0mrmz(ys™  y ) — 010 2y 5 ) 2 0,
WS = ma(ys™ yS™) = 0101 moemz2 (i ) — 01 B0 ema (yi, yS)
— 001,28 1) — o o rma (s, y5™) 2o,
since n12(y; @, ), ygl k)) =0=n12(ys i k), ygk)) for all (i,k) € I. Now we compute the deformation

of y(l k) ( ) + y(p q)y( ") for (1,k), (p,q) € I. For the first term we have

ygl k)y(pq) 7712(y( )ayépq)) (ygl ))(—1)(yép7Q))( 1)7712((y§i’ ))(0) (y (pq))(()))
= 2y 4 = B0, k01— gm2 (W Y)Y — b0 B0z (vt ys )
- 91,k91,m_qn12(y§’ ) y%p,q)) - 91,k90,q7712(y§’ ) yépvq))
= %(Qﬁk,p,q = GikpigP0,m—k00,g — Cirqp k01,101,m—q)

1
= §(Ci,k,p,q - gi,k,p,qHO,q—k - Ci,q,p,kel,k—q)a
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since nlg(ygi’k), y%”’Q)) =0= nlg(yéi’k), yép’Q)) for all (i, k), (p,q) € I. For the second term,
o = o ™) = W) W) om0, 617 o)
= 7712(y§p’q)7 yi“’“)) - 91,m—q90,m—k7712(y§p’q), @IY’k)) - 91,m—q91,k7712(y§p’q), yé“k’)—
- 90,q90,m—k7712(y§p’q), yii’k)) - 90,q91,k7712(y§p’q), yéi’k))
1
= §(<i,k,p,q - (i,q,p,kel,m—qel,k - Ci,k,p,qHO,qHO,m—k)
1

= §(<Z7k7p7q - <Z7q7p7k017k_q - C’l7k,p,q90,q—k)‘

Consequently, 0°(m12) produces the deformation

8D POy = Gpg (L= 000-1) — Cigpalii—g:
and (Gi,k,p,q) (5,k),(p.g)er 18 @ lifting datum for A(¢r). Note that any lifting datum for A((7) defines
an element 712 in Z2(B(M;), k)™ as in ).

Conversely, let A be a Hopf algebra such that gr A = B(M)#kPm = A;. Then by Remark
Bl A corresponds to a formal deformation of A;. Write u € Z%(A r) for its infinitesimal part. By
Theorem [Aland the calculations above, we have that = 9°(7}) for some n € Z2(B(M;), Kk =
k 712, and the exponentiation o = € is a multiplicative cocycle for A;. As B(Mj) is a quadratic
algebra, by Remark the deformation corresponding to n coincides with the deformation
given by o. Hence, A ~ A((s) for the lifting datum associated with 7. O

Corollary 3.9. Let A be a finite-dimensional Hopf algebra with Ag ~ kP such that its in-
finitesimal braiding is isomorphic to My with I = (i,k) or |I| > 2 such that i # p for all
(i, k), (p,q) € I. Then A ~ B(Mj)#kPm.

Proof. By assumption, gr A ~ B(M)#kPm and A is a lifting of B(M;)#kP=. Then, by Lemma
B8 we know that A ~ (T(M;)#kP")/J;,, where J, is the ideal generated by

yS Py a4y @y @R for all (i, k), (p,q) € 1, 7= 1,2,
YRy P Dy R e (1= B0 k) — Gigpabin_gl,  forall (i,k), (p,q) € I.

If I = (i,k) or i # p for all (i,k),(p,q) € I, by @) the second relation reduces to ygi’k)yép’q) +
yép’q)ygl’k). Thus, A ~ B(M;)#kPm and the corollary is proved. O

3.3.2. Deformations of B(Mp)#kPm. For L € L, define puy = (et)e<ter, v = (Vet)e<teL,
71, = (T04)0tcr as families of elements in k. We call (ur,vr,7r) a lifting data for L.

Definition 3.10. Let L € £. Given a lifting data (up, v, 7r) for L we denote by B(ur,vr, 1)
the algebra (T(ML)#k"™) /T, vy m, Where Ty, o, -, is the two-sided ideal generated by

(0),.(t) ®),.(6)

xy ) Fay ) — (1 —00—0—t) — vet01 044, for all ¢,t € L,
xgé)xg) + xg)xgé) —vpt(1 —6o04¢) — pret01,—0—t, for all ¢,t € L,
xge)a:g) + azg)xgz) —T04(1 = O04—¢) — T,001,0—+, for all /,t € L.

Here 4/ + t means +¢ +¢ mod m. Recall that ¢,t < n and 2n = m.



COPOINTED HOPF ALGEBRAS OVER DIHEDRAL GROUPS 19

A direct computation shows that 7, ., -, is a Hopf ideal and thus B(ur,vr,7r) is a Hopf
algebra. The coalgebra structure is determined for all ¢ € L by

A =20 21+400 02 +0,,020, @)

0,
Ay =2"0140, 02" +0,22, @) =0.

Lemma 3.11. B(ur,vr,7r) is a lifting of B(Mp)#kP™ and any lifting of B(Mp)#kPm s
isomorphic to B(ur,vr, 1) for some lifting datum (ur,vy, 7). In particular, B(urn, vy, 7r)o =
kPm and dim B(pr, vy, 1) = 4L,

Proof. We proceed as in the proof of Lemma B8 That is, we prove that B(ur,vr,7r) is a
lifting of B(Mp)#kP=, by showing that it is a cocycle deformation. Similarly as before, the
multiplicative 2-cocycle is given by o = €7 where n € Z2(B(M L),k)kmm. Since the relations in
B(My) are quadratic, we need to describe only the deformation in degree 2, by Remark ZT0l
We know that M7y, is linearly spanned by the elements :Eg ), () with ¢ € L which are homo-
geneous in Dgyp of degree h'™. Let {dgg , 2 }ge 1 denote the dual basis. By Remark B.G, we

know that Z2(B(Mp),k) is linearly spanned by the elements

777(,9 () — dg) ® d(t) + d(t) ® dg), forr=1,2, {,t €L
0 =d? @dy +d’ @d,  forall 4t € L.

It follows that 77%)’@) and n%é’t) are kPm-invariant for all » = 1,2 and ¢,t € L; in particular,
72(B(Mp),k)E™ = Z2(B(My),k). Define

1
=3 Z (Mé t7711 ‘|‘ Ve t7722 ) Z Te t7712

(<teL Ltel

Then 7 represents a generic element in Z2(B (M), k)ﬂ‘Dm and all the possible 2-deformations are
given by 0°(7). Following Remark 210 for ¢ <t € L we have

#1928 = n(l?, o) = 80—t (2l 2) = 00 61 (), 2{)~

— 01,000, m(%g),l’g)) 91591t77(33§)7$§t))

- %(Né,t — bo,—ebo,— 10t — O, 17,0 — O1,000,—¢71,0 — 61,001,010,
= %[M“(l —00,—0—1) = O 01v0,t]-
Analogously,
vl = n@l) 2)) — 01—t (@l 2\) — 01 oz, 28))~

(£) ())

-t 601 —t77(332 y L1 ® (t))

to 600 t77(5172 y Lo

1
_[V&t(l - 90,é+t) - W,t917—e—t]-

_(W,t - Né,tel,—é—t - Ve,t90,€+t) = 5

—9

Finally, for the relation involving xgé) and a:g) we have that

2020 + 2Pl = @ 28 - @)y @) Con(@D) o), @) )+
+ (P, 2) — @) (@) (@) o), (@) 0))-
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For the first term on the right hand side we have

(@9, 29) — @)y @) (@) o), (@) ) =

= n(w?’, xé“) — b, 491,—t7712($§£), x?’) - 907_500,,577(:175&@&))

— 01001 _n(zL, 2D) = 0y 0. (2, 1))

1
= §(Té,t — 70,00, —t+1 — T ,001,0—1) = §[Té,t(1 — Oo,—ext) — Tt,e01,0-¢),

and a similar computation for the second term yields

1
n(@s’,2t") = @) @) (@), @1)0) = 5l = boee) = Tib1e-)

Hence, the deformation of B(M;)#kP" performed by 9¢(7j) is isomorphic to B(ur, v, 1) for
some lifting data (ur, vy, 7r) associated with the parameters of 1.

Conversely, let A be a Hopf algebra such that gr A = B(Mp)#kP» = A;. Then by Remark
211 A corresponds to a formal deformation of Ay. Write u € Zg(AL) for its infinitesimal part. By
Theorem [A] and the calculations above, we have that u = 9¢(7) for some n € Z2(B (M), k)kD7’L,
and the exponentiation o = € is a multiplicative cocycle for Ar. By Remark 210, the defor-
mation corresponding to 1 coincides with the deformation given by o. Hence, A ~ B(ur, vy, L)

for some lifting datum (ur, vy, 7r). O

3.3.3. Deformations of B(M, £)#kPm . We introduce the last families of deformed algebras cor-
responding to the finite-dimensional Nichols algebras associated with mixed classes.

Definition 3.12. Let (I, L) € K. Given lifting data (; and (ur, v, 71) for I and L, respectively,
we denote by C(Cr, i1, V1, 71,) the algebra (T(MLL)#]kDm)/jCI,,U«L,VLﬂ'L where J¢, iy vy m, 15 the
two-sided ideal generated by the elements

Yy 4y POyER (i), (pg) €1, 7 = 1,2,
Py gDy (G k(L= bog-k) — Gigpabin—d), ¥ (0K, (0,q) €1,
x(é)xg) + xg) 0 _ pe (1 — 00 —o—t) — verbh 041, Vi telL,
xg)xg) + xé )xgé) —vpt(1 = 6o,04¢) — o101, —0—+, Vi telL,
xgé)a:g) + a:g)ajgz) —T04(1 = O04—¢) — T,001,0—+, Vi te L.
yr(,i’k)xgé) + :Eg)yr(,i’k), V(i,k)el, teL, r,s=1,2.
A direct computation shows that J¢, ., ., 7. is a Hopf ideal and thus C((7, pr,vr,71) is a

Hopf algebra. As before, for (I, L) € K, we call (¢7, ur,vr, 1) a lifting data for (I, L).
Following the same lines of the proofs of Lemmata B and BI1] we have

Lemma 3.13. C((r,pr,vr, 71) is a lifting of B(My 1)#kP™ and any lifting of B(M 1)#kPm
is isomorphic to C(Cr, pr,vr, 1) for some lifting datum ((r, prp,vr, 7). In particular, we have
C(C],ML, VL,TL)Q = ]kDm and dimC(CI,,uL, VL,TL) = 4\I\+|L| 2m.

Proof. We begin by looking for the kP=-invariant cocycles in Z2(B(M; 1),k). Since M =
<@1<]<5 (i k; ) (@1<t<s Mgt>, it is linearly spanned by the elements y( 30k ) (ij’kj), with
1<j<s=]|I], and xg),xg) with £ € L. Let {dgl”’k’),dg”’kj)} U{dg)’dg)}e ; denote
the dual basis. :

1<j<s
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By the proof of the Lemmata B and BIT} we know that 7}y, nﬁ)’(t), ngg)’(t) and 77%)’(0
belong to Z2(B(My L), k)" . On the other hand, the elements in Z2(B(Mr.1),k) given by

ikl — g0k @ d®) + 4O @ dik), forr=1,2, (i,k),e I,0 € L,
i = dM 0 dy) +d) ©dM,  forall (i,k) e I,t€ L,
ikt = 45 @ dl9 1+ 9 @t forall (i,k) e I,0€ L,

are not kPm-invariant because

ol ey = F(RED ) i (), 2 (9),

rr T r

£ @R 20y = prEDT 0y ikl @R) 0

£ @SR 20y = p(rEDT G0y ikt @R) (0

and f(R(-D"G+H0) £ £(1) for all f € kP since 1 < i,/ < n, see Remark B4 Hence, the
deformation of B(M; 1)#kP™ performed by 9°(f12) and 9¢(7) is isomorphic to C((r, fir, VL, T1)
for some lifting data ({7, pur, vr, 71) associated with the parameters of 712 and 7.

The converse follows mutatis mutandis using the same arguments of the last paragraph of the
proof of Lemma 38 O

We end this paper with the proof of Theorem [Bl

Proof of Theorem [B. Tt is clear that two algebras from different families are not isomorphic as
Hopf algebras since their infinitesimal braidings are not isomorphic as Yetter-Drinfeld modules.

Let A be a finite-dimensional Hopf algebra with coradical Ag ~ kPm. Then by Theorems B3]
and B2, we have that gr A ~ B(M)#k"", where M isomorphic either to My, or to My, or to
Mrp, with I € Z, L € £ and (I,L) € K, respectively. Hence, by Lemmata B.8 B.11] and B.I3]
the result follows. 0
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